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ABSTRACT. We enrich the setting of strongly stable ideals (SSI): We introduce
shift modules, a module category encompassing SSIs. The recently introduced
duality on SSIs is given an effective conceptual and computational setting. We
study SSIs in infinite dimensional polynomial rings, where the duality is most
natural. Finally a new type of resolution for SSIs is introduced. This is the
projective resolution in the category of shift modules.
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1. INTRODUCTION

Strongly stable ideals (SSI) are somewhat hard to place in the landscape of
mathematics, but let us venture a brief tour. In algebraic geometry the ideal of every
projective variety (char. 0) degenerates to such an ideal, [2I] or see [14] Sec.15.9].
Also called Borel-fixed ideals, they are a way to understand and classify components
of the Hilbert scheme, [71[8,[12]19,29141.[42,45]. They are the most degenerate of
homogeneous ideals in polynomial rings k[z1,...,z,]: The closed orbits for the
action of GL(n) on the Hilbert scheme are precisely the orbits of the strongly
stable ideals, see Appendix [l However they being so degenerate, there is hardly
any geometry left in them.

In commutative algebra they have a distinguished resolution, the Eliahou-Kervaire
resolution [I5]. They occur in the study of Hilbert functions and Betti numbers
of graded ideals [32], and in particular in the proofs of Macaulay’s theorems [22].
Algorithms to generate Borel-fixed ideals with given invariants are given in [31] and
[34].

In combinatorics one finds them in shifting theory [28], [10], minimal growth
of Hilbert functions [24], and relations to posets [I8, Section 6]. One might even
consider them so skeletal and degenerate that they are more or less numerical
objects. In any case they retain significant invariants of ideals that degenerate to
them, for instance regularity [5].

They occur in a number of places but always on the fringe. Their natural position
and effective use is however clear. Standard references [24, Ch.4] and [33, Ch.2]
have early on specific chapters on them with basic and significant theory. [38] has
much the same more distributed, see also [14] Ch.15]. The most comprehensive
treatment may be [22] with many examples and relations to algebraic geometry.

In this article we enrich the setting of strongly stable ideals. The following new
features are studied:

(1) Shift modules: extending strongly stable ideals to a category of modules,

(2) Dualities: recently discovered in [16] and [44],

(3) Ambient polynomial ring with infinitely many variables: natural setting for
the dualities,

(4) Resolutions: new type of projective resolution with new homological invari-
ants.

1.1. Shift modules. Over a polynomial ring k[z1,...,x,] where k is a field, we
introduce a category of modules with shift operations. This class subsumes strongly
stable ideals.

Recall that a monomial ideal I in k[x1,...,z,] is strongly stable if whenever a
monomial z;u € I and ¢ < j, then z;u € I. We may write z;u = s; j(z;u). So an
ideal I is strongly stable when it is invariant under such shift operations.

This inspires defining the category of multigraded shift modules over polynomial
rings. Such a module M comes with shift operations between graded pieces

Sij - MdJrej — MdJrei.
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A typical example of a shift module comes from an inclusion of two strongly stable
ideals I C J: The quotient J/I is a shift module. More generally quotients of maps
between sums of such ideals are shift modules.

We define shift modules in three steps. First we define finite shift modules,
Section Such a module is graded by a finite set of degrees d € N™T! with
some fixed total degree. Then we define shift modules over finite dimensional
polynomial rings k[z1, ..., z,;,]. We show that finitely generated such modules come
from finite shift modules, Theorem Lastly we define shift modules over the
infinite dimensional polynomial ring.

Given a monomial m let (m) be the smallest strongly stable ideal containing m.
For instance (x1z2x3) will be the ideal generated by 3, x3x9, 123, 2323, 11 2073.

1.2. Dualities. Recently a duality on strongly stable ideals was discovered, [16]
and [44]. We develop the conceptual framework for this duality, enabling effective
arguments and concrete computations of duals. Moreover we extend this duality
to shift modules. This is an analog of extending Alexander duality for squarefree
monomial ideals to squarefree modules [47].

We get nice formulas such as the dual of (y!,) being (z7"), Corollary B12] and
the following:

Proposition BIIl The dual of the strongly stable ideal with one generator

(YarYas ** * Ya,,) S the strongly stable ideal with generators (x]*, x9?, ... xon).

Furthermore the duality takes sums of ideals to intersections of their duals,
Corollary

A complicating aspect with these dualities is that they do not take place in a
fixed finite dimensional polynomial ring, as seen by the above. Fixing m the dual
of (y) is ("), and the latter requires larger and larger polynomial rings as n gets
larger. In order to have a full natural setting we must be in an infinite dimensional
polynomial ring.

A Dbasic tool and inspiration for our work here is that strongly stable ideals
generated in degree < n in k[z1,...,z,] are in one-to-one correspondence with
poset ideals in Hom([m], [n + 1]) [I8, Section 6]. To extend this, let N = N U {oo}.
The poset of order preserving maps f : N — N, denoted Hom(N,N) is a central
object for us, and in [I7), Section 5] we introduced a topology on this poset.

1.3. Infinite dimensional polynomial rings. Let k[xy] be the infinite dimen-
sional polynomial ring in the variables x1, x2, -+ indexed by natural numbers. A
basic tool we use is the commutative diagram of bijections:

(1) Homg (N, K)
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Here Homg are the bounded maps in Hom(N, N), and Hom?” are the maps which
eventually take value co. The maps are given by

r() = II @ AH =]/,
fi)<oo i>1

and D is the duality. We show that strongly stable ideals in k[xy] are in one-to-
one correspondence with open poset ideals in Hom(N, N) The duality for strongly
stable ideals in k[zy] comes about because Hom(N,N) is a self-dual poset, Section
211 Not all strongly stable ideals in k[xy] have duals. We identify precisely which
ideals have. In particular all finitely generated strongly stable ideals have duals.

We remark that a recent trend in commutative algebra is to consider infinite
dimensional polynomial rings [2,261B80,37]. The increasing monoid Hom,,;(N,N)
of injective order-preserving maps f : N — N is in one-one correspondence with
Hom(N, N) by mapping f to f —idy + 1. The increasing monoid has been used to
study k[zy] in [37], [30], see also [23]. The use differs however sharply from ours, as
Hom,,,; (N, N) is used there to act on k[zy], while we use Hom(N,N) in a distinct
and intrinsic way by diagram ().

1.4. Resolutions. The most well-known class of explicit resolutions of ideals of
polynomial rings is the Eliahou-Kervaire resolutions of stable ideals [I5] (a some-
what more general class than strongly stable ideals), see also [39].

The shift module category enables us to define a completely new type of projec-
tive resolution of strongly stable ideals, with graded Betti numbers quite distinct
from those in the Eliahou-Kervaire resolution.

The indecomposable projectives in the shift module category are precisely the
strongly stable ideals with a single strongly stable generator. For instance z;x3z3 in
a polynomial ring S generates a projective P = (x1z323). The ordinary S-module
minimal free resolution of P is

S(=5)% « S(—6)12 « S(=7)%.

On the other hand the resolution in the shift module category is simply P, since it is
projective. The invariants of these two resolutions give quite distinct information.
The Betti numbers of the shift module resolution of a strongly stable ideal reflect
more the combinatorics of the strongly stable generators of the ideal. As an example
class, the shift module resolution of universal lex segment ideals has Betti numbers
like a Koszul resolution, Section [I3

We also generalize the Eliahou-Kervaire resolution for strongly stable ideals, to
resolutions for a subclass of shift modules, the rear torsion-free modules, Section

el

The organization of this article is as follows.

Part [[] SectionPlrecalls basic facts on posets, order preserving maps, dualities, and
the topology on Hom(N, N).

Part [[Il Section[3lgives the correspondence between strongly stable ideals and open
poset ideals in Hom(N, N) We define the duality on strongly stable ideals, and give
basic tools and examples for computing this. Section E] shows that the duals of
universal lex segment ideals are also universal lex segment.

Part [[TI] Section [l defines finite shift modules. Section [ defines shift modules
over finite dimensional polynomial rings. We show that any finitely generated shift
module is derived from a finite shift module by the process of expansion. In Section
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[[ we define shift modules over infinite dimensional polynomial rings. At the end,
in Section 8 we give examples of shift modules.

Part [V] Section @ defines duals of finite shift modules, and Section [I0 defines
duals of shift modules over polynomial rings. Section [I1] gives examples of duals.
Part [V] Section [[2] gives examples of how the ordinary free resolution of a strongly
stable ideal and the shift module resolution differ. In Section [[3] we give a shift
resolution for strongly stable ideals which is an analog of the Taylor complex. We
give conditions ensuring it is minimal. In Section [I4] we establish the Eliahou-
Kervaire resolution for shift modules.

Appendices. Appendix [A] recalls incidence algebras, and Appendix [B] gives the
equivalence of categories between shift modules and modules over the incidence
algebras of certain posets. Appendix [(] states and proves folklore knowledge that
the strongly stable ideals are the most degenerate ideals.

Part 1. Isotone maps between natural numbers
2. ISOTONE MAPS BETWEEN NATURAL NUMBERS

We recall basic notions for partially ordered sets (posets) and distributive lat-
tices. In particular we consider isotone maps f : N — N, where N = NU{oo}. These
form themselves a partially ordered set Hom(N ,N), which is self-dual. Moreover
there is a natural topology on this poset. We see in Part [I] that it is intimately
related to strongly stable ideals.

2.1. Posets, isotone maps, and distributive lattices. Given a poset P. A
poset ideal I of P is a subset closed under taking smaller elements, and a poset
filter F' is a subset closed under taking larger elements. The distributive lattice P
associated to P is the lattice of all cuts (I, F)) where I is a poset ideal and F' the
complement filter of I. It is ordered by (I, F) < (J,G) if I C J (or equivalently
F D G). The top element (P, ) in P is denoted oc.

We are particularly interested in this when P is totally ordered:

N={l<2<---}, [n]={1<2<---<n}

Then
N=NU{sc}, ol = [n+1] = [n] U {oo}.

For a poset P denote by P°P the opposite poset with order relation reversed,
so p°? < ¢°P in P°P if p > ¢ in P. For P, two posets, a map f : P — @ is
isotone (order preserving) if p; < po implies f(p1) < f(p2). The set of such maps
is denoted Hom(P, Q). It is itself a poset by f < g if f(p) < g(p) for all p. We note
that P naturally identifies with Hom(P°P,{0 < 1}): The cut (I, F') corresponds to
the morphism

p: PP = {0<1}, p(0)=FP,p (1) =I®.

For p € P let 1 p be the filter {q|q > p}. There is a natural isotone map P — P
sending p — ((T p)¢, 1 p). For the totally ordered sets above, this is the natural
inclusion.

By [I7, Section 2] there is a natural duality

Hom(N, N) -2 Hom(N, N)
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FIGURE 1. Graph (red discs) and dual graph (blue circles)

such that f < g iff Df > Dg. It makes Hom(N,N) into a self-dual poset, i.e. we
have an isomorphism:

(2) D : Hom(N, N) = Hom(N, N)°P.
This duality is easy to explain by an example.
Example 2.1. In Figure[Ilthe red discs form horizontal segments making the graph
of f. The values of f are
2,2,4,5,5,7,--- .

The blue circles are filled in along vertical segments to make a “connected snake”,
and the graph of Df is obtained by considering the vertical axis as the argument
for Df and its graph given by the blue circles. The values of D f are

1,3,3,4,6,6, - .

Remark 2.2. In general isotone maps P — Q identify as profunctors P—@Q, and
are studied in [I7]. The duality above is a special case of a duality

D : Prof(P, Q) — Prof(Q, P)°P,
see [I'7, Section 2]. In the sequel several results from that article are used.

2.2. Large and small maps. This poset of isotone N — N decomposes into a
disjoint union:

Hom(N, N) = Hom” (N, N) U Hom"(N, N) U Homg (N, N),

where an isotone map f : N — N is in

e Homg(N, N) if its values are bounded by a finite number in N. These maps
are called small.

e Hom™(N,N) if f(n) = oo for some n € N. These maps are called large.

e Hom"(N,N) if the image f(N) is in N = N\{oo} and is unbounded.
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FIGURE 2. A NE-path from (1,1) to (4,5)

The duality @) swaps Homg (N, N) and Hom”(N,N) and maps Hom"(N,N) to
itself.

There is a natural inclusion [n] < N. It gives [n]°? < N°P. Applying Hom(—, {0
< 1}) we get N — [n] where all [ > n are sent to oo € [n].

We get a commutative diagram

o~

(3) Hom(N, N) — Hom(N, [n])

i P

Hom([m], N) —s= Hom(|m], [n]).

It restricts to diagrams

—~

(4)  Homg(N,N) —— Hom(N, [n]) , Hom®(N,N) — Hom® (N, [/n\]) .

i | i |

Homg ([m], N) — Hom([m],[n])  Hom([m], N) —s= Hom([m], [n])

All maps in these diagrams respect duality appropriately, as is readily seen by
Example 2.1

2.2.1. Large and small maps identify with finite paths. A finite North-Fast path is a
path starting from (1, 1) going steps of length one in the north and east directions,
see Figure @l If it ends at (m,n) we get a function f : [m] — N with f(m) = n,
by letting f(¢) be the largest value j such that (4,7) is on the path. So we have a
one-one correspondence

NE-path from (1,1) to (m,n) £7% isotone maps f : [m] = N with f(m) = n.

Let a partial map f : N --» N be an isotone map [m] — N, defined for some initial
interval [m] where m is finite. Denote by Hom” (N, N) the set of partial maps. Note
that we have a fibration

Hom®” (N, N) — N2
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by sending f to (m,n) if f(m) = n. The fibers identify as the NE-paths from (1,1)
to (m,n). The cardinality of this fiber is (™" ?).
Given a partial map f define two new maps on N by

) h@z{“” i<m,fw@:{m»igm

n+1l, 1>m 0, 1> m.
There are then one-to-one correspondences
Homg (N, N) ¢=5 Hom” (N, N) <=5 Hom™ (N, N).

2.3. The topology on Hom(N,N). The isotone maps Hom(N, N) may be given
a topology. Let i,? : N — N be respectively a small and large isotone map and

Uf,-)={f No>N|f<f<T}

These sets U(f, f) form a basis for a topology on Hom(N,N). The map D is a
homeomorphism of topological spaces. In the diagram (B]), we give the other spaces

the quotient topology. On Hom([m], [n]) this becomes the discrete topology.

On a topological space X, and Y a subset of X, denote by Y its complement
X\Y, by Y its closure, and by Y ° its interior (the union of all open subsets contained
inY’). For any topological space X we have a distinguished subclass of open subsets,
those that are the interiors of their closures. These are called regular open sets, and
we denote this class as regX. There is an involution, see [I7, Section 4]

(6) regX — regX, U — (U)° = (U%)°.

If 7 is a poset ideal in Hom(N, N) both its closure Z and its interior (Z)° are poset
ideals, and similarly concerning poset filters, see [I7, Section 4]. We have the
following criterion for an open poset ideal to be regular.

Definition 2.3. Let Z be an open poset ideal and F' : N — N an isotone map taking
finite values. This is a bounding function for T if any f € Z with f(p) > F(p) is
dominated by a g € Z (i.e. g > f) with g(p) = oc.

Proposition 2.4. An open poset ideal T in Hom(N, N) is reqular iff it has a bound-
ing function.

Proof. By Proposition 6.6b in [I7] we have the following criterion: Consider se-
quences f1 < fo < f3 <--- in7Z and let f be colimf;. Then Z is regular iff f is in
7 whenever f is large.

So suppose Z has a bounding function. Suppose f large and let m such that
f(m —1) < oo and f(m) = oco. Since f;(j) < f(j) for j € [m — 1] and f;(5)
eventually becomes f(j), there is an N such that f;(j) = f(j) for j € [m — 1] and
i > N. We also will have limf;(m) = oo so fi(m) > F(m) for i large. Then there
is g; € T such that g; > f; and g;(m) = co. But then g; > f and so f € T.

Conversely assume Z is regular. Suppose we have defined F'(i) for i < m such
that if f € Z and f(p) > F(p) for some p < m, then there is g € Z with g > f and
g(p) = co. Let

T ={f€Z|f(m) finite, and there is no g € Z, g > f with g(m) = co}.
IfT=0,let F(m)=F(m—1). If T # () consider f € T. If f(p) > F(p) for some

p < m, there would be g € Z with g > f and g(p) = co. This contradicts f € T, so
f(p) < F(p) for every p < m.



678 GUNNAR FLOYSTAD

We show the values of f(m) for f € T are bounded. Suppose they were not.
Then there must be an isotone ¢ : [m — 1] — N such that for any N there is an
f €T with f(m) > N and the restriction f,,—1) = ¢. Let then

(fm depending on N).

Then clearly f,, € T since if there is a g € Z dominating f,,, with g(m) = oo, such
a g would contradict f being in T. So we get an increasing sequence of f,,’s with
limit ¢ (see (@), which is in Z since Z is regular. But this contradicts f,,, being
inT.

The upshot is that the elements in 7" have bounded f(m). Let F(m) be the
maximal of these. O

Part II. Strongly stable ideals and their duality
3. STRONGLY STABLE IDEALS AND THEIR DUALS

We recall the notion of strongly stable ideals in a polynomial ring over a field
k. For the infinite dimensional polynomial ring k[xy] these correspond precisely to
open poset ideals Z in Hom(N,N). Using the topology on Hom(N, N) and that it
is a self-dual poset, we define the dual of a strongly stable ideal in k[ry]. We call
the ideal dualizable iff its double dual is the ideal itself. The class of dualizable
strongly stable ideals are those corresponding to regular open poset ideals Z. We
provide results on how to compute the duals of strongly stable ideals.

1. Correspondence between Hom(N, N) and monomials. For a set R de-
note by k[zg] the polynomial ring in the variables {z,},cr and by Mon(zg) the
monomials in this ring. Let Mon<4(xg) be the monomials of degrees < d. There
is a bijection [I7, Section 8]

Homs(N,N) %+ Mon(ay), f+ [[of@~70Y.
i>1

Here by convention f(0) = 1. Similarly there is a bijection

Hom” (NN)—>M0HJ:N f— H Tfs)
f(i)<oo

We get a commutative diagram of bijections, by [I7), Section 8]

(7) Homg (N, N)
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There are also commutative diagrams of bijections

(8)

Hom(N, [n)) Homg ([m], N) Hom([m], [n])
D Monc<, (zy) Mon({,)) D Mon < ([m))-
Hom([n], N) Hom? (N, [m] Hom([n], [m))

Definition 3.1. If R is a totally ordered set, a monomial ideal I of the polynomial
ring k[zg] is strongly stable (sst) if a monomial z;u € I implies z;u € I for ¢ < j.
The transitive closure of the relations (i) z;u > xju if ¢ < j and (ii) z;u > u for
any ¢ and monomial u gives a partial order >, on monomials, the strongly stable
order. (See also [24, Lemma 4.2.5] where it is called the Borel order.)

If {w; };c1 is a set of monomials in k[z ], we write (u;);cr for the smallest strongly
stable monomial ideal containing all the wu;. It consists of all monomials u for which
u >4 u,; for some i. We say it is the strongly stable ideal generated by the wu;’s. We
denote by STS(xr) the strongly stable ideals in k[zg]. (See [20] for more on the
perspective of strongly stable generators.)

The following is immediately verified.

Lemma 3.2. The order relation >4 corresponds to the order relation on Hom(N, N)
in the following way:
(9) f<gin HomL(N7 N) s I'f >4 g,

f < g in Homg(N,N) & Af < Ag.

If 7 is an open poset ideal in Hom(N, N), it is fully determined by its intersection
7F = TN Hom® (N, N).
Similarly if F is an open poset filter it is fully determined by
Fs = F NHomg (N, N).

Proposition 3.3. There is a one-to-one correspondence between open poset ideals
T in Hom(N,N) and strongly stable ideals I in k|zy]. For an open poset ideal T the
associated strongly stable ideal is I = T'(Z1).

Proof. By Observation (@), the image by I' in () of Z” is a strongly stable ideal T
in Mon(zy).

When 7 is an open poset ideal, it is fully determined by its elements in Z%,
and so distinct Z give distinct strongly stable ideals. Conversely the elements of
a strongly stable ideal give elements of Hom® (N, N) which generate an open poset
ideal Z in Hom(N, N). O

Remark 3.4. Therg are also one-to-one correspondgnces by I' between open poset
ideals in Hom(N, [n]), Hom([m], N) and Hom([m], [n]] and strongly stable ideals in
respectively k[zp,], k[zn]<m and Kz ]<im.
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3.2. Dualizable strongly stable ideals. If 7 is a regular open poset ideal of
Hom(N,N), let F be the poset filter (Z¢)°, the interior of the complement of Z.
Since 4 of (@) is an involution, it also turns F into Z. We say the pair [Z,F] is a
Dedekind cut of Hom(N, IgT) Since D is a homeomorphism, the dual DF is again a
regular open poset ideal and similarly DZ a regular open poset filter, and [D.F, DZ]
is the dual Dedekind cut.

Definition 3.5. A strongly stable ideal in k[xy] is dualizable strongly stable if it
corresponds by T' to a regular open poset ideal Z in Hom(N, N) Its dual strongly
stable ideal in k[yy] is the ideal corresponding to the dual regular open poset ideal
DF by the construction above.

By the commutative diagram (7)) the dual of the ideal I'(ZL) is A(Fs).

Example 3.6. The following two strongly stable ideals are not dualizable.
o Iy = (x1,29,23,...), the maximal irrelevant ideal in k[zy]
o Ip={(xy,2% 23, 23,...)
The corresponding open poset ideals Z are not regular since they do not have
bounding functions, Proposition 2.4
o I3 = (22 2103, 112073, 1100377, .. ).
This ideal is dualizable since the corresponding poset ideal is regular open. The

identity map idy is a bounding function. The ideal I3 is the ideal I? of Example
The dual of I3 is (y1, 3, y2v3, y2y3y3, - - -)-

Remark 3.7. Definition B is for strongly stable ideals in k[zy] but is easily adapted
to the more restricted cases. For instance in Hom([m], [ﬁ]) (which has the discrete
topology) let (Z, F) a cut. By I the (open) poset ideal Z corresponds to a strongly
stable ideal in k[2[,)]<m. The Alexander dual poset ideal J = DF in Hom([n], [m))
then gives the dual strongly stable ideal J = I'(J) = A(F) in k[x[y)]<,. Similarly
with other cases of Remark B4l All maps and correspondences in (@) and (R)
interact well. For instance sst-ideals in k[z[,,)] correspond to (open) poset ideals in
Hom(N, [;’L\D (here the topology is the discrete topology). The dual (open) poset
ideal in Hom([m], IQI) then via I' corresponds to a strongly stable ideal in k[zy]<m.-

For a Dedekind cut [Z, F] for Hom(N, N), its gap is:
G = Hom(N,N)\(Z U F).
The gap is a subset of Hom“(N,N) by [17, Cor.4.9], so it consists of unbounded
functions. The following is [I7, Theorem 5.10].

Theorem 3.8. Let Z be an open poset ideal in Hom(N,N). Then 1L is also closed
iff the strongly stable ideal corresponding to T is finitely generated.

So finitely generated strongly stable ideals correspond precisely to clopen I, or
alternatively to reqular open pairs with empty gap. Such strongly stable ideals are
therefore dualizable

Proof. By [17, Theorem 5.10] Z is clopen iff it is finitely generated (and these
generators can be chosen large). But this corresponds to the corresponding strongly
stable ideal being finitely generated. (Il

Here are examples where the gap consists of a single element.
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Example 3.9. Let idy : N — N be the identity function. For 1 < a < p consider
the strongly stable ideal I? generated by

(10) {zizg -+ wpal |7 >0}
Let J be any finitely generated strongly stable ideal, not containing the monomial
21T+ Tr_12, for any r > 1. Consider the strongly stable ideal I? + J and let 7

be the corresponding open poset ideal. It is regular by Proposition 2.4 and Lemma
BI4l The monomials of (IT]) are the T'h of the large isotones h, defined by

i, 1 <r
h.(i))=qr+a, r<i<r+p.
00, 1>1r4+p

These are then in Z. The function f, below is < h,.
) i, 1 <,
r(1) =
f(®) {r—|—1, 1>r+1

and so is also in Z. Then lim, f, = idy and is in the closure of Z by [I7, Proposition
5.10]. But idy is not in Z, since if it were, for some r the map

, i, 1ST,
gr(l) = .
o0, 1>T

would be in 7 due to Z being open. But I'g, is not in J and not in the ideal I? for
p > a. One may argue that idy is the only function in the gap for Z.

Now consider when p < a. Note that when r = 0 in (0] the monomial z? is in
I?. Since now p < g this implies that z1z2 - -z, is in the ideal I?. All generators
of IP with r» > p are a consequence of this, so I? in this case is finitely generated.

Problem 3.10. What subsets of Hom"(N, N) can be gaps for Dedekind cuts [Z, F]?

3.3. Computing duals of strongly stable ideals. By Theorem [B.§ any finitely
generated ideal is dualizable. A package to compute their duals is given in [11]. We
describe the duals of principal strongly stable ideals. When A: ay,as,...,a,, is a
finite non-decreasing sequence in N we get two strongly stable ideals

<yA> = <ya1ya2 "'yam>7 <xA> = <.’L'(111,:L‘g2, T >x21m>'

Proposition 3.11. The dual of the strongly stable ideal (ya) with a single sst-
generator is the strongly stable ideal (z).

Proof. Define the isotone map f by
. a;, t=1,...,m,
1) =
ug {oo, 1> m.

Let Z be the poset ideal generated by f, i.e. consisting of all isotone maps g
such that g < f. Then I'(ZF) is the strongly stable ideal generated by I'f =
Ya1Yas * ** Ya,,- The complement filter F of 7 is then generated by the bounded

functions g1, ..., g, where
. 1 1< p
9p(1) = { ’ ’

ap+1, i>p.
The dual ideal is then J = A(Fg), generated by the Ag, = x,". O
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Corollary 3.12. The strongly stable ideals (y*) and (x%,) are duals of each other.

Proof. The monomial y[* corresponds to the sequence a,a,--- ,a of length m. The
dual of (y) is then the ideal (x{, 2%, - ,2%) but this is (x%). O
Remark 3.13. Strongly stable ideals with one generator are studied in [20]. In
Section 3 they give the minimal primary decomposition. In Section 5 so called
Catalan diagrams are introduced associated to principal Borel ideals, giving effec-
tive computation of Hilbert series, and in Section 7 they relate Betti numbers of the
principal ideal (z1x2 - - x,) to pseudo-triangulations. In [I5, Example 2] they note
that Catalan numbers occur in computing total Betti numbers of (z1,23,--- ,z").
In [25] p-Borel principal ideals are studied.

Corollary B.I6 shows that strongly stable duality behaves quite similar to Alexan-
der duality for squarefree monomial ideals, see [24, Cor. 1.5.5] or [33], Def. 5.20].

Lemma 3.14. Let I1 and Is be dualizable strongly stable ideals, with duals J, and
Js. Then Iy + I s dualizable strongly stable with dual Jy N Js.

In particular, when Iy is dualizable and Iy is finitely generated, then Iy + I3 is
dualizable.

Proof. Let I; correspond to Z;, and J; to J;. T_hen_Il U Z, is regular open by
Proposition 2.4l In general the closure Z; UZy = Z; UZ;. Thus the complement

UL =T, N5 ' =NhNJ.
In conclusion: Z; U Zs is regular open with dual regular open poset ideal J; N

Ja. O

Remark 3.15. In a topological space U; U Us may not be regular open when Uy
and Uy are so. For instance if [Z, F] is a regular open pair, then Z U F will not be
regular open if the gap is non-empty.

Corollary 3.16. Let the Aq,..., A, each be finite weakly increasing sequences of
natural numbers. The following strongly stable ideals are then duals

<yA1>"' 7yAr>7 <xA1>ﬂ<xA2>ﬁ"'m<xAr>‘

In addition to the above, the below seems to be an effective tool to compute the
dual of a strongly stable ideal. It is [I7, Lemma 2.5].

Lemma 3.17. Let T be a poset ideal in Hom(N, N) and J its dual poset ideal. Then
g isin J iff for each f € T there is p € N (depending on f) such that g(f(p)) < p.

Note. We have no assumptions on these ideals being open or regular.
Proof. By Lemma 2.2 a and b of [I7], the following holds for p,q € N (and is easily
checked by Figure [)):
q < Dy(p) iff g(q) <p.

Now g is in J iff Dg is in F, the complement of Z. This holds iff for every f € T
there is a p with f(p) < Dg(p). By the above this is equivalent to g(f(p)) <p. O
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4. UNIVERSAL LEX-SEGMENT IDEALS

If I Cklxy,...,z,]is alex segment ideal the extended ideal (1) Ck[z1,. .., Zn, Tni1]
in a polynomial ring with one more variable is usually not lex segment. However
there is a class, universal lex segment ideals, which has this property. They were
introduced in [4] for finite dimensional polynomial rings. We show these ideals cor-
respond precisely to either an isotone map f : N — N (infinitely generated ideals)
or partial isotones f : N --» N (finitely generated ideals). These ideals also have
duals, the universal lex segment ideals corresponding to the dual isotones D f.

On Hom(N, N) we have the lexicographic order: f =io g if f =g or f(r) > g(r)
where

r = min{n € N| f(n) £ g(n)}.
This is a total order which refines the partial order on Hom(N, N)
Lemma 4.1. [ >, g iff Df <iex Dyg.

Proof. Let p be minimal with f(p) > g(p) and let m = g(p). Then Df(m) = p and
Dg(m) > p as we readily see from Figure[ll and Df(l) = Dg(l) for I < m. O

Let f : N — N be an unbounded function. Define a poset ideal and poset filter
by (note the order relation is strict)

I(f) :{g € HOI’H(N,N) |g <lex f}a
F(f) ={g € Hom(N,N) | g >1ex [}

Proposition 4.2. Z(f) and F(f) form a Dedekind cut with gap {f}.

Proof. The ideal Z(f) is generated by the large maps

f@@), i<
(11) @ =< f(r)=1, i=r, forr>1and f(r—1) < f(r),
00, 1>

and so is an open subset. By Proposition 24 Z(f) is regular. By Lemma 1] the
dual by D of F(f) is Z(Df). Hence also F(f) is regular. O

Definition 4.3. Recall that ZX(f) are the large functions in Z(f), and Fg(f) the
small functions in F(f).

e T'(f) is the strongly stable ideal T'(Z%(f)).

o A(f) is the strongly stable ideal A(Fs(f)).

Example 4.4. In the case when f = idy : N — N is the identity, I'(idy) is the
strongly stable ideal I? (where a = 1 and p = 2) in Example 3.9l
Note also that
I’ | DT(idy) =12 D IV

p—1 =

Thus the Z(f) are not extremal regular open poset ideals with gap {f}.
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We get the following diagram

Hom"(N, N)
STS(zy) STS(wy)
Hom"(N, N).

Progosition 4.5. The left and right triangles above commute. Furthermore f‘(f)
and A(f) are dual strongly stable ideals.

Proof. By Lemma [1] the dual of Z(f) is F(Df). Hence by the commutative
diagram (@), T(ZL(f)) = A(Fs(Df), showing that the triangles above commute.
For the strongly stable ideal I'(f) = I'(Z*(f)), by Definition the dual ideal

is A(Fs(f)) = A(f)- O

Let us describe these ideals more in detail. They may be called (infinitely gen-
erated) universal lex segment ideals, due to the comment after Proposition 7

Proposition 4.6. Let the unbounded isotone f take wvalues f(i) = a;, so
ai,as,as,- - , is the sequence of values. Recall that we set ag = 1.

(a) T(f) is the strongly stable ideal sst-generated by

gy Ta, 1 LTap—1, forr>1andar_1 < a,.

(b) Its dual 1~\(f) is the strongly stable ideal sst-generated by

a;—ap ,.a2—ai Ar—1—Qr—2 _a,—a 1+1
Ty Tq ez T, r>1.

Proof. Part [(a) is due to the generators of Z(f) being (). Part [(b)] follows in a
similar way by considering the generators of the filter F(f). (]

The above ideals are not finitely generated since f is unbounded. Now we con-
sider universal lex-segment ideals which are finitely generated. Let f : [m] — N be
an isotone map. Recall the functions fg and f* from (B)). Note that fg >iex f©
and this is a covering relation for the lex order. Define a poset ideal and filter by

I(f) ={g € Hom(N,N) | g <jex f*},
F(f) ={g € Hom(N,N) | g =iex fs}.

In the same way as above, these form a regular open pair. In fact a clopen pair.
The associated ideals I'(f) and A(f) are dual strongly stable ideals.

Proposition 4.7. Let the partial isotone f take values a1, as,as, - ,amy, (recall
that we set ag =1).

(a) f‘(f) is the strongly stable ideal generated by
ZTay *Tap 1 Tap—1, 1< <mand ar—1 < ayr

together with x4, -+ - x4

m*
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(b) A(f) is the ideal generated by

p— p— Ay —1— Ay — —
Itlll aO:Z?g2 al_.'x,r:ll r QIgT ar,lJrl7 1§ r S m.

These ideals are dual finitely generated universal lex-segment ideals.

The description of universal lex segment ideals as above was given in Proposi-
tion 1.2 and Corollary 1.3 in [36], as well as other characterizations. The Hilbert
functions of these ideals were in [35] characterized as critical, i.e. all ideals with
this Hilbert functions have the same Betti numbers.

Part III. Shift modules

We define the category of shift modules. They are the module-theoretic general-
ization of strongly stable ideals, much in the same way as squarefree modules [47]
are the generalization of squarefree ideals. As it turns out, in the natural setting
for the duality, our base ring should be the infinite dimensional polynomial ring.
In order to get there, we go through some steps.

5. FINITE SHIFT MODULES

Let Ap,41(n) be all sequences d = (dy, ..., dm4+1) of non-negative integers such
that the sum |d| = 7" d; = n. We define shift modules graded by A, 1 (n).

5.1. Finite combinatorial shift modules. Denote the i’th basis vector for Ny
by e;, so we may write d above as Z:itl d;e;.

Definition 5.1. Let V be a finite dimensional vector space graded by A,,1(n) so

V= P Va

deA41(n)

This is a combinatorial shift module if foreach p=1,... mand d = (dy,...,dm+1)
in Ay,41(n) with dp11 > 0 there are linear maps

Sp Va — Vd+ep

~Cep+1
such that if 1 < p < ¢ < m and d has both dpi1,dg+1 > 0, the maps s, and s,
commute:

Sp 08 =35¢08p:Va = Vdre,te,—epi1—eqqr-

If dpi1 = 0 we define s, to be zero.

Homomorphisms f : V' — W between combinatorial shift modules on A,,1(n)
are then naturally defined by requiring f to commute with the shift maps. These
modules form an abelian category.

For each pair p < ¢ in [m + 1] we moreover define shift maps:

Sp,q : Vd — Vd+ep—eqa
as the composition
Sp,g = Sp O Sp+1 00 8q—1.
Note then:
e For p < r < g we have

Sp,g = Sp,r ©Sryq-
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e When d,4 and dy are both > 0, the two maps s, 4 and s, commute. In fact
they commute save possibly in the following cases:
—d¢=0,d; >0and p=1/¢,
— dqy=0,d;>0and qg=k.

5.2. Relations to the incidgpce algebra and projectives. Appendix [Blshows
that for the poset Hom([m], [n]), the category of finite dimensional modules over
this incidence algebra is isomorphic to the category of combinatorial shift modules
on A,,11(n). In particular, by Corollary [B] this module category has projective
dimension min{m,n}.

The projectives in the category of shift modules over A,,;1(n) are given as
follows: Consider the partial order >4 on A,,11(n) given by d >, e if > 7_, d; >
S jeforj=1,....m+1.

Lemma 5.2. d >, e iff there is a sequence of shifts taking an element of degree e
to an element of degree d.

Proof. The if direction is clear since d + e, — e,11 >4 d. For the only if direction,
let p be minimal such that d; > e;. Then d=d- ep +ept1 > €, and it follows
by induction. O

Then for each d consider the module which is the one-dimensional vector space
k in all degrees e >4 d and zero in all other degrees, and with all shift maps
the identity maps. By the equivalence with the incidence algebra, this is a pro-
jective P(d) in the category of combinatorial shift modules over A,,;1(n), and all
indecomposable projectives are of this form.

5.3. Digression: Algebraic shift modules. Given a combinatorial shift module
V on A,,+1(n), its associated algebraic shift module is defined by the maps, for
p=1,...,m:

(12) ap ‘=dp1-Sp: Va = Vdte,—e, 1>

where dp41 is the (p+ 1)’th coordinate of d. More generally we put a, q = dg - 5p.q-
We then have the commutator relation

(13) [ap,rs ar,q] = apq.

This makes the module V' a module over the Lie algebra U,,1 of strictly upper
triangular (m + 1) x (m + 1)-matrices.
Note however that for any v € V4 the images of the maps included in relation

@3
Ap,r © Arg(V),  arg0ap,(v), apq(v)

form at most a one-dimensional space, and not two-dimensional (as one would have
expected if one defined algebraic shift maps (I2]) as only fulfilling the commuta-
tor relation ([I3)). So the algebraic shift modules we get from combinatorial shift
modules form a special subclass of the algebraic shift modules.

In this article we are concerned with combinatorial shifting and we explain why
in Section
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6. SHIFT MODULES OVER THE POLYNOMIAL RING k[Z1, 2, " , Ty

We define shift modules over finite dimensional polynomial rings k[z,,)]. When
such a module is finitely generated, we show it is induced by a finite shift module
over Ay, 11(n) for some n. Write Ni* for all m-tuples d = (dy, ..., d,,) such that d;

are natural numbers > 0. For uniformity of statements we define d,,+1 = oo and

. . 1
sometimes consider an element d as >/ 1" d;e;.

6.1. Combinatorial shift modules.

Definition 6.1. An Nj’-graded vector space M with finite dimensional graded
parts Mgy is a combinatorial shift module if there for p = 1,...,m are linear maps

Sp Mg — MdJrep

—€p+1
whenever dp, 1 > 0, such that s, and s, commute if dy41 and dy4q are both > 0.
If dp+1 = 0 we define s, to be zero.

For 1 <p < q<m+ 1 we define

Sp,g = Sp O Sp+1 00 8q—1-

Again s, 4 and s o commute if d; > 0 and d, > 0.

We make an N{-graded shift module into a module over the polynomial ring
S = k[x1,...,zm] as follows. For an element u of My define

i U= 8;m1(u), (recall dp41 = 00).
Note that for i < j:
Ti-u = simy1(uw) = 85085 my1(u) = si;(2; - u).

In particular the polynomial ring S itself becomes a shift module, by defining

U A dp+1,dpt1—1
31’( Tp Tpy1 ) - 14 Tpt1

Note that the power d,41 of z,1 does not contribute to the coefficient of the
monomial on the right side, see Section
The maps s, are almost S-module maps, but not quite.

e

Lemma 6.2.
(a) Letu € Mg have degree d. We have sp(z;u) = x;sp(u) except when i = p+1
and dp+1 = 0. In this latter case we have s;_1(z;u) = x;—1u while x;5,_1(u) = 0.
(b) Generally we have
0, if dpy1 =0 and apy1 =0,
(14) sp(x®u) = < sp(x®)u,  if apy1 >0,
x2sp(u), if dpy1 > 0.

Note that when s, acts non-trivially on both x® and u (i.e. both apy; > 0 and
dp+1 > 0), we can chose which of these to act on:

sp(z?u) = sp(x®)u = x®sp(u).
Proof. (a)
sp(Tiu) = $p 0 Si,mt1(u)

= Spp+1 0 Siym+1(w).
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If dpiq > 0 this is

= Sim+1© Sp.p+1(u)
= ;- sp(u).
If dpy1 =0 and p+ 1 # ¢ then
sp(aiu) =0 =x;5,(u).
If p4+1=1iand d; =0 we have

Si—1(@iu) = $i—1,; 0 Simy1(w)
= 8i—1,m+1(w)

= Tij—1U

and z;8;_1(u) = 0.
(b) The last property of (Il follows due to the S-module property in part
(a) when dp41 > 0. The middle property of (I4) follows by using the S-module

property in part (a) on z? = fo’f 22 as long as a,,; > 2, and then in the last

. . ’ !
instance using that s,(zp4+12* u) = 2,22 u. O

The shift modules over Nij* or equivalently k[x1,...,z,] form an abelian cate-
gory. We denote this category as shmod k[x[,].

Example 6.3. Any strongly stable ideal I in k[z1,...,2,,] is a shift module, our
primary example of a shift module. Also any quotient ring S/ of a strongly stable
ideal I is a shift module. More generally if {I,} is a finite family of strongly stable
ideals and {J,} is another finite family, we get maps

Bala — Bpy,

where the component I, — Jp is either zero or a scalar multiple of an inclusion
map. The kernel and cokernel of this map are shift modules. We see later that any
shift module is a cokernel of such a map.

A basic result on free shift modules is the following.

Lemma 6.4. The free S-module Sugq with generator uq of degree d € Ni* can be a
shift module iff d = dye1 for some di > 0. Then Sugq is isomorphic to the strongly
stable ideal ().

Proof. Suppose for some 1 < p < m —1 that d,11 > 0. If Sug is a shift module,
then note that s,(uq) = 0 since Sug is zero in degree d + e, — epy1. Thus
Tp - ud = Spm+1(ud) = Spp+1 0 Spr1,m+1(ua)
= Spt1,m+1 © Sp,pt1(ta) = Sp+1,m+1(0) =0,
which is wrong. Here we use that s, 11 and Sp41 m+1 commute since dpp1 > 0

(and dp, 11 = 00 > 0).

Conversely, if d = dye; the map z2uy — :Cillxa defines an isomorphism of shift
modules by Lemma [62(b). O

More generally we may prove as above:
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Lemma 6.5. Suq/(z1,...,2p—1) - ua is a shift module if d = Zle d;e;, but not
if d; >0 for somep+1<i<m.
This shift module is isomorphic to the cokernel of the inclusion
(- 2y 1) < (29).
6.2. Projectives. The following is an immediate consequence of the definition of
shift modules.

Lemma 6.6. If sq 0 s,(u) is non-zero with q¢ > p, then s, 0 sq(u) = sq 0 5, ().

Corollary 6.7. Given q1 < q2 < -+ < ¢, and let ¢, ...q.. be some reordering of
these. Then
Sq

011 08q, (u) =8¢ 0 05g (u)

if the latter is non-zero.

Lemma 6.8. If s, 0--- 085, (u) and sq, ©--- 0 sq,(u) are non-zero of the same
degree, with the p’s and the q’s in weakly increasing order, then r = t and each

Pi = q;.

Proof. 1t is easy to see that we must have p; = ¢;. Then we continue by induction.
O

For a monomial 29 recall that (x4) is the strongly stable ideal generated by 9.

Proposition 6.9. The ideal (x9) is a projective in the category of shift modules
over k[x(m)] and all indecomposable projectives are of this form.

Proof. Let M be a shift module and m € My. By Corollary and Lemma [6.§]
there is a unique morphism of shift modules (z9) — M sending x4 ~ m, and such
that if 2° = s, 0 -+ 05, (29) then 2° + s, 0 -+ 05, (M).

Let M — N be a surjection, and given (z9) — N sending 29 + n € Ng. Let
m € Mgq be a lifting of n. We then get map (z4) — M with 24 — m lifting the
map (z9) — N.

If P is a projective shift module, let d be minimal for the order >4 such that
P4 # 0. Consider the short exact sequence

0= (s, = @) = k-2 —0.

There is a map P — k-z9 which is a map of shift modules. It lifts to a map of shift
modules P — (x4), which must be a surjection, and hence the latter is a summand
of P. |

6.3. Digression: Algebraic shifting. For a combinatorial shift module M over
Elx1,...,Tm] its associated algebraic shift maps

ap : Mg — MdJrep

—ept1
are ap = dpy1 - Sp for p < m and a,, = sp,. More generally define a, q = dy - sp g
for ¢ <m and ap 1 = Sp.m+1. Again we have the commutator relation

[ap,r 0 arg] = apq-

Then M becomes a graded module over the Lie algebra U,,+1. We also have the
natural shift operations s, and a, on the polynomial ring S. By this the a, act as
derivations:

ap(xPu) = a,(2P)u + 2Pay,(u).
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In this article we are only concerned with combinatorial shifting. The reason
is that we want to define dual shift modules in Part [Vl A shift map s, : Mg —
Maye,—e,,, dualizes to a shift map tp, : Ne — Necye where D, = 1+

le d;. If dpy1 > 2 then s, and s, dualize to tp, and tp,,, where the difference
|Dpt1 — Dp| > 2. These latter shift maps then commute and so, in a setting where
we have duals, s, and sy should commute when d,,;1 > 2. When dp, 1 = 1 we have
the possibility of divergence between combinatorial and algebraic shift modules, in
the presence of duals. In this case it is consistent for algebraic shift modules that
5p 0 Spr1 and Spy1 0 5, are different maps, as well as their duals tp, otp,,, and
tp,., otp, being different maps. We stick to combinatorial shift modules where we
require also these two to commute. The category of shift modules is then equivalent
to the category of modules over an incidence algebra, Appendix [Bl Since we only
consider combinatorial shift modules, we henceforth call them simply shift modules.

Dp—€Dp+1

6.4. Expanded shift modules. Given a shift module V' over A,,;1(n) we may
extend it to a shift module M over k[z1,...,zy]. Let d =Y. | d;e; € Ni'. If the
total degree |d| < n, let d;,,41 =n — |d| and d=d+ dma1€ma1 which is of degree
n. Then let Mg = V3. If |[d| > n then write d = d' + d? where

(15) d' = (di,d},...,d},0,---,0) d*=(0,...,0,d%,d> ,,...),

where the break r is such that
|d'|=n, d.=d.+d? d.>0.
We let Mg = V4q1. Then M becomes a shift module over N{j* as follows.
o If |d| < n let s;,” : Ma — Maye, be s, : V3 — V&+ep_ep+1.
o If |d| > n let:
— If p < r then

—€p+1

_ M. i VL
sp =238y : Ma— Mate,—e,, 185, : Var = Varie, o,

— If p > r then 311,” is the identity map if d,41 > 0, otherwise 0. (Recall
when p = m the convention that d,,11 = 00.)

This gives an exact functor from the category of shift modules over A, 11(n) to
the category of shift modules over k[z[,)].

Definition 6.10. A shift module M over k[z1,...,z,,] is ezpanded if it is isomor-
phic to a module induced from a shift module over A,,;1(n) for some n. More
specifically it is called an n-expanded shift module.

We denote the category of n-expanded shift modules over Fkfzp,,] by
shmod <, k[2[,,,)]. So this is a category equivalent to the category of shift mod-
ules over A,,;1(n). Strongly stable ideals in k[x[,] generated in degree < n are
typical examples of n-expanded shift modules.

Let A, B be finite subsets of N{j* and let

¢ : Boep(®) = Baca(z?)

be a morphism of shift modules. Note that there is a non-zero morphism of shift
modules (zP) — (22) iff b > a and in this case 2P — axP for some non-zero
o€ k.
Let
b=max{|b||b e B}, a=max{[a||ac A}.
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Proposition 6.11. Given a morphism ¢ which is a minimal presentation of its
cokernel. The regularity of the image im¢ is b, and the regularity of coker ¢ is
max(a,b—1).

Proof. Let n =b. Let A’ C A be those a € A such that |a| < n. The image of ¢ is
contained in @acar(x®). So let ¢’ be the map ¢ restricted to this codomain. Both
@aca (z?) and @pep(xP) are n-expanded, and the map ¢’ comes from a map

¢’ : GvepP(b) = Baca P(a)
of shift modules over A,,1(n). The kernel ker ¢’ has finite projective resolution
with terms being finite sums of projective shift modules over A,,11(n). Each pro-
jective P(c) in this resolution must have |¢| < n. Since expanding modules is exact,
im ¢’ has a projective resolution (F,,ds) of shift modules where all terms are pro-
jectives (x°) with |c| < n. Such a projective has regularity |c|. By taking successive
mapping cones of this resolution, we get that each imd; has regularity < n, and in
the end im ¢’ = im ¢ has regularity < n. But since im ¢’ has a generator of degree
b= n, its regularity is n.
Consider the exact sequence

0—im¢ SN Baca(z®) — coker p — 0,
and taking the mapping cone of i, the regularity of coker ¢ is max(a, b— 1). ([l

Theorem 6.12. A shift module M over k[x[y,)], finitely generated as an S-module,
is expanded. The least n such that M is n-expanded is either the reqularity reqg M
or regM — 1.

Proof. Since M is finitely generated it has a minimal presentation
[
Dbep(z®) = Bacalz®) —» M

with A, B finite subsets of N7*. Let n = max(a,b). The proof of Proposition
shows that ¢ is induced from a map of shift modules over A,,;1(n):

@beBP(b) i) @aeAP(a).

Let M be the cokernel of ¢. Expanding up to shift modules over k[2[m)] and
using that expansion is exact, we get that M is expanded from M. The minimal
presentation of ¢ is unique up to isomorphism, and so we get that the minimal n
is max(b,a). If this n is a, it is the regularity of M by Proposition If a < b,
the regularity of M is b—1=mn—1. |

Example 6.13. Any n-expanded shift module is generated in degrees < n, but
may be generated in much smaller degrees, for instance if I is a strongly stable
ideal generated in degree n, then S/I is generated in degree 0. It is n-expanded,
but not (n — 1)-expanded.

7. SHIFT MODULES OVER THE INFINITE DIMENSIONAL POLYNOMIAL RING k[zy]

We define shift modules over the infinite dimensional polynomial ring k[ry]. Let
N§° = @;>1Np consist of all infinite sequences d = (dy,dg, ...,) where all d; > 0
and only a finite number of the d; may be non-zero. We also put do, = oc.
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Definition 7.1. An N§° graded module M over the infinite dimensional polynomial
ring is a combinatorial shift module if for every natural number p > 1 there are linear
maps
sp: Mg — Mg +e, —epyq,
with s, the zero map if d,; = 0, such that:
e The maps s, and s, commute if d4 and d, are both > 0.
o sp(rp+1u) = zpu and if w has degree d with d,1; > 0 this also equals
Tpt15p(u).
For 1 < p < q we define
Sp,g = Sp O Sp+1 00 8¢-1,
and sp o to be multiplication by x,. Again s, , and s, commute if d; > 0 and
d¢ > 0.

We could alternatively in a more uniform way have defined an N§°-graded shift
modules as a graded vector space with maps for every 1 < p < ¢ < o0
Spq: Ma — Mg + e, — eq,
with s, 4 the zero map if d; = 0 such that:

® Spr9Srq = Spas
® 5,4 and si commute when dg; > 0 and dy > 0.

In this case s, o would define multiplication with z,,.

In the same way as before we may also define the algebraic shift maps a4
making M an algebraic shift module, a module over the infinite-dimensional Lie
algebra Us.

7.1. Extending shift modules. A shift module M over k[x1,...,z,;] may be
extended to a shift module
M =M ®k[x1,...,xm] k[xN]
over k[xy]. The shift maps are given as:
. d <
§p,oo(U®$d) = {Ip u®ers, psm,

u®xp~xd, p>m,

and
e For p<m
~ c Sp®1 c
Sp: Mg ®@x® — Mate,—e,,, @°.
e Forp>m
~ 1®s
Spt Mg ®@a® —F Mg ® s,(x°).
e For p =m, if € contains x,,41
~ T )R (:Tm _
Sm ¢ Md®$c (w ) (w +1) Md+em ®$C em+1’
and §,, is zero if ¢ does not contain ,,41.
8. EXAMPLES OF SHIFT MODULES
In these examples S is a finite dimensional polynomial ring k[z1,...,z,,] or

infinite dimensional polynomial ring k[zy].
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8.1. Strongly stable ideals. Any strongly stable ideal in a finite or infinite di-
mensional polynomial ring is shift module.

Here are examples in the infinite dimensional polynomial ring k[zy] which we
discussed in Example and will discuss in Section [I11

(1) The maximal irrelevant ideal in k[zy], [1 = (z1, 22, z3,...).
(2) I = <J)1,.’E%,$§,$i, .- >
(3) I3 = (22, 2123, 112203, Ty 227327, . . ).

8.1.1. Quotients of strongly stable ideals. Any quotient module S/I of a strongly
stable ideal is a shift module. More generally if {I,} is a finite family of strongly
stable ideals and {.J,} is another finite family, the quotient by a map

Boly — Dpdp

is a shift module, where each component I, — Jj, is either zero or a scalar multiple
of an inclusion map.

8.2. Non-finitely generated shift modules I. For a € Ny let u, be an element
of degree a - e;.
(1) The module M = @4en, Sug is a shift module.
(2) The module
My = ®aen, Sta/(1a)

is a shift module with the same multigraded dimensions as S, all are one-
dimensional. For M; the shift map s; is zero.

For a,b € Ny let ug, be an element of degree a-e; + b - es.
(3) The module
Mz = @(mb)eNgsua,b/(ﬂ?h332)%,1;

is again a shift module with the same multigraded dimensions as S.

8.3. Non-finitely graded shift modules II.

(1) Let the module N; be the graded vector space which is the direct sum of all
the one-dimensional spaces generated by Ya = Ya,Ya, - - Ya, for weakly increasing
sequences 1 < ay < ag < --- < a,, with r > 1. As a graded vector space it identifies
as S>1, the subspace of S spanned by monomials in S of degree > 1. We make this
a shift module over k[yy] by

(i) Sar-1(ya) = 0

(ii) For p > 2if ap—1 < ap then

Sap—l(ya) =Ya: """ Yap—1Yaps1 * " Ya,-

(2) Let the module N2 be the graded vector space which is the direct sum of all
the one-dimensional spaces generated by Ya = Ya,Ya, -« * Ya, for weakly increasing
sequences 1 < ay < ag < --- < a,, with r > 2. As a graded vector space it identifies
as S>2, the subspace of S spanned by monomials in S of degree > 2. We make this
a shift module over k[yn] by:

(i) Sa;-1(ya) =0 and s4,-1(ya) = 0.

(ii) For p > 3 if ap—1 < ap then

Sapfl(ya) =Ya, " Yap—1Yap11 " Ya,-
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Part IV. Duals of shift modules

For a shift module there is a dual shift module, in much the same way as for a
squarefree module there is a dual squarefree module. However shift modules over
polynomial rings are more subtle. This is due to there not being a simple stable
correspondence between the degrees in the two polynomial rings where the module
and its dual module live over. However for finite shift modules this problem is not
there and we first do this case.

9. DUALS OF FINITE SHIFT MODULES

9.1. Degree correspondences. Recall that A,,11(n) is the set of all (m + 1)-
tuples d = (dy,...,dm+1) of integers > 0 such that their sum is n. This set is in
bijection with monomials in k[x[,] of degree < n by sending d to the monomial

[T, zi". Recall the rightmost commutative triangle in (B). Splicing this triangle

with 1ts mirror we get a commutative diagram of bijections.

(16)
Hom([m], [n])
/ \
Ayt1(m) = Monc,, (y Mon<y, (Z})) = Amti1(n)
Hom([n], [m])

The right I'-map sends a map f to the monomial

fo(i)'

For a map ¢ in Hom([m)], [ ]) define g(0) =1 and g(m+1) = n+ 1. Then the right
A-map sends a map g to the monomial

m

ng(i)—g(i—l)

i=1

and further to the element in A,,;1(n)

(9(1) = 9(0),9(2) = g(1),--- ,g(m + 1) = g(m)).
The essential thing for our purpose it that the diagram gives a bijection between

Apni1(n) and A, 11(m). The practical way to compute this bijection seems to be
using the diagram above. Here is an example.

Example 9.1. Counsider (2,1,0,3,1) in Ay41(7) corresponding to the monomial
xixzox] in klzyyl<7. We want to compute the corresponding element in Az, y(4).
The most convenient way is perhaps to use the lower path in (I0).

(1) Via T' this monomial zjzizex42424 corresponds to the function f in
Hom([7], [21]) with values 1,1,2,4,4,4,5. To compute the image by A we add 1
and 5 at the ends

1-1,1,2,4,4,4,5—5
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and take the differences 0,0, 1,2,0,0, 1,0 giving the element in A74(4), correspond-
ing to the monomial y3y3y7 in klym)<a.

We may also use the upper path in (I0):

(2) From (2,1,0,3,1) we take the partial sums 2,3,3,6, and add 1 to each.
Then it corresponds to the function g in Hom([4], [%]) with values 3,4,4,7. By
applying the map I' this gives y3y2y7, which in turn may be converted to the
element (0,0,1,2,0,0,1,0) in A741(4).

Remark 9.2. The element 1 in Monc, (%)) corresponds to (0,0,---,0,n) in

Apt1(n). Via the procedure (1) above this corresponds to the function f in
Hom([n], [m]) with values m +1,m + 1,--- ;m + 1. Taking the differences of

1- (m+1)7(m+1)7 a(m+1) - (m+1)7
we get the sequence (m,0,0,---,0) giving the monomial yi" in k[y[,)]<m. In par-

ticular we see that as m increases the element 1 goes to different elements.

9.2. Duals of finite modules. For a vector space V' denote its dual as V* =
Hom(V, k). Let V' = @gea,,,.(n)Va be a shift module over A, 1(n). We want
to define a dual shift module W = @.cn We over A,i11(m). Take f in

Hom([n], [7;1]) and set

n+1 (’m)

Way = (Vry)™
Next we define the shift maps. For p € [n] let i, be the map with domain [n] such

that i,(p) = 1 while all other values of i, are zero. Suppose that f(p) < f(p+ 1)
(where we set f(n+1) = m+ 1 = c0). Note the shift map

Sp - VAf — VA(,f+ip)~

Let g = D(f +ip) be the dual. Letting k = f(p) we see by Figure Bl that the dual
Df =g+i.
Now we have

Wiig+in) = Vogrin) = (Vabn(grin)™ = (Vag)™

Similarly Wy, = (VA(pr))*. The dual of the map s, above is then by definition
our shift map ¢y for W

te: Wag = Waigtin)-

. .
o o
o« o o o« o o
o . o
ki o e e o k| e e o
0 °
1 p 1 p

FIGURE 3. f with e and g+ i witho  f 44, with e and g with o
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Lemma 9.3. When V is a shift module over Ay, 11(n), the module W = V* is a
shift module over A, 11(m) with shift maps the ty.

Proof. Let f : [n] — [m] be an isotone map. Let 1 < p < ¢ < n with f(p) < f(p+1)
and f(q) < f(g+1). Since V is a shift module we have a commutative diagram

(17) Vay = VA(f4iy)

-

Va(f+ig) — VA(F+igtip)-

Now let g = D(f + i, +iy) and k = f(p) and £ = f(q). Then as we can infer from
Figure Bt

Dualizing the diagram (7)) we get a commutative diagram

WA(9+ik+i2) tr WA(Q-H@)

T

WA(g+ik) T WAg-
([

We observe that dualization is an exact functor on the category of shift modules
over A,11(n).

10. DUALS OF SHIFT MODULES OVER POLYNOMIAL RINGS

We now want to define duals of shift modules over polynomial rings k[x[,] and
k[xn]. By the diagram (I6]) there is a one-one correspondence between monomials
in k[z},)] of degree < n and monomials in k[yp,] of degree < m. However by
Remark such a correspondence does not stabilize to a correspondence when n
and m go to infinity. The element 1 in the first ring corresponds to the element y"
in the second ring. Also the diagram (@) does not extend to a diamond diagram
like (IB) since the map A cannot be defined on Hom” (N, N) and the map I not on
Homg (N, N) The notion of dual modules cannot then rest on a bijection between
the monomials in k[zy] and k[yn]. However we may accomplish our objective using
limit considerations.

Definition 10.1.

e For f in Hom” (N, N) let 7 be the integer such that f(r) = oo and f(r—1) <
co. For m > f(r — 1) define f™ to be the small function in Homg(N, N)

given by
. fl@), i<r
™\ )
st {m, e
Note that we have
(18) Afm—'Hzxr A
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e For g in Homg(N,N) let p be such that g(p — 1) < g(p) and g(i) = g(p) for
i > p. For n > plet g, be the element in Hom®™ (N, N) given by

gpn(i) = {g(i), i<n

00, i>n’
Note that we have
(19) Lgin1 = 2g(p) - LGjn-

The following is easily verified, since the duality D is essentially reflection about
the axis x = y.

Lemma 10.2. Let f € Hom" (N, N) and g € Homg(N, N) correspond via D. Then
™ € Homs(N,N) and g|,,, € Hom"(N,N) correspond via D.

To define the dual of a module M we need to extend the meaning of A to
Hom” (N, N) and of T' to Homg(N, N).

Definition 10.3. Let M be a shift module over k[zy].
e For g € Homg(N, N) we have gin € Hom®(N,N). By ([d) we have multipli-
cation maps
“Lg(n)
MFg\n — Mfg\n+1'
We define
Mrgy = COliman"g‘n.
e For f € Hom”(N,N) we have f2 € Homg(N,N). By (I¥) we have multi-
plication maps
M ppm =5 My pmsa .

We define
My = colimy,, Mp fm.

Corollary 10.4. For M a shift module over k[zy] and dual elements f € Hom" (N, N)
and g € Homs(N,N), then Ma; = Mr,.

Proof.
Mpy = colimy, Mp fm = colimmMFgIm = Mr,.
O

Definition 10.5. Let M be a shift module over k[zy] such that for every g €
Homg(N, N) the graded part Mr, is finite dimensional. The dual module N = M"Y
over k[yy] is defined by letting

NAg = (MFg)*-

Note that if f = Dg is the dual large map, the dual module IV also by Corollary

104 fulfills
Nry = Nag = (Mrg)* = (May)".

The shift maps are defined as follows. Let g € Homg(N, N) Suppose g(p) <
g(p+1). For n large enough, we have shift maps

§ : MF(9+ip)\n - MFg\n'

9(p)
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Taking the colimit w.r.t. n we get a shift map and a dual map
Sg(p) : Mr(g+i,) = Mrg, tp: Nag = Na(gti,)s

where t,, is the shift map for N. That the shift maps ¢, and ¢, commute when the
(p+ 1)’th and (g + 1)’th degree coordinates of I'f are positive is checked like in
Lemma

Since colim is an exact functor on vector spaces, we observe that dualization is
an exact functor on the category of shift modules over k[zy].

Definition 10.6. A shift module M over k[zy] is dualizable if it has a dual module
N such that the dual module of N is M again.

For a shift module M over k[zy] and u € Mon(xy) with n > max(u) the largest
index of a variable in u, there are maps

L

n
M, —"> My zm

N
To

M. zm

n+1"
Here (s,)™ is the shift maps s, applied m times. This gives a diagram

M,, —— colim,, My.zm

\ T(Sn)m

colim,,, M wat, |

and then a map

M, — limy,colim;, My.zn .

Proposition 10.7. Let M be a shift module over k[zy] which has a dual module.
(In particular this holds if there is a uniform bound on the dimensions of the M,.)
Then M is dualizable if and only if the natural map

M, — limy, colimy, My.zm
s an isomorphism for every u € N§°.
Proof. Suppose M is dualizable with dual module N. Then for large f
Mry = (colim, Npsn)*
= lim,, (Nas=)™.
But
(Nagz)* = My o = colimy, Mp(n), -

If u=Tf then I'(f)};, = u -2~ for suitable ¢o. Whence
Mry = limncolimmMp(fl)‘m,
M, = limycolim,, M. zm.

Conversely, suppose the natural map is an isomorphism. Let N be the dual module
of M. Then

NAfE = (COlimmMF(fﬂ)\m)*.
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Hence for the dual M’ of N:
Mll“f = (NAf)* = lim,L(NAfg)* = 1imn CohmmMF(fﬂ)lm = Mpf.

11. EXAMPLES OF DUALS

We give examples of duals of the modules given in Section 8 We first give three
examples of ideals where the dual module is the polynomial ring S = k[zy].

11.1. Duals of ideals. I = S = k[zy] the polynomial ring. Then for f in
Hom” (N, N) with f(n — 1) < f(n) = oo, the multiplication maps for m > n

Safm = Sy pmen

are always isomorphisms of one-dimensional vector spaces. Hence the dual module
of §'is S itself.
I is the ideal m™ = (x1, 22,23, -+ ,)". As above the multiplication maps

Ingm =2 Iy pmin

are always isomorphisms of one-dimensional vector spaces for m sufficiently large.
Hence the dual module of I is again S.

I is the ideal (x1,23, 23, - by ). Note that for any monomial u and m large,
the maps

e

are isomorphism between one-dimensional spaces for m > n. Whence the dual of
is the module S.

In the last two examples, the ideals were modules which were not dualizable.
When the ideal is dualizable we have the following, which is analogous to what
happens for Alexander duality for squarefree ideals [47].

Proposition 11.1. Let I and J be dual strongly stable ideals.

(a) The dual of I is the module S/J.
(b) The dual of S/I is the ideal J.

Proof. (a) Let [Z, F] be a Dedekind cut in Hom(N, N), with I = T'(Z%) and J the
dual ideal of I, which is
J = A(Fs) =T ((DF)").

Note that for f in Hom™ (N, N):

k., f¢&(DF)*,

0, fe(DF)L.

Let NV be the dual shift module of I. We show that IV lives in precisely the same

degrees as S/J above. Let f be an element of Hom”(N,N) and ¢ = Df the dual
small function. Then

(S/D)ry = {

Nry = Nag = (Irg)", Irg = colimy Iy, .

(i) Suppose f is in (DF)% so g is in Fg. Note that g, is then also in F. Whence
Iy, = 0. Then Nry above is zero.
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(ii) If f is not in (DJF)% then g is not in Fg. Since g is small, it is not in the gap
between Z and F, and hence it is in Z. Since Z is open, g}, is in Z for n big, and so

colimnngln = k.

This shows that N and S/J have precisely the same dimensions in each degree. It
is readily verified that the shift maps also correspond, so N = S/J.
(b) The exact sequence

0—-I—-S—S5/I-0
dualizes to the exact sequence
0— (S/1)Y =S¥ —=TI"—=0.

Here the map between the last shift modules identify as S — S/J and so the dual
of S/Iis J. O

I is the principal strongly stable ideal (Yo, Yay - * Ya, ). By Proposition BI1] and
Proposition [T} the dual module is klxn]/(x{*, 252, ..., z%).

r

11.2. Duals of modules. The module M = ®4en,Su, where u, is a generator
with degree (a,0,0,---). Then M is a vector space of dimension m + 1 and the
maps

Mz{” — Mm;n+1
are injections. Thus

colim, M m+1

1
is not finite-dimensional, and M has no dual.
Recall the modules N; and M; in Sections and

Proposition 11.2. The modules N1 and My are dual modules. Similarly the mod-
ules No and Mo are dual modules.

Proof. We show that Ny is the dual module of M;. That M; is the dual module
of Ny is an analogous argument. So let N’ be the dual module of M;. Let f €
Hom” (N, N). Then
(N')rg = (Myag)",
where
(20) MLAf = COlimmMLAfm.
If f is the function taking value co at every i € N, then
My Apm = My o

and the colimit above is 0 (the multiplication by z1 on M; is zero). Thus (N')p; =
(N")o = 0.

If f is not the above constant function, then for m big A f™ is u-z' = for some

fixed monomial u and fixed p > 2. Then the colimit in (20) is k. Such f correspond
to monomials u = I'f of positive degree and so N, = k for these wu.

As for the shift maps in N’ let f have values the finite sequence a1, --- ,a,_1, ar,
Grg1,- 5 ap, With a,_1 < a,, and let f’ have values the finite sequence aq,
ag - Ar—1,0r — 17 Qp41,° 0 5 Ap. The map

ta,—1: (N)rg = (N')rp
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is the dual of the colimit of the shift maps
Sp - (Ml)Af/m — (Ml)Afm.

If » > 2 this is an isomorphism of one-dimensional spaces. If r = 1 this is the zero
map. We find that dual N’ of M, identifies as Nj.
In a similar way we show that the dual of Ny is M;. O

Part V. Resolutions
12. EXAMPLES OF RESOLUTIONS

We give simple examples of minimal projective shift module resolutions, and
in particular see how they differ from the ordinary minimal free resolutions as S-
modules. Recall from Proposition that the projective shift modules over the
polynomial ring k[x[,,)] are the principal strongly stable ideals (xd).

12.1. Ideals with projective dimension one as shift modules. Consider the
ideal in k[z1, z2, 23] with strongly stable generators

xah, ac‘ll_l"’rasg_Ta:g, x‘f_z"'sa:g_sa:%,
where 7 > 1 and s > r + 1. These generators are illustrated with bullets in Figure
M@ The strongly stable ideal generated by these three monomials will have

e One generator, x‘f“’, whose highest index variable is 1,

e b generators whose highest index variable is zo,
e 2b+ 2 —r — s generators whose highest index variable is x3.

The minimal free resolution as S = k[z1, 22, z3]-modules, by Eliahou-Kervaire
[15], has the following form

S(—a o b)3b+377"75 «— S(—a —b— 1)5b+472r725 — S(—a _bh— 2)2b+277‘75.

On the other hand the minimal projective shift resolution of this ideal has the
following form when r > 2 and s > r + 2:

(e32) @ (a1l ) @ (a2 oal )
AR E L T )

When r =1 and s > 3 the minimal resolution becomes

b—1 a—2+s _b—s_2 a—2+s _b+1l—s
Lo

(zimy x3) O (2] Ty "x3) + (2] T3).

When r > 2 and s = r + 1 the minimal resolution becomes
a_ b a—1+r_b—1—1r_2 a—1+7r _b—r
(z1w3) ® (2] Ty x3) (o] Ty "x3).

Finally when r=1 and s=2 the ideal becomes the projective module (x%x372x§>.

The two resolutions give quite distinct information.

e By Figure [ the Betti numbers in the shift resolution reflect better the
combinatorial nature of the shift generators.

e For the various pairs (a,b) with a+ b fixed, the shift resolutions above have
the same graded Betti numbers, but those in the EK-resolution vary.

e It is easy to find strongly stable ideals with the same graded Betti numbers
in the EK-resolution above (and so in particular have the same Hilbert
series), but with distinct Betti numbers in the shift resolution.
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x(lH_b

a-+b a-+b
2 L3
FIGURE 4

In general all strongly stable ideals in three variables with generators of the same
degree will have shift projective dimension one or zero.

12.2. Ideals with projective dimension two as shift modules. Consider the
ideal with strongly stable generators

a+t, b, .c a,b+r, .c a,.b, ct+s
T] Tz, T{TyH T, T1TaTg .

The minimal projective shift-resolution of this when s > r >t is
(et agas) © (afay ™ a5) © (efasas™)
gt @ (eSal g ) @ (of aas o)
—lattaltage,

This is a special case of Proposition [13.2]

13. KOSZUL-TYPE SHIFT RESOLUTIONS

If the sst-generators of a strongly stable ideal are sufficiently generic we expect
the minimal resolution to be given by a Koszul-type resolution: If there are n
generators, the p’th Betti number should be (Z) We will see there is always such
a resolution for any set of generators, and give conditions so that it is minimal.
In particular the minimal shift resolution of universal lex-segment ideals has this
form.

Recall the strongly stable partial order on Mon(zy).

xal..

iff r>sanda; <b; fori=1,---,s.

Recall that (z9) and (x®) are indecomposable projectives in shmod k[zy], where
d,e are in N°. There is an inclusion of shift modules (d) — (e) iff x4 > z°. If
the latter does not hold the only map from (d) to (e) is the zero map. By Lemma
for f,g € Hom(N,N) there is an inclusion of shift modules (I'f) < (I'g) iff
f<g

*Ta, st Tpy * T,
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Given isotone maps
(21) fi:N>N (or[m]—=N), iel
When explicitly mentioned later we might have Condition [[3] on the f;.

Condition 13.1. For each i there exists ¢; € N (or [m]) such that f;(¢;) < fj(q:)
for every j € J\{i}. So each f; has some ¢; where f; is the unique function having
minimal value at g;.

Thus ¢ gives an injective function ¢ : J — N (or [m]). For R a finite subset of J
let fr be the isotone map which is the meet of the functions f;,7 € R, so:

fr(p) = min{fi(p)|i € R}.
Let P(fr) be the projective module (I'(fr)). There is an inclusion map
ir,s : P(fr) = P(fs)

when S C R. For r € R denote by ir = ig g\ {r}-
Let I be the ideal (I'f;);cs. We can now give the terms in the resolution of the
quotient ring k[xn]|/I. Let the first term be Fy = k[zy] and for p > 1 let

F, = 69RQJ,IRlipll:)(fR)-

For R = {ry <ry <--- <y}, there are natural maps

[—iRr,ry iRy (= 1)PiR ] z
P(fr) — B P(fr\iry) € Fpr-
i=1

This gives natural maps

d,
Fp —p> Fp717 P > 1.

Proposition 13.2. The map d is a differential, and F, is a projective shift reso-
lution of the quotient ring k[zy]/I.
If the {f;} fulfills Condition [[31], then Fy is a minimal projective resolution.

Remark 13.3. The above is the analog of the Taylor resolution for square free
modules [33] 4.3.2, 6.1], [38, Sec.26] or |24, Ch.7]. The condition for minimality is
also similar to that for the Taylor complex [33, Lem.6.4].

Proof. Let Y arupr be a syzygy in F), where the ar are non-zero constants in k
and each arug is in P(fr). We may assume it is homogeneous so all monomials
up equal a fixed monomial u. Put a total order on I. Order the p-subsets of I such
that S > R if for the maximal ¢ such that s, and r, differ, we have sy < ry. (So R
is dragged down by having a heavy rear.)

Let Ry be minimal among the R where ag is non-zero in the sum. Write Ry =
{ri <re <---<rp,}. Then

P(fRo) maps to @ P(fRo\{T7})
r€Ro

The image of ag,ur, in P(fgy\{r,}) must cancel against a term in the image of
P(fs) for some S occurring in the syzygy > arur. So Ro\{ri} = S\{s:} for some
t. If t > 2 then s; = r; for 4 > ¢ while r, = s;_1 < s;. This contradicts Ry < S.
Thus ¢t = 1 and since Ry < S we have 71 > s1. Let rg = s; and R’ = Ry U {ro}. If
we add plus or minus the image of d(agl'(fr/)) to the syzygy > arug, we get a
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syzygy with larger minimal fr. We may thus continue and in the end see that all
syzygies are in the image of d.
When Condition I3l is fulfilled, the maps fr < fg\{r} for every r € R. Hence

the resolution is minimal. O

Corollary 13.4. The above gives the minimal shift resolutions of the following
ideals:

i <.’131,$%,l‘§, o >

o Universal lex-segment ideals.

14. GENERALIZED ELIAHOU-KERVAIRE RESOLUTION

The resolution of strongly stable ideals and more generally stable ideals is the
celebrated Eliahou-Kervaire resolution [15], a resolution where the terms and differ-
entials are explicitly described. See [39] or [38] Sec.28] for a simple exposition. Here
we generalize this to shift modules. Another direction where the Eliahou-Kervaire
resolution has recently been generalized is to the resolution of co-letterplace ideals
[13].

14.1. Rear torsion-free modules. For a degree d in N§° let max(d) be the largest
index 4 such that d; is non-zero. Also let min(d) be the smallest such index.

Definition 14.1. A shift module M over k[zy] is rear torsion-free if for every
m € Mg and every monomial 2 with max(d) < min(a), if 2* - m = 0 then m = 0.

Note that since M is graded by Ng° and the My are finite-dimensional, the
module M has a minimal homogeneous generating set. Let {m} } be such a minimal
generating set for M, with m of degree d.

Lemma 14.2. Let M be a rear-torsion free module and m € M. There is a unique
way of writing
m = Z o ramy
i,d
with oy € k and mY € Mq, and for each term max(d) < min(a).

Proof. First we do existence. We may in some way write m = ) aéxa&mfi. Con-
sider =, - mjj where p < maxd = b. This is

Sp,OO(mfi) = Spb © Sb,OO(mfj)
= 8,00 © Sp,p(MG) = Tp - 5p,p(Mg)-
This means that whenever z,m% occurs in a term above, we may replace it with
the term y - 5, 5(m) where b > max s, ;(mY). Continuing in this way we get the
existence of an expression as claimed.

Now consider uniqueness. If we do not have uniqueness, we have a homogeneous
expression of degree e

where not all the afj are zero. Let p = max(e). If , does not divide 224 then we
would have 2 = 1, which is not so since the m{, are part of a minimal generating
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set. Hence x, divides each 7, By rear torsion-freeness we may divide out by
and get

— i .l i
0= E agx®d [z, - my.

In this way we may continue until some mil is a combination of the other ones,
contradicting minimality of the generators. ([l

Remark 14.3. Such a unique way of writing an element in the module is more or
less exactly the same as the unique way of writing an element in a quasi-stable
submodule in terms of its Pommaret basis, [I, Thm.3.3] or [43] Prop.4.4, 4.6].

A difference to Pommaret bases is that those are submodules of free mod-
ules. In contrast the class of rear torsion-free shift modules also includes mod-
ules that are not submodules of free modules. For instance let the multidegree
d = (d1,d2,d3,0,...,0) have d3 > 0. Then the module Sug/(x1,z2)ugq (which is a
shift module by Lemma [63]) is rear-torsion free if d3 > 0. However it is not rear
torsion-free if dz = 0.

Another difference is the quasi-stable modules are essentially direct sums of
ideals, they are generated by terms x%ex. In contrast for a shift submodule of a
free module, this may not be so.

Let {u}} be a set of symbols where u| has degree d. Let T} be the subspace of
Suly with basis z?u, where max(d) < min(a), and

T=@1icP s
id id

Corollary 14.4. The natural map T — M sending uly to my is an isomorphism
of vector spaces.

Proof. This is clear. O

For p € N we may then transport the shift map s, on M to a shift map s, on 7T'.
Since s, and s, commute on Mg when d,4+1 and dg41 are non-zero, the same holds
for s, and s, on T'. Explicitly we have

) = sp(x?) 'Q{fia p > max(d),
z* - sp(ug), p < max(d).

14.2. The complex giving the resolution. Let F}, be the free S-module gener-
ated by all symbols (i1, ...,i, | u}) where

i1 <ig < -+ <ip <max(d).

This symbol has multidegree d+3_7_, e;;. For a monomial 2, we also let (i| z2ul)
be x® - (i|u}). For each d choose an arbitrary total order on the u}’s. Define a
total order on the symbols (i]u}) by (j|u}) > (i|u) when we have the following.
o If d # e let p = max{i|d; # e;}. Then we have d, > e, (and write also
d>e).
o Ifd =e and i # j let ¢ = max{r|i, # j,}. Then we have j, > i4.
. Ifd:eandi:jthenufi>ui1.
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In the following b = max(d). Define maps 6, : F, = Fp_1 by

(Zlaz27"' ’Z;D|uzi) = Z(_l)qxiq : (Zlv"' ylgy aZP|uzi)v
q

(ivyiz, - i | wl) & Y (=1) 0wy - iy gy sip | 55,(uly))-
q

Note that siq,b(ufi) will typically be rewritten as a linear combination of products
of monomials and other u.

Lemma 14.5. d = § — p is a differential, i.e. d*> = 0.

This is a simple check using that the maps s; ; commute when they are non-zero.
Note that the free modules F), are generally not shift modules, as a free S-module
only is a shift-module if its generator has a multidegree d = dye;, Lemma[6.4l The
following is the generalized Eliahou-Kervaire resolution.

Theorem 14.6. Let M be a rear torsion-free shift module. The complex Fy is a
free resolution M.

When M is a strongly stable ideal, the resolution F, is the Eliahou-Kervaire
resolution.

Proof. Given a homogeneous (for the N§°-grading) syzygy in F),
(22) > anua®e (i u).

Let (i° |u®) be maximal of the non-zero terms with respect to the order above.
Note that

d(i® |u®) = Ty - @49, - - ,ig | u®) + lower terms.
Since (22) is a syzygy and so maps by d to zero, in order for the above to cancel,
we must in ([22) have a term 2% - (if,49, .- i) | u”) where i < 4. Then we

must in (22) have terms

an - xirl)/(io |u®) — an - xirl)(iO/ | u®).

Then subtracting the image of an - (i¥,49,i3, -+ ,i, |u®) from 22, we reduce (22)
to a syzygy with smaller initial term. We may continue until we get zero, and so
the kernel of F}, i) F,_1 is the image of Fj, 1, i> E,. [l

Remark 14.7. A similar resolution occurs in W. Seiler [43, Thm.7.2] for the class
of quasi-stable modules, and generalizing the Eliahou-Kervaire resolution for stable
ideals [I5]. Again in [43] the differential decomposes into two parts, which are
completely analogous to our ¢ and u.

However quasi-stable modules are essentially direct sums of ideals. So the reso-
lution of [43, Thm.7.2] is essentially a resolution of an ideal.

A difference concerning the terms in the resolution is then that our term S;_ ;(uj)
may be a linear combination of products of monomials and other basis terms ui,
while in [43], Thm.7.2] the corresponding term is only a product of a monomial and
a basis element. In Section 6 of [43] there is a more general form for the differential
when taking resolutions of polynomial submodules. This resolution may however
not be minimal.
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APPENDIX A. INCIDENCE ALGEBRAS

Incidence algebras are constructed from partially ordered sets. They can be
viewed as quiver algebras with relations.

Let P be a poset. It gives a quiver with an arrow for each pair p’ > p in P which
is a covering relation. Denote this arrow as [p/, p]. A path

q=DPn>Pn-1>""">pPo=DpP

of covering relations gives a product

[pnapnfl] T [p2ap1] : [p17p0]

in the quiver algebra. We form the quiver algebra with relations by setting these
products equal for any two paths from p to ¢. This is the incidence algebra I(P).
A module M over the incidence algebra is a direct sum M = ®,cpM,, such that

for each ¢ > p we have a map M, M M, such that all path relations are respected.
The indecomposable projective modules for the incidence algebra are the modules,
one for each y € P

T2y
where k, is a copy of k in degree . The multiplication with [¢,p] on P(y) is the
identity map from k, to k, and is zero on the k, where = # p.

Let P = Hom(P°P,w) be the associated distributive lattice to P. Then P is a
Cohen-Macaulay poset by for instance [9, Cor.4.5, Ex. 4.6]. By [0] or [46] the
incidence algebra I(P) is then Koszul. The elements of P are poset ideals in P
with the ordering on P induced by inclusions of poset ideals. Let I C J be poset
ideals with J\I = {z,y} and z,y incomparable. The ideals of relations for I(P)
are generated by the quadratic relations as I and J vary

(LU {z,y}, TU{z}] - [TUfz}, 1) = [TU{z,y}, TU Ly} - [TU{y}, ).
The Koszul dual E(P) of I(P) is then generated by the relations
(1) For incomparable z and y:
(LU {2y}, TU{z}] - [TUfa} 1] = —[TU{z,y}, TU{y}] - [T U{y}, 1],
(2) When y > z:
[TU{z,y}, TU{z}] - [TU{z}, 1] =0.

Lemma A.1. The largest degree d for which E(P)4 is non-zero is the largest car-
dinality of an antichain in P.

Proof. We claim that if I C J are poset ideals and
I=hchLCc---Cl,=J

a sequence of covering relations (meaning each Ip4q has cardinality one more than
I,,), then the product

(23) L, In-a] -+~ [11, Io]

is zero iff J\I contains at least two elements x, y which are comparable by a covering
relation, say y > z: By using Relation (1) above repeatedly, we only change the
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product ([23)) by a sign, and eventually get to a chain where we have successive
terms

Ir-i—l ZITU{y}, IT ZIT_lu{J?}.
But then by Relation (2) above this product is zero. If J\I is an antichain, the
product (23)) only can change sign when we take different paths, and is non-zero. O

Corollary A.2. The global dimension of the incidence algebra I(P) is the longest
antichain in P.

Proof. The semi-simple part [ .5k, of the incidence algebra I(P) has minimal

resolution of length the highest degree in which the Koszul dual algebra E(P) lives.
This is due to the resolution of the semi-simple part being given by the Koszul dual
algebra [6], and then [3], I.5.1]. This degree is the length of the longest antichain in
P. O

APPENDIX B. EQUIVALENCE WITH MODULES OVER INCIDENCE ALGEBRAS

We show that the categories of shift modules are equivalent to module categories
for incidence algebras of the partially ordered sets that occur in our setting.

B.1. The finite case. Let w = {0 < 1}. The distributive lattice P then identifies
as Hom(P°P,w). Considering the poset Hom([m], [n]) we then have

Hom([m], [n]) = Hom([m], Hom([n]°?,w)) = Hom([m] x [n]°?,w).
So this is the distributive lattice associated to [m] x [n]°P. As a consequence of
Corollary [A.2] we have:
Corollary B.1. The global dimension of the incidence algebra of
(a) Hom(|m],[n]) is min{m,n}.
(b) Hom(N, [n]) and Hom([n],N) is n.
Proof. (a) The longest antichain in [m] x [n]°P has length min{m, n}. Similarly the

longest antichain in N x [n]°P has length n. O

Denote the incidence algebra of Hom([m],[n]) as I(m,n). Now given a finite
dimensional module M = & feHom([m] [;l])M ¢ over this incidence algebra. Recall

the map A in (8) in Section Bl Let May = M;. We get a vector space AM graded
by the monomials Mon<,,(2[,,) (These monomials are in one-one correspondence
with Apy1(n).)

AM = @ MAf.

J€Hom([m],[n])

Proposition B.2. The correspondence M — AM gives an isomorphism of cate-
gories of finite dimensional modules:

modules over I(m,n) < shift modules over Ay,11(n) = shmod <, k[x[y].

Proof. Let a be such that a(p) < a(p + 1) and i, the bump function which takes
value 1 at p and zero elsewhere, and 8 = a + i,. The multiplication map

Mg P
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in the incidence algebra corresponds to the shift map
Sp i Mpao — Mag.
If p < g such that a(q) < a(g+ 1), let
Y=a+ig, ¢ =a+ip+ig.

The relation
[¢7 ﬁ} : [ﬁva} = [¢7 ’Y] : [7704]

then corresponds to s, and s, commuting. |

Each element f of the poset Hom([m], [n]) gives an indecomposable projective
module P(f) of the incidence algebra I(m,n). The module in shmod <, k[z[]
corresponding to P(f) is the principal strongly stable ideal (Af) C k[z[,)]. As a
consequence of Corollary [B.1l we get:

Corollary B.3. The global dimension of the module category shmod <y k[x[y] is
min{m,n}.

In particular if I is a strongly stable ideal in k[z[,,] generated by monomials of
degree 2, it has projective dimension one in this category (or zero if it has only a
single strongly stable generator). In contrast, in the ordinary category of modules
over the polynomial ring S = k[z[;,,)], it may have any projective dimension up to
m — 1.

All of the above may be extended to the poset Hom([m],N) giving an incidence
algebra I(m,N). Thus the indecomposable projectives in shmod k[x,)] are precisely
the principal strongly stable ideals for this ring.

We may also use the correspondence I' to get shift modules. Given again a
module M = & f eHom([m],[ﬁ])M ¢ over the incidence algebra I(m,n) we get a shift

module over A, 41(m):
M = D oy
feHom([m],[n))

As above we get:

Proposition B.4. The correspondence M — I'M gives an isomorphism of cate-
gories of finite dimensional modules

modules over I(m,n) — shift modules over Ay 1(m) = shmod <, k[z],)].

B.2. Duals. If M = @,cpM, is a module over an incidence algebra I(P), we get
a module MV over the incidence algebra I(P°P) of the opposite poset (where *
denotes dual vector space)

MY = @ (MY )por 1= @(Mp)*-

pePEPOP pEP

Since Hom([m], [n]) and Hom([n], [m]) are opposite posets, by the third diagram of
[@®), we get a commutative diagram (modulo identifying the double dual V** of a
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finite dimensional vector space with V).

mod I(m,n)
/ \
shmod A, 41(m) 0v shmod A, 11(n)

I

mod I(n,m).

B.3. The non-finite case. Consider the poset Homg (N, N) of small maps, and its
incidence algebra Is(N,N). Again we get a functor

mod Is(N, N) - shmod k[zy]

which is an equivalence of categories.
Moreover for the poset Hom” (N,N) of large maps and its incidence algebra we
get an equivalence of categories

mod I (N, N) L shmod klzn].
Since Homg (N, N) and Hom?” (N, N) are opposite posets, a module

M = @ pepomg v,y My

over I5(N,N) gives a dual module over % (N, N)
M= P M= D (M)

geHomI (N,N) f€Homg (N,N)
where g = Df.
We obtain a commutative diagram
mod I5(N, N)
\
0k shmod k[zy]
A
mod I (N, N).

APPENDIX C. THE MOST DEGENERATE IDEALS

In Section [Tl we stated that the strongly stable ideals are the most degenerate
ideals in a polynomial ring (characteristic k is 0). We state this in precise form and
give the argument as it seems not easy to come by in the literature.

The group GL(n + 1) of invertible linear operators on the linear space gener-
ated by the variables acts by coordinate change on homogeneous ideals in I C
klxo,...,xn], where in this appendix k& may have any characteristic. Let B =
B(n + 1) be the Borel subgroup of upper triangular matrices of G = GL(n + 1),
those invertible linear maps sending x; Zgzl a4, where the a;; € k. An ideal
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1 is Borel-fized if g.I = I for every g € B. When char. k = 0 this is the same as [
being strongly stable [24, Prop. 4.2.4].

Let Hilb”" be the Hilbert scheme of subschemes of the projective space P™. We
get the action

(24) GL(n+1) x Hilb™" — Hilb"",
where if z corresponds to the ideal I then g.z corresponds to g.I.

Theorem C.1.

(a) The closed orbits of the action [24) are precisely the orbits of Borel-fized
ideals.
(b) (char.k =0) Any such orbit has exactly one Borel-fized ideal.

Note. Part (b) is likely true in arbitrary characteristic but needs a more elaborate
proof.

Proof. (a) Given x € Hilb®" we get a morphism
G — HilbY", g g

When z corresponds to a Borel-fixed ideal, it is fixed by B and so by [27, Sec. 12.1]
we get a morphism

G/B — Hilb"™".
But G/ B is a projective variety [27, Section 21.3], hence complete and so the image,
the orbit of z, is a closed subvariety of Hilb® [27, Section 21.1].

Conversely suppose an orbit Y of the action (24]) is closed, and let Y have the
reduced scheme structure. We get a morphism G x Y — Hilb®" which factors
through Y (since it is reduced) to give G x Y — Y. The restriction B xY — Y
has a fixed point by the Borel fixed point theorem [27), Section 21.2]. This fix point
corresponds to an ideal I such that g.I = I for every g € B. So I is a Borel-fixed
ideal, and Y is its orbit by G = GL(n + 1).

(b) Let I be a strongly stable ideal, and suppose J = ¢.1 is also strongly stable.
We show that I and J are equal. Given g, for each (x1,...,2;) let 7(7) be minimal
such that g.(xy,...,2;) C (21,...,2,3)). Then 7(i) > 4. Let S = {i|7(i) = i}.
Clearly n € S. If 7/ is the associated function to ¢!, it is clear that the associated
S’ must equal S.

Suppose now first S = {n}. We show that I and J are both the ideal z¢ for
some d. Let m = HZ:1 r,7 be a minimal strongly stable generator for I. Since
7(p) > p, for each p < n there is a ¢ = ¢(p) < p such that the g(z,) has a variable
with index > p if p < n and index n if p = n. Let this index be r = r(p). Then
| xZ’ZP) is in I by it being strongly stable, and £ = [}_, x:f)(p) is in J, since J is
monomial. If m is not a power of x,,, we note that m > ¢. By applying the same
argument to g~ and £ we get an element m’ in I with £ > m/. But if m is not a
power of x,, this contradicts m being minimal. So m = x¢ for some d, and so also
2% isin J, and these ideals must be equal (they contain all monomials of degree d).

Now consider the general case S = {51 < s3 < -+ < 8, = n}. We claim that
every minimal strongly stable generator of I has the form [])_, #J*. Then J = g.I
must also have these as generators and so J = g.I. Let m be a minimal generator
for I and write m = H2=1 my, where the variables in m,, are x; with s,_1 < j < sy,.
By the same type of argument as in the S = {n} case, we will have m’ = H:L=1 xf;z
in I where d,, = degm,,.
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Corollary C.2. (char.k = 0) If I is Borel-fixred and > any term ordering, then
for g in an open subset of GL(n + 1) the initial ideal (the generic initial ideal)
ins(g.1)=1.

Proof. The initial ideal ins (g.7) is the limit at ¢t = 0 of a family of ideals parametrized
by Speckl[t] [24, Section 3.2], and whose general member is a coordinate change of
g.I and so of I. Thus ins (g.) is in the closure of the orbit of ¢g.I and so is in
the orbit of g.I or equivalently of I. But since the generic initial ideal ins (g.7) is
Borel-fixed [I4, Chap.15], it is then equal to I. O

Remark C.3. Several people have to their surprise observed Corollary It is
stated and shown for ¢ in an open subset of GL(n + 1) in [24] Prop. 4.2.6(b)], and
they attribute it to A. Conca. Theorem has been known by M. Stillman since
the late 1980’s, who learned it from D. Bayer. He also informed that Theorem
[CTland Corollary [C.2] essentially follow from Borel’s fixed point theorem, as shown
above.

Galligo’s theorem [21] that any ideal degenerates to a Borel ideal and Theorem
\C.1lare inspiration for approaches to the classification of Hilbert scheme components
using Borel ideals, [8], [12L19.29], and recently [411[45].
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