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a b s t r a c t 

In measurements and numerical modelling of wave propagation, undesired interference between 

direct and multipath arrivals can be reduced using Fourier-based signal processing methods. Exist- 

ing methods, such as cepstral analysis and time-signal gating, are not applicable to all cases. Here, 

an alternative Fourier-based signal processing method is presented, called spectrum-of-spectrum 

(SoS) filtering. Its main advantage over existing methods is its ability to extract single direct or 

multipath arrivals for relatively short propagation distances even when subsequent arrivals do 

not become successively weaker. The method is based on the following steps: 

• Apply a lowpass filter to the real and imaginary parts of an input frequency spectrum indi- 

vidually, using a digital finite impulse response (FIR) filter in the frequency domain. 

• Recombine the filtered real and imaginary parts of the frequency spectrum to get the fre- 

quency spectrum of the direct arrival. 

• For extraction of the first multipath arrival, subtract the filtered frequency spectrum from 

the input frequency spectrum and repeat the previous steps. Repeat multiple times to extract 

subsequent multipath arrivals. 

 

 

 

Specifications table 

Subject area: Physics and Astronomy 

More specific subject area: Signal processing 

Name of your method: Spectrum-of-spectrum filtering 

Name and reference of original method: N.A. 

Resource availability: N.A. 

Method details 

Multipath arrivals can interfere with the direct arrival in measurements and in numerical simulations, for instance in acoustics

and electromagnetics, and can be seen as oscillations or periodicity in the frequency spectrum. Different signal processing methods 

have been applied for multipath removal, for instance cepstral (e.g., [1] ) and time-signal gating [2] methods. 

Cepstral methods are based on calculating the forward or inverse Fourier transform of the natural logarithm of the frequency spec-

trum, yielding its cepstrum [ 1 , 3 ], and combining this with filtering or more advanced methods [ 1 , 4 ] to remove undesired multipath
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arrivals, e.g., echoes. Using the natural logarithm of the spectrum increases the perceived “relative strength of weaker echoes ” [4] ,

which may be beneficial for the subsequent analysis and processing. However, it may also be unnecessary or have adverse effects

[4–6] . For the special case where the magnitudes of interfering multipath arrivals do not decrease compared to the direct arrival,

cepstral filtering will likely yield erroneous results, as shown in [7] . 

Time-signal gating makes use of Fourier synthesis to generate a train of tone bursts corresponding to the direct arrival and the

subsequent multipath arrivals [2] . By use of time gating, the time-signal corresponding to the desired arrival may be extracted and

its frequency spectrum calculated. A necessary condition for it to work is that steady-state conditions are achieved in the tone bursts

prior to the subsequent arrival. Time-signal gating is typically used for multipath removal or extraction in frequency domain transfer

functions derived from numerical simulations were harmonic time dependence (continuous waves) is assumed [ 2 , 7 ]. It may be used

for the special case described above, but generally yields poor results at short distances and for narrowband transducers, for which

steady-state conditions may not be not achieved [7] . 

An alternative method is presented here, denoted spectrum-of-spectrum (SoS) filtering, which has improved performance com- 

pared to the cepstral and time-signal gating methods for the special case where the magnitude of interfering multipath arrivals does

not decrease [7] . SoS filtering of the frequency spectrum can be used to extract the direct arrival or any multipath arrival, and can

be applied to, e.g., acoustic, electroacoustic, or electromagnetic problems. SoS filtering is somewhat similar to cepstral filtering in

design, but (i) omits the natural logarithm and other types of “spectral whitening ” [6] , and (ii) the Fourier transforms and filtering

are calculated individually for the real and imaginary parts of the frequency spectrum. The method is based on lowpass filtering of

the real and imaginary parts of the frequency spectrum, using a digital finite impulse response (FIR) filter. The filter is designed based

on the SoS, which is here defined as the forward Fourier transform of the frequency spectrum, calculated individually for the real

and imaginary parts. 

The main steps of SoS filtering of the frequency spectrum for extraction of the direct arrival are: 

1. Obtain the input frequency spectrum, 𝑋( 𝑓 ) , which includes both direct and multipath arrivals. 

2. Design a linear-phase digital FIR lowpass filter, based on an analysis of the SoS, to retain as much as possible of the information

associated with the direct arrival, while removing as much as possible of the information associated with the multipath arrivals.

3. Perform individual lowpass filtering of the real and imaginary parts of 𝑋( 𝑓 ) using the FIR filter from step 2 to calculate the

real and imaginary parts of the filtered frequency spectrum, 𝑋 1 ( 𝑓 ) , i.e., the parts of 𝑋( 𝑓 ) primarily containing information

about the direct arrival. The filtering is applied in the frequency domain. 

4. Recombine the real and imaginary parts of 𝑋 1 ( 𝑓 ) . 

To extract the first multipath arrival, 𝑋 2 ( 𝑓 ) , first obtain 𝑋 1 ( 𝑓 ) using steps 1–4 above, and then repeat steps 1–4 with 𝑋( 𝑓 ) − 𝑋 1 ( 𝑓 )
as the input frequency spectrum, and adjusted filter settings in step 2. This process can be repeated multiple times to yield the higher

order multipath arrivals, 𝑋 𝑛 ( 𝑓 ) , 𝑛 = { 3 , 4 , …} . An alternative to this successive process is to apply a bandpass filter to 𝑋( 𝑓 ) in step 3

to keep the information associated with a specific arrival and remove the rest. 

If the frequency spectrum 𝑋( 𝑓 ) contains rapid changes with a rate of change as large or larger than the oscillations caused by

multipath interference, e.g., sharp resonance peaks, this will negatively impact the SoS filtering around these rapid changes. However,

results can be improved by application-specific preprocessing prior to SoS filtering, i.e., that a preprocessing is applied to 𝑋( 𝑓 ) to
yield a preprocessed frequency spectrum 𝑋 

𝑝 ( 𝐿, 𝑓 ) , and this 𝑋 

𝑝 ( 𝐿, 𝑓 ) is SoS filtered instead of 𝑋( 𝐿, 𝑓 ) . The SoS filtering will then yield

𝑋 

𝑝 

1 ( 𝐿, 𝑓 ) , which must be postprocessed by reversing the preprocessing to yield 𝑋 1 ( 𝐿, 𝑓 ) . 
A harmonic time dependence of 𝑒 𝑖𝜔𝑡 is assumed in the examples presented here, where 𝑖 = 

√
−1 , 𝜔 = 2 𝜋𝑓 is the angular frequency,

𝑡 is time, and the forward Fourier transform of a time waveform 𝑋( 𝑡 ) is defined as 

𝑋 ( 𝑓 ) = ∫
∞

−∞
𝑋 ( 𝑡 ) 𝑒 − 𝑖 2 𝜋𝑓𝑡 𝑑𝑡 . (1) 

The forward Fourier transform is needed to design the FIR filter, but the corresponding inverse Fourier transform is not needed

since the SoS filtering is performed by applying the digital filter to the frequency spectrum. The spectrum of the spectrum of the real

and imaginary parts of 𝑋( 𝑓 ) are calculated by treating them as waveforms and applying the forward Fourier transform, i.e., 

 [ Re ( 𝑋 ( 𝑓 ) ) ] = ∫
∞

−∞
Re ( 𝑋 ( 𝑓 ) ) 𝑒 − 𝑖 2 𝜋𝑓𝑡 𝑑𝑓 , (2) 

and 

 [ Im ( 𝑋 ( 𝑓 ) ) ] = ∫
∞

−∞
Im ( 𝑋 ( 𝑓 ) ) 𝑒 − 𝑖 2 𝜋𝑓𝑡 𝑑𝑓 , (3) 

respectively. 

The real and imaginary parts of the input frequency spectrum 𝑋( 𝑓 ) are treated separately for ease of interpretation and imple-

mentation. Re ( 𝑋( 𝑓 ) ) and Im ( 𝑋( 𝑓 ) ) can be filtered using a regular digital filter since both are real numbers. Their forward Fourier

transforms, i.e., SoSs, are symmetric, which simplifies the analyses. If a time convention 𝑒 − 𝑖𝜔𝑡 is used instead of 𝑒 𝑖𝜔𝑡 , the SoS method

is identical to the one described here, but with “𝑖 ” instead of “− 𝑖 ” in all expressions and calculations. 

MATLAB® code implementing SoS filtering of the frequency spectrum, used to extract the direct arrival and first multipath 

arrival for a plane wave example, is included in Figs. 12 and 13 . The code utilizes the lowpass function, which is included in the

Signal Processing Toolbox TM [8] , but is otherwise self-contained and does not rely on external datasets. 
2 
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Fig. 1. Schematic of modelled ultrasonic transmit-receive measurement system with a transmitting cylindrical piezoelectric transducer (Tx) and 

a receiving cylindrical transducer (Rx) at the axial distance 𝐿 , both freely suspended in air and coaxially aligned. 3D axial symmetry is assumed 

around the axis passing through the center of both transducers. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Example without application-specific preprocessing 

The method is presented in more detail for an example case of a frequency domain numerical simulation of an acoustic transit-

receive measurement system where SoS filtering of the frequency spectrum is used to find the voltage-to-voltage transfer function for

the direct arrival. A 3D axisymmetric finite element (FE) model is used to calculate the voltage-to-voltage transfer function between

two identical coaxially aligned piezoelectric cylindrical disks acting as ultrasonic transducers. A schematic of the example case is

shown in Fig. 1 . The transducers are freely suspended in an unbounded medium, air, at a distance 𝐿 = 0.20 m apart. The air is

assumed to be lossless and is modelled with a sound velocity of 𝑐 = 343 m/s. Modelling details are found in [ 7 , 9 ]. The voltage-to-

voltage transfer function from the transmitter to the receiver is defined as 

𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) = 

𝑉 𝑜𝑢𝑡 ( 𝐿, 𝑓 ) 
𝑉 𝑖𝑛 ( 𝑓 ) 

, (4) 

where 𝑉 𝑖𝑛 ( 𝑓 ) is the excitation voltage at the transmitter and 𝑉 𝑜𝑢𝑡 ( 𝐿, 𝑓 ) is the open-circuit output voltage at the receiver at the distance

𝐿 and frequency 𝑓 . The frequency range 50–200 kHz is considered, with a frequency resolution of 0.1 kHz. 

Due to the monoharmonic continuous wave excitation in the frequency domain simulation, the output voltage at the receiver 

is the sum of the direct arrival and multipath arrivals caused by reflections at the transducers, yielding standing waves between

the transducers. For a given distance 𝐿 , the phase delays between the arrivals vary as a function of frequency, causing alternating

constructive and destructive interference and thus oscillations in the frequency spectrum of 𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) . This is deemed to be the main

cause of the oscillations in 𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) for the presented example. 

An additional contributor to the oscillation in the frequency spectrum is the varying coupling between the transducers and medium

as the frequency changes, caused by the standing waves. At transmission, this can be interpreted as a change in the radiation impedance

and can be observed as oscillations in the electrical input impedance of the system. Since such standing waves will generally not occur

in measurements using tone bursts, their effects should ideally be accounted for when extracting results for a single arrival. An analysis

of the oscillations in the electrical input impedance shows comparable oscillation characteristics in the SoS as for the 𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) . This

indicates that the effects of the varying coupling may be accounted for by the SoS filtering method, although further studies are

needed to confirm this. Furthermore, it is likely that such coupling effects are more important in denser fluids, such as liquids, than

for the current example in air. 

Step 1: The frequency spectrum considered as input to the SoS filtering is 

𝑋 ( 𝐿, 𝑓 ) = 𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) , (5) 

for 𝐿 = 0.20 m. The magnitude and phase angle of 𝑋( 𝐿, 𝑓 ) are shown in Fig. 2 , and the corresponding real and imaginary parts

are shown in Fig. 3 . The slowly varying phase of 𝑋( 𝐿, 𝑓 ) is also shown in Fig. 2c to better visualize the oscillations in phase angle,

obtained by dividing 𝑋( 𝐿, 𝑓 ) by the phase term for the plane wave transit time of the direct arrival, 𝑒 − 𝑖𝜔𝐿 ∕ 𝑐 . The oscillations in the

magnitude and slowly varying phase of 𝑋( 𝐿, 𝑓 ) are caused by the interfering multipath arrivals. 

To avoid visually misleading plots of the phase angles in Figs. 2 , 7 , 10 , and 11 due to phase wrapping and a relatively sparse

frequency resolution, the frequency step size has —for the plotting only —been reduced using linear interpolation of the unwrapped

phase angles of 𝑋 ( 𝐿, 𝑓 ) , 𝑋 ( 𝐿, 𝑓 )∕ 𝑒 − 𝑖𝜔𝐿 ∕ 𝑐 , 𝑋 1 ( 𝐿, 𝑓 ) , and 𝑋 1 ( 𝐿, 𝑓 )∕ 𝑒 − 𝑖𝜔𝐿 ∕ 𝑐 . In Figs. 2 and 7 the frequency step size is reduced from 0.1

kHz to 0.01 kHz and in Figs. 10 and 11 it is reduced from 0.1 kHz to 0.001 kHz. 

Steps 2 and 3: A lowpass filter is applied to the real and imaginary parts of 𝑋( 𝐿, 𝑓 ) to keep as much as possible of the information

related to the direct arrival and remove as much as possible of the information related to the multipath arrivals. This digital filter

is applied in the frequency domain, specified to impact the spectrum of the spectrum. Thus, the filter design is based on analysis of

the spectrum of the spectrum of 𝑋( 𝐿, 𝑓 ) shown in Fig. 4 . The SoS is a function of time, although it is distinctly different from the

impulse response corresponding to 𝑋( 𝐿, 𝑓 ) = 𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) . There are distinct features starting at approximately 0.6, 1.8, and 2.9 ms,

approximately equal to 

( 2 𝑛 − 1 ) 𝐿 ∕ 𝑐, (6) 

for 𝑛 = { 1 , 2 , 3 } , respectively. The first feature, A, contains information regarding the direct arrival, while the subsequent features,

B and C, are associated with the first and second multipath arrivals, respectively. 

In this example case, the filtering is performed using the lowpass function in MATLAB® Signal Processing Toolbox TM which creates 

a linear-phase FIR lowpass filter with a 0.1 dB passband ripple [8] . The filter’s linear phase is corrected for automatically by the filter
3 
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Fig. 2. Magnitude (a), phase angle (b), and slowly varying phase (c) of 𝑋( 𝐿, 𝑓 ) for 𝐿 = 0.20 m over the frequency range 50–200 kHz. 

Fig. 3. Real (a) and imaginary (b) parts of 𝑋( 𝐿, 𝑓 ) for 𝐿 = 0.20 m over the frequency range 50–200 kHz. 

 

 

 

 

 

 

 

 

 

 

 

 

function. For the filter used here, the passband extends from 0 to 1.64 ms. The passband is defined here as the band where the

attenuation is within the passband ripple, i.e., –0.1 dB. A –60 dB stopband attenuation is used, and the stopband extends upwards

from approximately 1.74 ms. The stopband is defined here as the band where the attenuation is at least –60 dB. The upper limit of

the passband and lower limit of the stopband are shown as vertical dashed lines in Fig. 4 . The real and imaginary parts of 𝑋( 𝐿, 𝑓 )
and of the filtered 𝑋( 𝐿, 𝑓 ) , i.e. 𝑋 1 ( 𝐿, 𝑓 ) , are shown in Fig. 5 , and the corresponding SoSs are shown in Fig. 6 . 

It can be seen from Fig. 4 that the tail of feature A, associated with the direct arrival, has a non-negligible magnitude at the onset

of feature B, associated with the first multipath arrival. This indicates that the tail of feature A extends into feature B, and this part

will thus be removed by the lowpass filtering since it is in the stopband of the filter. An additional part of this tail is removed due

to the gradual roll-off of the filter between the passband and the stopband. These issues, together with the small passband ripple,

mean that some information about the direct arrival is lost in the SoS filtering of the frequency spectrum when the tail of feature A

extends beyond the passband of the lowpass filter. This effect may be reduced by application-specific preprocessing, as shown in a

later section. 

Step 4: The final step is here to recombine the filtered real and imaginary parts of 𝑋( 𝐿, 𝑓 ) , i.e., Re ( 𝑋 1 ( 𝐿, 𝑓 ) ) and Im ( 𝑋 1 ( 𝐿, 𝑓 ) ) .
Fig. 7 shows the input 𝑋( 𝐿, 𝑓 ) containing both direct and multipatharrivals, and 𝑋 ( 𝐿, 𝑓 ) primarily containing information about
1 
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Fig. 4. Magnitude of the individual forward Fourier transforms of the real (a) and imaginary (b) parts of 𝑋( 𝐿, 𝑓 ) , i.e., the SoS of 𝑋( 𝐿, 𝑓 ) , for 

𝐿 = 0.20 m, over the frequency range 50–200 kHz. Due to symmetry only the one-sided SoS is shown, for times up to 3.5 ms. The labels A, B, and 

C indicate the onset of the features associated with the direct, first and second multipath arrivals. Vertical dashed lines indicate chosen passband 

and stopband limits of the SoS lowpass filter to be applied. 

Fig. 5. Real (a) and imaginary (b) parts of 𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) for 𝐿 = 0.20 m over the frequency range 50–200 kHz. 

 

 

 

 

 

 

 

 

 

 

 

 

 

the direct arrival. It is seen from the plots of the magnitude (a) and slowly varying phase angle (c) that the oscillations caused by

multipath interference essentially are removed. This is also the case for the phase angle (b), but it is not as easily observed. The

removal of some information related to the direct arrival in the filtering, as discussed under steps 2 and 3, leads to the presence of

small oscillations with amplitudes of up to approximately 0.2 dB and 1.3° in 𝑋 1 ( 𝐿, 𝑓 ) . These oscillations are too small to be visible in

Fig. 7 . There are also undesired oscillations at either end of 𝑋 1 ( 𝐿, 𝑓 ) in Fig. 7 due to truncation effects resembling the Gibbs effect.

These can be reduced for instance by including a larger frequency range in the input to the SoS filtering and later omitting either end

from the presented results. For the results Fig. 7 , the truncation effects in 𝑋 1 ( 𝐿, 𝑓 ) are negligible at approximately 55 kHz, i.e., 5 kHz

from the lower end of the spectrum, and at approximately 188 kHz, i.e., 12 kHz from the upper end of the spectrum. 

Example including application-specific preprocessing 

For some cases, improved results can be obtained by using application-specific preprocessing of 𝑋( 𝐿, 𝑓 ) prior to SoS filtering, and

a corresponding postprocessing after SoS filtering. This is shown here for an example case identical to the one described above, but

with 𝐿 = 0.10 m as the distance between the transducers instead of 𝐿 = 0.20 m. In contrast to the 𝐿 = 0.20 m case, reduced distance

to 𝐿 = 0.10 m causes the rate of change of the rapid changes around the resonance peaks in 𝑋( 𝐿, 𝑓 ) to be as large, or larger, than

that of the oscillations caused by the multipath arrivals. This is mainly due to the changes in the oscillations cause by the multipath

arrivals since the rate of change of the rapid changes around the resonance peaks in 𝑋( 𝐿, 𝑓 ) is almost identical for the two distances.
5 
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Fig. 6. Magnitude of the individual forward Fourier transforms of the real (a) and imaginary (b) parts of 𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) , i.e., the SoS of 

𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) , for 𝐿 = 0.20 m over the frequency range 50–200 kHz. The 𝑋( 𝐿, 𝑓 ) results are the same as in Fig. 4 , as are the filter settings 

indicated by the vertical dashed lines. 

Fig. 7. Magnitude (a), phase angle (b), and slowly varying phase angle (c) of 𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) , for 𝐿 = 0.20 m over the frequency range 50–200 

kHz. The input 𝑋( 𝐿, 𝑓 ) contains both direct and multipath arrivals, while 𝑋 1 ( 𝐿, 𝑓 ) primarily contains information about the direct arrival. 

 

 

 

 

 

 

 

 

However, the resonance peaks in 𝑋( 𝐿, 𝑓 ) do not extend over the same time span in the SoS since it is closely linked to the onset of

each feature, which in turn are associated with the different arrivals. This is for instance seen in Fig. 6 where there is no information

prior to the onset of feature A. As a result, it is the time between the onset of the features A and B that determines whether the rate

of change around the resonance peaks in 𝑋( 𝐿, 𝑓 ) is as fast, or faster, than the oscillations caused by multipath interference. From

Eq. (6) it can be calculated that this time span decreases from approximately 1.2 m/s to 0.6 ms when the distance decreases from

𝐿 = 0.20 m to 𝐿 = 0.10 m. 

A comparison of the SoS of 𝑋( 𝐿, 𝑓 ) for 𝐿 = 0.10 m and 𝐿 = 0.20 m, shown in Figs. 8 and 4 , respectively, shows that the tail

of feature A at the onset of feature B is larger for 𝐿 = 0.10 m than for 𝐿 = 0.20 m. This indicates that without preprocessing and

subsequent postprocessing, SoS filtering of 𝑋( 𝐿, 𝑓 ) would remove more of the information related to the direct arrival when 𝐿 = 0.10

m than when 𝐿 = 0.20 m. 
6 
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Fig. 8. Magnitude of the forward Fourier transforms of the real (a) and imaginary (b) parts of 𝑋( 𝐿, 𝑓 ) , i.e., the SoS of 𝑋( 𝐿, 𝑓 ) , for 𝐿 = 0.10 m over 

the frequency range 50–200 kHz. The vertical dashed lines indicate the upper limit of the passband, 0.72 ms, and the lower limit of the stopband, 

approximately 0.85 ms. 

Fig. 9. Magnitude of the forward Fourier transforms of the real (a) and imaginary (b) parts of 𝑋 

𝑝 ( 𝐿, 𝑓 ) , i.e., the SoS of 𝑋 

𝑝 ( 𝐿, 𝑓 ) , for 𝐿 = 0.10 m over 

the frequency range 50–200 kHz. The vertical dashed lines indicate the upper limit of the passband, 0.42 ms, and the lower limit of the stopband, 

approximately 0.56 ms. 

 

 

 

 

 

 

 

To reduce such undesired effects, the application-specific preprocessing used for 𝐿 = 0.10 m is 

𝑋 

𝑝 ( 𝐿, 𝑓 ) = 𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) ∕ 𝐻 

𝑉 𝑉 
𝑓 𝑓 ,𝑒 

( 𝐿, 𝑓, 𝑛 = 1 ) , (7) 

where 𝐻 

𝑉 𝑉 
𝑓 𝑓 ,𝑒 

( 𝐿, 𝑓, 𝑛 ) is a simplified far-field transfer function extrapolated spherically back to a distance ( 2 𝑛 − 1 ) 𝐿 for the 𝑛 th arrival,

defined as 

𝐻 

𝑉 𝑉 
𝑓 𝑓 ,𝑒 

( 𝐿, 𝑓, 𝑛 ) = 

( 

𝑝 
(
𝑧 𝑓𝑓 , 𝑓 

)
𝑉 𝑖𝑛 ( 𝑓 ) 

) 2 

𝑍 ( 𝑓 ) 
𝑧 2 
𝑓𝑓 

( 2 𝑛 − 1 ) 𝐿 

𝑒 
𝑖 
𝜔 

𝑐 
2 𝑧 𝑓𝑓 𝑒 − 𝑖𝜔 ( 2 𝑛 −1 ) 𝐿 ∕ 𝑐 . (8) 

Here, 𝑝 ( 𝑧 𝑓𝑓 , 𝑓 ) is the axial free-field pressure at the far-field distance 𝑧 𝑓𝑓 generated by the transmitting piezoelectric disk with

electrical input impedance 𝑍( 𝑓 ) when excited by the voltage 𝑉 𝑖𝑛 ( 𝑓 ) . See Sec. 2.4 in [2] for details. 𝑝 ( 𝑧 𝑓𝑓 , 𝑓 ) and 𝑍( 𝑓 ) are calculated

by a 3D axisymmetric transmitter-medium FE model [10] , different from the transmitter-medium-receiver FE model used to calculate 

𝐻 

𝑉 𝑉 ( 𝐿, 𝑓 ) . 𝐻 

𝑉 𝑉 
𝑓 𝑓 ,𝑒 

( 𝐿, 𝑓, 𝑛 = 1 ) contains the sharp resonance peaks in the frequency spectrum, but neither nearfield effects, diffraction

effects for a non-plane incident wave, nor reflection from a finite object (transducer). 

Fig. 9 shows the SoS of 𝑋 

𝑝 ( 𝐿, 𝑓 ) and it is seen that the tails following the distinct features decrease much faster here than for

𝑋( 𝐿, 𝑓 ) in Fig. 8 , indicating that 𝑋 

𝑝 ( 𝐿, 𝑓 ) contains less rapid changes than 𝑋( 𝐿, 𝑓 ) . The vertical dashed lines in Figs. 8 and 9 indicate

the upper limit of the passband and lower limit of the stopband for the lowpass FIR filter used to extract the direct arrival for 𝐿 = 0.10
7 
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Fig. 10. Magnitude (a), phase angle (b), and slowly varying phase angle (c) of 𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) , for 𝐿 = 0.10 m over the frequency range 

50–200 kHz. The input 𝑋( 𝐿, 𝑓 ) contains both direct and multipath arrivals, while 𝑋 1 ( 𝐿, 𝑓 ) primarily contains information about the direct arrival. 

Two results for 𝑋 1 ( 𝐿, 𝑓 ) are shown, obtained using SoS filtering of 𝑋( 𝐿, 𝑓 ) and 𝑋 

𝑝 ( 𝐿, 𝑓 ) , respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

m, i.e., 0.72 and 0.85 ms for 𝑋( 𝐿, 𝑓 ) and 0.4 ms and 0.56 ms for 𝑋 

𝑝 ( 𝐿, 𝑓 ) , respectively. These are different in the two figures since

the preprocessing moves the onset of feature A from approximately 2.9 ms in Fig. 8 to the origin in Fig. 9 , and also move the other

features correspondingly. 

Fig. 10 shows the input 𝑋( 𝐿, 𝑓 ) and the extracted 𝑋 1 ( 𝐿, 𝑓 ) obtained with and without preprocessing, i.e., by SoS filtering of

𝑋 

𝑝 ( 𝐿, 𝑓 ) and 𝑋( 𝐿, 𝑓 ) , respectively, for 𝐿 = 0.10 m over the frequency band 50–200 kHz. The same results are shown in Fig. 11 , but

over the frequency band around the resonances, 85–130 kHz. From these two figures it is seen that the two methods perform equally

well outside the frequency band of the resonances. SoS filtering of 𝑋 

𝑝 ( 𝐿, 𝑓 ) yields good results also in the frequency band around the

resonances, while the results obtained from SoS filtering of 𝑋( 𝐿, 𝑓 ) have undesired oscillations in the 85–130 kHz frequency band. 

Note that the large oscillations in the slowly varying phase of 𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) (obtained from the SoS filtering of 𝑋( 𝐿, 𝑓 ) ) in
the two frequency bands 80–100 kHz and 115–135 kHz are not caused by a physical effect, but by relatively small oscillations close

to 180° and –180° and thus subject to phase wrapping multiple times [7] . The deviation between the filtered and unfiltered results

for the magnitude at frequencies above approximately 170 kHz, is not an error, but rather an indication that one or several of the

multipath arrivals are stronger than the direct arrival [7] . 

Theoretical plane wave example 

A theoretical example of how the SoS filtering method can be used to extract the direct arrival and the first multipath arrival is

given here. A simplified plane wave example is presented, with one direct and two multipath arrivals with amplitudes, 𝐴 𝑛 , that are

constant with respect to frequency. In the frequency domain, with the time dependence 𝑒 𝑖𝜔𝑡 suppressed, the plane wave pressure for

the direct arrival is given as 

𝑝 1 ( 𝐿, 𝑓 ) = 𝐴 1 𝑒 
− 𝑖𝜔 𝐿 

𝑐 . (9) 

Similarly, the first and second multipath arrivals are, when assuming reflection at each interface as from a rigid infinite plate,

given as 

𝑝 2 ( 𝐿, 𝑓 ) = 𝐴 2 𝑒 
− 𝑖𝜔 3 𝐿 

𝑐 , (10) 

and 

𝑝 3 ( 𝐿, 𝑓 ) = 𝐴 3 𝑒 
− 𝑖𝜔 5 𝐿 

𝑐 , (11) 

respectively. 𝐴 1 , 𝐴 2 , and 𝐴 3 are the amplitudes of the three arrivals, respectively. The total pressure is the sum of the three arrivals,

i.e., 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) = 𝑝 1 ( 𝐿, 𝑓 ) + 𝑝 2 ( 𝐿, 𝑓 ) + 𝑝 3 ( 𝐿, 𝑓 ) = 𝐴 1 𝑒 
− 𝑖𝜔 𝐿 

𝑐 + 𝐴 2 𝑒 
− 𝑖𝜔 3 𝐿 

𝑐 + 𝐴 3 𝑒 
− 𝑖𝜔 5 𝐿 

𝑐 . (12) 
8 
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Fig. 11. Magnitude (a), phase angle (b), and slowly varying phase angle (c) of 𝑋( 𝐿, 𝑓 ) and 𝑋 1 ( 𝐿, 𝑓 ) , for 𝐿 = 0.10 m over the frequency range 

85–130 kHz. The same results as in Fig. 10 , but shown for a smaller frequency range. 

 

 

 

 

Dividing Eq. (12) with the plane wave phase term for the direct arrival yields 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 𝐿 

𝑐 = 𝐴 1 + 𝐴 2 𝑒 
− 𝑖𝜔 2 𝐿 

𝑐 + 𝐴 3 𝑒 
− 𝑖𝜔 4 𝐿 

𝑐 , (13) 

which then can be split into its real part, 

Re 
{ 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 𝐿 

𝑐 

} 

= 𝐴 1 + 𝐴 2 cos 
(
𝜔 

2 𝐿 

𝑐 

)
+ 𝐴 3 cos 

(
𝜔 

4 𝐿 

𝑐 

)
, (14) 

and its imaginary part, 

Im 

{ 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 𝐿 

𝑐 

} 

= − 

[
𝐴 2 sin 

(
𝜔 

2 𝐿 

𝑐 

)
+ 𝐴 3 sin 

(
𝜔 

4 𝐿 

𝑐 

)]
. (15) 

The last two terms on the right-hand side of Eq. (14) and the two terms on the right-hand side of Eq. (15) are the oscillating terms

associated with the multipath arrivals. Individual lowpass filtering of Eqs. (14) and (15) using a stopband that includes oscillations

from 2 𝐿 ∕ 𝑐 and upwards will remove these terms, yielding the filtered real part, 

Re 
{ 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 𝐿 

𝑐 

} 

≃ 𝐴 1 , (16) 

and the filtered imaginary part, 

Im 

{ 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 𝐿 

𝑐 

} 

≃ 0 , (17) 

where the overbar indicates lowpass filtering. Recombining the lowpass filtered real and imaginary parts and multiplying with the 

plane wave phase term for the direct arrival yields 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) = 

⎡ ⎢ ⎢ ⎣ Re 
{ 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) 

𝑒 
− 𝑖𝜔 𝐿 

𝑐 

} 

+ 𝑖 Im 

{ 

𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) 

𝑒 
− 𝑖𝜔 𝐿 

𝑐 

} ⎤ ⎥ ⎥ ⎦ 𝑒 − 𝑖𝜔 
𝐿 

𝑐 ≃ 𝐴 1 𝑒 
− 𝑖𝜔 𝐿 

𝑐 = 𝑝 1 ( 𝐿, 𝑓 ) . (18) 

This shows that the SoS lowpass filtering method gives exact extraction of the direct arrival’s spectrum for this simplified plane

wave case. To extract the first multipath arrival’s spectrum, the result from Eq. (18) is subtracted from Eq. (12) to give 

𝑝 2+ ( 𝐿, 𝑓 ) ≃ 𝑝 𝑡𝑜𝑡 ( 𝐿, 𝑓 ) − 𝑝 1 ( 𝐿, 𝑓 ) = 𝐴 2 𝑒 
− 𝑖𝜔 3 𝐿 ∕ 𝑐 + 𝐴 3 𝑒 

− 𝑖𝜔 5 𝐿 ∕ 𝑐 , (19) 

where the subscript “2 + ” indicates that it is the sum of the first and second multipath arrivals. Dividing Eq. (19) by the plane wave

phase term for the first multipath arrival yields 

𝑝 2+ ( 𝐿, 𝑓 ) ∕ 𝑒 − 𝜔 3 𝐿 ∕ 𝑐 ≃ 𝐴 2 + 𝐴 3 𝑒 
− 𝑖𝜔 2 𝐿 ∕ 𝑐 , (20) 
9 
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Fig. 12. MATLAB® code implementing SoS filtering of the frequency spectrum to extract the direct arrival, for the simplified plane wave example 

described above. 
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Fig. 13. MATLAB® code implementing SoS filtering of the frequency spectrum to extract the first multipath arrival, for the simplified plane wave 

example described above. It is to be appended to the code in Fig. 12 . 

 

 

 

which when separated into its real and imaginary parts, and lowpass filtered with a stopband that includes oscillations from 2 𝐿 ∕ 𝑐
and upwards, yields 

Re 
{ 

𝑝 2+ ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 3 𝐿 

𝑐 

} 

≃ 𝐴 2 + 𝐴 3 cos 
(
𝜔 

2 𝐿 

𝑐 

)
≃ 𝐴 2 , (21) 

and 

Im 

{ 

𝑝 2+ ( 𝐿, 𝑓 ) ∕ 𝑒 
− 𝑖𝜔 3 𝐿 

𝑐 

} 

≃ 𝐴 3 sin 
(
𝜔 

2 𝐿 

𝑐 

)
≃ 0 . (22) 

Recombining Eqs. (21) and (22) and multiplying them with the plane wave phase term for the first multipath arrival yields 

𝑝 2+ ( 𝐿, 𝑓 ) = 

⎡ ⎢ ⎢ ⎣ Re 
{ 

𝑝 2+ ( 𝐿, 𝑓 ) 

𝑒 
− 𝑖𝜔 3 𝐿 

𝑐 

} 

+ 𝑖 Im 

{ 

𝑝 2+ ( 𝐿, 𝑓 ) 

𝑒 
− 𝑖𝜔 3 𝐿 

𝑐 

} ⎤ ⎥ ⎥ ⎦ 𝑒 − 𝑖𝜔 
3 𝐿 
𝑐 ≅ 𝐴 2 𝑒 

− 𝑖𝜔 3 𝐿 
𝑐 = 𝑝 2 ( 𝐿, 𝑓 ) , (23) 

showing that the SoS filtering of the frequency spectrum gives exact extraction of the first multipath arrival’s spectrum in this

simplified plane wave case. 
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