UNCONDITIONAL UNIQUENESS FOR THE BENJAMIN-ONO
EQUATION

RAZVAN MOSINCAT AND DIDIER PILOD

ABSTRACT. We study the unconditional uniqueness of solutions to the Benjamin-Ono
equation with initial data in H*, both on the real line and on the torus. We use the gauge
transformation of Tao and two iterations of normal form reductions via integration by
parts in time. By employing a refined Strichartz estimate we establish the result below
the regularity threshold s = 1/6. As a by-product of our proof, we also obtain a nonlinear
smoothing property on the gauge variable at the same level of regularity.

1. INTRODUCTION

We consider the Benjamin-Ono equation (BO)
Opu + HO?u = 0, (u?) | (1.1)

where u = u(t, x) is a real-valued function, t € R, z € R or T and # is the Hilbert transform,
together with the initial condition

ult=0 = up , (1.2)
where the initial data wo lies in the Sobolev space H*(R) := H*(R;R) or H*(T) :=
H*(T;R)!. This equation appears as a model for the propagation of unidirectional in-
ternal waves in stratified fluids [5, 52] and it is completely integrable [2]. We refer the
reader to [55] for a review of the derivation of this model as well as an up-to-date survey of
the literature on BO and related equations.

The well-posedness of BO provides analytical challenges at various regularity levels s,
mainly due to the presence of the spatial derivative in the nonlinearity and weak dispersive
properties in the linear part — see [54, 27, 1, 53, 38, 39, 30, 60, 9, 26, 44, 25, 46] in the
real line case and [42, 43, 44, 17, 18, 19] in the periodic case. Nowadays, it is known that
BO is (globally in time) well-posed in H?, for any s > 0. This result was first established
by Ionescu and Kenig [26] in the Euclidean case and by Molinet [43] in the periodic case.
We also refer to the papers of Molinet and Pilod [44] and of Ifrim and Tataru [25]* for
other proofs. The solution constructed by [26, 43, 44, 25] is guaranteed to be unique
either in the class of limits of classical solutions or under some additional condition on
(some transformation of) the solution itself. Therefore the uniqueness of solution remains
conditional, dependent on the method used.

Below L?(T), by using the Lax pair formulation of (1.1), Gérard, Kappeler, and Topalov
[17, 18, 19] showed that BO in the periodic setting is (globally in time) well-posed in the
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IWe will also use H® to denote both H*(R) and H*(T) when the statements apply in both cases.

2The method in [25] also provides long time asymptotics for solutions emanating from small initial data.
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sense that the solution map (defined for smooth data) continuously extends to H*(T) for

—% < s < 0 and that no such extension exists for s < —%,

solution is prescribed. We refer the reader to their survey paper [21] for a precise statement

even if the mean-value of the

of these results as well as other powerful applications of the nonlinear Fourier transform such
as the construction of periodic and quasiperiodic solutions to (1.1)-(1.2). Indeed, sait = —3
is a natural threshold for the well-posedness of BO as indicated by the invariance of the
homogeneous Sobolev norm with respect to the scaling symmetry of the equation.

To this date the well-posedness of BO on the real line below L?(R) remains an open
problem. Note however that the direct scattering problem was solved in [62] and that the
complete integrability of BO restricted to N-soliton manifolds has been recently proved in
[57]. We also mention here that the techniques developed in [33] were applied for BO in [59]
showing that there exist conservation laws of Sobolev norms at negative regularity (namely
—1 < 5 < 0) for classical solutions to (1.1)-(1.2). Further in this direction, the method
of perturbation determinants was successfully employed [32] to show that the Korteweg-de
Vries equation (KdV) is well-posed in H~1(R).

BO has a quasilinear nature in that the dependence of solution on the initial data is merely
continuous in the H*-topology, even at high regularity. Indeed, this was first pointed out
by Molinet, Saut, and Tzvetkov [49] showing that the C? continuity of the solution map
fails for any s € R. Furthermore, even uniform continuity (on bounded subsets of H?) fails
for any s > 0 and s < —3 in the Euclidean case due to [39, 6] and for any s > —3 in the
periodic case due to [20]. This property of the Benjamin-Ono equation tells us that the
nonlinearity is in fact non-perturbative since it prohibits a direct application of fixed point
arguments. To improve the nonlinearity, Tao [60] considered a variant of the Cole-Hopf
transformation, i.e.

w = Oy Pyyi(e ), (1.3)

where F' is a spatial anti-derivative of u and P, }; denotes the Littlewood-Paley projection to
positive high frequencies. Consequently, one works with an equation for w which is no longer
in closed form (see (1.7) below), but has the advantage of having a milder nonlinearity. This
idea and various refinements turned out to be central in the papers [9, 26, 43, 44, 25] and
it is also key to our work.

The question we address in this paper is that of unconditional uniqueness of solutions
to BO, i.e. whether for given initial data uy € H® the solution u to (1.1) is unique in the
entire space C(R; H®). In the affirmative, the uniqueness statement in the well-posedness
theory can be upgraded, namely it now holds without restricting the solution to a resolution
subspace specific to some particular method(s). To be precise, by solution to the initial-
value problem (1.1)-(1.2) we mean a continuous function in time with values in H* satisfying
the integral (Duhamel) formulation

¢

u(t) = Mg 4 / MY, (u(t')?)dt! (1.4)
0

in the sense of (tempered) distributions, for all times .

For nonlinear dispersive PDEs, the study of unconditional well-posedness goes back to
the work of Kato [29] who was the first to address the question for the nonlinear Schrédinger
equation (NLS). Since then the unconditional well-posedness for NLS was further improved,
see [16, 23, 24, 36, 41] and studied for various other nonlinear dispersive PDEs, see e.g. [3, 63]
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for KdV, [40, 45, 47, 41] for the modified KdV equation, [13, 50] for the derivative NLS
equation, and [35] for the periodic modified Benjamin-Ono equation.

The uniqueness of solution problem for the Benjamin-Ono equation received attention
in several papers. We mention here that, in the Euclidean setting, the L2-well-posedness
result in [26] ensured uniqueness only in the class of limits of smooth solutions, while
the approach of [9] rendered unconditional uniqueness for data in H %(R) (see [8]). This
result was further improved in [44] to unconditional uniqueness in H*(R) for any s > 1
and a conditional uniqueness statement for any s > 0. The method in [44] also yielded
unconditional uniqueness in H*(T), s > 1. More recently, Kishimoto showed in [34] that
BO is unconditionally well-posed in H*(T) for any s > .

At an expeditious investigation, the regularity s = % appears to be a possible threshold
for the unconditional well-posedness of BO. Indeed, after renormalizing the equation for w,
one encounters a variant of the NLS equation (a cubic term plus some other nonlinearities
- see the equation (1.13))3 . Therefore, for the renormalized equation, the largest possible
space C(R; H?®) for the solution u (and thus for w) in which one can make sense of the
nonlinearity as a spatial distribution is given by s = %, courtesy of the Sobolev embedding
Hs C L5, Note, however, that for the original equation (1.1) one can easily make sense
of the nonlinearity as soon as s > 0. Thus it was unclear whether the cubic nonlinearity
determines a regularity restriction for the unconditional well-posedness of BO.

In this article, we answer this question by showing that the regularity for the uncondi-
tional well-posedness of BO in H?® can be further pushed down past s = é. We state the

main result of this paper which holds both on the line and on the torus.

Theorem 1.1. Let 3—/33/4 < s < 1 and ug € H* = H*(R) or H*(T). Then, there exists
a unique solution u € C(R; H®) to the Benjamin-Ono equation (1.1) with (1.2).

Note that 3 — /33/4 ~ 0.128 < %. We believe that this lower bound on s is simply
a technical restriction that appears in our main nonlinear estimates which hold under a
quadratic restriction on s (see Corollary 3.11 below). In fact, we speculate that BO is
unconditionally well-posed down to L?, possibly missing the end-point s = 0.

As a by-product of our proof, we also obtain a nonlinear smoothing property for the

gauge variable w, both on the line and on the torus, which may be of independent interest.

Corollary 1.2. Let 3 — /33/4 < s < 1. (i) Ifup € H® = H*(R), then there exists § > 0
such that for all T > 0,

where w is the gauge variable defined in (1.3) corresponding to the solution u € C(R; H®)
to the Benjamin-Ono equation (1.1) emanating from .

(ii) If ug € H® = H*(T), assume that [puo(z)dz = 0 and let mg = 5= [pud(x)dz. Then,
there exists § > 0 such that for all T > 0,

Hw(t) . 6it(8§+mo)w0|

<02
w(t) — e’w“”onL%oHsM < C(T, |luol| ms) < o0, (1.5)

< C(T, ||uol|ms) < o0, (1.6)

L Hs+8

3Such a cubic NLS-type structure also appears in [25], where the authors performed two normal form
transformations, the first one in the spirit of Shatah [56] and the second one in the spirit of the gauge
transformation of Tao [60].
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where w is the gauge variable defined in (5.1) corresponding to the solution u € C(R; H®)
to the Benjamin-Ono equation (1.1) emanating from wug.

Remark 1.3. In the periodic case, a similar nonlinear smoothing was shown by Isom,
Mantzavinos, Oh and Stefanov in [28] for s > ¢, by using the Fourier restriction norm
method. More recently, this result has been extended up to L?(T) by Gérard, Kappeler,
and Topalov in [22] by using the complete integrability structure of BO. Note that the gain
of regularity in [22] is § = 2s and is also proved to be sharp.

We now briefly describe our approach to proving the above unconditional well-posedness
result for BO. We first renormalize the equation (1.1) by employing the gauge transforma-
tion (1.3) of Tao [60] in order to remove the worst high-low frequency interaction in the
nonlinearity. At this point w satisfies a Schrédinger equation with two quadratic nonlinear-
ities, one of them being negligible (as shown by Lemma 2.6):

ohw — i@%w = —2P1,i0: [6;110 . P_amu} + “negligible term” . (1.7)

Also, by following the idea used in [34, Section 4], in Lemma 2.12 we establish H*-estimates
for the difference of two solutions to BO in terms of the difference of the corresponding gauge
transformations, for any s > 0. It then remains to establish reverse estimates with constants
that can be taken arbitrarily small. To this purpose, the idea is to further renormalize the
main nonlinearity in (1.7) via the fairly elementary method of integration by parts in the
temporal variable. By considering the Van der Pole change of variables on the Fourier side,
ie.

U(t,€) = F(eM2u(t)(§) , B(t,€) == Fle " %w(t))(€) (1.8)

where the Fourier transform is taken only in the space variable, the equations (1.1) and
(1.7) essentially become

drii(e) = /R HUEEEE) €56 ) (E — €)dEy | (1.9)

B (€) = /R HUACEEE) 5 (¢ ) € £) 5(55‘1&) BEUE — 1)dey (1.10)

Here, Q(&,&1,&2) = £|€] — &1/&1] — &2/&2| is the resonance relation for the BO equation and
0(&,&1,&2) gathers the symbols of the frequency projections in the main nonlinearity of
(1.7) (see (3.8)-(3.9) below). Also, for the sake of exposition, we dropped the contribution
of the negligible term of (1.7). We then integrate by parts in the Duhamel formulation of
(1.10) and we obtain

@(t) — @(0) = — 2

e’ QUE,€1,€—61) B EE—-&) _,. B
| e eyt e - e - ame i - eas

t'=0

t WO £1,E—61) B
' 2/0 /R ig(f §1,§ — 51)0(575175 —&) 5(55151) Ay (W(&)u(€ — &) dérdt’.
(1.11)

While the boundary terms are fairly easy to estimate in the H®-norm, s > 0, the latter
term is still unfavourable. Nonetheless, due to the sign restrictions given by o (&, &1, &2), the
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resonance relation can be factorized, i.e. Q(&, &1, — &1) = 2£(€ — &), and thus

2 - 1
Q& &,E-&) & &

After substituting dyw and Jyw with (1.10) and (1.9) in the last term of (1.11), and after

undoing the change of variables (1.8), we can write the obtained renormalized equation

essentially as

Orw — i@%w = Btj\/()(l)(w, u) — i Pyy <P+hi (8;1wP_8$u) P_u> —i Py (8;1wP_8z (u2)>

=N (w,u,u) =N (w,u,0)
(1.13)
It turns out that since we are morally dealing with cubic nonlinearities, the desired H?*-
estimates can be proven only for s > %. Hence, we proceed with a further iteration of
normal form reductions, namely we apply the same strategy of integration by parts in time
as above, now for the terms /\/1(2) (w, u,u) and /\/2(2) (w, u,u). While the first is easy to handle,
the latter is more involved due to the indefinite sign of the resonance relation.

The new ingredient in this scheme that allows us to obtain nonlinear estimates below the
regularity threshold s = % of the result in [34] is the use of a refined Strichartz estimate in
the spirit of [4, 61, 7, 38, 30]. Such estimate is obtained by applying the classical Strichartz
estimate on small time intervals depending on the size of the frequency of the solution. We
also refer to [45, 47| for the use of this kind of estimates for the unconditional uniqueness
problem, although in a different method.

Remark 1.4. Further iterations of normal form reductions would possibly lower the regu-
larity of the result, although we doubt that s = 0 could be reached without an additional
tool.

Remark 1.5. In the periodic setting, it is slightly easier to work with the gauge transforma-
tion (1.3) since one can assume that u has vanishing mean-value to define an anti-derivative
(see Section 5 for more details).

Remark 1.6. To justify rigorously the two integration by parts, we perform dyadic decom-
positions of each function involved in the nonlinear terms. Since for fixed dyadic numbers,
the integrals restricted to these dyadic pieces are absolutely convergent, we can interchange
the integrals in frequency and the integrals in time rigorously in the nonlinear terms and
then integrate by parts. The summations over all the dyadic frequencies are performed
only at the end of the argument, after the two integrations by parts. We refer the reader
to Section 3 for more details.

This technique of renormalizing the nonlinearity is akin to applying Poincaré-Dulac nor-
mal form reductions for ordinary differential equations. We refer to [58, 51, 3, 40, 11, 12,
23, 41, 13, 50] for some applications to nonlinear dispersive equations, although the list is
not exhaustive.

This method was also used for the periodic BO by Kishimoto in [34], where two normal
form iterations were performed. Note however that Kishimoto did not work directly on the
equation (1.7) of w, but instead reinjected the expression of u in terms of w to work with
the main nonlinearity in closed form in the spirit of [26].
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In [10], Correia implemented the infinite-iterations normal form reductions scheme, de-
veloped in [23, 37, 40, 41], and showed unconditional uniqueness of solution to BO with
initial data in the weighted Sobolev space HS = {f € H* : xf(z) € L2, f(0) = 0}, for
s> 0.

In [14, 15], the initial-value problem (1.1)-(1.2) was studied in weighted Sobolev spaces
and some unique continuation properties have been established. More recently, Kenig,
Ponce, and Vega [31] proved the unique continuation property in regular Sobolev spaces
H?, for s > g

The paper is organized as follows. In the main body of the article, we focus on the real
line case. In Section 2, we introduce the notations, prove the refined Strichartz estimates,
introduce the gauge transformation of Tao and state some basic estimates for a solution u
and its gauge transformation w. Section 3 is the heart of the paper; there we develop two
normal form iterations on the equation for w, which allows us to prove the key estimate for
the difference of the gauges wi and we, corresponding to two solutions u; and us evolving
from the same initial data. Section 4 is devoted to the proofs of Theorem 1.1 and Corollary
1.2 in the real line case. Finally, in Section 5, we explain what are the main modifications
of the proofs in the periodic case.

2. PREREQUISITES

2.1. Notation. For any 7' > 0, we use the short-hand notation CrH® := C([0,T]; H®).
Unless otherwise mentioned, all Lebesgue and Sobolev norms are with respect to the spatial

1
We recall that the Hilbert transform on R defined by (Hf)(z) = p.v.— Mdy has
TJRT Y
the Fourier transform Hf(&) = —isgn(§)f(§), where sgn(0) = 0, sgn(§) = 1 for £ > 0, and
sgn(§) = —1 for £ < 0. The Riesz projection operators Py are defined via

PLf(€) = 1s0(£8) f(€),

where 159 and 1. denote the indicator functions of the intervals (0,00) and (—o0,0),

variable.

respectively. More generally, we use 1«gyp as the indicator function for the set on which
“Expr” holds true. We know that Py are bounded on LP(R), only for 1 < p < oo. Note
that we have H = —i P, +iP_.

Let 1 be a smooth bump (real-valued) even function that is equal to 1 on [—1, 1] and
vanishes outside [—2,2]. For any N € 2%, we use the Littlewood-Paley operators:

-~

Penf(€) = p(NTH)F(9),
Py=P<y—P_n,
= =73
P>N =1- P§N .
Also, we set
Po:=P<1, Phi:=1—PFo, Pipi:= PPy,
PLo = P<y, Po1:=1— Pro, Piu1r:= P+Pyr.
We know that P, PrLo, Pai, Par, Ptni, Prar are bounded on LP, for any 1 < p < oo, while
P, are bounded on LP, for any 1 < p < oo. Note that we have PyP, = 0, PyPo =
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P>_1P<i , PurPLo = P>oP<3, ete.  Also, Prf = Pif, Pepif = Panif, Pruif =
Piuif, Pof = Pof, Poof = Prof-

By D?® and J*® we denote the Fourier multiplier operators with symbols [£|® and (§)® :=
(1 + |€])®, respectively. We use F(-) to denote the spatial Fourier transform when the
~ notation is impractical. It is also useful to employ shorthand notation when handling
nonlinear expressions on the Fourier side. Thus, we use for example &19 in place of & + &,
&193 In place of &1 + & + &3, ete.

2.2. Basic estimates. We first recall the well-known Bernstein inequalities.
Lemma 2.1. Let s >0 and 1 <p < g < o0o. We have
|[P<nD*fllze ~ N*||P<n fllLr
[1Pon fllee S N72|D°Pon fllLe

11
|P<nfllLa SN? a||P<nfllLe,
ID** Py flle ~ N*5(| Py fll o -

Due to the gauge transformation that we use (see (2.10) below), the estimates provided
by the following lemma come in handy when estimating terms involving e**f".
Lemma 2.2 ([44, Lemma 2.7]). Let 2 < g < 00 and 0 < o < %. Suppose Fi, Fy are two

real-valued functions such that u; :== 0, F; € L*(R) for j = 1,2. Then

17 9) ey S (1 + a7 ) e (21)
and

17 (7 = =) g) | Lo

iF iF: o (2'2)
S (= wall 2y + 1€ = €72 oy (1 el zzge) ) 1729 oy

2.3. Gauge transformation. We use the idea of Tao [60], namely the adaptation to the
Benjamin-Ono equation of the Cole-Hopf transformation u +— e~
antiderivative of u, that transforms the quadratic derivative Schrédinger equation

dpu — i0%u = 9, (u?)

, where F' is a spatial

into the linear Schrodinger equation. However, the dispersive linear part of the Benjamin-
Ono equation (1.1) changes sign between positive and negative frequencies. Nonetheless,
the idea is to work with

W= Pyyi(e™ ), (2.3)
at the price of dealing with an equation for W which is not in closed form, and subsequently
inverting (2.3) is more involved than simply multiplying with e/’

Since we are working at low regularity, we employ here the construction of the gauge

transformation of Burq and Planchon [9] that can be carried over for u € CpL?. Tt proceeds
by constructing F' = F[u], a spatial antiderivative of u (i.e. 0;F = w), which also satisfies

OF +HO’F = u? (2.4)
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in the sense of distributions. Such an F' is uniquely determined up to an additive constant

More precisely, we take
F(t,x) /zp (/ (t z)dz)dy+G( ), (2.5)

for some smooth, compactly supported ¢ : R — R, with fR y)dy = 1, and where we
choose

0= [ [ (w0t + vttt ) vt (2.6
Note that F' is real-valued.
Remark 2.3. We have that e~ € L*°(R), but clearly e~ ¢ L?(R). Hence e~ is

a tempered distribution on R and its Fourier transform e~ is defined via pairing with
Schwartz functions. Provided that we stay away from the zero frequency, i.e. || 2 1, we

can make sense of e~ (¢) almost everywhere. Indeed, since d,(e~*f) € L?(R), one easily
verifies that

e/_ﬁ(g) = ;/}Re_ix&@gc(e_w)da:, (2.7)

for almost every ¢ € R. Hence, by using the Littlewood-Paley projections, Pp;(e ),
Pa1(e ), Pyiyi(e™*), are well-defined L?(R)-functions. However, due to the possible sin-
gularity at the zero frequency which is apparent in (2.7), Pi(e”*) might not be well-
defined (unless we impose additional assumptions on u itself). We make sense of Pj,(e™*F),
Pro(e™*) not via Littlewood-Paley projections, but by defining:

Plo(e—iF) — e—iF _ Phi(e—iF) ’ PLO(e—iF) — 6—1’F _ PHI(e—iF) )
Still, we have Py Po(e ™) = Pui(e™ )= Pur(e ') = 0 and that 0, P (e 7") = B0y (e ™).
Similarly, for F' itself we do not have information about its decay at spatial infinity, we

only know that 0, F = u € H(R). Thus, Py F, P F, Pini F' are well-defined, whereas Py F'
might not be.

Remark 2.4. If u is a solution to (1.1) on [0,77, i.e
t
u(t) =& PPy 4 [ e OMR (et
0

in the sense of spatial distributions, for all ¢ € [0,T], then F' = F[u] constructed via (2.5)
is a solution to O, F + HO*F = (0,F)?, i.e

t
F(t) = e_t,HagFO + / 6—(15—15/)7‘[(9;% (a;(;F(t/))th/ 7
0

in the sense of spatial distributions, for all ¢ € [0, 7], where Fy(z) := [ 9(y) [, uo(z)dzdy.

The following is a variant of [44, Lemma 4.1] stated for two solutions with the same initial
data.

Lemma 2.5. Assume that uy,us € CrL? are two solutions to (1.1) on [0,T] emanating
from initial data ui o, uzo having the same low frequency part, i.e. Pou10 = Pouo. Let
F1, Fy denote the corresponding spatial antiderivatives of uy,us satisfying (2.4) (as per the
construction above). Then||F|i=o — Fa|i=o||r~ <

11 = Pollerze SAT) (lualleprz + lluzllogze) lun — wzllopre - (2.8)



UNCONDITIONAL UNIQUENESS FOR THE BENJAMIN-ONO EQUATION 9

Straightforward computations give the following equation for W:
OW — i02W = 2Py [(Pynie™ ") (P-02F)] — 2P [(Poe™ ) (P-0,u)] . (2.9)
Note that (P,hie*iF) (P_agF) vanishes under P,y;. Also, by Lemma 2.2, if u(t) € H® then
we have W (t) € H*™!, for any 0 < s < 1.
However, as in [42], we prefer to work at the H*-level, namely we consider
w = 0, W (2.10)
and thus the Benjamin-Ono equation becomes
Ow — 102w = —2P1 1,0, [0; 'w - P_0yu] — 2P0, [(Poe™ ) (P-0yu)] . (2.11)

The difficult term on the right-hand side is the first term and note that its first factor,
i.e. 07w, necessarily has larger frequency than the second factor. Recall that due to the
restriction of w to positive high frequencies, 9, 'w is defined as the Fourier multiplier with
symbol (i¢)~!; this is not the case for u itself, hence the need to carefully construct its
antiderivative F'.

The second term on the right-hand side of (2.11) is negligible in the sense that we are
essentially dealing with a quadratic term involving two smooth factors. Indeed, the estimate
for the difference of two such terms is straightforward and it is given by the following lemma.

Lemma 2.6 (estimate for the negligible term in (2.11)). Let o > 0, uy,us € L? and denote
E(f’ g) = _2P+hiax [(Plof) (P—axg)] .
Then, we have

|B(w) - B u)| Sl - Bl + i —wallzz . (212)

Proof. We can insert two Po operators, namely we have
E(f.g9) = —2PLoP1i0z [ (Pof) (PLoP-029)] ,
and thus
”E(e_iFl,ul) — E(e_iFQ,ug)HH

N HPIO (6_”1 - e_iF2)PLonazu1 + P, <€_iF2)PLoP751 (u1 — ug) HL2

S [Po(e™ = e )| o [ PuoP-dpu |2 + || Po (e ) || oo | Puo P2 (w1 — u2) | 2

SNFL = FollzeelJurllzz + [lur — uallz2 -

O

Remark 2.7. Formally (i.e. for smooth solutions or for limits of smooth solutions), one
can verify that (2.9)-(2.11) hold by straightforward computations. For a low-regularity
CrL?-solution u to (1.1), one can proceed as in [34, Section 2] to justify that the gauge
transformation w is a solution to (2.11) in the sense of distribution. More precisely, for

any dyadic number N > 1, we use the truncation u<y := P<yu and define its spatial
antiderivative F<y by

Fey = F(t.a) = [ v / et )iz ) dy + Gex (1)
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where G<n (¢ fo Je (- Yu<n(t',y) + V(y)P<n (u(t’,y)?)) dydt’. Then, O,F<n =
u<y and if we deﬁne HgN = PgN( 3 - UQSN, the equation
OF<n +HOiF<y =uiy+ Hey
holds in the classical sense. It follows that w<y := 8xP+hi(e*iF <N) satisfies
dw<y — i02w<y = —2P43i0, [0, 'wen - P_0yu<n| — iPypniOp [e <N Hoy] 213
+ E(e™ =N ucy) .

also in the classical sense. Now observe from Lemma 2.5 that (u<y,w<n, F<y) — (u,w, F)
in Op(L? x L? x L™). Moreover, Hey — 0in CrH ! as N — +o0o. Therefore, it follows
from the estimate (see [34, Section 2])

[ Pini [0 Hw - POpul | -1 S lwll g2l 2
and Lemma 2.6 that the right-hand side of (2.13) converges to the right-hand side of (2.11)

in C7H~2, which justifies that w solves (2.11) in the distributional sense.
2.4. Strichartz estimates. We recall here that for u a solution to

O+ HO*u = F, uly—o = uo (2.14)
we have the classical Strichartz estimates:

lullprre S lluollzz + 1 Fllpize (2.15)

for any Strichartz admissible pair, i.e. % + % = % with 4 < p < 00, 2 < ¢ < 400. Next, we
follow an argument of Koch-Tzvetkov in [38] and Kenig-Koenig in [30] for the Benjamin-
Ono equation of decomposing the time interval [0, 7] into small subintervals whose length
depends on the size of the frequency of the solution. See also Burq-Gérard-Tzvetkov [7]
for the nonlinear Schrédinger equation on compact manifolds, and Bahouri-Chemin [4] and

Tataru [61] for the wave equation.

Lemma 2.8 (refined Strichartz estimates). Let 0 < s < 1, N € 22, N > 26, and T > 0.
We assume that (p,q) is a Strichartz admissible pair and we denote

-5

p

(i) If u is a solution to (2.14) with F = 0, (ujus + usuy), then we have

[\l [d%)

a(s,p) = —s. (2.16)

[ Pnvullze s S v NP (HPNUHLOOHS + lurllzee ms luzll Lo ms + Hu3||L°°H5”u4HL°°H5>
(2.17)
(i) If w is a solution to

ow — z@ﬁw = —2P+hi8x [Qv_lwl - P_0,ws + 8;111}3 . P,8xw4] + ¢,
where supp(wy), supp(ws) C (273, 00) and supp(a) C [-2%,24], then we have

|Pxwlzy s S T2 NP (|| Pywllig as + g lws g s + lwsllage s lwalloges )
(2.18)
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Remark 2.9. Note that a(s,p) \( —s as p " 0o, but for p = co we can use directly the
trivial estimate

[Pnullpeere ~ N 77| Pyull oo ms -
T “x T

The advantage of using this refinement of the Strichartz estimate (i.e. (2.17)) is evident
when comparing it with the estimate

12
IPnullepa S TP N?~°||Pyulligen; . (2.19)
which follows directly from the third Bernstein inequality and Holder inequality in time.
Remark 2.10. Since we would also like to apply these estimates for differences of two

solutions, we stated the estimates (2.17) and (2.18) with the term involving wus,us and
ws, Wy, respectively.

Proof of Lemma 2.8. With § > 0 to be chosen later, let I; =: [a;, ;] be such that |J; I; =
[0,T], bj — aj ~ N7°, and the number of such intervals is ~ TN°. For (i), by using (2.15)
we get

bj
| Pyl zz/a | P dt
i J

STN|Pyullfeers + D I PV,
j J

which gives us
1 ) 1
|Paulls s S ToNS | Prulliers + N 070 Py Pl g 1o
16 1 ,(1,1)5
STrN#||Pyullpgers + TP NV 2/ 0| PN Flpzerz -
In particular, for
F = 8x(u1uz + U3U4) 5
we get,

16l 1o (11
[ Prvullze s S TP Ne *||Pyull pge s +T? N ( ”)5(HPN(uluz)||L§9L§+HPN(U3U4)HL%OLg) -

Together with

11 11 1_1
I1Px (urug)llz S Nv72 lusuelley < N*72flullparluellze S N2 flualmglluell gy, (2.20)

where 1 < r < 2 is determined by s = % — % (or equivalently, r = ﬁ), and with the same

estimate for Py (usuy), we obtain
1 45
I1Pvullpe g ST?N# || Pyull g g

28 (1-1)5-2s
+T»N Z lutllge ms lluallnge s + |lusl|Loe msl|vallLee s ) -

Note that the restriction on r restricts us to 0 < s < %. We choose ¢ such that

) 3 1
5—825—(1—5)5—28,

or equivalently § = 3 — s, and with a(s,p) := % -1+ %)s we obtain (2.17).
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To obtain (2.18) we argue similarly. Indeed, by using the classical Strichartz estimate for
the linear Schrodinger equation, we obtain as above

1 ) 1 1
IPvwllp iy S TPNS [ Pawllers + ToN"C0 | PyGlsps, (221)
where we set
G = —2P+hi8x [8;1101 - P_0O,ws + 8;1103 . P,é)xw4] + ¢.
Note that Py¢ = 0 and thus with g; = 7~ (| F(w;)|), j = 1,2, 3,4, we have
I1PNGll2 S N|IPn(9192)llp2 + NI Pn(g394) | 22 -
Then, similarly to (2.20), we get
1_ 1_
1PN (9590122 < N2 Nlgjll s gkl ey = N2~ |Jw| g llwr || s
for (j,k) = (1,2) or (j,k) = (3,4). From (2.21), we obtain
1 6_
[Pywllpe s S TP Ne ™| Pyw||Lge m
T%N%—(l_%)‘s_%
+ (llw1llzss mg llwall oo mrs + 1w || oo s lwa | Lo ars)

and thus (2.18) follows by choosing 0 as above.
n

Lemma 2.11. Let0<s§%,2§q§4suchthat(%—s) (%—2—1(1)—5<0, and N € 2%,

N > 26, Suppose u,ul are two solutions of (1.1). (i) We have
~ o~ 2,1 3
2wk~ )|y pp S TN+l + ol o) o — o, (222

where U(t) = eM%u(t) and Tl (t) = eM0%2ul (1),
(ii) If w,w' are the corresponding gauge transformations of u,u’, we also have

HPNat(w_wT)HLlTLg 9 93
< TNats f 6 f f (2.23)

STNa2(1+ |lullpsoms + lu'llpgers)” (1w — w'|| oo s + [Ju — '] e s )
where W(t) = e "%w(t) and wi(t) = e~ wi(t).

Proof. We first prove (2.22) for which we set v := u — u’ The equation on the Fourier side

. ~ 2 ~ ~ .
satisfied by ¥ := €%y = & — &l can be rewritten as

a0t &) = it SUEEE) (U(t, &1) + T (1, €1))D(E, 2)dE
£12=¢€

=i [ (a6 + (1. 60)0( &)
§12=¢
Then, by using the Holder and Bernstein inequalities, it follows that
~ _2 2.1
| Pn 0@y 1 S NP (et wo)yp STTF N2 Pa (et uho)] g g

1.2 241
ST »Na"2(|lufl gz o + HUT”LT;LZ)HUHLI;Lg
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where (p,q) is a Strichartz admissible pair, with p such that «(s,p) is negative, or equiv-
alently (% — s) (% — i) — s < 0. Note that the refined Strichartz estimates given in
Lemma 2.8 (i) apply to both v and v. Hence we obtain

- 2,1 9
HPN@UHUTL% STNa 2 (14 Jullgems + lulllsems)” (1 + [0l oo ms) 0]l o s
2,1 3
<TNu 2(1+|’u‘|L%oHs+HUTHL%oHs) ||’LL—UT||L%<>Hs.
For (2.23), we set z = w — wl, ¥ = 7% = @ — &' and E = e"#% E. We have

OFLE =€ | e“ﬁ@@’&)a(ﬁ,sbgz)gj(5@1)5(52)+ﬁ<51>%<52>)d51

+ E‘(e_iF, u) — E(e_iFT,uT)

— igeitiele / 06,61, 6) 2 (2(60)(E2) + w (61)0(62)) déy
£12=¢€ §1

+ E(e*m,u) — E(e*iFT,uT) ,

where F' and FT denote the corresponding spatial antiderivatives of u and !, respectively,
constructed as in the previous subsection, and o(§,&1,&2) = x+(&)X+(£1)1<0(&2). Since N
is large enough, the E-terms vanish under Py. By taking into account that |&2| < & on
the support of o and then arguing similarly as in part (i), we get that HPN@EH [1g2 18
controlled by o

N||PnPypi(Pinidy  2P-05u) ||y 12 + N|| Py Pini(Prpidy " wiP-0,v) || 11 12

We only deal with the first term as the second one is estimated similarly. By taking into
account that |2 < & on the support of o, performing dyadic decompositions and using
Holder’s inequality, we control the first term by

N> > 1PN Pini (P, ' Py 2P- 00 Pryu) || 1 12

N1 Na<Ny
2,1 g 2 1
SNa2TR Y N | Powd; P 2l e | P-0s Pryul o 1
N1 N2SNp
2.1 4.2 N
SNat2T Z Z EHPleHL;LgHPNQUHLI;Lg :
N1 N2SNy

We conclude the proof by using Lemma 2.8 as above (the dyadic summations are finite since
a(s,p) < 0) and Lemma 2.2. O

2.5. Estimates for solutions to the original BO in terms of gauge transformations.
Here we follow the idea from [34, Section 4] to establish a control for ||u; —uz||cp s in terms
of ||wy — wa||cpms, where uy, ug are two solutions to (1.1) and wy, ws are the corresponding
gauge transformations.

Lemma 2.12. Let 0 < s < %, N € 2%+, and T > 0. Assume that ui,us are two solutions
to (1.1) on [0,T] with the same initial data ug € H® and let wi,wy be the corresponding
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gauge transformations of uy,us, respectively. Then, we have
3 2
[P<n(ur = u2)llopms STNEY (14 [lutllopms + uzllepms) [lur — uzllepr2 (2.24)
4
1Psn(ur — u2)llerms S (14 lutllerns + luzllerne)

1
% (lhws = wallogas + (T) (V"3 + | P, ywallopae) lus = usllcpne )
(2.25)

Proof. For the low-frequency part, we use directly (1.4) and take the difference term by
term, namely we use

t
up —up = / e~ (=M g (u% — u%)(t') dt'.
0
By using the Bernstein and Hoélder inequalities, we get

T
IPextur = uwa)lerne < [ [Pendut =)o,

< TN%+8HP§N((UI + uz)(u1 — u2)) HCTL1

STN (Jurllopre + luzlleprz)llus = wllopre
For the high-frequency part, we recall that since ui,ue are real-valued,
1PN (w1 — ug)llopms ~ [[P>N Py (ur — ug)llopms -
We write u; in terms of F; and w; in the following way:
uj = etFi e_iFjuj =ie'tip, [P+hi(e_iFj) + P (e ) + P_hi(e_iFf)]
= ieTiw; + i€t Po0, (e 7M7) + eI Py, (e 7).
Therefore, we have

| Psn Py (u1 — ug)l s

< || Pon Py (€7 (wy — w2 ||HS (2.26)

PP (= ) 2

+ | Pon Py (e Podu (e — e72)) || (2.28)

+ || Pon Py (€7 - ZFQ )Pz (e7))|| e (2:29)

+ || Ps v Py (€1 PO (6770 — e72)) || s (2.30)

+ || Ps v Py (e — €"2) P_pyiOu(e72)) ||y - (2.31)

Before estimating each term (2.26)-(2.31) one by one, notice that by Lemma 2.2, for any

0 < o < s we have
182 (e™ — e 2 || o < [le7 (wr — w2) || o + [ (€7 — €7 )un| o
S (L4 flurllme + uslle)® (Jur — uallge + | Fy — Fallz=) . (2.32)
By (2.1), we have
(2.26) < “Js(eiFl(wl — wg))HL2 < (1 + HulHLz)le — wal| gs-
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For the second term, we split wy = P_~ w2+ P_ v w2 and then we use Berstein’s inequality,
2

Plancherel’s identity, (2.2) and (2.32) with ¢ = 0:
(2:27) S [|Poy I (e = )| [Py | o + [[(e =€) P | .,
SN = ) 2 s
+ (llur = wallpe + (U+ uallms + luzll o) [Py = Fallzee ) | Py wal|
S (U lwallas + lluzllme) (lur = uzllzz + | Fr = Follr) (stg + HP>gw2HHs> :

For the next term we can insert for free P_ v P} in the first factor, namely we have
2

(2.28) = HP>NP+ (P>%P+(€ZF1) Ao (™" — eiiFZ))) HH

SIPL e Ped*(@)]] o Ao (e — )|

S NPy Pyon(e)]| 2| Rodi (e — e 2)]|

< N fullge (s — a2 + (o e+ lfuzllzr) 17y = Follo)

Similarly, we have

(2:20) = | Pon Py (Poy Py(e™ = ) - Bodu(e™™))||
S N | g2 (lur = wallp2 + (lwalls + luallms) [1Fy = Follze<)
and
(2.30) S || Py Pi* (@) o | Poaida (67 = )]
SN2 | 2 (e = wallazs + (sl + Juall ) 1Py = Bollzee)

where in the last step we have used (2.32) with ¢ = s. Lastly, we argue similarly to
estimating (2.30) by using (2.32) with o = 0 and we obtain:

(231) g HP>NP+ <P>%P+Js(eiF1 _ eiFQ) . Pfhjaz(e_iF2)>‘

L2
< N2 |02 (e — e 2)|| L lle ™ F2ug| 12

_1 3
SN2 (14 [Juallpz + [Jullz2)” (lur — el 2 + (|uallas + lluellgs) | FL — Fallze) -

Hence, (2.25) follows from the above estimates and Lemma 2.5. O

3. NORMAL FORM REDUCTIONS

The goal of this section is to prove an estimate for the difference of two solutions w1, ws to
(2.11) in terms of the difference of the corresponding solutions u1, us to the original equation
(1.1). We proceed by renormalizing the main nonlinear term of (2.11) which introduces new
nonlinearities. We prove multilinear estimates for these new terms in several lemmata below,
which together imply the following proposition.

Proposition 3.1. Let 3 —/33/4 < s < %, T >0, and M > 1. Assume that uyi,us are two
solutions to (1.1) on [0, T] with the same initial data ug € H®. Then, for the corresponding
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gauge transformations wi,ws, we have
w1 — walloras

3 _ 1 10
S(TM2 +M776) (14 |ullepms + luzllepms) ™ (lwr — wallopms + [lur — uallopms) -
(3.1)

Recall that after the gauge transformation u + w = 9, P p;(e ™), BO transforms into

Oyw — i@gw = —2P 10z [3;110 . P,axu] + E(e_iF, w) (3.2)
(see (2.11)), where the second term, given by E(e™*", u) = —2P; 10, [(Poe™ ") (P_0yu)], is

easy to handle via Lemma 2.6. For simplicity of writing we drop the functional arguments
for this negligible term, i.e. we set E := E(e™*F,u). Here we use the following change of

variables:
@(t) = e Mw(t), (3.3)
u(t) == ™Moy (t) (3.4)
E(t) = e "MIE(1). (3.5)

Then w satisfies pointwise in time the following equation in H
t
w(t) — w(0) = / NGO (@, )(t)dt’ (3.6)
0
where the nonlinearity is defined by
FNO(@,w)(t,€) = ~2i / (e85 0 o) )i, € )il E2)dey
€1o=¢ 3 (3.7)
+ E(t,¢).
In (3.7) above we have set

Q(E,61,&2) = w(§) —w(&) —w(&2) = €E] — &il&i] — &2, (3.8)
o(£,€1,62) = x+(EX+(&1)1<0(82) 3.9

where

X+(8) == (1 = 9(£)1>0(¢) (3.10)

is the symbol of Pyy;. Also, we inserted X (&1), where x4+ is a smooth function equal to
1 on the support of x4+ and vanishing on a neighborhood of zero. Since x4 and X4 play
the same role (they indicate positive frequencies away from zero) we make a slight abuse of
notation and replace X1 by x4 in every occurrence below.

Due to the sign restrictions on the frequencies &, &1, &2, we have the following factorization
on the convolution plane £ = & + &s:

Q& &1, &2) = 2862 (3.11)
We note that the phase (3.11) is signed, namely Q(, &1, &2) < 0. Also, we have
O ~lfl=E=&+& <& =8|~ (&) (3.12)

and

L] == -<&. (3.13)
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We also rewrite here (1.4) on the Fourier side, namely we have

~ t . ~ ~
u(t,§) —ug(§) =i§ /0 /g By e UEELEDY (¢! et &) dedt (3.14)

with Q(, &1, &2) as in (3.8) (there is no factorization since there is no additional information
on the signs of the frequencies involved).

Lemma 3.2. Let u € CrL? be a solution to (1.1), let w be the corresponding gauge trans-
formation, and let u,w be given by (3.4), (3.3), respectively. Then for fixed &, the functions

tteat,§), w(t€), ult,§), w(t,§)
are continuously differentiable.

Proof. We argue here for the last function, the others follow analogously. We claim that

e [ e @ 0 6 6B 6)R(G)de
£=¢12 §1

is continuous, which combined to (3.6)-(3.7) proves that : ¢t — @(t, €) is continuously differ-
entiable. Indeed, since : t — w(t,-) € L? and : t + u(t,-) € L? are continuous, the claim
follows from Lebesgue’s dominated convergence theorem and the estimate

[ et sl )l @l S Il s (315)

g

3.1. First step. Let us consider the main term in (3.6). We denote by N'(!) the bilinear
operator given by:

FWO(@,m)(t,€) = ~2i /5 . €itQ(§’£1’52)€§12X+(5)X+(51)1<0(52)@%(t7flﬁ(t,fz)d&-
N (3.16)

Note that the difference between N (@, %) and N (@, %) is the negligible term E.
Next, we split

NO = NO L N (3.17)

where the two terms on the right-hand side are defined similarly to (3.16), with the multiplier
including the indicator function for |2(§,&1,&2)] < M and [Q2(&, &1, &2)| > M, respectively.

Remark 3.3. We prove the estimates in multilinear form since in the end we need an
estimate for the difference of two solutions. Thus we use v, ve in place of w(t) and u(t).
Also, for the proofs we find it useful to introduce here the notation:

V= F (| Fw))])- (3.18)
Note that it follows from Plancherel’s identity that ||V}| gs = ||v;||gs for any s € R.

Lemma 3.4. Let s >0 and 0 < 6 < % We have the following estimate pointwise in time:

IV (01, 02) || v S Mlorllazs oz 2
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Proof. By Plancherel and (3.12), we have

[VE (o1, v2)| o~ M|V,

Lg

s S MH /ﬁ @A) B

Then by Hoélder and Sobolev inequalities, together with Plancherel, we get

Vsl < 1745 e Vol 5 Vil ~ ol sl

Iz < e l1V2ll 2 S

0

Since we do not have a satisfactory estimate for the term N/ (w,u), we proceed with
an integration by parts step in the temporal variable, namely

/0 t FNY (@, 0) (¢, ¢)dt’

t'=0

) et UEE1,€2) ~ ~ t'=t
- —22{ / GEE ) & s e () Tl Y &)

ZtQ€£17€2) 552 =, = /
/ / Lo a0 (€)xs (60 1esco (O (¢, £0))5(H, €2) derdt
e=e1, Q61,6

QE,6,6) €
eit'UEE1,62) R R
+2Z/ / e UEELE) € 55 Lo m X+ (X4 (§) e <o@(¥, &) (Fru(t', &) dflzit’. |
3.19

Notice that we interchanged the time integral with the frequency convolution integral sev-
eral times. One can rigorously justify this step by using Fubini’s theorem and dyadic
decomposition. Indeed, let us decompose

W= iy, and U= n,, (3.20)
N1 N2
where wy, := Py,w and up, := Py,u. We denote

! it! = = /
D(t,¢) = —2@'5/0 /55 et E&Zlm>MX+(5)X+(51)162<01U(15 JE)u(t, §2)d6dt’ (3.21)
and

! it! =~ Y /
10 (1, 6) = —2i€ / /5 5 emf@gjlQ.>MX+<5>X+<51>1@<OwN1<t,51>uN2<t,52>d§1dt

(3.22)
We now fix £ € R and 0 < ¢t < T'. Since

t
& ~ ~
L e @l ), @l < Tl sz il
=G12

t — —
[ B e @ gl (0 60l (0 @)l

No
< TﬁHle lzsorzllunllzsorz (3.23)
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the integrals (3.21) and (3.22) are absolutely convergent and thus we can switch the order
of integration defining them. Moreover, for any 6 > 0,

—0
S G lsT> S 7H wny sz lums lzserz ST Y Ny llwl pee ol Lo 2

N1 No Ny N2<N1 Ny
S Tlwllpgemollull ez - (3.24)
Therefore, by using once again Fubini’s theorem and then integration by parts in time we
have
t
1)~ ~ 1
[P @) gar =10 =SS 10, (3.25)
0 N1 No
t
e, §2 = =
= —2i ) Z/ / 882 221 010 x4 () X+ (€1) Ley <oy (H, E1) s (1, o) dt déy
N, §=£12 /0 €1
' e2it' €62 t'=t
-/ oo nx s (X (60) L, <o, (1, )i (1, E2)da |~
N1 N, JE=f2 § =0

Q2it'€62 _ . /
+ZZZ/€ . /0 & Ligps X+ €)X+ (61) Ly <00 (W, (8, E1)un, (1, €2) ) di' déy

The splitting into two terms in the last step above is justified as the first summation-integral
is absolutely convergent (the estimate is similar to (3.23) and (3.24) above). Thus,

e2it' €62

ZZ/ 1lﬂ\>MX+(f)X+(51)1£2<051E(t',fl)ﬂ/\zvz(t’,Sz)dflrj
N1 Na £=¢12 t'=0
62” 13 ~ =t
= {/ Lo n X+ () x+ (61) Leyot (¢, €1)u(t, 52)d€1} o

=812 & =0

For the second summation-integral, due to Lemma 3.2 we can use the product rule to
distribute dy to the two factors. However, we cannot ensure summation in Nj.

Remark 3.5. Indeed, the first resulting term (i.e. when 9y falls on 751; (t',&1)) would be
ZZ/ /t e2it/§§2
Ny §=£12 J0

and observe that by using Lemma 2.11 (ii) (with s, ¢ satisfying the hypothesis), we have

ZZ/ / - *1|Q|>MX+(§)X+(51)1£2<0¢N1(51)\&:/(@(t’,&))HYTN\Q(t’,52)]d§1dt’

Ligps X+ (§)X+(§1) 1ey<0tv, (1) 0 (l%(t', 51))51\7\2@/, Eo)dt'dé;

(3.26)

S Z IPN10tw||L1 r2lltng | g 2
N1 N2<N1
1

—3 6
<TZN‘? (U [lwllpgems)” (lullzse s + Nwllzse ms ) llull Lo ms -

Moreover, it is worth to note that under the assumptions of Lemma 2.11, one cannot have

2 _ 1
p < 0.
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For the convenience of writing let us introduce notation* for the boundary terms that
appear on the right-hand side of (3.19):

etUELLE2) ¢¢

FNG (@) (¢, €) = ~2i /{ L OEE ) & M () o) H(Eii(E) dér.

Once we localize the functions w and u, the normal form reduction (3.19) reads
N @y i) = ONGY (@, i) = NG ey i) = Ng (@, Drii,)
Thus far, we formally have

t'=t

/0 FN) (@) (¢ )t = RYRIGEDIA]

t'=0

DY /0 N @yt iy ) (t) ! (3.27)

N1 Na

t
- Z Z/ N()(l)(w]\h ) 8t’aN2)(t/)dt/ :

N1 N 0
In view of Remark 3.5 and since we do not need to interchange the dyadic summations
with the integrals until after the last normal form transformation, we proceed to the next
step by fixing the dyadic numbers N; and Ns. Note that once N; and Ny are fixed, we
can freely switch the order of the time and frequency convolution integrals and it is easy
to check the absolute convergence of all the integrals on the right-hand side by using the
Cauchy-Schwarz inequality and Lemma 2.11.

The following provides a straightforward estimate for the first boundary term.

Lemma 3.6. Let s > 0 and 6 < % We have the following estimate pointwise in time:

1 _ 1,94
INED (01, 02)|| ers S M55 fon| e |oa| 2

Proof. By (3.12) and by using M < [Q] < |£1]?, we have

<§>s+5 <
&l

Therefore, with V; as in (3.18), and 6 = 3(3 — §), we get

1
(&)1 < M0t (g2 g < g < S -6,

1

NS 1, 02) || s S MTTGETD| (7270 (PLR))| 1
< MsHE|| I Va1
< M5 o || ozl 2 s

where in the last step we have used the Sobolev embedding H 3+0 = [ and Plancherel’s
identity. O

4Note that to furthermore simplify the writing we drop the explicit temporal variable except in the factor

et(&:€1:82) which is used for the next iteration of integrating by parts in time. Also, we point out that all

the nonlinearities that appear below depend on M.
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Next, the substitution of dywy, in Nél)(at,z’le,aN2)(t’ ) is easily justified using again
Lemma 2.11 (ii). At this point, we prefer to change the label Nj into Ni2 to maintain a
coherent notation in view of the convention that £190 = &1 + &. We also change N> into Ns.
As we argued above, once the dyadic numbers are fixed, it is easy to check the absolute

convergence of the double integrals (time and frequency). Thus, by using (3.6), (3.7), and
(3.11), we have

¢
/F(Nél)(at”w]\fm’af\%)) (t/,f)dt/
0
t it R(EmEs) .
:/ /1|Q>MX+(§)X+(77)1<0(§3)(3t/wN12)(U)UN3(§3)dt/d77
n+&3 n
t it’Q(Em,E3) —
:/ /1|Q>MX+(§)X+(77)1<0(€3)1/1N12(n)UN3(453)
n+&z=¢ n

[/5 DD et 77§2X+( )X+ (E1) 1o (E2)Tn, (1)t (€2)dér + E(n) | dt'dn

12= 77N1 No é.

= ZZ/ / - th(Z) (&,61,82, 53)m (5 51752’53) (51)5(52)5(&3) d&ydés dt’

+ /0 F (/\/( (Eny,. uN3)) (t', €)dt’

(3.28)
where
QA€ €1, €2,65) = Q8 a2, €3) + Q62,61,62)
and
mi? (€,61,6,63) =~ 22'2 L a2.60)[> M X+ (E)X+ (€)x+ (12)*1<0(62) 1<0(&3) (3.29)

X PNy, (512)¢N1 (51)¢N2 (&)wNS (53) :

In the last step, for the split into two integrals in ¢’ and 7 is justified since the term containing
the smooth term E is an absolutely convergent integral. Furthermore, the changing of

integration order of / / , and Z Z is justified as in (3.23)—(3.25) and by
n+&3= §12= 77 N1 No

taking into account that uNS( ) =¥n,()u ( ) is localized (and thus also in L!). Indeed, for &,
t, N2 and Nj fixed, we have by using twice the Cauchy-Schwarz inequality and Plancherel’s
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identity
né2
> Z 3 [y, (€)1, (€0) i, (£2)|d€y dpdt!
N1 Na<Ny n+&3=¢ J&1a=n |
N = om —_
SE X R el ol e
N1 Jo Jpg~n
N1 N2<N; In 12 (330)

No
<TN12Z Z || N3HL°°L§||wN1||L%°L§HUN2”L%°L§
Ny N2<N1

STN QHUNgHLwL?HleuLong-s-HuNzHL%oL% < oo.

Therefore the sum-integral above is absolutely convergent and we can put the summation
in N1, Ny outside of the integrals in 1 and &;.
Let us introduce the nonlinearity N1(2) defined by

FN (01,02, 03)) (8,€) = jé_{ N CE P (€ €1, 6, 6) 61(6)B(6) T (€) dérde

(3.31)
and we note that due to the frequency restrictions in m( ) we have that
9(57612753) <0 ) 9(612761752) <0
QP (€, 61,6, €3) = 2665 + 26106 (3.32)
{16l <&z <& and & <& (3.33)

We rewrite (3.28) as
"D e VORS

/ N @iy, ng)dt =35 / NO (@, 5, 5)#)d + / N (B i) ()t
0 N1 No 0 0

t
In the next subsection, we will work on / j\/'l(Z) (w,u,u)(t')dt'. We point out that the mul-
0

tiplier m§2) depends on the dyadic numbers N1, No, N3, and Nis, all of which are henceforth

fixed.
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Next, we move to the last term of (3.27). By using (3.14) and arguing as above, we get
(for fixed N7 and Na3):

t
/ N(gl) (W, , O tinyy )dt!
0

t it'QU(E,1,m) - -
_l// 671|Q|>MX+(€)X+(fl)1<0(77){17N1(51)(at/ﬂN23)(n)dfldt’
&1+n=¢ &1

/ / / 7€) m@) (¢ ¢ 6y e)(6)) () (E)dEadErdt
1+n=€ J€23=1 ",

N3
(3.34)

where
QP (€, 61,62, 63) = Q(E, €1, E23) + DEas, £2,E3).
and
mP (€, €1, 60, 63) = —Z’{;lg Lj0(e,e1,600) > M X+ (E)X+ (1) 1<0(&23) N, (§1)8Nns (§23) VN, (§2) 10N, (€3) -
(3.35)
Since, for t,&, N1, Nog fixed, and for any 6 > 0,
§23

ZZ/ /£1+77 5/523=77 &
s 2 ZZ / / @, (€0 |21, | 2 drdt (8:36)

< TNJ 2 Nog |, | 2|0 > NNy < o0,
N2 N3

(@, (€0) [, (E2) [T (€ — €1 — E2)| déadéydt’

we can bring the summation in Ny and N3 outside in the last term of (3.34), i.e

t
/ Nél) (GNI ) at’ﬂN% )dt/

N ZZ/ /€+ g/g 97 S0P (¢ 61, 6, &)(€1)iU(E) (&) dE 1 dEadt
No 1T7= 23=1]

(3.37)
The frequency restrictions for this term only give us
Q& &1, &23) = 26623 <0
and
€ |6as| < &1 (3.38)

We discuss the sign of the term Q(&a3, &2, &3):

=288, if & <0,§3 <0,
Q(éas, &2, €3) = —&55 — &oléa| — &3l&s] = { —26abaz  , if &> 0,63 <0, (3.39)
—263823  , if £ <0,63>0.
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Note that due to the symmetry of the multiplier, the second and third branch in (3.39) give
the same term. Thus we consider the regions:

R\ = (2] < U197 (6,61, 62.8)| < M},
RY = {& < 0,6 < 0} \ R@W,
RY = {& < 0,6 >0} \ jo)m

and we split the multiplier mg) into three terms

m? = w1 )+m()1 )+mi)1 o (3.40)

Note that the same estimate (3.36) holds for each of these multipliers, and therefore after
introducing the nonlinearities Ng\)4,/\/2(2), and ./\/'352) defined by

FNE) (o1, 02,03)) (8, €)
= —i/§ eimg)@’&’@’&’)( 1 R2), )(E €1, 82, 83) 01(81)02(8§2)03(€3) dé1dEa

=£123

FN (01,09, 09)) (£,€)
—/5 eitﬂ(;)(fyflfz@)( 2)1R<z>)(€ €1, &2, 83) 01(61)02(&2)03(83) d€1d€a , for j = 2,3,

=£123

we can rewrite (3.37) as

t
/ Nél) (,le ) at/aN% )dt,

_ZZ/NQ&aaadtJFZZ/N dt+ZZ/N (@, 7, @)d
N " " (3.41)

Note that in the first term we put back inner-most the summations in No, N3. The first
term is easy to handle in view of the following estimate:

Lemma 3.7. Let s > 0 and § < min{s, %} We have the following estimate pointwise in
time:

3
3
ovs S M2 IPN, ;s -
j=1

Proof. If |£12] < 1, we easily have (£3) ~ (€) < (&1) (see (3.38)) and thus

HNS\)/[(Ul,Uz, vs)|

ors S IPLo((T5V)VR) (JOVB)|I 12 < [|PLo ((J*V1)Va) || Lo || P Vs 2
STV Vall sl Vallgs S llonllas ool 2 llvs | g -

HNS@(m, v, v3)|

Now assume that |£12| > 1 and ]Q (§ €1,&2,&3)| < M, where we recall that Q (5 &1,62,83) =
Q(&, &1, E23) + (€23, &2, &3). We recall here that the multiplier of NSM is me) 2 - Notice

R< M

that on the first branch of (3.39), i.e. when & < 0 and & < 0 the conditions

057(6,61.82,8)| S M & |¢6a — &a] < %
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and

06, &1,&3)| > M & |Es| > %

cannot hold simultaneously. Hence it remains to discuss the third branch of (3.39), i.e.
& < 0 and &3 > 0 (the second branch follows by the symmetry of the multiplier in o, £3).

In this case we have Qg) (&,£1,62,&3) = 2€12&23 and thus |€3] < % Since on the support
of m(<2])\/[ we also have £ < & It follows that

WL (01,2, 03| gos < M| (7H7V2) Pens (VaVa)l| o < M|TH WA o || Pear (VaVa) e

3 3
S ME[|JVA| 1 |[VaVal| o < M2 or ] s lfvs|z2lvs]l 2

(PRI =

O

Remark 3.8. A version of the estimate above with 6 = 0 follows analogously to [41,

Lemma 2.3] taking into account that ‘%3‘ < 1 on the support of m(<2])\/[ However, here we

exploit that }%! < M and this allows us to obtain the estimate of . 2\)4 in the H*+°-norm

(€1)
(albeit at the cost of a higher power on M in the right-hand side).

Formally, we summarize the normal form reductions in this first step:

o) - @ = [ M@+ [ B + N @],

- > {Z > /Ot/\/'l(Q)(@,ﬂ,ﬂ)(t’)dt’—k /Ot/\/él)(ENmHNB)(t’)dt’}

Ni2 N3SNi2 U N1 NaSN;

By {ZZ/ON%(w,a,a)dt'

N1 N235N1 N2 N3
t t
+3°% / NP (@, + 33 / N§2>(w,a,a)dt'}
Ny N3 70 Ny N3 70
(3.42)

Notice that due to Lemma 3.6 and Lemma 3.7 (applied with s —§" and § + ¢’ for some small
enough &’ > 0), respectively, we have

t - ! Iy ~
>y / NSO (B i) () yosodt S TMTS55 5" ST NGB e[l 2
N1i2 N3<Nia 0 Ni2 N3<Nia

_1, 648~ ~
STM™s" 75 ||E| s |[all 2

and
t
> 2 2> / INEY (@, @, @) ()| o adt!
e (3.43)

3 st st VAN ~ 3, - ~
STM2Y Y S NN NG @ s [l 7 S T M2 || s [l -
N1 Na3SN1 N2 N
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Thus, it remains to handle the terms N( )(w u,u), N2(2)(w w,u), and N( )(w u,u). These
terms are all nonresonant and therefore we can proceed with a second step of integration
by parts in time.

3.2. Second step. Let us recall here the terms to which we have to apply a second step of
integration by parts in time, their phases and their multiplier symbols on the Fourier side:

]'"(/\/']-(2)(01,02,1)3))(5) :/5 ¢ 6 2)(5 €1,82,83) 01(61)02(82)03(&3) dé1dEa,

j=1,2,3, respectively with phases given by
QP (€, 61,62, 3) = 2663 + 26126,
O (€, €1, 2, 63) = 2603 — 26083,
QP (€, 61,6, 63) = 26623 — 2stas = 2iabas,

and multipliers given by

m?(€, &1, 60.8) = - 22éi1|§§3|>12”1|g§3+g12g2|>AgX+(§)X+(512)2X+(51)1<o(§2)1<o(€3)

X ¢N12 (512)¢N1 (§1)¢N2 (52)¢N3 (63) )
O (e.61,60,6) —15;3 el 2 Leens s 2 Ll X (X4 (60) Lco(E2) Lo ()
X PNy (§1)UNos (§23) 0N, (§2) N, (€3) 5

523

(5 £1,62,83) *Zg

(gas> M Lleens €505/ 4 Lgro[>1X+ () X+ (€1)1<0(€2)1>0(€3) L <0(€23)
X PNy (§1) ¥ Nys (§23) YN, (E2) Y5 (€3) -

Since w and w factors are all localized in frequency, the interchange of the time integral and
frequency integrals is justified by (3.30) (for 7 = 1) and (3.36) (for j = 2,3), and thus after

applying integration by parts in time, together with Lemma 3.2, we get
N2 (@,0,3) = NG (@, 1, T) — Nig (00,0, 0) — Np) (@, 8, @) — N (@, 2, ata(), |
3.44

where

(2)
(2) _ 0@ (1 60,60 My (6561,62:88) Py
F oo (1,2, 09) ) /5 61236 Z'QS'Q)(£7617£27§3) AHEE(E) % Ed s

The estimates for the boundary terms appearing in the second step are provided by the

following;:

Lemma 3.9. Let s > 0. We have the following estimates pointwise in time:

ety SMT o e Joall 2 osllz2 5 =1,2,3.

HNj%) (v1,v2,v3)
Proof. One checks that for each j = 1,2,3 we have M < ¢2. Let us also denote Vj, =
F Y| F(ve)]), k=1,2,3. If j = 1 and j = 3, we have
2)
(€,61,62,&3)

m?
” S & e S MG ()
’ 0P (€,61, 6, 6) N oo
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Then, by Hoélder’s inequality and Sobolev embedding,

[V @)y S MR T (V) VL

gets ™
S MTHTT (V) | e s
S M7V s
< M7V o o | o los | 2
S M for g llen | allos oz
If j = 2, we have
'mg)(&fbﬁz,fs)
QD (€, 61,60, 63)

Then, by Holder’s inequality and Sobolev embedding,

(€2 Sele T S M E) (g T

I ICR] S e e Ca A

2
S Mt JT R TR,
5 M—i+HJ—%+s—V1

[
e V2l 22 V5 22
S M7i+HU1HHSHWHLszgIILz .

0

Lastly, the following estimates together with those of Lemma 2.11 allow us to also handle
the remaining terms on the right hand side of (3.44):

Lemma 3.10. Let 0 < s < % and 6 > 0. We have the following estimate for j =1,2,3 and
any 6 >0

2
sup HPNJ\GSO) (Pnyv1, Pryvz, Pryvs)|| ess
N (3.45)
146
S Nt PPN N | Py v || 2] Py va | 22| Pas vl 2

where Nmaz, Nmed, Nmin are the mazimum, the median, and the minimum of N1, No, N3,
respectively.

Proof. Due to Plancherel’s identity, we have that
HPNN]-(?O) (P, v1, Pnyva, Pryus) || oss

/ m(Z) (67 61’ 627 53)
§=€123

2
2l (€,61,6,8)
and that the supremum in N is taken over all dyadic numbers > % (due to the restriction

on ¢ in m§-2)). As before, we denote Vj := F (| F(vy)

< NS+5

Py (E0)[01(80) [, (§2)[02(82) [¥v5 (€3) |03 (€3) | d€1 dEa

|

2
L

(3.46)

<

), k =1,2,3. We discuss separately
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the three cases depending on j.

(2)
Case 1: j = 1. We recall that the multiplier my (§€1,82,83) is

ng (&,61,62,€3)

51(&3_321252)1|5§3|>A§1|553+&252>1gX+(E)X+(€12)2X+(§1)1<0(§2)1<0(§3) :

Due to the sign restrictions, we have max{¢, |{3]} < &12 < &1 and |&2] < &.

Subcase 1.i: [£12| ~ [£1]. In this case,

m§2) (57 fla E?a £3)
QP (&, &1, 60, )

< g2

~ S1

and thus, we deduce from Berstein’s inequality that

LHS of (3.46) < Ny 24| Py (Pn, Vi Py, Va P, V3) || 1

—3 4546
SN AL LI P Vall e 1PN VA
L2s L L

1-2s I-2s
x x
3
SNCNSNG TT 1P, gz -
j=1

Subcase 1.ii: [{12] < |&1] and € < [€3]. In this case we necessarily have |&2| ~ &;. We use

m§2) (67 gla §27 53)
P (¢, 61,6, )

—1¢—1
561 612

to get that

LHS of (3.46) S N*FON;1 Y K—1HPN (PK(PN1V1PN21/2)PN3%,)HL2
K<N: g

< NENTH ST || i (P, Vi PagVa) | | P Va2
K<N; :

3
S NN NG TT 1P vl s
j=1

for any 6 > 0.
Subcase 1.iii: [£12] < |&1| and £ > |€3]. Note that in this case |{2| ~ & and &2 ~ &.
Then, we have

m{P (61,6, &)
0P (€61, 6. €3)

S R | -1
SE&EEEL
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It follows that

LHS of (3.46) < N~z tHN; 1 N K3
K~N

Py (Pic (Py, ViPr,Va) P Vs ) )

L3

SNNTES T K

Pr(Pic (Pr, Vi P Va) P Vs )

K~N HL%L
SN S K P (PP i) 2 Pl o
K~N v

S NTONS || Py Vi P, Vall o || Py Vall 2

3
S NUEONSNG TP gl
j=1

m;Q) (5’51 752 7&3) is

Case 2: j = 2. We recall that the multiplier —Z;
Q57 (€,61,€2,83)

26, (EEZZ?B— £263) 1|5523\>% 1\552375253|>% 1|§12|>1X+(5)X+(51)1<0(52)1<0(§3) :

Due to the sign restrictions, we have max{|&a|, |€3]} < |€23] < &1 and € < &. Without loss
of generality we may assume that |{a] < |£3] so that [€23] < 2|¢3] and note that Npax = N1,
Nmed = Ng, and Nmin = NQ. Then

2 1
mP(€6,6.8) | o sl _ 1

~ 1 1_, ~ 1 1 -

A€ &, 6,6) | T Qe lasl T el
Subcase 2.i: { ~ & (i.e. N ~ Nj). We have

_3 J SN
LHS of (3.46) £ Ny >Ny > || Py (P, Vi P, Va P, Vi) | 2

< *%Jr(; f%Jrs
SN2 N, HPNIVlHLgHPNQV2HL30HPN3V3HL%
x x

3
—l—st6
SNTUONSNG TPy vilee
i=1

Subcase 2.ii: { < &;. Then we necessarily have &; ~ [£23|. Since & and & have the same
sign, we cannot have that |£3| < &1, and thus |£3] ~ & (or equivalently N3 ~ Nj). Then

LHS of (3.46) < N°N;'N, é+SHPN (Pv, VP, Va P, Vs) | 1y

1
_ -1+
S NN, P Vil | P Vel ee 1P, Vil 2

3
SNy NN TP, o5l -
j=1

(2)
Case 3: j = 3. We recall that M is
Q37 (£,61,€2,63)

25;@1\5523|>% L s> 2 Ljgrs > 1X4+ () X+ (1) 1<0(§2) 120(€3) Lo (823) -

2
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Due to the sign restrictions, we have max{|£23], £} < &1 and &3 < |&2]. Clearly, it holds that

mi(’)2) (57 517 52) {3)
QP (¢, 61,60, )

Subcase 3.i: |{3] < &. Observe that & ~ |£12] ~ &, and Npax = N1, Nped = No,
Nmin = N3. Then, LHS of (3.46) is estimated exactly as in Subcase 1.i.

Subcase 3.ii: |{2] ~ & and € < &3. In this case we have Npin = N3 and Npax ~ Nied ~
Ni ~ N3 and thus the LHS of (3.46) is estimated exactly as in Subcase 1.ii.

Subcase 3.iii: 2] ~ & and € > €. Then € ~ 12| and Npin = N3 and Nyax ~ Nped ~
Ni ~ Nj. Therefore, the LHS of (3.46) is estimated exactly as in Subcase 1.iii.

Subcase 3.iv: [&2] > &1, Then [&| ~ & ~ |€12| and note that Nyax = N2, Nped = N3,
and Npin = N7. It follows that

S (&) N

LHS of (3.46) < N*"0F2 NNy Y| Pr (P, Vi Py Va P Va) | .

1
~Lts,
SNy 2Ny P Vi e 1P, Va2 1| Py Vi .2

3
SNYN; NG TP, vl e -
j=1
O
For the following corollary to the above Lemma 3.10 we recall that the multipliers m§2)
depend on the dyadic numbers Ny, No, N3, N12, No3, which are all dominated by Nyax-

Corollary 3.11. Let 3 —4/33/4 < s < i. There exist §,& > 0 small enough such that for
each 7 =1,2,3, we have
@)~ ~ ~
NG (w, @, u)(t’)HLlTHs+5 47
_ 1 6 )
< N (M5 Tt o)) (leolageir + Nl igerne) uliEe s

where Nyax = max{Ny, No, N3}.

Proof. For the first term on the right-hand side of (3.44) we simply invoke Lemma 3.9.
For the remaining terms, we apply Lemma 3.10 followed by Lemma 2.11 together with
Lemma 2.2. For instance, we get that for any 0 > 0

HPN/\/]%) (0w, , w)(t') ||L1TH5+5

—1—g+86460 ~ ~ ~
S Nopa °H0F NrsnequfzmHPNlathLlTLg‘|PN2UHL§9L3HPN:s“HLg%g (3.48)
3.48

2,1 54540 6
S TNF NN, N (L4l )

% (ullogrs + lwllegas ) 1Paetll oz | Pratll oz

where Npeq and Nyin are as in Lemma 3.10 and 2 < ¢ < 4 satisfies the hypothesis of

(5-2) (5-35;) =<0 (3.49)

Lemma 2.11, i.e.
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In the case that Nya.x = N1, we easily notice that if we also impose

2 1
S osHo0< 2, (3.50)
q

then

2 ~ _ — 6
1PNNGE 00, @) ()| 11 grovs S TNmaxN (L4 Nl o) ol e e ullF e

since on the support of the multiplier m§-2) we have £ < &1, hence N < Np < Npax, for all

Jj =1,2,3. In the case that Nyax = N2, we clearly have N7 (Ny. < Np. N3, and thus
244 2_1_si6+6 o
qu ZNm;a: S+5+9N1§16d sun < Nf?lﬂ?f NQSNg S ngxN : ’

by imposing the same condition (3.50). The case Npyax = N3 is analogous to the case
Nmax = Na. Lastly, the estimates for the remaining two terms in (3.44) follow similarly.
Hence, we can pick ¢, d, and ¢ to satisfy both (3.49) and (3.50) as long as

3
3—6&+Z<0. (3.51)
0
Proof of Proposition 3.1. It follows by gathering Lemmata 3.4, 3.6, 3.7, and Corollary 3.11.
Indeed, we can now check that all the summation-integrals that appear while performing
the above two steps of normal form reductions are absolutely convergent. Therefore, we

can also regroup similar terms to derive the equation below in order to provide the desired
difference estimate

@ (t) — Wa(t) =

/ t {N&L(wl, i) () — N (@, ﬂa)(t’)}dt’ + / B - Balt))at
0 0

[V @ ) () - NG (@2, ) (1)

t'=0

- > > > /0 {Nf”(wl,ﬂl,ﬁl)(t’)—Nf”(wg,ag,az)(t’)}dt'

Ni12 N3SNi2 N1 NaSNp

_Z Z /0{No(l)(EINm’aNa)(t/)_N()(l)(E;va%N;a)(t/)}dt/ (3.52)

Ni2 N3SNi2

2 ZZ/O {N@(m,al,m)(t’)—N@(@Z,ﬂz,az)(ﬂ)}dt’

N1 N23SNi N2 N3

r2 E ST [ e m e - e o

N1 N23<SNy N2 N3
t
+> D, ZZ/ {N§2)(@1aﬂlaﬂl)(t/)—szz)(@ﬁ%%)(t/)}dt/'
Ny Nos<N; Na N3 “0

By using telescoping sums and a version of Corollary 3.11 when the difference of two so-
lutions appears as one of the arguments, we handle the series containing J\fj@)({ﬁk, Ug, Ug),

k=1,2, j =1,2,3. The summations containing E;Nm, k = 1,2, are in fact finite sum-
mations as Ej have compact Fourier suppport. Lastly, by arguing similarly to (3.43), we
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have that the series containing /\/f&(ﬁk,ﬁk,ﬂk), k = 1,2, are absolutely convergent in
CrH®. - O

4. PROOF OF THEOREM 1.1 AND COROLLARY 1.2

Proof of Theorem 1.1. Let ug € H® and let u € C(R; H®) denote the (global-in-time) so-
lution to BO with initial data up provided by the results in [44] or [26] or [25]. Sup-
pose there exists another solution u’ € C(I; H®) to BO (not necessarily global-in-time),
with the same initial data wug, on some open time interval I, neighborhood of ¢ = 0.
By the time translation symmetry of BO, we can assume without loss of generality that
max{t € I : u(t) = uf(t)} = 0 and thus to reach a contradiction, it suffices to show that
w = u' in CpH?® for any small T > 0. By the time reversal symmetry of BO, one argues
analogously for negative times.

Denote by F,w and F',w! the corresponding spatial antiderivatives and gauge transfor-
mations of u and u', respectively. We fix some 7" € I N (0,1) and we set

> 2
K = (14 Co)(1+ |Jullc, ms + [ulllcpms)” < o0,

where Cy denotes the implicit constant in (2.25). By first choosing N € 2% such that

72 (ATS— % T s) < 1
CoK (N 2 + HP>%U) ||CT’H ) <7
and then by choosing 0 < T' < T” such that

C,KTN>*s < i,
where C} is the implicit constants in (2.24), Lemma 2.12 implies that

u — ut|cprrs < 202K |w — wh| ey s - (4.1)

Since both w and w' satisfy the integral formulation of (3.44), we can appeal to Proposi-
tion 3.1 and thus there is some C3 > 0 such that

3 IR
Jw —w'||cp s < C3(TM=+ M IG)KIO(”w_wTHC’THS+||U_UTHC’TH5)- (4.2)
With 8 € (0,1) such that

2@E£%§;, (4.3)
choose M > 1 such that
CsM~ 16 K10 < g
and then we adjust T" such that we also verify
CsTM3 K0 < g
Then, from (4.2) we have
o= wlemse < 25wl lop (44)

Hence, by (4.1), (4.3), and (4.4), we get ||[u — u'||c, s = 0, which completes the proof of
Theorem 1.1. U
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Proof of Corollary 1.2. We recall here that w = ¢9%2 5 and that w satisfies the normal form
equation

t'=t

@(t) — @ = / tNgW, a)(tdt + / tE(t’)dt’ + [No(”(w, W)(t)

Y Y Y Y [aMPaanea

Ni2 N3SNi2 N1 Na SNy

- > / (B, i, ) (t')dt!

Ni2 N3SNi2

DYDY ZZ/ N (@,5,7)(t')dt’

N1 N23SN1 N2 N3

+>N ZZ/N@)@aa( Nt

N1 N23<SNy N2 N3

Y ZZ/N” )W)t

N1 N23SN1 N2 N3

t'=0

Therefore, by setting M := Tfﬁ, by Lemmata 3.4, 3.6, 3.7, and Corollary 3.11, we get

-4 52 ~ ~ 1 20
lw(t) — e wo| gravs = [[w(t) = DO) | gs+s S T (1 + [|ullogas)” lulopms

Due to the uniqueness result of Theorem 1.1 and since ||ul|cpms < C(T), ||uol|ms) (see for
example Theorem 1.1 in [26]), we conclude the proof of Corollary 1.2. O

5. THE PERIODIC CASE

Here we consider the Benjamin-Ono equation (1.1) posed on the torus T := R/27Z. We
point out the main modifications needed to obtain the unconditional uniqueness result of
Theorem 1.1.

5.1. The gauge transformation. Since the Benjamin-Ono evolution conserves the mean,
i.e. fT (t,z)dx = fT uo(x)dx for all ¢, by using the translation transformation

it z) <t t/ ) 1 /
u r):=u xr — — (7 _ U
) y T o 0 o T 0,

we can assume without loss of generality that
/u(t,a:)d:v =0, forallt.
T

We then define F' := 0, 'u the spatial anti-derivative of u by
~ ~ 1 _
F0)=0 , F(n)=—un),nekZ"

m

and note that in place of Lemma 2.5, we easily have ||| — I poo(r) S [Ju1 — w2/ 2() with
a constant independent of ¢. Moreover, we denote

Pe(f) = F~ (Lensof) and Ro(f) = F~ (Laof) = F(0).
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Since e/—ﬁ(n) is well-defined for all n € Z, Py(e™ ") are well-defined L?(T)-functions with
||e_iFHL2(T) ~ 1. Also, note that F' satisfies

O F +HO?F = u? — Py(u?).
The gauge transformation
w = 0, Py (e7), (5.1)
satisfies
opw — 102w — im(t)w = —2P, 0, [8;110 - P_0yu] (5.2)
where m(t) := Py(u?)(t).

It is worth noting that at this level of regularity, the weak solutions of BO, which are
not constructed through (conditional) well-posedness results, do not necessarily satisfy the
L?-conservation law. For this reason, we perform another gauge transformation : w

-t N\ 4!
e~ iJom(t)dt w, so that the equation for the gauge variable becomes

Ow — i0%w = —2P, 0, [a;lw - P_0yu] (5.3)
and, by setting E|[f,g] :== —2P; P,0z[f - P-0zg], we rewrite (5.3) precisely as (3.2). It is
easy to check that the estimate corresponding to (2.12) also holds in this case.

5.2. The Strichartz estimates.

Lemma 5.1 (refined Strichartz estimates on the torus). Let 0 < s < I, N € 2%+, T > 0,
and 2 < p < 4. Let u be a solution to (2.14) with F' = 0,(ujuz2). Then, we have

L S
|Pxull oo rpery S TP NP ([ Pyallgns + lur g ag lusligems ) (54)
where 5 ) .
B(s,p) == (5 —s) (Z — %) —s. (5.5)

Proof. Following the proof of [48, Lemma 2.1], we use the L*-Strichartz estimate due to
Zygmund [64] to deduce

HetﬂangLzl([O,T]xT) ST fllzzm -

After interpolating with the trivial estimate

2 1
Hetﬂazf}|L2([07T]><’]1‘) 5 1> HfHL%(T) )
this implies
2 3 _1
HetHaIfHLP([O,T]XT) ST 3| fllezem (5.6)

for any 2 < p < 4.

The proof then follows similarly to the proof of Lemma 2.8. With § > 0 to be chosen
later, let I; =: [a;,b;] be such that J; I; = [0,T, b; — a; ~ N9 and the number of such
intervals is ~ TN°. We then deduce from (5.6)

bj
IPNullE o g0 77 m) = Z/ | Prullfpdt
7 e

_3.p _ 3_p
< TN 2+Z)"PNU||I£%°L§+Z|Ij|p Y|z~ || Py F

P
Ly L3
j



UNCONDITIONAL UNIQUENESS FOR THE BENJAMIN-ONO EQUATION 35

so that

1

11,1 1 (3
| Pxulogoen S TPNCH D) Pl ez + 5N~ ()0 P
In particular, for
F = 8$(”U,1’u,2) N
we get
1 1 1ys 19 (341
1Pxulloorxmy S TP N2 375 Pyullpso s + TP N (3+5) [Py (uruz)lpeere -
Together with
1_1 1_1 1_1
[Py (uruz)l[rz S N7~ 2 flurugny < Nv7zflun gz luellpze S N7 72l ag lluzl 2

1 .
=25’ we obtain

where 1 < r < 2 is determined by s = % — %, or equivalently r =
11 1ys 1 3_(3,1)s5_9
| Pnull peo,rxm) S T»N2t3) | Pyullzsems +T» N> (i+3;) “Nuallgo szl Lse s

(the restriction on 7 imposes 0 < s < 1). We choose § such that

1 1 3 /3 1
—— 4+ -)—s==—(=+=—)0—2
Gt msmg(Grg)i-2
or equivalently § = 3 — s, and with 3(s, p) as in (5.5), we obtain (5.4). O

5.3. Nonlinear estimates and proofs of the main results. We note that the normal
form transformations as well as the nonlinear estimates from Section 3 carry over exactly
as in the real-line case. The proof of the estimates of Lemma 2.11 is similar, but now using
the refined Strichartz estimate (5.4) instead of (2.17). For the convenience of the reader
we check the numerology of Corollary 3.11 and verify that the same regularity condition is
necessary. Indeed, we must ensure

2 1
B(s,p)<0and5+zf)—7<s

2
(to be compared with (3.49) and (3.50) in the real-line case), or equivalently
3 1 1 1 1 1 s
A e Oand = — — > - — 2
(G =o)g—gy) —s<Oand1—5">5—1

which hold true for some p € (2,4) under the same condition (3.51).

The proof of Theorem 1.1 is then carried out by reasoning on equation (5.3) and by
arguing exactly as on the real line case.

Finally, we comment on the proof of Corollary 1.2 in the periodic case. With Theorem 1.1
in hand, one can assume that any solution at this level of regularity is constructed through
a (conditional) well-posedness result. In particular, by invoking the L2-conservation law,
we can then rigorously justify that m(t) = mg := Py(u?), so that the equation for the gauge
variable (5.2) becomes

Opw — 102w — imow = —2P, 0, [&glw - P_0yu] . (5.7)

Since the LP([0, T'] x T)-norms are invariant under the transformation : w ~ ¢0%w, one also
has the same Strichartz estimate for Pyw as in Lemma 2.16 (ii). Therefore, we conclude
the proof of Corollary 1.2 in the periodic case by arguing exactly as in the continuous case.
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