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1. Introduction
1.1. Introduction of the equation

This article is dedicated to the fractional-modified Korteweg-de Vries equation (also
known as the dispersion generalised modified Benjamin-Ono equation):

Ou+ 0y (—|D|"u+v?) =0, u:I; xR, >R, 1<a<2, (fmKdV)

where I; is a time interval, 0, (respectively 0;) denotes the space (respectively time)
derivative, and the symbol |D|* is defined by the Fourier transform as an operator
acting on the space of distributions:

F(ID|%u) (&) := [€]*F (u)(E)-

For the purposes of motivating the equation, let us introduce the more general equa-

tion:
Oru 4 LOyu~+ 0x(f(w)) = 0. (1.1)
The operator L represents the dispersion of the equation, and f(u) stands for the non-
linearity.
In the case of a quadratic non-linearity f(u) = u? and a dispersion £ = —|DI|%, we

get respectively the Benjamin-Ono equation (BO) and the Korteweg-de Vries equation
(KdV) for @« = 1 and a = 2. Shrira and Voronovich, in [49], introduced the equation
of coastal waves, where the parameter is the evolution of the depth of the coast. If the
evolution of the depth is algebraic and given by —(1 + X)*~! for a € (1,2), then the
dispersion operator is approximated, for waves with a small wave number, by —c|D|“.
Notice that other dispersions are justified by Klein, Linares, Pilod and Saut [29].

While the change of dispersion in the quadratic case models different phenomena,
the change of non-linearity helps to understand the balance between non-linearity and
dispersion. Indeed, studying equations with a cubic non-linearity f(u) = u? and different
dispersions give new insights of the competition between those two terms. The case
L = 92 = —|D|? corresponds to the modified Korteweg-de Vries equation (mKdV),
while the case £ = —|D| corresponds to the modified Benjamin-Ono equation (mBO).
We chose in this article to focus on the case of a non-local dispersion £ = —|D|%, with
l<a<?2.

Since, for 1 < a < 2, (fmKdV) does not enjoy a Lax pair as KdV, BO or mKdV, no
tools from complete integrability can be applied to this equation. On the other hand,
(fmKdV) possesses 3 conserved quantities (at least formally):

[uttarie, L [, [ (PP ey,

R R R
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We define the scaling operators by:
VAERY, wursuy, with wuy(f,z) = AT0F® u(A, AT ). (1.2)

The set of solutions of (fmKdV) is invariant under the scaling operations. The mBO
equation is mass-critical in the sense that the L?-norm is preserved under the previous
scaling operation. Meanwhile, (fmKdV) is mass-subcritical since the conserved space
under the operator of scaling is the homogeneous Sobolev space H*(R) with s = 1’70‘ <0
as soon as « > 1. The equation (fmKdV) has been proved to be locally well-posed in
H*(R) for s > 322 by Guo [19], and the flow is locally continuous on that space.
As a consequence, the equation is globally well-posed in the energy space H?2 (R) (see
Appendix A). We also refer to Guo and Huang [20], Kim and Schippa [28], Molinet and
Tanaka [42] for other well-posedness results. Moreover, in the case a = 1 the problem is
locally well-posed in the energy space, see Kenig and Takaoka [27].

1.2. Ground states and solitary waves

Different coherent structures may appear in the study of non-linear dispersive equa-
tions, and solitary waves are one of them. A solitary wave is a solution u(t, x) = Q.(z—ct)
moving at a velocity ¢ in one direction, decaying at infinity and keeping its form along
the time. The function Q. satisfies the elliptic equation:

—|D|*Qc — Q. + Q7 = 0. (1.3)

A remarkable point is the existence of those objects for any velocity ¢ > 0. Unlike the
mKdV equation the solutions Q.. of (1.3) are not explicit. The existence of a such solution
of the elliptic problem (1.3) is related to the existence of a minimizer of an adequate
functional. Such a minimizer is called a ground state, and the existence of a ground
state has been proved by Weinstein in [52] and Albert-Bona-Saut in [1]. Moreover, the
ground state is positive. From now on, the notation Q. will refer to the ground-state of
the functional.

If we denote by @ the positive ground state associated to ¢ = 1, all the other ground
states Q). associated to the different values ¢ > 0 can be expressed in terms of the ground
state @) by the operation of scaling (1.2):

Q.(z) = T Q(cTHa z).

The question of the uniqueness of the ground state of (1.3) is difficult and has been
solved by Frank-Lenzmann in [16]. Note however that no result seems to be known for
the uniqueness of solutions to (1.3) which do not minimize the Euler-Lagrange functional.
The non-locality of the operator |D|* does not allow to use classical ODE’s tools for this
equation. The uniqueness of the solution of the non-local elliptic problem (1.3) is derived
from the non-degenerency of the linearized operator
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L=|D|*+1-3Q?

by proving that ker(L) = span(Q’). This result was obtained by Frank-Lenzmann in
[16]. The proof is based on an extension process to the upper half-plane, introduced by
Caffarelli-Silvestre [6], which allows to look at the operator |D|* as a Dirichlet-Neumann
operator.

Furthermore, as soon as « < 2, the function @ has an algebraic decay (see (2.4) for a
more precise expansion):

1
Q@) ~4oo T

The question of stability of a solitary wave in this case has been studied by Angulo
Pava [3], see also [44].

One conjecture in the field of dispersive equations states that any global solution
decomposes, at large time, into different non- dispersive objects (such as the solitary
waves) plus a radiation term. Whereas the solitary waves move to the right, the radiation
term moves to the left. This conjecture has been proved for the KdV equation using the
tools of complete integrability [13], but remains open in most the non-integrable cases
(see [12,23]). It is then natural to introduce multi-solitary waves, which are solutions u
that in large time [T, +00) are close to a sum of K decoupled solitary waves:

Definition 1. Let K € N0, and K different velocities 0 < ¢; < -+ < ¢i. A function u is
called a multi-solitary waves associated to the previous velocities (or pure multi-solitary
waves) if there exist Ty > 0, K functions vy : (Tp, +00) — R such that:

lim
t—+4o00

=0 and Vke (1,K), |uk(t)— cxt] = 04o0(t).
H%

K
ut) =Y Qe (- = v(t))
k=1

Notice that the definition of the multi-solitary waves may depend on the information
one can get from those objects. For example, in a recent result by the first author [14], the
proof of the existence of the multi-solitary waves has been established for the equation
fKdV with a dispersion «a € (%, 2) and an explicit rate of convergence of the solution to
the sum of the K-decoupled solitary waves. Notice that the proof can easily be adapted
to (fmKdV), establishing then the existence of multi-solitary waves for this equation for
1 < a < 2. The proof of existence of those objects is a first step toward the soliton
resolution conjecture for this equation.

1.3. Dipoles and main theorem
Notice that in the previous definition of multi-solitary waves, all the velocities are

distinct. One can wonder if there exist solutions u behaving at infinity as a sum of
two solitary waves with the same velocity ¢ and different signs. A solution satisfying
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this definition is called a dipole. The word “dipole” comes from the multiplicity of the
poles associated to a solution due to the inverse scattering method applied to completely
integrable equations, such as the modified Korteweg-de Vries equation [50]. In particular,
if the two solitary waves have the same velocity, they interact in large time one with each
other, and the velocity of the different solitary waves is thus expected to be of the form
Uk (1) ~oo €t — gr(t), with gi(t) = 0400 (2).

This object has first been observed on the mKdV equation using the complete inte-
grability of the equation [50]. For an odd non-linearity f(u) = |u[P~lu, p € (2,5) and
a dispersion £ = 92, Nguyen in [45] proved the existence of dipoles for those equations
that are not completely integrable.

In this paper, we prove the existence of a dipole for the (fmKdV) in the L?-subcritical

case:

Theorem 2. Let o € (1,2). There exist some constant Ty > 0,C > 0 and U €
CY([To, +00) : H3 (R)) solution of (fmKdV) such that, for all t > Ty:

o0+~ fert) (e )], <

H?2

where

a3 —dab \ (a+12sin(Ta) [ . [Q|
a:= L and by := -2 2 / e T dr 53 < 0.
a—1 ™ Q172

(1.4)

This result sheds new light on the relation between the dispersion £ and the distance
between two solitary waves of a dipole. Indeed, Nguyen in [45,46] studied the case of
a dispersion £ = —|D|? = 92 and different non-linearities, which corresponds to the
generalized Korteweg-de Vries equation. Since the ground states (Q have an exponential
decay e~ 1?1, the distance between the two solitary waves of a dipole is logarithmic in time
21In(tc), with ¢ depending on the non-linearity. A second example is the recent preprint
of Lan and Wang [33], where they studied the generalized Benjamin-Ono equation with a
dispersion £ = —|D| = —H0,, with H the Hilbert transform and different non-linearities.
For this equation, since the ground states have a prescribed algebraic decay z 2, the
solitary waves of the dipoles they studied have a distance av/t + 31n(t) + v, where «, 3
and v are constants dependent only on the non-linearity. Theorem 2 emphasises how the
dispersion influences the distance between the two solitary waves, that is at=+3. One can
conjecture that the dipoles for an equation £ = —|D|%, for « € (1,2) and a non-linearity
f(u) = |u|P~tu with various values of p, are composed of two solitary waves at a distance
ct=+3 with a constant ¢ dependent on p.
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1.4. Related results

As explained in the introduction, the behaviour of a solution of (1.5) is determined by
the balance between the non-linearity and the dispersion, therefore blow-ups are expected
in the critical and super-critical cases. An important result for blow-up, in finite or infinite
time, in a non-local setting has been obtained by Kenig-Martel-Robbiano in [32] for:

Oyt — O, | D|*u + |u**u = 0.

This equation is critical for all the values of a. For o = 2 in the former equation, which
corresponds to the critical general Korteweg-de Vries equation, Merle [40] proved the
existence of blow-up solutions in finite or infinite time. Using this result, [32] proved by
a perturbative argument the existence of blow-up for all « € (ay, 2], for some 1 < a7 < 2.
The proof is based on the existence of a Liouville property and localized energy estimates.
Those localized estimates generalize the pioneering work of Kenig and Martel [25] for
the asymptotic stability of the soliton of the Benjamin-Ono equation.

In the case o = 1 in fmKdV, the equation is L?-critical and blow-up phenomena oc-
cur. Bona-Kalisch [5], and Klein-Saut-Wang [30] studied numerically the critical fmKdV
and conjecture a blow-up in finite time for this equation. In [38] Martel-Pilod proved
rigorously the existence of minimal mass blow-up solution for mBO. We mention also
the result by Kalisch-Moldabayev-Verdier in [24], where they observed that two solitary
waves may interact in such a way that the smaller wave is annihilated.

For the super-critical case we refer to the work of Saut-Wang in [48], where they
proved the global well-posedness for small initial data and [30] for numerical simulation
of blow-up in finite time.

The phenomenon of strong interaction between two different objects also occurs in
different situations. Let us enumerate different families of equations and results (this
list may not be exhaustive) by beginning with the KdV family. By using the integrable
structure of mKdV, Wadati and Ohkuma [50] exhibited the existence of a dipole. More
recently, Koch and Tataru [31] characterized the set of complex two-solitons as an 8-
dimensional symplectic submanifold of H* for s > —%. The explicit formula of a dipole
holds for the mKdV equation only. Note that the existence of dipoles involves the exis-
tence of positive and negative solitary waves, and in particular, dipoles do not exist for
even non-linearity f, such as the KdV equation. In the non-integrable case Nguyen [45]
proved the existence of a dipole for (1.1) for a dispersion £ = 92 and a non-linearity
f(u) = |u|P~tu, with p € (2, 5). Moreover, he discovered that for each super-critical equa-
tion with a non-linearity p > 5, there exists a dipole formed by two solitary waves with
same signs, and the distance between the two objects is also logarithmic in time. Inspired
by this result, Lan and Wang [33] looked for the phenomenon of dipoles for a dispersion
L = —|D| and a non-linearity f(u) = |u[P~!u, with various values of p # 3. We also list
some results in the setting of the strong interaction of two non-linear objects in the non-
linear Schrodinger setting. Ovchinnikov and Sigal [47] for the time-dependent Ginzburg
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Landau equation, with two vortices with different signs; Krieger, Martel and Raphaél
[32] for the three dimensional gravitational Hartree equation with two solitons; Nguyen
[46] for the subcritical non-linear Schrodinger with two solitary waves with different
signs, and the same signs for the super-critical case; Nguyen and Martel [37] for coupled
non-linear Schréodinger, for two solitary waves with different velocities. The phenomenon
of dipole also appears in the family of wave equations: Gerard, Lenzmann, Pocovnicu
and Raphaél [18] for the cubic half-wave equation; Cote, Martel, Yuan and Zhao [10] for
the damped Klein-Gordon equation; Aryan [4] for the Klein-Gordon equation; Jendrej
and Lawrie [23] for the wave maps equation.

The strong interaction between different objects also gives rise to exotic behaviours.
For example, the existence of strongly interacting objects has been proved with multi-
solitary waves for the mass-critical non-linear Schrédinger equation by Martel and
Raphaél [39] and with bubbles for the critical gKdV equation by Combet and Martel [8].

Even if the question of dipoles occurs at infinity, one can wonder what happens on the
real line to a solution that behaves like a two soliton at —oo. The problem of inelastic
collision of two solitary waves has been investigated by Mizumachi [41], Martel and Merle
[34,35] and Muiioz [43] for non-integrable equations in the KdV family. Indeed, only the
completely integrable equations exhibit an elastic collision, that is a solution that can
be decomposed at +0o0 with the same decomposition as at —oo (up to phase shift).

We end this part with open questions related to the dipoles of (fmKdV). We begin
with the particular case of the critical equation mBO: we do not know if the dipole
phenomenon exists for this equation. For a fixed dispersion £ = —|D|%, one can also
wonder about the importance of the non-linearity f(u) = |u|P~u: if p is close to 1, does
the structure of a dipole still make sense, or does the non-linearity break the structure?
Concerning the (fmKdV) equation, if a solution behaves at time —oo as a sum of two
different solitary waves, what will be the behaviour of this solution at +00? Even though
this article does not answer those questions, it gives insights and tools to tackle those
problems with non-local dispersion.

1.5. Ideas of the proof

Let us perform the following change of variables. Let y := x —t, then v(t, y) := u(t, x)
verifies

o+ 0y (—v — |D|*v+v*) = 0. (1.5)

This equation is better suited than (fmKdV) for the phenomenon of strong interaction,
since most of the objects considered here are moving at a velocity close to 1. Theorem 2
can be rewritten in this new setting:

Theorem 3. Let o € (1,2). There exist some constant Ty > 0,C > 0 and w €
CY([To, +00) : H3 (R)) solution of (1.5) such that, for all t > Ty:
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__a—1
N S Ct 4(o¢+3)7

ot ) +Q( = 5t) = Q-+ Steh)|

with the constant a defined in (1.4).

From now on, we focus on proving the existence of the function w. We provide some
ideas for the proof of Theorem 3.

The first important point is the construction of a good approximation. We look for a
solution close to the sum of two solitary waves —R;+ R2 modulated by a set of parameters
T = (21, 22, 41, tb2), where z;(t) correspond to the centres of the solitary waves moving
along the time, whereas 1 + u;(t) correspond to their size. To this aim, we search for an
accurate description of w+ R; — Rs, and we introduce the approximation V of the form
V(t,z) = —Ry(t,z) + Ra(t, ) + b(t)W (t,2) — Py (¢, ) + Pa(t,x). The goal is to adapt the
four other functions such that V almost solves (fmKdV), in the sense that the quantity
Ev is close to 0, with:

Ev =0V + 0y(=|D|*V —V +V?).

By computing the time derivative of R; and Ry, four intrinsic directions appear: 9, Ry,
OyR2, AR; and AR,. For convenience, we will write them under a vector form by MV,
They go hand in hand with the derivatives of the modulation parameters 21, 2o, 11 and
[t2. Then, the function W is inherent to the problem: it compensates two of those specific
directions, and has a plateau between zo and z;. Even if the previous constructions of
strong interactions ([34,45,46,37]) used this function, it seems to be the first time that
it is understood as an intrinsic part of the evolution of the solitary waves, and not only
as a part of the profiles P;. With this function we understand how the dispersion of the
first solitary wave —R; on the front influences the second solitary wave in the back, and
vice-versa. Once this function W is defined, we fix the functions P, and P, with algebraic
decay to cancel the remainder terms with algebraic decay too, concentrated around the
solitary waves. As a conclusion of this construction, the error can be decomposed into:

gvzm-WJraySJrT,

with W containing the four peculiar directions cited above, m gives a system of ODEs
that is satisfied by I' and adapted from the interaction terms. The two other source
terms, S and T are error terms coming from the rough approximation and are bounded
by functions depending on I'. If one wants to go further in the development of the
approximation, it suffices to extract from S and/or T the terms at the next order to
build more precise profiles.

Once the approximation V is constructed, the second step is to estimate the error
between the approximation and a solution, and to find a set of equations satisfied by
W= p1 — pg and z := 21 — 2o. Fix S;; >> 0, and v,, the solution of (fmKdV) with final
condition v, (S,) = V(S,). We estimate the H2-norm of the error backward in time
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by using an adequate weighted functional, mostly composed of quadratic terms in the
error. Whereas studying the error by the energy is quite classic, we adapt in this article
the energy functional used by Nguyen [45] by adding a source term [ Se, linear in e.
This trick has been used by Martel and Nguyen [37], by mixing the source term S in the
functional, and allows to get rid of the term [ 9, LSe in the functional. It generally helps
to get a better approximation of the functional, but in our case, the use of the modified
energy enables us to avoid to compute the high Sobolev norms of the source term S. It
means in particular that the influence of S on the error of the approximation is lower
than the one of T

One technical issue of this functional, as opposed to the ones previously used in this
context, is the appearance of the non-local operator |D|*: two of the difficulties are the
singularity of this operator for low frequencies, and the lack of an explicit Leibniz rule for
this operator and the weight ¢. To bypass those difficulties, we generalize the weighted
commutator estimates given in Lemma 6 and Lemma 7 of Kenig-Martel-Robbiano [32]
and of the first author [14].

These estimates rely on the understanding of the operator |D|*. Since the operator
is singular at frequency 0, we need to localize in high and low frequencies: for the high
frequencies, we use the pseudo-differential calculus, and the low frequency part is dealt
with the theory of bounded operators on L?. In particular, this method implies important
restrictions on the choice of the weight.

When orthogonality conditions are imposed to the error, we get a system of ODEs
ruling the behaviour of z and p in . Roughly speaking, the system is the following:

() ~ gy and () ~ 20
Notice that it is the solution of this system that gives the distance between the two
solitary waves in Theorem 3.

To obtain a suitable bound on the different unknowns, we use a bootstrap argument.
The more important ones are the error, the parameters z and p. The error is dealt
with the previous functional and p by the bootstrap argument. Notice that a bootstrap
argument alone would not have been sufficient to close the estimates: because of the
algebraic decay in time of the different parameters, several integrations in time cannot
close the estimates. A topological argument, as introduced by Coéte, Martel and Merle
in [9], is necessary to conclude the estimate on z: roughly speaking, this argument of
connectedness asserts that there exists at least one initial data 2%, chosen in a fixed
interval of initial data, such that the estimates hold on the all time interval. Once this
initial data is chosen, the all set of estimates is proved to hold on [T, S,].

With these estimates in hand, a classical argument of extraction by compactness
allows to get an adequate initial data. By weak-continuity of the flow, we prove that
the chosen initial data is close at any time to the sum of the two decoupled solitary
waves. Furthermore, we obtain the algebraic decay in time of the error between the final
solution and the two solitary waves.
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1.6. Outline of the paper

The paper is organised as follows. Section 2 is dedicated to the properties related to
the ground-state ). It contains in particular the more recent results on those objects,
the properties on the linearized operator and various lemmas related to this operator.
Section 3 contains the construction of an approximation of the solution. Notice that the
proof of the main theorem of this part can be skipped at first reading. In Section 4,
we give the modulation theorem to describe a solution close to the multi-solitary waves
with strong interaction. Section 5 provides the proof of the existence of the solution.
The appendices recall satellite results used in this article: well-posedness, the pseudo-
differential calculus, proofs of various lemmas based on pseudo-differential calculus, and
the coercivity of the localised linearized operator.

1.7. Notation

Throughout the article, we use the following notations.

We denote by C' a positive constant, changing from lines to lines independent of the
different parameters.

We say x ~ y if there exist 0 < ¢1 < ¢2 < 400 such that c;x <y < cay.

The japanese bracket () is defined on R by (z) := (1 + 22)2.

L? (R) is the set of square integrable functions. We denote the scalar product on L*(R)
by (u,v) := [ u(x)v(x)de with u,v € L*(R). The Fourier transform is defined by:

Vi€ IAR), f(6) = / ¢S f () d

R

We define the following spaces:

« the Sobolev space, for s € R: H*(R) := { f € L*(R): /(1 +[€12)5 f(£)de < 400 p,

R
o the Schwartz space: S(R) = {f € C®(R);Va € N,V3 € N,3Cqp,|f*(z)] <

Cays ()"},

e the set of functions with enough decay:

XS(R)::{feHS(R):EIC>O,Vx€R, If ()] < © }, and

*[R) =[] X*(R). (1.6)

seN

Let f,g € L?(R). We say that f is orthogonal to g if /f(a:)g(m)dx = 0, and is

R
sometimes shortened by f L g.
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For two operators A and B, we define the commutator by: [A4, B] := AB — BA.
The function @Q is the ground-state associated to the elliptic problem (2.1), and for
o 1
¢ >0, we set Q.(x) := 2D Q(cT+x). Moreover, let us define:

_ d 1 ( e 1 ,)
AQC = dc’ Qcic,zc = c 2(0[ + 1)Q + o+ le Cu (17)
d? 1 ( ala+2) 22Q" )
20 . Y o, _ 1 (_
A Qe = dc’2chc’:c c2 4(a+ 1)2Q + (a+1)2/ .7

where (f). holds for the scaling operation of parameter ¢ applied to f.

The parameters of the approximation are zy, 2o, p1 and us. We denote by I' =
(21, 72, 11, o) the set of those parameters. z and p are defined in (3.1), and z and g in
(5.4). The two solitary waves are defined by:

Ri(Ty) i= Quips(y — 2:),  and  ARi(T,y) = (AQuyp,)(y — 2i)- (1.8)

In particular, if I' is a function of ¢, we shorten the notations by

Ri(t,y) = Quipn(y — z(t),  and  ARi(t,y) := (AQuip,)(y — 2i(1))-

Along the article, the functions 21, 22, g1, p2 and I' can depend on the time, and it is
precised when needed. The asset of this notation is to remark that the two solitary waves
depend on the time through the parameter I'. For purposes of notations, we can denote
the solitary waves by R;(t) to emphasize on the time dependency. The solitary waves
dependent only on the translation parameters are denoted by:

Ri(t,y) == Qy — z(t) and AR(t,y) = (AQ)(y — zi(1)). (1.9)

The derivatives are denoted by 0, and ;. The notation Vr holds for the gradient
along the four directions of I'. When no confusion is possible, we denote by prime (as in
Q') the space derivative, and by a dot (as in ) the time derivative.

2. Ground state

This part recalls the properties known on @Q: existence, uniqueness and the recently
proved asymptotic expansion. We emphasize that the asymptotic expansion is composed
of terms with algebraic decay, and is thus different from the one of the (gKdV) family
—cQ. + AQ. + Q¥ = 0, with exponential decay. Next, we focus our attention on the
linearized operator L.

2.1. Ground state properties

Considering the equation (1.5), the existence of solitary waves is related to the exis-
tence of solutions to the following elliptic time-independent equation:
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—D*Q-Q+Q*=0, l<a<2. (2.1)

The previous elliptic equation is related to a calculus of variation problem. If @) is a
minimizer of the following functional J:

. ([ o)™ ([ 1er) |

Jof*

(2.2)

then it is a solution to the elliptic problem.
We now sum up the previous known results on the ground states, which are the
minimizer of J¢.

Theorem 4 ([1,16,17,52]). Let o € (1,2). There exists Q € H*(R) for all s > 0 such that

(1) (Ezistence) The function Q solves (2.1) and Q = Q(|z]) > 0 is even, positive and
strictly decreasing in |x|. Moreover, the function Q is a minimizer of J in the sense
that:

JHQ)= inf JYw).
vEH S (R)

(2) (Uniqueness) The even ground state solution @ = Q(|z|) > 0 of (2.2) is unique, up
to the multiplication by a constant, scaling and translation.
(3) (Decay) The function Q verifies the following decay estimate:

01 CQ

e = 90 = Ty

for some C1,C5 > 0.
(4) (Gagliardo-Nirenberg inequality) There exists a constant C = C(«a) such that:

135 |||
[0l s < Cllvllge > ol 2 -

Remark 5. Notice that since the non-linearity is cubic, the function @ in the theorem
and —@ are both solutions of the elliptic equation (2.1).

Remark 6. As from [52,1,26], the optimal constant in the Gagliardo-Nirenberg inequality
can be given explicitly in terms of Q.

Recently, the asymptotic expansions of the ground states have been improved, see
[15]. We recall the results applied to our case:
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Theorem 7 ([15]). Let o € (1,2) and = > 1. The positive, even function Q defined in
Theorem 4 verifies:

(1) (First-order expansion) The function @Q verifies the following decay estimate:

. . (a + ])' a1 Cj .
Q@) - (T s S N ey
+oo
. 3 sin (ga) 77"%
for some C; >0, with ay := k1[|Q||}s > 0 and ky == —=—+ e dr.
™
0
igher order expansion ere exists C' > 0 such that:
2) (High d Th >0 h th

a1 az as C
’Q(w) - (xa+1 + p2a+1 + xa+3) = 3a+1’ (2.4)

ai az C
Q@)+ (a+ 1) + Ca+ )25 | < o (2.5)

ai(e+2) 1 az(3a+2) 1 C

A < 2.
’ Q=) + 2(a+1) xotl 2(a+1) z2otl| = gots’ (2:6)
+o00
) 3 2sin (ma) i
with ag := ka||Q||} 3, k2 := —————= [ re”"“dr, and az € R.
™
0

We also recall some results of regularity given by convolution with the kernel k& asso-

ciated to the dispersion:
eix§
k(z):= | ————=d¢.
) / AT
R

Lemma 8 (/15]). Let g € X°(R). There exists C = C(g) such that:

C
(e

[k x gl(x) <

Furthermore, if g € CY(R), and |¢'(z)| < C(x)~27%, then there exists C = C(g,g’)
such that:

c
(e

|0z (K * g) () <

We define the function that corresponds to the truncated expansion of the translated
ground state Q(z + z) at +oo in z by:

ay x as (a+1D)(a+2) , 1
Qapp (2, 2) == prrs (a+ 1)alzaJr2 + pores] + (a1 5 x° +as g
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Lemma 9. Let z be large enough. We have for all x| < 5:

3 1
|Qapp(T,2) — Q(x + 2)|+|Qapp(—2,2) = Qz — 2)| < C (!fl»él +Zzlf|+2 + 23a+1) )

(2.7)
, , x2 1
102Qapp (7, 2) = Q'(x + 2)|+102Qapp(—,2) = Q'(z = 2)| < C (W + m)

agla+2) 1
2+ 1) zo+t

+10, AQ(:c+z)\<c( il +L)

22+a 22a+1

‘AQ(.T +2)+

Proof. From the asymptotic of @ in (2.4) and the asymptotic expansions:

ay ay x (a+1)(a+2) 2? |z|?
|z — [t (z““ —ala+) etz M 2 Zai8 )| = Cara
and the ones of z _(Z?aH and E _aj‘a+37 we get the development of Q(z 4 z). The

proof is similar for @’ with (2.5).
The proof of AQ is a combination of the two previous asymptotic expansions. 0O

Proposition 10. Let pu* > 0 be small enough. There exists a constant C > 0, such that
for any p < p*, we have:

Qun — Q — HAQ| +|Q2,, — @* —2uQAQ| < C ”m (2.8)
The following terms are also bounded in terms of w:

1@~ @~ 1AQllge < C1? and  [AQuey —AQly: <Cp. (29)

Moreover, the scalar product of Q with AQ is:

(Q,AQ) = ||Q||L2 (2.10)

( 1)

Proof. By the Taylor formula in u, we have, with (1.7), (2.4) and (2.3) for the second
derivative:

14p

Qiip— Q— pAQ = / (14— 5)A%Quds,
1

1 2

— 1
Q- Q- mhal < [ G5 et < C et
0 S
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The proof is similar for Q? e
Notice that the previous bound still holds for two more derivatives, and the integral
gives the first part of (2.9). The second part is similar. O

2.2. Properties of the linearized operator

We recall some results on the spectrum of the linearized operator L and establish new
inversion lemma on L.

Theorem 11 ([5 1,2 Z()]) Let o €]1,2[. Let Q be the ground-state defined in Theorem 4.
Then Q € H? (R) N C>®(R) such that

(1) (Linearized operator) Let L be the unbounded operator defined on L?(R) by:
Lv = |D|*v + v — 3Q%v.

Then, the continuous spectrum of L is [1,4o00[, L has one negative eigenvalue g,
associated to an even eigenfunction vy > 0, and ker L = span{Q’}.

(2) (Invertibility) For any g € L*(R) orthogonal to vy and Q', there exists a unique
f € L?(R) such that Lf = g and f is orthogonal to vy and Q'. Furthermore, if
g € HE(R), then f € H**(R).

Proof. We give the proof of the second point. By the Lax-Milgram theorem on H 2 (R),
we obtain the existence of f in the same space. Because f satisfies |D|*f = g— f +3Q?f,
we have f € H*(R).

Concerning the higher regularity of g, if f is solution of Lf = g with g € H*(R),
then, since [0y, L]v = 39, (Q?)v for all v € S(R), we obtain that f € H¥T*(R). O

Remark 12. From Theorem 11 the operator L verifies that there exists k > 0 such that
for all f € H%(R), with f 1L vy, Q" then:

(Lf F) = R FI2 5

However, it is not convenient to work with vg. An argument of Weinstein will allow us to
replace the orthogonality on vy by an orthogonality on @ to get the coercivity. Indeed,
from Lemma E.1 in [51], LAQ = —@Q and since

a—1
2(a+1)

we obtain the coercivity of L for maybe another constant k, up to the orthogonality
condition on @ and Q’:

<L_1QaQ> = _<AQ7Q> = - ||Q||2L2 <0,

VfeH:(R), f1Q,Q implies (Lf, [f)>r|f]?3- (2.11)
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We continue this section with two lemmas on the characterisations on the inverse of
particular functions by L on specific directions.

Lemma 13. Letk > 0 and g € X*(R) with g L Q', then there exist a unique f € X*T(R)
and a unique a € R such that:

{Lf:g+aQ
fLQ, fLe

Proof. Since g +aQ L @', we apply the invertibility property of Theorem 11 and there
exists a unique f € H*T%(R) such that:

Lf=g+aQ
f L ker(L) = span(Q’)

To obtain the second orthogonality condition, since LAQ = —@Q, with (2.10) we deduce
that:
(9, AQ) 2(a+1) (9,AQ)

_ AQ) = _— - -
(£Q) =0 = (g+aQ.AQ) =0 <= a =777~ a—1 [QI2.

We finish with the decay in (x)~!~® from the definition (1.6) of X*+®(R). Since
g+aQ+3Q*f € X*(R), we obtain by Lemma 8 that f = (|D|*+1)"1(g+aQ+3Q?f) €
Xk+o(R). This concludes the proof of Lemma 13. O

We define a function Sy such that the 9,LS, is close to AQ), in the sense that the
remaining terms are of the form 0,(g) for some function g:

+o0
Ss(w)i= [ (DI + 17 A 212

Y

So is a well-defined function. Indeed, by Lemma 8 with ¢ = AQ and (2.6), we have
that (|D|*+1)"" AQ € L*(R). Moreover, it has a limit at —co, which may be different
from 0 and is denoted by {:

l:= yBEnoo So(y)- (2.13)
Remark 14. Let us give some remarks on the function Sy. As underlined in its definition,
the goal of the introduction of this function is to obtain a function such that 9,(LSy)
is close to AQ. We restrict the definition of Sy by inverting (|D|* + 1) since 3Q? is a
compact operator. We thus define Sy so that 9,(|D|* + 1)Sp is equal to AQ.
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The function Sy is thus intrinsic to the problem and characterizes the dispersion
coming from the first solitary waves on the left direction. In particular, the tail of So(y) =
f+00(|D|a + 1)AQ(%)dg should not be equal to 0 in most cases.

In some particular cases, the tail can be equal to 0. It is the case for the modified
Korteweg-de Vries equation: the function AQ can be written as d,(y@), and thus in that
case we have Sy(y) = —(|D|?* + 1)(yQ) which does not have a tail at —oo

Lemma 15. Let g € X*(R). There exist unique a,a € R and a unique function f €
XF+e(R) such that:

Oy L(f — aSo) = 0yg + a@Q’ + aAQ
f—aSoLQ, f—aSolQ
with

oo 204D {g-a(DI DS)AQ) L 2t ]) (6.Q)

a—1 Q17 a—1 [QI

(2.14)

Similarly, there exist a unique a, @ € R and a unique function f € X*+t(R) such
that:

OyL (f 4+ a(l — Sp)) = 0yg + aQ' + aAQ
fH+al—=58) L@, f+al-—5Sy) LQ

with

ek Dl a(DP A DI SNAQ) o et D) (9.Q)

a—1 Q17 a—1 [Ql7

Proof. We denote by H the Hilbert transform. Since |D|* = |D|*~1H3,, we deduce that:

ID|*So = [D|* " H(D| +1)"'AQ = / DI*(IDJ" +1)"'AQ.

Y

Then, we get that:

8, LSo(y) = —AQ(y) — 39, (Q*()So(y)) -

Therefore, it is enough to prove that the following problem has a unique solution:

Lf =g+aQ —a3Q?S,
f—aSo L@, f—aSyLlQ
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We choose @ such that g+ aQ + @3Q?S is orthogonal to @', and then arguing as in the
proof of Lemma 13, we conclude the proof the first identity of Lemma 15. The second
identity is similar. O

3. Construction of the approximation

The approximation V of the expected solution u is built in this section. The purpose
is to minimise the flow &y associated to the approximation, by detailing V. By taking
the time derivative of the sum of two solitary waves —R; 4+ Ro, a particular direction
intrinsic to the problem appears and is compensated by the use of a function W. This
term possesses a tail at —oo. We also define a time-dependent variable b(z(t)). We then
minimise the flow associated to —R; + Rs + bW by adding localised profiles —P; and P
in the approximation to cancel the source term coming from the non-linearity.

3.1. Notation
Let us consider four C* functions p1, pio, 21 and 23 on a time interval I C R, and

L) = (pa(8), pa(t), 21(2), 22(1))-

We define the distance between the different functions by:

w(t) == pa(t) — pa(t), 2(t) = z1(t) — 22(t). (3.1)

For a fixed constant Cy > 0, we use the following set of assumptions on the interval I:

() < m(t) < —éz(t), éz(t) < a(t) < 2(0), (3.2)
[ (O] + |p2(O)] + [n@)] + [ @] + [200)] + [2(0)] < 2(573%7 (3.3)
()] + ia(8)] < 5o (3.4

Remark 16. The constant C is used to fix the set of assumptions on I". The computations
of this section involve the constant Cy, but it does not have any influence on the final
constant C' in Theorem 3. For the sake of simplicity, we omit the presence of this constant
in the computations. To close the bootstrap in subsection (5.1), we will fix the constant
Cy to be large enough so that the set assumptions on I is satisfied.

We define a function

Ha(0) = i
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1)2 3
with by = _Qalw HQ”Ls

a—1 Q7

< 0 and a; > 0 defined in Theorem 7.

3.2. Approximate solution

To quantify the interaction between the two solitary waves, we set the bump function
W by:

W(L(t),y) = So(y — z1(t)) — Soly — 22(t)), (3.6)

where Sy has been defined in (2.12).
We use the convenient notation of an index ¢ € {1,2} to underline that R; and P; are
functions centred at z;.

Theorem 17. Let I C R an interval such that the assumptions (3.2)-(3.4) on T' are
satisfied.

There exist two constants By and &y in R, two functions B(T') and 6(T') and two
functions Py(T,y) and Py(T',y) such that the following holds:

o Asymptotic of f and §. The functions B and § have the following expansion:

c

— Z2+a :

Bo

0
‘ﬁ(r) - Sl+a .

Zl+o¢

- ‘6(1‘) -

o Orthogonality conditions. The profiles P;(T') € C(I, X***(R)) satisfy:
—P; + b(Z)So( — Zl) 1 Rl,ayél, Py + b(Z)(l — So( — 22)) 1 Rg, 8y]:22

We then define the approximation V of a solution by:

V(L) =Y (-1 (Rl y) + Pi(T,y)) + b(z)W (T, y), (3-8)

i=1

and for simplicity we will write V (t,y) := V(I'(t),y).
e Decomposition and estimate of the flow. The flow Ey of the approximation

Ev =0,V + 9, (—|D|*V -V +V?) (3.9)
can be decomposed into:
Ey=m MV +0,5+T (3.10)

with
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B NS ATk
m(t) = ! ﬂz(gl‘i‘ b(Z t)) 9 W(tay) = j{JR;(t7’5) 9 (311)
)+ palt) - S(T(D) 0, Rolt. 1)

and the source term S and the approzimation due to the flow T are in C* (I, X?T*(R))
and satisfy the set of inequalities:

C
151 < e (3.12)
C
16:S 22 < 5 (3.13)
2
c c .
TN < = t e Z |2i — il (3.14)
i=1

We add some estimates related to the previously defined functions. We define two
functions ¢ and ® (that correspond to (5.19) and (5.20)) by:

1

+o00 T 4o
ds ds ;
Ply) = _4 )i y/ )it and - ®(y) = \/[¢'(y)l.

Proposition 18. With the previous notations, the following estimates hold:

o FEstimates on the solitary waves:

C
1R5(¢ = d20)llrr2 + 10y Bi (& = 020) |y + 11 = /100 = DRl z2 < 3, i =1,2,
(3.15)
C .
||3yRi<I>||L2 + ||AR1(I)HL2 < Fay L= 1,2,
272
(3.16)
where §;; holds for Kronecker delta.
o Estimates on the profiles:
C
| (P1 = P2 = bW) [ +[|0y (Pr — P2 = bW) || < e (3.17)
C
|0 (Py — Py — bW) || < g (3.18)

o FEstimates on the approximation:

Ve +110yVLe~ < C, (3.19)
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C

[VF®2| poe + ||[(VZ = RO, Ry |12 < psEw keN, (3.20)
c

10V | oo < - (3.21)
zZ 2

The next subsections are dedicated to the proof of the theorem on the approximation
V. We begin with the expansion of &y defined in (3.9). Let us first compute the different
time derivatives:

8t(—R1) = 2’16le — AR, and O:;Ry = —Z"gayRQ + fioARs.

By the definition of V' in (3.8), we get the development:

2 2
Ev =Y (=)' (ulRi — 0y R;) + > (—1)'0, (=|D|*R: — R; + RY)
=1 =1
2 .
+ 30y ((—ID* =14 3R?) (=1)'P)) + 9, ((—=|D|* = 1)(bW))
=1
+0,(V*+ R} — RS + 3R3P, — 3R3 ) (3.22)
d

— (=P + P, +bW).
+dt( 1+ o+ )

The objective is to decompose &y in order to get the decomposition (3.10), and to
justify the definition of S and T

We now decompose the interaction term (3.22) coming from the non-linearity in order
to get the first part Sys of S, keeping in mind that the objective is to achieve the bound
(3.12) on S to obtain an accurate approximation of the 2-solitary waves.

Since the natural space to study the approximation is the energy space, we look at
the L?-norm of the different terms, and extract from it the larger ones in terms of z.
The next computations give insights of the decomposition made throughout the article
and are formal, but the estimates are rigorously proved along the next subsections. Let
us quantify the different terms involved in V3:

e The terms at the main order:
[R5 2 + (| R3] o = 1.

o The terms coming from the interaction. Note that the objects indexed by i € {1, 2}
are localised in z;. Therefore, the product of two functions indexed by different values
is “small” due to the different support of the functions:

1

IBEERe | 2 + [I3RLBS 2 > 7
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We want to construct the profiles Py, Ps, respectively centred at 21, z5, with at least

a decay of y~®~! and that compensates the interaction terms above:

1

1
= [ = P

Iy =20 Pl ~ 5 M

— 2)*T P,
The process of construction of the profiles P, and P» involves an orthogonality con-
dition that is not always satisfied. To this aim, we use the non-localized function
W and a coefficient b(z) to get these orthogonality conditions. Consequently, the
function bW is expected to be at the same order as P; and Ps.

From the decay property of the profiles Py, Py, we expect:

1

Za-i—l’

IBREP| 2 + [I3RE P2 | 2 =
and by the definition (3.6) of W, we have:
IBRTb(2)S0(- — 21) || 2 + ||3R36(2) (I = So(- — 22))|| 1> = b(2).

¢ The remaining terms. The other terms are small enough to get the condition (3.12).
Using the support of the two functions combined with decay of Py, Ps:

1
Z20¢+2 ?

I3RIPy| 2 + I3RS P12 + [IBRLPE (|2 + |BR2 Py || 12 =
It is thus natural to define:

Sys :=V®+ R} — R} + 3RIP, — 3R3P; — 3R7bSo(y — 21) — 3R3b(1 — So(y — 22))

—3RIRy + 3R, R3
=3R3(Py — bSo(y — 22))+ 3R3(—Py+ b(So(y — 21) — 1)) — 6Ry Ro(— Py + Py + bW)
+3(—R1 + Ro) (=P + Py + bW)? + (=P + P, + bW)5. (3.23)

Notice from the following identities:
9y(=|D|*(=R1) = (=R1) — R}) = = 0yRy  and  9,(—|D|*Ry — Ry + R3) = j120, Ra,

and the definition of W in (3.6), we thus rewrite the energy £y as:

2

v =D (=) (fulRi + (% + i) O, R:)

+ 0y ((=ID|™ =1+ 3R}) (=P1 + bSo(- — 21)) + 3RIRz) (3.24)
+0y ((—=ID|* =14 3R3) (P +b(l — So(- — 21))) —3R1R3)  (3.25)

d
+ %(—P1 + Py + bW) + 0y (Sys).
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We continue with a second term in the decomposition of S, given by the terms (3.24)
and (3.25).

The estimates involved in the construction are dependent on the parameters p; and z;.
In order to explicit this dependency, we need to “separate” the parameters by applying
an asymptotic development in p; of the function p; — Q14,, (- — 2;) as in Proposition 10.
With the bound on y; in (3.3), we have:

- - - 1
13RI (—P1) — 3R} (—P1) — 6un RaARy (= Py)|| o = 13 || Pyl 12 ~ ety
B 1
BRIbS0(- — 21) — 3RIBSo(- — 21) || ;2 = 1ib(2) ~ —55
zZ7 2
1 1

|3RIR2 — 3RIRy — 6y RiAR Ry — 3M2R%AR2||L2 ~ (3 + M%)ZQH ~ et
with R; defined in (1.9). The computations are similar for Ry. We thus set:
Vi#je{1,2}, L(i,5) = 6 RAR; P, + 3R2R; — 3R2R; — 6, R AR, R; — 311, R?AR;,
and:

S :=3(R? — R}) (=P, +bSy(- — 21)) +.7(1,2)

+3(R2 — R2)(Py + b(l — So(- — 22))) — .7 (2,1). (3.26)
The energy £y can then be rewritten as:

Ev = Z(—l)i (/'MARZ‘ + (—é’i + Mi) 8yRi) (3.27)

1=1
+0y ((<1DI" =1+ 3R%) (= Py + bSo(- = 21))

+3R2 Ry + 61 Ry ARy (—P1) + 6 RiAR Ry + 3ua REARy)  (3.28)
+ 8y ((~|D|* = 1+ 3R3) (P +b(l — So(- — 21)))

—3R\R3 + 6us Ry ARy Py — 62 Ri RoARy — 311 AR R3) (3.29)

d ~
+ 2 (=Pu+ Py £ bW) 49, (Sya + 5). (3-30)

To apply Lemma 15 on (3.28) and (3.29), we need to adjust the directions 0, Ry, 9, Ra,
AR; and AR, with coefficients b(z), B(I') and §(I'). We add the quantity —b(z)AR; —
B(T)8, Ry on the line (3.28), the quantity —b(z)ARy 4+ §(T')9, R on the line (3.29), and
subtract those quantities in (3.27). However, in this new (3.27), we once again compare
R; with R;; we need to use the asymptotic development of R; in terms of u; to quantify
this error term. For the direction AR; with the definition of b in (3.5), we have:
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b(2)AR; — b(2)AR]| ., ~ b(= )Iuilzzsa2+5~

If we apply the same computation for the direction 9, R; with the estimate on /5 in (3.7),
we get:

18I0y Ry = BI)y Ba | 2 = BD) |psi] = ==

However, this quantity is too large compared to (3.12). Therefore, we need to adapt the
profiles P; and P» to control this term. Using a further asymptotic development in p;
and (3.7), we obtain:

= 50#1 1
Hﬂ(F)ale L
By applying the same arguments for the direction 9, R, we get:
~ 50#2 1
5(F)8yR2 — (5(F)8yR2 —|— 6 AR2 ~ =t 2012
L2 z

The two new terms depending on By and Jq are compensated by adjusting P; and P,
and thus we add 9, (50 ARl) in (3.28) and 9, (50 ARg) in (3.29).

The last approximatlon comes from the time derlvatlve of the profiles in (3.30). To
detail the situation, let us give an idea of the construction of P;. By the method of
separation of variables, P; will be decomposed into a function f depending on I" only,
multiplied by a function ? depending on y only and translated by z;:

PT,y) = F (1) Bly- =),
Taking the time derivative of P; yields:

4Py = (27 00) - Bly—=0) - 500, ATE,1).

a—1

with 21 ~ g ~ 2~ Since P, or equivalently ? is of order z~ we formally obtain

that 4( f) ~ 2="5, which is convenient in (3.14). For the second term, we get:

1210y Prl 2 ~ —5as-
2z 2

Therefore, we also need to compensate this term. However, we do not know if z is a
function of class C?. Since:

1

| =210y P1 + 1110y Pr| > =~ 2otz
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it remains equivalent to have u;9,P; instead of 2,0, P;.
Considering the two previous approximations, we define 7 by:

Vi € {].,2}7 y(l,ﬁo) = Zlﬁ%@, (/J,ZARZ) — uﬁyPZ,

the remaining term of the error by:
2 ~ ~ ~
T:=> b(z) (AR; — AR;) + B(T) (=0y Ry + 0y Ry) — 6(T") (—0y Ra + 0, o)

i=1

£ (1, 60) — T2,00) + (P4 Py bW, (3.31)

and the terms to inverse by, for any i # j € {1,2}:

S(i,§) = BRZR; — 6 RAR: P, + 6, RAR Ry + 3, REAR, + 1, P, — fo— AR,
z
(3.32)

Thus the energy of the error is given by:
2
Ev =Y (=) ((jui + (—1)'0) AR; + (= + i) 9, Ri) + B0, Ry — 60, Ro
i=1
+ 0y ((=IDI* =14 3R7) (=Py + bSo(- — 21)) + 7(1,2)) — bARy — 30, R,
+8y ((=ID|* =1+ 3R3) (P2 + b(l — So(- — 21))) — F(2,1)) — bARs + 69, Ry
+ 9y (Sys + 5) + T.

—
To shorten the notations, we use the definition of 7 and MV in (3.11), and the

functions S; and S, equal to 0 at +oco and satisfying:

9yS1 =0y ((—|D|* = 14 3R}) (—P1 + b(2)So(- — 21)) + (1, 2))

—b(2)AR; — B(T)0, Ry, (3.33)
9ySa := 0y ((—|D|* = 1+ 3R3) (P2 + b(2)(l = So(- — 22))) — Z(2,1))
—b(2)ARy + §(T")0, Ro. (3.34)

By an adequate choice of P;, b, 8 and 9, the functions S; and Sy will not have a tail

at —oo, see (3.44) and (3.45).
We conclude with the following decomposition:

Ey=mm MV +0,5+T,

where T is defined in (3.31), and S by
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S=5+85+ Sy -‘rg.
Let us continue the construction in the next subsection by the choices of P; and Ps.
3.8. Construction of the profiles

This part is dedicated to the construction of the profiles P; and P,. The goal is to
minimise the quantities S; and S by exploiting the intrinsic directions of the problems
OyR1, OyRa, ARy and AR,. In particular, the coefficient b defined in (3.5) is central in
the study of the interaction. The profiles P; are established term by term in . in (3.32),
and using the expansion of the interaction terms, given by Qapp-

Due to the definition of .7 in (3.32), for any i # j € {1,2}, we define an approximate
value of the function ., where it is located, by:

y(i,j, ﬁ07 Bo> = SR?QGPP((—I)j<' — ZZ‘), Z) — 6Zﬁia RlARZBo( - Zi) + G%RiARial

Hi mpoa(e+2) - pi _ Bi 7
—3 et 2(+1) gt Bol- =) = BOWARI'

The definitions of b, Sy and [ are respectively given in (3.5), (2.12) and (2.13).

Proposition 19. There exist two constants By and &gy, two functions B(T') and §(T) in
CY(I) satisfying (3.7), two even functions By, Dy € X*°(R) and two profile functions
P (T, y) and Py(T,y) in C(I, X*°(R)) satisfying:

PQ(RZ/ + 2'2) - mDo(y) < S2+ta <y>1+a’

PI(F7y+Zl>_ 1

%Bo(y)‘ +

Ay ((—|D|* = 1+ 3R7) (—Py + b(2)So(- — 1)) + F (1,2, Bo, Bo))

= b(2)AR; + B(T), Ry, (3.35)
Ay ((—ID|* = 1+ 3R3) (P2 + b(2)(1 — So(- — 22))) — F(2,1,80, Dy))
= b(2)ARy — (1), Ro, (3.36)

with the orthogonality conditions:
P — b(Z)So( — Zl) 1 Rl, Gyf%l, and Py + b(Z) (l — SO( — Zl)) 1 RQ, 8yR2

Moreover, the profiles Py, Py verify:

C 1

(T P (T < .

‘ Z( ?y)‘ + |8y 1( 7y)| — 21+a <y _ Zi>1+a, (3 37)
d C 1
— P < .
G| < e (3.39)
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d
'_Pi(ray) +ZiayPi(Fay)‘ < 555

o (3.39)

The profiles P, and P; are defined by:
PUT(t),y) = f (0(®)- By —«1(t)), Pa(D(t),y) := f (T#) - Dy — 2(t),

where the functions 7, B and B are established in the next proposition. The proof of
Proposition 19 is postponed after the proof of the next proposition.

Proposition 20. Let us define the vector functions:

? o (L I e 1 1
( ) T\ gl p24a’ yl4a’ Sl4a’ y2a417 434a )
and for all i € {1,2}:

F (i, Bo, Bo) = (3Q%u, 3Q%ai(—1)'(a+1)y, —6QAQBy+6QAQar + Bo — foAQ,

—3a1 ot 2Q27 3Q%as, 3Q* (alw(f + a3>) .

There exist unique By € R, B(I') € CY(I) satisfying (3.7), Bo, Bi1, B, B3, By and
Bs € X*°(R), with By an even function, and By, By +b1S0, B2, B3, B4, Bs L Q,Q’ such
that:

9, (L(F()-B —b(z)S0) + 7 (T)- F(L.Bo, Bo)) = b(=)AQ + BI)Q,  (3.40)

with B := (Bo, B1, B, B, Ba, Bs).

Similarly, there exist unique 69 € R, §(T') € C*(I), satisfying (3.7), Do, D1, Do, D3, Dy
and Ds € X*°(R) with Dy an even function, Do, D1 +b1(l—Sy), D2, D3, Dy, D5 L Q,Q’
such that:

9, (L (F(1)-B +0(z)1 - 50)) + F (T) - F(2,60, Dy)) = ~b()AQ + §(I)Q'(3.41)
with D := (D, D1, Da, D3, D, Ds).

Notice that in the previous decomposition, the tail of the profile of the first solitary
wave, given by Bj + b1Sp, has an influence on the profiles around the second solitary
wave, on D;. However, this tail does not change the coefficient —b(z)AQ), which is of
great importance in the system of ODEs ruling the equations of p and of z.

Remark that the quantities .# involved in Proposition 19 correspond to translated
versions of (f (T) - F (i, 80, Bo)) (y — 21).

To prove Proposition 20, we need Lemma 13 and 15 to find the adequate profiles.
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Proof. We define from Lemma 13 the unique function By € X°°(R) and the unique
coefficient By € R satisfying:

{LBo(y) = —=3a1Q*(y) + FoQ(y), (3.42)

By 1lQ, BylQ.

Notice that since L keeps stable the parity of the functions, By is an even function.
For the second term, we use Lemma 15 by defining the function By, and the coefficients
51 and b; as the unique solution of the following problem:

9y L(Bi(y) — b1So(y)) = 0y (3(a + 1)aryQ*(y)) + £1Q' (y) + b1AQ,
By —bSo LQ, By—bSy L.

Notice in particular that by is defined by the formula (2.14):

2(c + 1)?a1 || Q|75
(e = 1)[QIIZ

by = — <0, (3.43)

since the sign of a; > 0 is given in Lemma 7. This justifies the choice of definition of
b(z) := ﬁ, as stated in (3.5).
z
The third, fourth, fifth and sixth terms are defined as for By and §y. With Lemma, 13,
we define By, B3, By, By in X*°(R), and the coefficients /33, 83, 84 and S5 as the solutions
of the following problems:

LB;(y) = —6QAQBy — 6QAQa; — By + BoAQ + £2Q(y)
B2 1 Q7 B2 1 Q,

2
LBs(y) = 3ay Z j: 1Q2 + B3Q(y)

B3J—Q7 B3J-Q/

and

LBu(y) = —3a2Q*(y) + B1Q(y)
B, 1Q, By lQ.

(a+1)(a+2)

OED 2 4 as) @)+ 5Q0)

LB5(y) =-3 (a1
Bs 1L Q, BslQ.

Therefore, we set:

B(T) = (Bo, v o, B3, Bas B5) - T(T).
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Now, we continue with the construction of B Since the first, fourth, fifth and sixth
coordinates in ?(2,50,D0) are respectively equal to the first, fourth, fifth and sixth
terms in F'(1, By, Do), the functions Dy, D3, D4, D5 will solve respectively the same
problem as By, B3, B4 and Bs. Then, we take:

Do =By, D3=DB3, Ds=DB4, Ds=Bs,
and

0o = Bo, 03=1P3, 04=Ps, 0O5=P%s.

The situation is similar for Dy = By and for 85 = d5. To construct D1, as for the function
B1, we use Lemma 15. Since 22+2b(z) = by, there exist a unique function D; € X*°(R)
and coefficients d1,d; € R such that:

9y L (D1(y) + di(l = So(y))) = 0y (—(a+1)ary3Q*(y)) + 6:1Q' (y) + diAQ(y),
Dy +d1(l—So)LQ, Dy +d1(l—So)LQ/.

Moreover, 2 is orthogonal to Q’. Therefore by the formula (2.14), we obtain that:
dy = —b;.
Thus, we conclude the proof of Proposition 20 by defining:

§(T") == (o, 01, 02, 03, 04, J5) - ?(F)~ 0

Proof of Proposition 19. The two identities (3.35) and (3.36) are deduced from the one
of B and D in (3.40) and (3.41), as well as the orthogonality conditions.

We continue with the estimate (3.37) and (3.38). First, we deal with the term 9, By.
From (3.42), we deduce that:

9yBo = (ID|* +1)7" 9, (3Q°Bo +31:1Q% + Q)

Since By € X?T*(R), we have that 9,By € L>(R)NC(R). Then, by Lemma 8, we obtain
that 9,Bp € X?T*(R). By a similar argument on By, By, B3, By and Bs with (3.3), we
conclude that:

C 1
Zl+o¢ <y _ Zl>1+a :

10,PL(T, )| = | F (D) - (0, B)(y — )| <

The same estimate holds for Ps.
Now, we estimate O;P; for i € {1,2}. Note that the profiles P;(I") and P(T") are
C(I), since T € C'(I). By direct computation, we obtain that:
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d d

S aw. = (20w vr) 70w) - Bl - =0) - 209, A00),5).

By Proposition 20, we have that B; € X* for j € {0,--- ,5}. Therefore, we deduce with
(3.3) and (3.4), that:

: 12| | fal + [4el 1
‘(F +Vr) ?(F) : § (22+a 2lta (y — z1)1+e
< C 1
T TR (y )it
We conclude that:

d C

— P, 510, P (T)| < .

dt 1( )+Z1 Y 1( )'_ Z#(y—zﬂhra

The same arguments hold to estimate the profile P,. This finishes the proof of Proposi-
tion 19. O

3.4. Proof of Proposition 18 and Theorem 17

Once the construction of the profiles is finished we continue with the estimates of the
different terms involved in the error.

Proof of Proposition 18. To obtain (3.15), we have the decomposition on 0y R;:

C 1 ¢
8 R . z <l S o
I Y 19l {v<3}) = H <y— 21>1+a <y>a L= 2
C
10, Rl e ue ) S 10 R~ e gy < S

The same estimate holds for Ry. Applying the same argument for the H'-norm, we
deduce (3.15). We can replace 0, R; by AR, in the former estimates and we get (3.16).
The estimate (3.17) and (3.18) are direct consequences of Proposition 19 and the
definition of b.
By Proposition 20 the profiles P; and 0, F; for ¢ = 1,2 belong to L>(R). Moreover,
by definition, W and 0, W are also in L>(R). Then we deduce (3.19).

b
By Proposition 20 for the profiles, and since b(z) = a_1+27 we deduce that:
z

1Pz + ([ Pollzee + [[BW [z <~

Furthermore, using Q; = {y e R: y < %}, we get for ¢ = 1,2 that:
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C

ZlJra .

|Rf @2 oo < ||RFD?|| Lo sy + | RED?| oo (05) <

Gathering these estimates, we conclude the first part of (3.20). Concerning the second
term:

|(V? = R})8y Ryl 2
|2R1(Ry — Py + Py + bW)O, Ry |12 + | R30, Rl + C|| — Py + P + bW |2
C

— Zl—l—a :

IN

By differentiating V' and using Proposition 19, therefore we obtain the estimate
(3.21). O

Proof of Theorem 17. We continue with the inequalities (3.12), (3.13) and (3.14).

We first begin with the estimate on the L2-norm of the term S = Sys + S 4+ So + S
with Sys, S1,Sa, S are respectively defined in (3.23), (3.33), (3.34) and (3.26).

We begin with Sys, by decomposing the different terms. We have, using the decom-
position of Proposition 10:

H(Rf —E%) P2HL2 < Ol

1
— P
‘<y—zl>1+a ?ll .2

Let Q:= {y < #5221} By (3.37) and (3.3), we obtain that:

I(RY = D) Pefl .

<C | 121] ’ 1 1 n H 1 1
T glte (y— 2!t (y — z)'te L2(Q) (y — 2!t (y — z)!te L2(QC)
C

< 513a °

z7 2

By similar computations, we have that:
2 52 2 P2 c
1B Pl 2 < (1 B2 P o + [ (B2 = BY) Pl 2 <~

Similarly:
2 2 c
H3R1(_b50(' —22)) + 3R (=P +b(So(y — 21) — l))HLz < =
For the third and forth terms of Sys, by (3.17), we have:

C
[RiRo(—Py+ Py + W) 2 < [[RiRo|[ 2] — Py + P + bW |pe < —5a
22
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and

c
(=R + Ro) (=Pr+ P+ oW )| | < | = R+ Rallpall = P+ Py bW |3 <~
27 2

Finally, we compute the L?-norm of the bump function W:

C C
||bW||L2 S 22+a\/E: Z%ﬁ’
and therefore:
C
[(=Py+ Py + W || o < [[(=Pr + P+ 0W)|[ [ [[(= P + P+ 0W)|l 2 <~
z 2

With the previous computations, we conclude that:

||SV3HL2 < 5+3a .

We continue with S7. Notice that by definition of P;, another formulation of S; and
Ss is available:

Sy =.7(1,2) — F(1,2, Bo, By) (3.44)
Sy = —7(2,1) + (2,1, 80, Dy). (3.45)

We focus on Si, the computations are similar for Ss. We separate each term of
7 (1,2) — #(1,2, By, By). First we look at ||3]:2%(1:22 — Qapp(- — zz,z))HLQ. The approx-
imation of Q(- + z) by Qapp(+,2) in (2.7) holds on a certain region, thus we begin with
{y € R;]Jy — z1] < %}. In this region, we have:

= 1 (y—=) (y—=1)°

2( 2

H3R — Qapp(- — Zl’z))HL2(|y—z1|§§) SCH3R1 <Z3a+1 + S2a+2 + satd Lo
C C
S 22a+2 S 254»23(1
In the other part, we get:
2( 52 B
IBES (B2 = Qupn(- = 212D 2y —aayz 5 < BRTR2| 2y i3

+ ||3R%Qapp(' - ?2, Z)HL2(|Z}*21|Z%) ’

The first term on the right hand side of the former estimate is bounded by:

. ~ C
BRI Ral| 2y 25 5) < ClIR (L (jy—za2 5) [ Rl 2 < e

2
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We estimate the second term on the right hand side by:

HR?QWP(-—% HL2(|u z1|>3)
C
= W 2ta HRl )HLZ(Iy—Zﬂ 51 B z3+°‘ HR2 ||L2 (ly==[23)
C
S 543
A
Thus we conclude:
C
H3R2 Qapp( Zl,Z))HLz S Zs+23,l .

The estimates on the other terms of S7 are obtained by similar computations:

~ ~ Ba(- —
H6M1R1AR1 (Pl — M)

L + ”61111%11\1%1 (é2 - ﬂ)’

ZlJra Zl+oc 2
1 ao(a+2)) ( Bo(-—zl)) c
30 R2 (AR _— P — < ——
+ H 2 fiy 2+ Jta 2(a+ 1) Lo + ||k 1 Jlta 2 Zo+23a

then we conclude:
C
HSlHL2 < 5+3a .
z

To finish the proof on S, we have to estimate S. We focus on the first part of §7 which
contains .7 (1, 2):

3 (R% — E%) (*Pl + bSo(y — 2’1)) + 6,LL1R1AR1P1 + 3R%R2 — 3R%R2 — 6,LL1R1AR1R2
—3M2R%AR2

since the computations are similar for the other part. By using Proposition 10, (3.3) and
(3.5) we deduce:

~ ~ S c
13(RT — R})bSo(y — 21) ||z + [|3(R — R} — 2mRiAR) Pr| 2 < —5o5s
2z 2

To estimate the next terms in §, we remark:
RIRy — RiRy = R}(Ry — Ra) + Ro(R} — RY).

From Proposition 10 and (3.3), we obtain that:
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||3R2(R2 - ég) - 3#2/\&2&%”]}
< [I3BR}(Ry — Rp) — 3p12AR2 R 2 + |32 ARy (R} — RY) [|12)

py . lpallpe c
s¢ <zl+°‘ + it = sl

Arguing similarly, we obtain:
B (p2_ P2 c
||3R2(R - R ) - 6/~L1R1ARlR2HL2 < o+3a .

This concludes the estimate on S.
We continue with the estimate on T. We decompose each term of its definition in
(3.31). First, we have with (2.8) and (3.3):

- | 1 c
Hb(z) (ARl - ARl)HL2 < Cz2+a (x — z)ot1 2 Lige

Second, we use the inequality (3.7) as used in Proposition 19, and from the asymptotic
development of 9,Q, by (2.9) and (3.4):

H,@(r) (=0, Ry + 0, Ry) + Zlﬁ%ay(mmi)

L2

Bo

Z1+a

) Oy(—R1 + Ry) 9y (=R + R1 + i AR,)

"

H - 1+a

L2 L2

|1 | 3 C
<C e tC0a < i

Then, we consider the case of the time derivative on —P;. We have, by (3.39):

< C c .
sz;a'f'mVl—/iﬂ

-
z

‘We continue with the term %W:

d

ZWIT®) = (D" + )7 (21()ARy — 2ARy) (3.46)

which with (3.3) and (3.46) give:

14|
Z3+a

c NE; c

< 5+3a +C 7+3a S 5+3a

|21] + |22
22+a

|G o) <c v w.

L2

zZ 2 z 2 z 2
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Those previous estimates conclude the bound (3.14) on T

Since all the estimates have been established in L?, we need to continue with the first
derivative to establish the bound in H'. We can notice that all the estimates are based
on two main arguments:

e An argument of localisation: if two functions are located at a distance z large, and if
the two functions have an explicit decay at infinity, then the product of the two func-
tions can be quantified in terms of z. The spatial derivative either leaves unchanged
the decay property in terms of z of this product or improves it.

e An argument of smallness of the objects: the objects already have a quantified bound
in terms of z, see for example the L*-norm of P; in (3.37).

Therefore the computations made on the L?-norm are similar to those on the H'-
norm.

Concerning the time derivative of S in (3.13), let us deal with a generic example of a
function Z(t)%gl_m(t) (y — z(t)), since all the involved functions, except W, are of this
form. Either the time derivative applies to Z(ﬂ%ﬂ, or to the scaling parameter 1+ pu(t) of
the function g or to the translation parameter —z(t). However, we get in each case either
[1(t) or £(t), which by (3.3) and (3.4) are bounded by z~ =" Notice also that the time
derivative of the considered functions leaves unchanged or improves the space decay at
infinity, and from the remark on the space derivative above, the bound in z still holds.
The time derivative of W has been developed in (3.46), and 0;W fits in the previous
discussion. As a result, the estimate on ||0;5||z2 is reduced to the product of two terms:
one whose bound is the one of ||S||2, and one bounded by z= 2. O

4. Modulation

The previous section was dedicated to the expected approximate solution. Here, we
prove that if a solution is close to the approximation V', for two solitary waves far enough
one to each other, then the solution stays close to this approximation on a certain time
interval. Furthermore, we can impose some orthogonality conditions to the error between
the solution and the approximation.

Let us define some conditions (Condz) on a vector I' = (z1, 29, i1, it2) € R* dependent
on a parameter Z:

Z 1 1
A>T, w<—7, 0<-m<o, and 0<pp <, (Condz)
and the tube:
Uz, ;:{ H? (R); inf - V(T g<}.
( V) ue ’ ( ) T satisfyilf?g (Condyz) ”u ( )HH P

We recall the definition of R;(T,y) in (1.8)
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This proposition is time-dependent, and can be found, for example, in [36,14].

Proposition 21. There exist Z* > 0, v* > 0 and a constant K* > 0 such that the
following holds. Let v be a solution of (1.5) in C(R,H?%). Let us define a time interval
I. If for Z > 2Z* and v € (0, ”7), we have:

sup ( inf
tel \TI satisfying (Condz)

o) =Vl ) <
then there exists a unique C-function T : I — R* such that:

e(t,) = o(t,-) = V(I'(t),)
satisfies for any i € {1,2} and for any t € I:

e(t,) LRi(t,)) and e(t,") L 8,Ri(t,"). (4.1)

Moreover, for anyt € I:

e, Mg + (O] + [p2(t)] < K7, (4.2)
(21O + [22 0] + [ ()] + ()] < K7, (4.3)
A A

Proof. We give here some insights of the proof. The proof is composed of two steps. The
first part involves a qualitative version of the implicit function theorem, see section 2.2
in [7], to obtain the existence of the continuous function I'. To this end, we study the
functional

gUZ V) xRExR* xRxR — R*

w—V(I')Ry, w—V(I))0,R:
(w, 21, 22, p1, p2) = (ﬁw — VgrggRQ, %w - VEF%%@RJ ’

at the point (V(I'),T) with V defined in (3.8) and T satisfying (Cond). Note that the
estimates obtained on ¢g and drg used to verify the implicit function theorem, are uniform
in T satisfying (Condy), for Z > 2Z* with Z* large enough, and v < ”7 with v* small
enough. In other words, for all I, the function I" associated with T’ given by the implicit
function theorem is defined on a ball B(V(T'),v), with v independent of the point V(T').
Since v is chosen independently of T satisfying (Condy), we can extend by uniqueness
the parameters to the whole tube U(Z, v). Therefore, we get I' € C1(U(Z,v)).
However, the solution u of (1.5) is only continuous, then we obtain that the function
I'(t) :=T'(v(t,+)) is only continuous. To get more regularity, we use the Cauchy-Lipschitz
theorem. By differentiating the orthogonality condition, we have that the parameters
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verify an ODE system. By using the Cauchy-Lipschitz theorem, we obtain the regularity
of the parameters even though w is only continuous. O

Remark 22. The parameters z1, 29, p1, po defined in Proposition 21, verify an ODE

system which is globally Lipschitz. In other words, the function I' is well-defined and
C'(R). However, the conclusions of the Proposition 21 are only verified for t € I.

5. Proof of the Theorem 3
5.1. Bootstrap setting
Let (S,), 2% be an increasing sequence of times going to infinity, with S,, > Tp, for

Tp > 1 large enough to be chosen later. Recall that V is defined in (3.8). For all n € N,
we define u,, as being the solution of (1.5) verifying

Un(Sn, ) = V(I ), (5.1)
with
Dot i= (24 250 s 1157,
= e = B == e T T )
(=) €08, — 5 a5, + 52T, (5.3)

-1

2
with b; defined in (3.43), a = (O‘THW/%)W and r = 7875 The constant 2im will
be fixed later.

By choosing Ty large enough and Cy = 2 ;ibll, we can suppose that (3.2)-(3.4) and
(Condy) are satisfied by T for any n € N. By (5.1), v,(S,) € U(Z,v) and V(T'i")
satisfies the assumption of Theorem 17. By continuity of v, (see Corollary 37), on an
open time interval I, 3 S,, {v,(¢);t € I,} is in U(Z,v). By applying Proposition 21,
we define a unique function I'y, = (21,1, 22.n, 41,0, B2.n, ) O0 I, such that the conditions
(4.1), (4.2) and (4.4) are satisfied and T',(S,) = '™ by construction. T',, also satisfies
(3.2)-(3.4), which justifies the setting of Theorem 17.

By sake of clarity, we drop the index n, and denote v, I, 21, 22, p1, p2 instead of v,,

T, 21m, 22,n, 1,0, M2,n fOr the subsections 5.2 and 5.3.
As in Section 3, we denote:

Zi=2z1— 29, Wi=p1— 2, Z:=21+29, [@:=p+ps and e:=v— V().
(5.4)
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We introduce the bootstrap estimates

le)]?g <t o5, (5.5)

25 (1) —a Tt < 13 (5.6)
T ETSTY

pt) = e | SO (5.7)

|2(t)] < C*t™ 2(a+3) (5.8)

|a(t)] < C*t2as (5.9)

with C* > 1 to be fixed later. Note that the condition (5.6) implies
2(t) — at=is| < Ct. (5.10)
We define
t*(ziM) = inf{t € [Ty, S,] : VI € [t, S,), (5.5) — (5.9) is true }.

We want to prove that for an adequate choice of 2" in (5.3), t*(2") = Tp.

By the previous choice of Cp, the assumptions (3.2)-(3.4) on the approximation and
the condition (Condy) on the modulation are satisfied on (t*(2:"), S,], increasing Ty if
necessary.

The section 5.2 provides the tools to get a bound of 21, 22, p1 and po, and the
section 5.3 the bound on ||e|| ;4 . Next, in the section 5.4, we prove that we can choose
2" to close the bootstrap. We finish the proof of Theorem 3 in the section 5.5.

Remark 23. Notice that different parameters are involved along this section. We clarify
the order in which they are fixed. First, we fix the parameter A, introduced in subsection
5.3; then the parameter C* involved in the bootstrap dependently of A, and finally, the
initial time T dependently of A and C*.

5.2. System of ODE

We now continue with the system of ODEs ruling the parameters z1, zo, @1 and puo.
To do so, we compute the time derivative of the orthogonality conditions.

Proposition 24. The functions z1, 22, u1 and ps satisfy that for all i € {1,2}:

Zm(t)ﬂ—l)"b(z(t))ISC( - +Za+15(t)||€(t)|H%+||€(t)||§{g>a (5.11)

z7z (1)

and
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[21(8) = pa (8) + BT @) + |22(8) — p2(t) +0(T (1)) <C <ZMT%

0 + IIE(t)||H3> :

(5.12)

Proof. We begin with the first orthogonality condition [ €R;. Since ¢ = v — V and v
solves (1.5), we deduce that:

Ore + 0y <—|D|O‘e —e+(e+ V)= V3) =-Ey.

By differentiating in time the equality 0 = [€R; and using the fact [ed,R; = 0, we
obtain that:

d
0= eRy = / (—ID|% — € + 3R%e) 8, R +/((V+e)3 — V3 —3R%e) 0, Ry

dt
—/H~MVR1 —/aysm —/TRH—[Ll/eARl.

By using the equation of R; and the condition € L 9, R, we deduce that:
/ (=|D|*e — €+ 3R3e) Oy Ry = / (=|D|*e = (1 + p1)e + 3R3e) O, Ry = 0.

Now, we continue with [ ((V + €)® — V3 — 3R%¢) ,Ry. First, note that:

(V+e)?—-V3—3Rie=3Ve? + ¢
+3¢ (=2Ry (Ry — Py + Py + bW) + (Ry — Py + Py + bIW)?) .

We recall ||V||zo + ||0yR1||z < C. Therefore, using the Sobolev embedding Hs(R) <
L3(R), we have that:

[ vy om| <o (Il + el ).

Furthermore, |R20, R1| < %= and |Py| + |P2| + [bW| < &=, we conclude that:

‘/(<v+e>3_v3—33§e)aym\ <o (M2 e, + ey )

—
Let us estimate [ 7 - MV Ry. Using the set {y e R:y < Z21r221 we get that:

‘/ARgRl ’/8 RoRy

Moreover, with Ry L d,R1, we obtain that:
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c . .
a1 (2 +0(2)| + |22 — p2 + ().

‘ [ SR~ i+ ) [ amm <

Finally, using Cauchy-Schwarz inequality, (3.12) and (3.14) we get that:

'/8ySR1 —|—‘/TR1 /GARl

Gathering these estimates, and thanks to the facts ||e[| ;4 < Cr and |;[+[%;| < C from
(4.2) and (4.3), we obtain that:

+ |fu

1 .
< O (—mmaz + linllelz2)
)

a—1 . C . . C
anuizml = 0| <o (i b2+ 122 = oz + 8(0) | + llellz2) + ez
(5.13)
+C (Ialllell 5 + lell?, g ) -

By similar computations, we also deduce that:

a—1 . C . . C
mll@ll%zluz o) =5 (A = b(2) [+ 21— pa + BI) + ellz2) + ==y
(5.14)

+C (linllell s + el 5 ) -

Therefore, by adding (5.13) and (5.14) we obtain:

Z s+ (D) €y (i — g+ B+ 22 — o + A(T)])

1 1
40 (g + (il + il + 52 ) el + el ) - 539)
Let us continue with the second orthogonality condition:

0= d/ea Ry = /(—\D\%—e+(V+e)3—v3)a§Rl—/m-may}zl

dt
+/58§R1 —/Tale-l-/:Ll/anARl —21/685}21.

Since [V|+ (82 + |D|*82)Ry| < C and using the Sobolev embedding, H3(R) — L*(R),
we deduce that:

[ D=+ v+ 2 vy i,

< C (llell g + lell?g + Nl 5 ) -
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By developing 7 - ]\T‘)/ and using the facts |f Oy 1 (ayR2+AR2)| < za% and
faleARl = 0 since Oy R; is odd, we get that:

‘/ MV, Ry — (31— + B(I) / (ale)Q‘ < ot (i + 0| + 122 — oo+ 6(D)).

We estimate the last terms by applying Cauchy-Schwarz inequality, (3.12) and (3.14).

We have that:
‘/sagRl + ‘/Tale + ul/eayARl + zl/eagRl

1 . .
< (—mz + (il + 1) el )

Gathering these estimates and using |||, < Ck and the fact || + |Z] < C (4.3), we
conclude that:

41— m +5(F)|/(6ycz>2 < C( o7 P2 +b(2)| + |22 — p2 +6(0)| + Z& + HeIIH%).
(5.16)

By similar arguments, we deduce that:

. 1 . . 1
22—+ 60| [ (0,00 = € (g i = b(a)| + 21—+ BO) + s + el 3 )

(5.17)
Then, by adding (5.16) and (5.17), we obtain:
|21 — 1+ BI)] + |22 — p2 + 6(I)]
1 . . 1
< (o (i — 0 + i+ 0 + s+l ). (519

Gathering (5.15) and (5.18), we obtain (5.12), and

2

>l + (18] <C (s + (1] + ol + g ) el +1ely3 ).

i=1

Since |gi;] < |1 + (=1)'b(2)| + b(2), by applying the former inequality and (3.5), we
conclude (5.11). O
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5.3. Monotonicity

We define:
e N g
and
1 -9) o(y)
N (G R e )R
__m® _pe(t)

Let A > 0, we define the rescaled functions:

0ay) =0 (5), dralty) =01 (t5), Gralty) =02 (1),

the derivatives by:

o) = VIoWl ety = Vidltyl Gualty) = (t5). (520

By direct computation, we have:

=

p2(2 4+ o) 2
(y) =" (L+p1) (1 + p2)

3(1—
and  By(y) = —o ’1‘( Hik2)? (5 o)

() =" (1 + 1) (1 + p2)

‘We also define the functional:

Do 2 4 4 2
F(t) = / <€| 2' ‘ % _WV+r9 e + V- Se) b1.4 + %¢2,A~ (5.22)

4 4

We claim the following theorem that will help us to get the estimate (5.5) on the error

Theorem 25. The following bound on the functional holds:
F(t) < Ct 3t
5.83.1. Preliminary results

To get the monotonicity properties of the modified energy, we need to recall a result
from Lemma 6 and Lemma 7 from [26] and Lemma 3.2 from [14].
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Lemma 26. Let o €)0,2[. In the symmetric case, there exists C > 0 such that:

(1DI*u)ud? 4 — [ (IDI% (ud;0))°| < - [ w202, (5.23)
/ / </
and

‘/(|D|O‘u) awu¢j7A+(—1)j+1°‘T_1/(|D|3(ucpj,A))Q‘ < %/ w202, (5.24)

for anyu e S(R), A>1andje{l,--- ,N}.
In the non-symmetric case, there exists C' > 0 such that:

C ,
‘/ ((ID[*u) v = (ID[*v)u) 83 4| < F/(UQH ) @54 if o €10, 1],
4 < )
! AC; (u2+v2+(|D|7u)2) % 4, if a€]l,2,
(5.25)
and
‘/ ((|D]*w) 8zv + (|D|*v) Opu)pja + (=17 (a /|D| (u®; 4)|D|2 (v®;4)
< I (u2+v)<I>JA, if a €0, 1],
- A%/(u2+v2+(|p|%u)2) % 4, ifa€]l,2
(5.26)

for any u,v € S(R), A>1andje{1,---,N}.

The estimates (5.23)-(5.24) are proved in Lemmas 6 and 7 in [26] for « € [1, 2]. Observe
however that their proofs extend easily to the case a €]0,2[. Note also that while only
one side of the inequalities in (5.23)-(5.24) is stated in Lemmas 6 and 7 in [26], both
sides are actually proved.

Lemma 27 ([1}], Lemma 3.3). Let 0 < oo < 2. For all u € S(R), we have that:

[ (D1 ) - (D130 0t

The following estimates are proved in Appendix B.

C o
< A—%/(u2+(|D|2u)2) qﬁA. (5.27)

Lemma 28. For « €]0,2[, then for all u € S(R) we have that:

C
2 YT w02, if  a€0,]]
<

(1D, @jalul| <
H P j; (w2 + (ID1%0)*) @20, i a€12]
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Lemma 29. Let o €]0,2[, then for all u € S(R) there exists C > 0 such that:

[ 11 s R0 - [ (D0 a2,

C o o
e / (u2 + (|D\ 2 u)2 + (|D| u)2) @?714,

<

forallue SR), A>1andje{l,---,N}.

Lemma 30. Let 1 < a < 2. For allu € S(R), we have that:

1 1
||U(I)1,AHH1-

PP énabilss < €| oz = (5

Remark 31. Notice that the scaling in A is not coherent with the previous inequality. In
the proof in the appendix, we establish this inequality in H % (R) and use at the very
end the embedding H 2 (R) C H'(R).

Lemma 32. Let 0 < o < 2. For all u € S(R), we have that:

C

e, @]
DI, v palullz + IIDI%, V1 = @alullrz < 47, :

Ve ull g, o€ (1,2]

5.8.2. Proof of the Theorem 25

In this part, we study the functional F' defined in (5.22), dependent on the two func-
tions ¢1,4 and ¢2 4. For sake of clearness, we drop the indices A in this part only and
denote those functions by ¢; and ¢9. The parameter A will appear explicitly when
needed.

We recall the equation satisfied by e:

e+ 0y (—|D|"e — e+ (e + V)’ = V3) = —&y.

We differentiate in time the functional F' defined in (5.22), by using (3.10) we deduce
that:

%F(t) :/(8,56) (IDI€+e— (e+ V) + V3= 8) 1 + %/(6|D|°‘8te— (8:6)|D|%€) ¢

+/(7(8tV) ((V+e)° = V3 —3V2%) 61 + (Dre)edra) /(8,55)6(;51

elDl“e & (V4o V4 3 €2
+/< sty T Ve se 8t¢1+/56t¢2

=L+ +1I.
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Estimate on I: Using integration by parts and the definition of &y, we deduce that:

1
=g [(DPete-v+aP v at = [0, (Dl +e— (V40P +1V7) S0,

—/EV (ID|%¢+e—(V+e)+V>—5)
1
= 5/(|D|a€+67 (V+e)3+V3)2<I>?
—/((ﬁ-WJﬁf) (ID[%e+e— (V+e)* + V) = TS) ¢,
— 1
—/S(|D|ae—|—€—(V+e)3+V3) @f+/m-MVS¢1+§/SQ<I€
=hLi+-+ 15
We start with I; ;. By direct computations, we get that:
1 Do Vv 3 V32q)2 1 Do 2 2 Vv 3 V32q)2
5 [(DI%ete— (Ve + V20 — o [ ((IDI°0) + & + (—(V +)° +V7)7) @

=/AM%xﬁ+/QM%+a@“—W+aﬂﬁ=h&ﬁsz

By using the estimate (5.23), we obtain that:

C
S F/\EQq)%

Since V3 — (V + 6)3 = —3V?2% — 3Ve? — 3, by applying Young’s inequality, the bound
on V (3.19) and Cauchy-Schwarz’ inequality, we have that:

I, —/(|D|% (6‘1)1))2

C
[T112] < _/(|D‘a6)2®%+CAa/(V462+64+66) ®%+C/(V462+63+64) 2.

S A

We recall that 2u1 = p + i1, 2us = i — p and o > 1. Therefore, using the bootstrap
estimates (5.5), (5.7) and (5.9) and (3.20), we conclude for I ; that:

hai—g [@+Drgnet - [ (Dl @)’

3(3a+5)

C _
> T / (62 + (|D|a€)2) (I)% — CA%t™ 20@+3)
Let us estimate I; 5. By using the definition of 7 - MV in (3.11), we obtain that:

/H~W(\D|ae+67(‘/+e)3+v3)¢1



46 A. Eychenne, F. Valet / Journal of Functional Analysis 285 (2023) 110145

=3 [ (b AR = V)

4 (G + BB~ (o~ i+ 508, a) (1Dt e~ (V974 V) 64
=J1 + Jo.

Since ﬁ < C, we deduce that:

|J1I<ZI fii = b(z
+CZ| i — b(z
+CZ| —b(2)

Thanks to the identity (V +¢) — V3 = €3 + 3¢V + 3eV?, the fact a < 2, and by
Cauchy-Schwarz’ inequality, we get that:

2
Jia < CY (=1)'is — b(z)
=1

Moreover, we recall LAQ = —@Q and since € L R;, we deduce that:

/AR (DI + e~ (V4 + V) (61 + (- ><1+1ui>2)’

/AR (1D + (14 pi)e — Rie)

AR; (—pie — (V +€)* + V? — 3RYe)

=Ji1+Ji2+ Jis.

1 1
(IT+m)?  (1+p2)?

AR (¢ — 02:) | g [lell 15 -

Rl‘G =0.

Ji2 = CZ [(=1)"fii — b(z)

Applying Cauchy-Schwarz’ inequality, and Sobolev embedding H %(]R) — LS5(R), we
have that:

Jis < CZl b(2)] (sl + [|(VZ = BOAR|| o) llell e + llell 32 + el ) -

Now, let us estimate Jo. We focus on the first term of J, with 9, R1, the second is similar.
We decompose this term into:

(71 — 1 + B(I)) /8yR1 (|D‘ae +e—(V+ e)3 + V3) (¢1 — _<1 +1M1—)2)

ﬂ1—+5 (/a Ry (ID|%€ + ¢ — 3R%) /ale (Ve - (V+e)‘°’+3R?6))

(14 p1)?
=Jo1+Jaa+ Jos.
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By applying the Cauchy-Schwarz’ inequality and Sobolev embedding H 3 (R) = LS(R),
we obtain that:

1 1
J21|< Clzp — i +8(T -
|J2,1] < Clz1 — pr+B(T)] A+ p)? (Ot )

(18, Ryl ell 5 +lellZo+ el 4 ) -
Since € L dyR; and LQ' = 0, we deduce that:
JQ,Q =0.

Moreover, by Cauchy-Schwarz inequality and Sobolev embedding, H é(R) — L*(R) we
have that:

2,3 < Clzy =+ BO)| (llellz2 (V2 = ROy Ralle> + llelFz + [lell, 5 ) -

By Cauchy-Schwarz’ inequality, we have that:

'/T(|D|%+e—(v+e)3+v3—5)¢1

<CIThull 5 (lells + el g + Nl g +1S]z2) -

Gathering those identities, and using the estimate on T' (3.14), the estimates on the
solitary waves (3.15), (3.16), (3.20), the bootstrap estimates (5.5), (5.7), (5.9) and the
equation on gi; (5.11) and z; (5.12), we get that:

_ 3(3a+5)
|Il72| < Ot 206+,

Let us estimate I; 3. By Cauchy-Schwarz inequality, the estimate on S (3.12) and the
bootstrap estimate on e (5.5), we obtain that:

3(3a+5)

Tl < CUIS®3 g (lellps + |V +0° = V2| ) < =iy,

—
Using the definition of 771 - MV, the estimate on fi; (5.11), Z (5.12) and the estimate on
S (3.12), we deduce that:

2
[11,4] < C|[S] |2 (Z [(=1)fi; — b(2)| + |71 — p1 — BI)| + |22 — po — 5(F)|>

3(3a+5)

< Ot 2@t
Finally, by the estimate on S (3.12):

L5| < Ct™ @957,
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Conclusion:

n-3 [+ (o - [ (D)7 o))’

C o o, 3(Bats)
> *E/(62+(|D| €)?) @ — CA™t™ =@s)

Estimate on I5: From the equation of ¢, since ¢; is decreasing and integration by parts,
we deduce that:

1
21, = 5 [ (DI @3 = [ 0,elDI* (IDI*e+ 20061 + [ DI (DIe + )93

+ [ EviDpe=dpire)on
+ / (e DI*8y (—(V +€)* + V) = 8y (—(V + €)* + V?) (|D|%)) é1
=L+ Irs.

Let us estimate I3 2 and I3 3. Using the commutator estimates in the non-symmetric case

(5.25), (5.26) with v = |D|%¢, the commutator estimates in the symmetric case (5.23),
(5.24), and Lemma 29 we get that:

Ls+Ihs— a/ (ID|% (e@y))” — (a + %) /(|D|%)2 P2

C o o
< = (62+(|D|26)2+(|D| 6)2) 2

From Cauchy-Schwarz inequality and Lemma 30, we get that:

(24| = ’/G(IDIQ (Ever) — DI (€v) d1)| < llell 2 l[lIDI%; arlév ]|

1 _ 1

(I4+p1)? (14 p2)?
1 1

= C' Q+m)?  (1+p2)?

lell 2

<c'

V|

lellea (|73 /&7

o ISl + 1T ) -
Therefore, by using the estimates on 4i; (5.11), on Z; (5.12), the estimates on S (3.12), T'
(3.14), the interaction between 0,R; or AR; and ® (3.16) and the bootstrap estimates
(5.5)-(5.9), we have that:

L] < ¢ 2679

Now, we estimate I 5. Note that:
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(V463 —V3=3V2e+3Ve 4.
Then, we decompose I 5 as:
Iys = / (8y (3V%€) (ID|%€) — €|D|*0, (3V?€)) ¢n
+ [ (0, (3ve) (D10 — DI, (3ve)) &n

+ [ @,() (D1~ DI, () 61

49

Let v € {3¢V?2,3¢2V, €3}. Using integration by parts, the commutator estimates in the

non-symmetric case (5.25) and (5.26), we get that:

[ @010 ~dppo, o

<(a-1)|[IDI% o) DI (eo)

c 2 2 2 \2\ 52
+A—%/(€ +v +(‘D|2€))(I>1-
Moreover, from Young’s inequality, we obtain that:

’/(|D|%)v<1>§ < %/(|D\”‘e)2¢%+CAa/v2<I>%.

By using Young’s inequality and (5.27), we deduce that:

[ 1DI% o) DI (e

< %/(e2+(\D|O‘e)2)<1>§+CA"/v2<I>§

By the Sobolev’s embeddings, H(R) < L*(R), H3(R) < LS(R), we obtain that:

Ia5] < CA® (VA2 Lox [lell 32 + 1V e llell 5 + llell, 5 )

C

+A_%

/ (62 + (|D\%e)2 + (|D|a6)2) @%.
Moreover, applying the estimate (3.20), (5.5) and (5.6), we get that:

_3(3a C «
ool < CATHE 4 e [ (@4 (015" 4 (DI0?) %

Conclusion:

_ ‘ [ o190 + [ a,e(ipim0e: - [ iplvaz
¥ \ JIER
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B-5 [praer -5 [ (DI )’

3(3

SCA"‘t_Ma—m+%/(62+(|D
A3

502 4 (|D]"0)?) 2.
Estimate on I3: We decompose I3 as:
I3 = —3/8y(V26)6¢2 +0,VVe P — /8y (3V62 + 63) ey + 0, Vel Py
+ /811 (ID|% +€) epa — /5v6¢2 =1I31+ 139+ 133+ I34.
By adding 0 and integrating by part, we deduce that:
Is) = 3/5y31(¢2 — Z11)Ver + 3/3y32(?52¢1 — ga)V e
-3 / (8,V + 0yRy — 8y R2) Vs
- 3/(atv — 210y Ry + 70, Ry) Vel ¢y + g / VEERS =1I511+ -+ I35

Using the definition of ¢ and ¢2, we obtain that:

op1— 2 201 Z1 — 2 2
[I3,1.1] = ‘3 [ /3yR1V6 (1-9¢)+3 1o /BleVe ng'

< Ollellzz (121 = | + (|21] + |p2]) 18y R V@l =) -

Using the same argument, we deduce that:
[ I3,1,2] < CllellZ2 (122 — pz| + (122] + 1]} [0y RV (1 — §) || =) -
Using the definition of V' and ¢s:

< Cllell2 (Jpa] + [p2]) 10y (Py — Py + bW ) || L

11313
and
s34l < Cllell 7z ((1pia] + |tiz]) + (|2l + p2]) [0 (P2 — Py 4+ bW x) [ o) -

Gathering these identities, and using the bootstrap hypothesis, the time estimate of
the different terms and (3.17) and (3.18), we conclude that:

I3.1] < Ct™ @997
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For I3 5, using integration by parts and Sobolev embedding, and the bootstrap hypoth-
esis, we deduce that:

[0 < C (Nlell3, 5 108V e + (a2 DV [ oe 10, VIl ) el 5+l + Lzl el 5 )

3(3a+5)

< Ot 2@+,

Using integration by part, the commutator estimates in the symmetric case (5.23) and
(5.24), and since dy¢2 < 0, we obtain that:

a+1

a 2 1 C
I33 > 5 (‘D| 2 (6‘1’2)) — ( + F) /52@5.
Moreover with (5.21), we have:

2

pipe —1
== Loy

224+ e

Then, we get that:

a+1 1-— o 2 1 C 1-—
Iys > — M2 /(|D|2 (€q>1)) ( + —> - T HiH2 /62(1)%_
2 24 p1+ pe A*) 24 py + p2

Since 214—571-&32 < 3 by (5.7) and (5.9), we deduce that:

oz 20D [ gt )~ (24 0 [ean

Let us estimate the last term of I3. Using the definition of &, and Cauchy-Schwarz
inequality, we have that:

e
(Is.a| < C(lpa| + [p2)llell 2 10y Slze + 1Tl z2) + ’/W -MVegs|.

—
Using the definition of m - MV and the orthogonality condition ¢ L dyR;, we deduce
that:

Ja

< Cllellz> (| + lp2l) <Z| b(2)| + |7 — pal 10y Ri(¢ — 52,z')|Lz> -
Therefore with (3.15), we get that:

_ 3(3a+45)
|I374| < Ct™ 26+,



52 A. Eychenne, F. Valet / Journal of Functional Analysis 285 (2023) 110145

Conclusion:

I3 > —@/(IDI% (c®1))” — (3 + %) /62@2 Ot~ St

Estimate on I,: Applying Cauchy-Schwarz inequality and the estimate on the time
derivative of S (3.13), we obtain that:

3(3a+5)
14| < Cl|0:S| 2 |lel| 2 < Ct™ 2t

Estimate on I5: First, note by direct computation, we have:

| 24 B 2402 , .
Puinl = | s (1= 0+ | < C (il + ).

Then, by the Sobolev embedding H3(R) < LS(R) and Hi(R) — L*(R), we deduce
that:

e (Vo' v
‘/<5T+T+VE Or 1

Moreover, by Cauchy-Schwarz inequality, we get:

Jae

Now, let us estimate the first term in I5. By direct computations, we have that:

< C (lial + lrzl) (el 5 + el 5 + el 5 ) -

< O (lpia] + [ri2l) [N 22 lell 2

[ dpicanin =~ 2 ([ DDt =)+ [ (DI29* (- 0)

- (1-2%)3 (/D%e[|D|%,¢]e+/(|D|%e)2¢).

Using Lemma 32, we deduce that:

[ ppca| < ol + DIl .

Conclusion:
. . 3(3045)
5| < C([pir] + [4i2]) (||S||L2|| ellg +lells g + el + Hellz%) < Ot TR

Estimate on Is: By definition of ¢2, we obtain that:

0rp2| < C (|pir] + [piz]) -
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Then, by using the estimate on fi; (5.11), the bootstrap estimates (5.5), (5.6), we have
that:

3(3a+5)
[Ig| < Ct™ 20t
Gathering the estimates on Iy, ..., I, we obtain that:

om0 >0 [qprorer+ (145 - 22 E) [ipen?+ (5-2) [ e

3(3a+5)

(€ +(ID12e)” + (ID|*€)?) 9T — CA™t™ =ro .

A%

To compare the quantities | (ID|*¢)* 2 and S (ID|*e®1)* we use (5.27), thus we have:

d a+1 0 N2 9 ( a 3(a+1)>/ e \9~o (1 3)/ 99
— > -7 2 _— =
th(t) 2— /(\D| e PT+ 1+ 5 3 (ID|ze)*®y + 573 iy

ye / (€ + (ID|2)* + (ID|"€)?)@F — CAt™ #6557

By taking A > A; large enough, Ty large enough, we deduce that:
9 py s a5

However, the choice of A is independent of parameters. We set A > max(A4;, As), with
Ag defined in Claim 41 for the coercivity of the localized linearized operator. For now,
A is a constant. Then, integrating in time from ¢ to S,, we conclude that:

_ _7a49
F(t) < Ct™ 20+,
with the constant C' independent of the different parameters.

5.4. Topological argument

We argue by contradiction. Let suppose for all 2" in (5.3), we have t*(z") > Tp.

Suppose first that one of the bootstrap estimates (5.5), (5.7), (5.8) or (5.9) is saturated,
in the sense that the equality is achieved.

1) Closing bootstrap for e. First we start to show we can improve (5.5). We recall
that the notations ¢, ¢1 and ¢, holds respectively for ¢4, ¢1,4 and ¢2 4. Using the
Cauchy-Schwarz inequality, (3.12), (5.5) and the definition of ¢;, we get that:

3(3a+5) 1 ~ 1—9¢
F(t >—Ct2(a+3>+—/ €|D|% + €2 — 3R?e%2) ——
(t) > 5 | (eD] ) T

1 o 2 P2 2 ¢ e
+§/(6|D|€+€ —3R26)m+ 5¢2
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vt 3¢ (V+€)4 3509 1-9 352 2 ¢

(5.28)

First of all, we estimate the last term on the right hand side. We get that, by straight-
forward computations:

(V+e)! 3 €t

V4 3 2 2 3
T+V6—T:—§V€ —EV—Z

Using the Sobolev embedding and the bootstrap estimates on € (5.5), we deduce that:

v tom

3(3a+5)

< Ot 2@+,

Moreover, we have that:

~ 1 ~ = o
BT ;j:)—z + 33(1%2)2 = V201 = (Bt - RY) 6 + (RS — R3) n
~, o ~ 1—¢

-R -R
)2 (4 )2
+ 2R Ro¢py — 2(—Ry + Ro)(—Py + Py +bW)¢y — (— Py + Py + bW)? ¢,

Therefore, by applying the bootstrap estimate on € (5.5), the estimate on the profile P;
(3.37), the estimate on the solitary waves (3.15), the estimate on AQ (2.8) and finally
the bootstrap estimate on z (5.6), we get that:

4 4 ~ — ~ da
'/ (VT +V3e— M) o1+ §Rfe2i + gR%gL <Ot e

(1+ p2)?

Moreover, from the bootstrap estimates on p (5.7) and & (5.9) we have that:

o

Now, we estimate the two first integrals in (5.28). We claim the following:

< Ct™ o3 ||e||2..

D« 2_3R22 S DI« 2_3R22 7> 2a
[ (@Drres @ —sR) ot (dADfet @ =3RE) s = el

i=1,2.

The proof of this inequality is given in Claim 41 in the Appendix C. The proof is based
on the coercivity of the linearized operator L. By combining the former inequalities and
using Theorem 5.3, we deduce that:
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el 5 - ct
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S - ot H||e))3. < F(t) < Ot e,
Therefore for Tj large enough, we conclude that:

HGH?{% < Ct—-ﬁz—ii—)_

Therefore, we strictly improved the bound (5.5) on €. This concludes the proof for e.
2) Closing bootstrap for u, p and z. Now, we improve the bound on p (5.7). We recall
1=y — po and z = z1 — zo. Combining the bootstrap estimate on € (5.5) and z (5.6)
on the right hand side of the estimate of yi; in (5.11) we deduce that:
. 2by _ Ba45
’/l a2 SOt e

Because b; < 0 and by the equivalent of z in (
condition u(S,) > 0, see (5.2), p is positive on (

5.10), we have i < 0. By the initial
t*, Sp].
Then, multiplying by u, using the estimate on z; (5.12) and the bootstrap on z (5.6)
and p (5.7), we obtain that:

9 /—/\
12 + 2b1 1
2

< Ot
a+3
a+1zetl| —

By the choice of the initial data, we have that:

4b 1
2 _ 1
HS) = T )

Therefore, by integrating from ¢ to S,,, we get that:

u_z i 2bq 1
2 a+1zotl
With the bootstrap hypothesis on z (

_ 3(a+t1)
< Ct at3 .

(5.29)
5.6), we deduce that:

_ ba+ll
< Cit A(aFa) |

with the constant C7 > 0.
Let us compute the bound on . From the estimate on 4i; (5.11) and the bootstrap
estimate on € (5.5) and z (5.6), we obtain that:

il < Ot~ o5
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By the choice of the initial data, we have that u1(S,) = —p2(S,). Thus, by integrating
we deduce that:

2(at+1)

il < Cot™ "6 (5.30)

with the constant Cy > 0.
Let us get a bound on z. Using the fact that |3(T)| + [0(T)| < %, the bound

obtain for g (5.30) and the estimate on z; (5.12), we deduce that:

2] <I2 — i+ BT) + 6(0)| + |al + [B(T) + 8(T)]

2(a+1)

< Ot~ 3@t57 4 (2(Bo + 0o) + Co)t™ =13

3a+5
< 204t 2@t
Therefore by integrating, we conclude that:

BT

a—1

2C3(2(a + 3))
a—1 _ )

bootstrap estimate on p, i and z. Then, none of the previous inequalities on fi, g and 2

Hence, by taking the constant C* > max (C’l, Cs, ), we can close the

can saturate independently of the initial condition 2.
3) Closing bootstrap for z. Subsequently, the inequality (5.6) saturates for any 2".

We now prove that this equality is the source of a contradiction on ¢*(zi").
_2

, o i\ ot
First, we remark 22" = (a%Sn + )\nSﬁJr ) H, for some A, € [—1,1]. Therefore, we
can write t*(2") = t*(\,,). We set:
d:[-1,1] — {-1,1}

A (25T () —a T W) (T (V) 2,
and

f:R — RT

a o 2
§ > (2%3(5) - a#s) sT172r,

By assumption, we have for any A € [—1,1], t*(\) > Ty and thus:

a+3 a+3
2

255 (V) —a" T (V)] = (V)T (5.31)

We claim:
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Claim 33.

(1) Transversality condition: Let so > Ty such that (5.31) is verified at so, then:
f is decreasing on a neighbourhood of sq. (5.32)
(2) Continuity: ® € C°([-1,1] : {—1,1}).

Let us assume the claim and finish the proof. The transversality condition (5.32)
implies that t*(+1) = S,,. Moreover, ®(+1) = +1. This contradicts (2) of the former
claim. Now, we prove the claim. First, we prove the transversality condition (5.32). By
direct computations, we have that:

f(s)=2 (zags(s) — aa;s) (zaTH(s) — aaTHs> s
a+3

o 2
—(1+2r) (z%(s) - aTS) 52T,

From the estimate obtain on p? (5.29) and the estimate on Z; (5.12), we obtain that:

@ a+3 —4b1 _a+l
2 () — < Ct o+3. 5.33
20 s (5.33)
Therefore, by using (5.31) and (5.33), and since a“3° = asd ;ibll , we deduce that:

f(s0) < Csg ™" — (1 +2r) 55"
Since r > 0 and for T large enough, we conclude that:

f/(So) < 0.

To prove the second part of the former claim, it is enough to show that A — t*(\)
is continuous. Let us fix A € [—1,1]. From the transversality condition, there exists
ex > 0 such that Ve € (0,ey), 36 > 0 and the two following conditions are verified:
f@&*(A) —e) > 1446, and for all ¢t € [t*(\) + ¢, S,] (possibly empty), f(t) <1 — 4.

Note that the function is well defined, since the function z is globally well defined,
see Remark (22). Then by the continuity of the flow, there exists > 0 such that for
all [\ — A| < n, with A € [~1,1], the corresponding f verifies |f(s) — f(s)| < % for
s € [t*(\) — €, Sp]. Therefore, we obtain that for all s € [t*(\) + €, S,]:

F(s) < |F(s) = f(s)| + f(s) < 1— g

Thus, t*(A\) < t*(X\) + €. Furthermore,
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T =) > [ () — )~ 17073 — ) — F1° () — ] > 1+ 5.

In other words, t*(\) — € < t*()\), and then ® is continuous.
This contradicts the fact t*(\) > T, and implies the existence of 2" such that
(5.5)-(5.9) are true for all ¢t € [Tp, S,).

5.5. Conclusion

a+3

o 1 a
In this section we have proved that there exists (zfl”)% €la =z 52 - Sp,a e

2 S, +
1

Sy +T] such that the bootstrap estimates (5.5)-(5.9) are true for all ¢ € [Tp,S,]. Let us

show this implies Theorem 3. From (5.5), we obtain that:

[on(To, M g < llen(To, )l g + [V (TalTo)s )l g < C-

Therefore, by Banach-Alaoglu theorem, there exists wy € H 2 (R) and a sub-sequence
also denoted by (vy,), such that:

v (To) = wo in H? (R).
Now, we prove that for all 0 < s < 5,
vp(To) — wo in H*(R). (5.34)
Notice that the sequence (v,,), has a well-localized mass at a certain time t; > Tp:
Ve >0,3t; > 0,3K1 > 0,Vn € N, |[v,(t1, )| 22 (ja> k) < €

Indeed, let € > 0 and t; > Tp (if for some terms we have S; < t1, then we just drop these
_ 3a+5
terms) such that ¢, *°** < £. Let K7 > 0 such that

€
IV(Tn(t1), Mrz(e)>r) < 3

Then, we obtain, from (5.5) and the former inequality,
lvn (t1, ) 22 (je)> 1) < €

To prove (5.34), we need the following claim concerning the evolution of the mass for
well-localised functions.

Claim 34 (Evolution of the localisation of the mass). Let (v,)n be a sequence of solutions
of (1.5) on the time interval [Ty, Ty, with H % -norm uniformly bounded by a constant C,
satisfying the property of localisation at time T :
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Ve >0,3K >0,Vne N, |v,(T1,-)||lL2(jz|>K) < €
Then the sequence is also localised at time Tj:
Ve >0,3K >0,Vne N, |v,(To,")|lL2(jz|>K) < €
Let us postpone the proof of the claim. A direct application gives at time Tj:
Ve >0,3K >0,Yn e N, |lon(To, )l r2(ja>k) < € (5.35)

Combining estimate (5.35) with the Rellich-Kondrachov theorem, we obtain the strong
convergence in L?(R) of v, (Tp) to wp. By interpolation, we conclude that, for all 0 <
s< g,

v (To) — wo in H*(R).

Thus, we denote by w the solution of (1.5) such that w(Ty) = wp. Note that w is

globally well defined by Corollary 37 in H?2 (R). Let ¢t > Ty. For % -9 <s< g3,

|0 (#)|| 7+ is bounded by a constant A uniformly in n and in ¢ € [T}, t]. Theorem 36
gives the local well-posedness on a time interval (T — T(A), To + T(A)), and the flow is
continuous on this time interval. In particular, we get:

Vi€ [Ty, To + T(A)), va(f) — w() in H(R).

By iterating this argument on intervals of length 27'(A) a finite number of times, we
obtain:

vp(t) — w(t) in H*°(R).

In addition, ||v,(t) < C for all t > Tj. Therefore, we obtain that:

s
v (t) = w(t) in H? (R).

From the weak convergence of the sequence v, (t), we have that:

o 0= 31) 03],
2 2 H?2
. . a 2 a _2
<l [V 0 - 7))
Then, by using (5.5)-(5.8), we conclude that:

Hw@)+Q(—gﬁ%)—Q(+gﬁ%NL%ngﬁ%y
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Proof of Claim 34. Let ¢ € C*°(R) such that g(z) =0 if £ <0 and g(z) =1if 2 > 2,
and x > 0 chosen later. Then

4 [z (1)
— 2/vn(|D|a8mvn — 0.(v}))g (x_TKl)
- —2/(330%) (ID|%vp) g <x _KK1> - %/’Un (|D|%vn) ¢’ (CC _HK1>

3 4,<!E—K1>
+2/~£/U"‘q K

=L+ o+ s

Let us first estimate J;. We denote by H the Hilbert transform. By integrating by
parts, using the identity #2 = —1, and |D|' = HJ,, we rewrite J; as

3= [ (D) 013 (o (F252) 0,0,
—— [ it ot ()] ot

+ [(DI20) (DIF0,0) o ()

=~ [ (IDI%on) |[IDI%,g (—— )| IDI"Hon — 5 [ (IDIF0a) ¢ (=)
ﬂK 1K 2 x KK

We recall the estimate of Proposition 3.2 of [11].

Proposition 35. Let « € [0,1),5 € (0,1) with a + 5 € [0,1]. Then for any p,q € (1,0)
and for any § > %, there exists C = C(a, B8,p,q,d) > 0 such that for all a, f € S(R):

1D D17, a) [D =2 < €770,

|, 1£lzs
with J = (1 — 82)z.

This implies, by the Cauchy-Schwarz inequality and the previous estimate, with p =
¢q=06=2,a=0,and = §:

il <2 iofEa, | (19170 (5] 1D,

C o2
i
2 K L2

L

< ¢ 2
= %H%HH%
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Now, we deal with J,. We rewrite Jy as

—sn= [ (o) (1017 ()| e+ [ (0170 (B,

Since ¢’ € Cg°(R) € S~**(R) for all s > 0, arguing as in the proof of Lemma 28, we

obtain:
o - K
i (25
K L

Thus, it follows from the Cauchy-Schwarz inequality and the Sobolev embedding
H%(R) < L*(R) (£ > 1), that:

2
H:|D|g;g, ( _K1>:| Un
K

Finally, the Sobolev embedding H 2 (R) < L*(R) (% > 1), yields:

S C”UnHLZ-
2

2

2 a c 2
PR ) < Qe

1/l [[ID13 v
L2

L2 L

C C
ol < Zlallde < lenlld g

Since [|vn ;¢ < C, for all tg > Tp, there exists  large enough such that

d 9 (:er1> €
_ t < .

Therefore, we deduce integrating in time between Ty and tg:

K

'/(vi(to,x) — v} (To,z)) g (x — Kl) ‘ <e

By definition of g, we conclude by taking t, = T7, that:

/ va (To) = / vi(To)g(x_mKl)s /vi(T1)+esce-

r>2k+ K1 x>2k+ K4 z>K4

Arguing the same for © < —2x — K7, we conclude (5.35) by choosing K = K7 +2k. O
Data availability

No data was used for the research described in the article.



62 A. Eychenne, F. Valet / Journal of Functional Analysis 285 (2023) 110145

Acknowledgments

The authors thank Razvan Mosincat for interesting discussions, and Didier Pilod for
suggesting this problem and constant support. Frédéric Valet has been supported by the
Trond Mohn Foundation grant BFS2018TMT02.

Appendix A. Local well-posedness

We recall the results of well-posedness of (1.5).

Theorem 36 (/19], Theorem 1.5). Let o € (1,2), and ug € H*(R), with s > 5 — . There
exists a time T = T(||Uo||H%_%(R)) > 0, and a unique solution u € C([-T,T), H*(R))
of (1.5). Furthermore, the flow ug — u s locally Lipschitz continuous from H*(R) to

C([-T,T],H*(R)).

3
4
)

Because the equation is subcritical, we obtain as a corollary the global well-posedness.

Corollary 37 ([19], Corollary 1.6). Let s > 5. For any initial condition ug € H*(R),
there exists a unique global solution of (1.5) in C(R, H*(R)).

Appendix B. Proof of the preliminary results

First, we recall some well-known results on pseudo-differential operators (see [2], or
[22] chapter 18). Let D = —id,. We define the symbolic class S™9 by

S™1:={a e C®(R,; xRe¢); Vk,B € N,3Cp > 0 such that
0802 a(x,€)| < Crplz) ™" (&)™ 7} .

For all u in the Schwartz space S(R), we set the operator associated to the symbol
a(z,§) € ™1 by

a(z, D)u := % e a(x, &) F (u)(&)dE.

We state the three following results
(1) Let a € 8™, there exists C' > 0, such that for all u € S(R)

la(z, D)ul| > < Cl[(2)* (D)™ u] L2 (B.1)
(2) Let a € 8™ and b € 8™, then there exists ¢ € S™+m"4+4" guch that

a(x, D)b(x, D) = ¢(x, D). (B.2)
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(3) If a € §™7 and b € S™4" are two operators, we define the commutator by
[a(zD),b(x,D)] = a(x,D)b(x,D) — b(x,D)a(x, D). Moreover there exists ¢ €
Smtm’=1Latd =1 guch that

[a(z, D), b(z, D)] = ¢(z, D). (B.3)

(4) Let a € 8™1, we have the following development for the adjoint a* of a. Let k € N,
then

a* =>. 5186D5 a(z,§) + Ry (z,€)

B<k

with 8?D£EL € 8 549=F and Ry, € S P~14=F~1 Moreover the rest Ry, is given by

1
1 » 2k + 2 )
(z,8) = _/ 2k+1dt/e yn Z I 858;;@(3: —ty, & — tn)yﬁnﬁdydn.
0 BHy=2k+2 A

As a consequence of (B.2), (D)™ (z)49(D)~™ € §%9. Therefore, by (B.1), we have

I{D)™ (@) ul 2 = [[{D)™ (x)*(D)~" (D)™ ul| 2
< Col (@)1 (D)™ ul| L2,

for Co > 0. By the same computations with (z)? instead of (D)™, there exists C; > 0
such that

Cill{x) (D)™ ull L2 < [[{D)™ (x)ul| 2.

Gathering these two estimates, we conclude that

C1[[{)1(D)"ul|z2 < (D)™ (z)ul|2 < Caf[{z)* (D)™ ul 2.
We recall also the Schur’s test.

Theorem 38 (Schur’s test [21], Theorem 5.2). Let p,q be two non-negative measurable
functions. If there exists o, 8 > 0 such that

) [ 1Kl < apla) ez e R,

) /|K(:U,y)|p(ac)dm < Bq(y) a.e. y € R.
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Then Tf := /K(a:,y)f(y)dy is a bounded operator on L*(R).
R

We recall two other lemmas useful for the rest of the appendix. The definition of ¢ is
given in (5.19).

Lemma 39 (/26] Claim 5). There exists C' > 0 such that

90a) =00 SOty + Ot e ul < g ) ),

. 1
6(z) oWl < C if e -yl =5 {z) +{y).
Lemma 40 (/26], Lemma A.2). Let p be a homogeneous function of degree § > —1. Let
X € CR) such that 0 < x <1, x(§) =1 if |§] <1 and x(§) =0 if [¢] > 2. Let

1

) = 5 [ epOx(©de

Then for all ¢ € N, there exists Cy > 0 such that, for all x € R,

Cy

|03k (z)| < W-

We now give the proof of the different technical lemmas.

Proof of Lemma 28. Let y be a smooth cut-off function supported around 0. To estimate
this commutator we split the norm in low and high frequency. For the low frequency we
use the Schur’s Lemma (Lemma 38), and the pseudo-differential calculus for the high
frequency. To get an explicit dependence in A we prove the estimate

2 C/u2<I>2, if «€0,1]
<

L2 C/(u2+(|D

Then, we conclude Lemma 28 by changing the variable x = % and multiplying by

|upr.alu

fu)’)e? if aell2)

1 1
‘(14—#1)2 T AFp)? |
Let us start the proof. By the Minkowski inequality, we get:

D1, @ ull 2 < (I[[PI*(1 = x(D)), @] ull L2 + [[|DI*X(D), @] ul| 12 -
By (B.3), the symbol of the commutator [(1 — x(D))|D|*, ®] belongs to S*~1~2-%
which is a subset of S&~ 2% for a €]0,1] and a subset of ST~ 2" for a €]1,2]. From

pseudo-differential calculus, we get:
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2 C/uQCIDQ, if «a€0,1]
<

|10 Xyl L
L2 C/(<D>2u)) o, if a€]l,2]

Again, by applying the pseudo-differential calculus, we deduce:
Juoriw)? e <c [oinitn’ e +c [ (a-x0)0)FD1 (1D]30)" e

< C(/u2<1>2+/(|D|%u)2<1>2>.

This concludes the proof of the estimate in high frequency.
We continue with the low-frequency estimate. By using Schur’s lemma (Theorem 38),
we will prove the following estimate:

| oor. ol <0 [war (B.4)

First, let k defined by F(k)(&) = x(£)|£]*. Therefore, we can write:

(DD 8l u = [ Ko~ 9) (@) - 2(2) 2(0) " (@(0)u(w) dy.

We want to prove the operator defined by the kernel k(z — y) (®(y) — ®(z)) @~ 1(y) is
bounded in L?(R). From Lemma 40, we deduce:

|k(z)| < i

Moreover, ®(x) ~ <:c>_1+Ta, then we have:

Q

Ik(z — 3) (@(y) — D(x)) B(y) | < Cla —y)*— (@\ia n 1) .

x) 2

—~

Notice the following equivalences:

o~ 9l < 3 (@) + ) = () ~ (), (5.5)
and
oyl > 5 (@) + () = (@~ ) ~ o ] ~ {z) + () (B.6)

Then, from (B.5) and (B.6) we deduce:
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Since « > 1, by applying Theorem 38 with p = ¢ = 1, we get (B.4).
z’ 1 1
Then, by changing the variable x = — and multiplying by ’ — ,
Bine A & (L+p)* (14 p2)?
we conclude the proof of Lemma 28. O

Proof of Lemma 29. By direct computations and Young’s inequality, we have that

[ 1917 ) (D0~ [ (D102

=| [ 1Dy AP

c . PR
<5 [ (DI 8 4+ CAT (DI, 1 alul.
(B.7)

and by the change of variable 2’ = % and v(2') = u(x):

« 2 o 2
D%, @1 alullfe = |D[*, ®1]v]|72 -

1
A2a—1 Il
We write

1D, @1]vlf7- < C (IIDI*X(D), @1]v[|7> + [[|D]*(1 = x(D)), ®1]v][7) -

Using Theorem 38, we deduce that

11D X(D), ®1]u]% < C / 202,

Moreover, using pseudo-differential calculus, we deduce that

« a 2
1D = (D). @ilelfie < € [ (24 (DIF0)°) 82
Gathering those estimates and coming back to the initial data, we get:

[eY C a 2
I[DI*(1 = Xx(D)), @1 alul7. < Yo (u?+ (ID|7u))” ®1,4.

Using this last inequality in (B.7), we conclude the lemma. 0O

Proof of Lemma 30. We recall that if A, B are two pseudo-differential operators then
the commutator [A, B] is also a pseudo-differential C'. Moreover the principal symbol of
C is given by
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{a,b} = 0cadyb — 0ya0eb, (B.8)

with a, b respectively symbol of A and B. Therefore, [(1—x(D))|D|*, ¢1] € S*~ 1271 C
827271 Then, by applying the pseudo-differential calculus and the fact dy¢1 =
0y¢, we have that

((14—}12)2 B (14—}11)2 )

0= O ol < €| s — |

[u®il| g -

Now, we estimate the low frequency. Let k be the operator defined by F(k(u))(§) =
X(&)|€]*F (u)(§). Then, we have that

DD ol = (s — s+ = 0)(6) — ota)utu)i.

To prove that [y(D)|D|%, ¢1] defines an operator bounded on L?(R), we use the Schur’s

lemma (Lemma 38) on x — /k:(x —y)(p(y) — ¢(z))u(y)dy and by using Lemma 39

and 40. Notice that this process gives us an explicit constant in term of u; and ps. By
!/

changing the variable x = —, we deduce that:

A
C 1 1 2
D|* < — P a.
H“ | 7¢1,A]u||[,2 = AQT—l (1+,U/1)2 (1+M2)2 ||U 17AHH2
We obtain by definition of the Sobolev space:
10DI, 6u.alul s < € Ll
e = T |

This concludes the proof of Lemma 30. O

Proof of Lemma 32. The proof is based on the same arguments as the former lemmas.
For the high frequency we use the pseudo-differential calculus, except that we use the
function /¢ instead of ¢. Using the Poisson bracket in (B.8), we deduce that the com-
mutator satisfies [(1 — x(D))|D|*, /@] € S* 71732 € §2:° and we can use the same
arguments as above. For the low frequency we use the Schur’s lemma (Lemma 38). O

Appendix C. Proof of the coercivity property

We prove the following result of coercivity which is time-independent, with Ry, Ra,
R; and Rj defined in (1.9) and dependent on T satisfying the condition (Cond):
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Claim 41. Let e € H2 (R) satisfying the four orthogonality conditions:

0= /6R1 :/eale = /ERQ :/eang,

and T' = (21, 22, pu1, po) satisfying (Condy). Then, there exists Az, Z5, k > 0 such that
for all A > Ay and T' satisfying (Condyz; ):

2
Z/ (6|D|°‘e +e? — 3Ri262) VA > HHGHZ%, 1=1,2,
i=1

— Pa

with T/}LA = m or
1

Proof. Since t; 4 > 0, and L is coercive, see (2.11), we deduce that:
[ (pie &~ 32 v

= [P (ia)) "+ (e/iea)” =R () + [ e/ [IDIe, ]

> alev/Toalg + [ evia ol i) - ([ e

1 N
—5 ([ eviaak)
Since (€)% > ka(1 + |£]2), we obtain that:
[ev/ialls s 2 [ @+ (DEG) a2 (DI (/T — (DI
Notice that:
JUDIF e/ - (D1 s
=2 [ (1D (/i) (D1 Vawale— [ (D% Viiale)”

Using Lemma 32 and Young’s inequality, we obtain that:

v/l s + [ ev/ia IDI Viia]

C

2511{2/(62+(‘D|%6)2) wi’A_A_ 2+(|D|%6)2

Note that since € 1 R;, we have that:
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/e\/m}i-=/6(M—1)Ri+/e\/M(}~2i—Ri)

Then, by using the Cauchy-Schwarz’ inequality, (3.15), we get that:

2 2
_ ~ 1 ~
([ evimar) + ([ evimao,) <cles (s +Im - Rl ).
Moreover, we have that 11,4 + 92, 4 > k3 > 0. Therefore, we can conclude, with (2.8):
IR = Rill s < Cuit,

by taking Z and A > As large enough, that there exists x > 0 such that:

2
Z/ (elD|"e+ € —3R2e*) i 4 > kg O
=1
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