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Abstract

Abstract. In this work we present a mass conservative numerical scheme for two-phase flow in porous media. The
model for flow consists on two fully coupled, non-linear equations: a degenerate parabolic equation and an elliptic
equation. The proposed numerical scheme is based on backward Euler for the temporal discretization and mixed
finite element method (MFEM) for the discretization in space. Continuous, semi-discrete (continuous in space)
and fully discrete variational formulations are set up and the existence and uniqueness of solutions is discussed.
Error estimates are presented to prove the convergence of the scheme. The non-linear systems within each time
step are solved by a robust linearization method. This iterative method does not involve any regularization step.
The convergence of the linearization scheme is rigorously proved under the assumption of a Lipschitz continuous
saturation. Numerical results are presented to sustain the theoretical findings.
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error estimates, porous media, Richards’ equation, degenerate parabolic problems, coupled problems.

1 Introduction

Two-phase porous media flow models are widely encountered in real-life applications of utmost societal
relevance, including water and soil pollution, oil recovery, geological carbon dioxide sequestration, or
nuclear waste management [34} 21]]. Such complex problems admit only in very simplified situations
analytical solutions, therefore numerical methods for solving multiphase flow in porous media are play-
ing a determining role in understanding and solving the problems. Nevertheless, the design and analysis
of robust, accurate and efficient numerical schemes is a very challenging task.

Here we discuss a numerical scheme for a two-phase porous media flow model. The fluids are as-
sumed immiscible and incompressible and the solid matrix is non-deformable. The adopted formulation
uses the global pressure and a complementary pressure, obtained by using the Kirchhoff transforma-
tion, as primary unknowns (see [[L1, [3, [12]]). This leads to a system of two coupled non-linear partial
differential equations, a degenerate elliptic - parabolic one and an elliptic one.

Numerical methods for two-phase flow have been the object of intensive research in the last decades.
The major challenge in developing efficient schemes is related to the degenerate nature of the problem.
Due to this, the solution typically lacks regularity, which makes lower order finite elements or finite
volumes a natural choice for the spatial discretization. In this respect, we refer to [20, 35] for Galerkin
finite elements, to [19, [37, 133] for finite volumes, to [16} |13, [14] for methods combining Galerkin fi-
nite elements combined with the mixed finite element method (MFEM), and to [17, |52, [22] for the



discontinuous Galerkin method. In all cases, the convergence of the numerical schemes is proved rig-
orously either by compactness arguments, or by obtaining a priori error estimates. A posteriori error
estimates are obtained e.g. in [9]]. Furthermore, similar issues appear for the Richards equation, which
is a simplified model for saturated/unsaturated flow in the case when the pressure of one phase is sup-
posed to be constant. In this context we mention Galerkin finite elements [35}[39]], MFEM based works
[4} 141} 142} 145, 149, 157}, 59], multipointflux approximation (MPFA) [31] or finite volume - MFEM com-
bined methods [18]]. We also refer to [44, 48| |26, [27]] for related works concerning reactive transport in
porous media.

In this paper we propose a mass conservative scheme based on MFEM (lowest order Raviart-Thomas
elements [7]]) and backward Euler for numerical simulation of the two-phase flow in porous media.
Continuous, semi-discrete (continuous in space) and fully discrete mixed variational formulations are
defined. Existence and uniqueness of solutions is discussed, the equivalence with a conformal formula-
tion being involved in the proof. We show the convergence of the numerical scheme and provide explicit
order of convergence estimates. The analysis is inspired by similar results in [4, 14} 41} 45]].

Typical problems involving flow in porous media, like e.g. water and soil pollution or nuclear waste
management are spread over decades or even centuries, so that the use of relatively large time steps is a
necessity. Due to this, implicit methods are a necessity (our choice here being the first-order backward
Euler method, due to the low regularity of the considered problem). Since the original model is non-
linear, at each time step one needs to solve non-linear algebraic systems. In this work we propose a robust
linearization scheme for the systems appearing at each time step, as a valuable alternative to modified
Picard method [[10] or Newton’s method [55,138,43.136} 130,46, 47/]] or iterative IMPES [23| 24]. Although
the applicability of Newton’s method for parabolic equations is well recognized, its convergence is not
straightforward for degenerate equations, where the Jacobian might become singular. A possible way
to overcome this is to regularize the problem. However, even in this case convergence is guaranteed
only under a severe stability condition for the discretization parameters, see [43]. This has motivated
the alternative, robust linearization scheme proposed in this work. The new scheme, called L—scheme
from now on, does not involve the calculations of any derivatives and does not need a regularization
step. The L-scheme combines the idea of a classical Picard method and the scheme presented in [40]
for MFEM or [58],154] for Galerkin finite elements. The L-scheme was proposed for two-phase flow in
combination with the MPFA method in [50], the proof of convergence there being only sketched and not
made completely rigorous. We show here that the L-scheme for MFEM based discretizations converges
linearly if the time step satisfies a mild condition. This robustness is the main advantage of the scheme
when compared to the quadratic, but locally convergent Newton method.

Finally, we mention that the L-scheme can be interpreted as a non-linear preconditioner, because
the linear systems to be solved within each iteration are much better conditioned than the corresponding
systems in the case of modified Picard or Newton’s method. We refer to [29] for illustrative examples
concerning the Richards equation, which is a particular case of the more general model considered in
the present work.

To summarize, the main new contributions of this paper are

e We present and analyze a MFEM based numerical scheme for two-phase flow in porous media.
Order of convergence estimates are obtained.

e We show the existence and uniqueness of the considered variational formulation. This is based on
the equivalence between the conformal and the mixed formulations, which is proved here for the
continuous and the time discrete models.

e We present and analyze rigorously a robust, first-order convergent linearization method for MFEM
based schemes for two-phase flow in porous media.

The paper is structured as follows. In Section[2] we present the model equations for two-phase flow
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in porous media and we define the discretization scheme. In Section 3| we analyze the convergence of
the discretization scheme based on a priori error estimates. We also prove existence and uniqueness for
the problem involved, and give stability estimates. A new MFEM linearization scheme is presented and
analyzed in Section ] Section [5] provides numerical examples confirming the theoretical results. The
paper is ending with concluding remarks in Section [6]

2 Mathematical model and discretization

In this section we introduce the notations used in this work, the mathematical model and its MFEM/Euler
implicit discretization (Problems P, P" and P;'). A linearization scheme (Problem P,_TLL ") is proposed to
solve the non-linear systems appearing at each time step.

The model is defined in the d-dimensional bounded domain © C R having a Lipschitz continuous
boundary I'. Further T' > 0 is the final computational time. We use common notations from functional
analysis, e.g. L>°(12) is the space of essential bounded functions on €, L?(€2) the space of square in-
tegrable functions on 2, or H'(2) is the subspace of L?(£2) containing functions which have also first
order derivatives in L?($2). We denote by H{(€2) the space of H'(2) functions with a vanishing trace
on I' and by H1(9Q) its dual. (-,-) denotes the inner product in L?((2), or the duality pairing between
HE(Q) and H=(Q). Further, || - ||, || - |1 and || - ||oo stand for the norms in L%(2), H' (), respectively
L>(2). The functions in H (div; ) are vector valued having a L? divergence. The norm in H (div; ()
is denoted by || - ||4iw- L?(0,T; X ) denotes the Bochner space of X-valued functions defined on (0,7),
where X is a Banach space. Similarly, C'(0,7"; X') are X -valued functions continuous (w. r. t. X norm)
on [0, 7]. By C' we mean a generic positive constant, not depending on the unknowns or the discretiza-
tion parameters and we denote by L the Lipschitz constant of a (Lipschitz continuous) function f().

Further, we will denote by N > 1 an integer giving the time step 7 = 7'/N. For a given n €
{1,2,..., N}, the nth time point is t,, = n7. We will also use the following notation for the mean over
a time interval. Given the function g € L?(0,T; X) (X being a Banach space like L?(2), or H*(12))),
its time averaged over the interval (¢,,—1, t,,] is defined as

1 [t
gt = / g(t)dt.

tn—1

Clearly, this is an element in X as well.

The two-phase porous media flow model considered here assumes that the fluids are immiscible and
incompressible, and that the solid matrix is non-deformable. By denoting with o = w, n the wetting and
non-wetting phases, s, Do, A, Po the saturation, pressure, flux and density of phase «, respectively, the
two-phase model under consideration reads (see e.g. [6, [11} 21} 34])

0 aSa
Worese) | g (p,q,) = 0, a=w,n, (1)
ot
k?“,oc
qa = — 1 k’(Vpoc - p()ég)a a=w,n, (2)
Swt Sn = 17 (3)
Pn —DPw = pcap(sw)a 4)

where g denotes the constant gravitational vector. Equation is a mass balance, is the Darcy
law, (3)) is an algebraic evidence expressing that all pores in the medium are filled by a mixture of the
two fluid phases and () is the capillary pressure relationship, with p“®?(-) supposed to be known. The
porosity ¢, permeability k, the viscosities p, are given constants and the relative permeabilities k; o (+)



are given functions of s,,. We consider here a scalar permeability, but the results can be easily extended
to the case when the permeability is positive-definite tensor.

In this paper we adopt a global/complementary pressure formulation [3}[11} [12]]. The global pressure
(denoted by p) was introduced in [11] and the complementary pressure in [3]. They are defined by

cap
pxsu) = a0) = [ Fulx, & () ©
cap
0,5 i= = [ fulx O T (x, ), ©)
kr.a - Aw :
where we denoted by A\, := ——, @ = w, n the phase mobilities and by f,, := the fractional

Aw + A
6 w n
flow function. We note the use of Kirchhoff transformation above. In the new unknowns, the resulting

system consists of two coupled non-linear partial differential equations, a degenerate parabolic one and
an elliptic one. For more details on the modelling we refer to [[12]], where the existence and uniqueness
of a weak solution is proved for a Galerkin-MFEM formulation. In the new unknowns the system (I)-(@)
becomes

Ohs(®)+V-q = 0, @)

a = —VO+ fuls)u+fi(s), (8)

V-ou = fas), 9)

a(s)u = —Vp—fi(s). (10)

with s := 8y, a(s) := k)\l(s)’ q the (wetting) flux, and u the total flux. The equations hold true in Q x

(0, T). The coefficient functions s(-), a(-), fu(-), f1(-), f2(+), f3(-) are given and satisfy the assumptions
listed below. The system is completed by initial conditions specified below, and by boundary conditions.
For simplicity, we restrict our attention to homogeneous Dirichlet boundary conditions, but other kinds
of conditions can be considered.

Also note that the results can be extended straightforwardly to the case when a source term f; is
present on the right hand side of (7). For the ease of presentation and in view of the analogy with the
model considered in [45], the source terms are left out here. This simplifies the presentation of the
convergence proof in Section 3]

Problem P: Continuous mixed variational formulation.

Find ©,p € L2(0 T LQ(Q)) q € L%(0,T; (L*(Q))%), u € L?(0,T; H(div;Q)) such that there holds
5(0) € L>®(2 x ( fo y)dy € C(0,T; H(div;Q)), and

(s(0(t)) — (%), w v/ y)dy,w) = 0, (11)

</0t ) dy, v /@ )dy,V -v)

—< /0 Fuls(@@))uly) dy,v) = | /Otfl(S(G(y)))dy,V% (12)

(V-u(t),w) = (fa(s(O(1))), w), (13)
{a(s(@()u(t),v) = (p(t),V-v) + {f5(s(0(1))),v) = 0 (14)
forall t € (0,7T), w € L*(Q) and v € H(div; ), with ©(0) = O, € L*(Q2).
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The function Oy is given. For example, if the function s(-) is one to one, a natural initial condition
is ©; = s71(s;), where s; is a given initial saturation. By (TT), since fo y)dy is continuous in time,
it follows that s(©) € C(0, T; L?(£2)). Then, since s(-) and fa(-) are assumed continuous (see (A1) and
(A3) below), from one obtains that u € C'(0.7; H(div;2)). Similarly, p is continuous in time as
well, so (12)-(T4) hold for all ¢ € (0, 7.

We now proceed with the time discretization for Problem P, which is achieved by the Euler implicit
scheme. For a given n € {1,2,..., N}, we define the time discrete mixed variational problem at time
t,, (the time step is denoted by 7):

Problem P": Semi-discrete variational formulation. Let ©"~! be given. Find ©", p" € L?(f2)
and u”, q" € H(div; ) such that

(s" —s" L w)y+7(V-q",w) = 0, (15)
(@",v) = (O",V-v) = (fu(s")u",v) = (fi(s"), V), (16)
(Vou,w) = (fa(s"), w), (17)
(a(s")u",v) = (", V- v) + (f3(s"),v) = 0 (18)

for all w € L2(Q2), and v € H(div; ). Initially we take ©° = ©; € L?(Q). Throughout this paper s*
stands for s(©F), k € N, making the presentation easier.
We can now proceed with the spatial discretization. For this let 75 be a regular decomposition of
Q ¢ R%into closed d-simplices; h stands for the mesh-size (see [13]). Here we assume Q = Urer, T,
hence € is polygonal. Thus we neglect the errors caused by an approximation of a non-polygonal
domain and avoid an excess of technicalities (a complete analysis in this sense can be found in [33]).
The discrete subspaces W), x Vj, C L?(Q) x H(div; Q) are defined as

Wy, == {p € L*(Q)| p is constant on each element T € T3},

(19)
Vi, :={q € H(div; Q)|qir(x) = ar + byx,ar € R? by € Rforall T € Ty}
So W, denotes the space of piecewise constant functions, while V}, is the RTj space (see [7]]).
We will use the following projectors (see [[7] and [S3], p. 237):
Py, : L*(Q) — Wy, (Phw — w,wy) =0, (20)
and
H(d1V7 Q) = Vh, <v ’ (HhV - V)7 U)h) =0, (21)
for all w € 12,v € H(div;2) and wy, € W},. For these operators we have
|lw — Pow| < Chllw]|, respectively |lv —pv| < Ch|v]|1 (22)

for any w € H'(Q) and v € (H*(Q))%.

The fully discrete (non-linear) scheme can now be given. To simplify notations we use in the fol-
lowing the notation s} := s(©}), n € N.

Problem F;': Fully discrete (non-linear) variational formulation. Let n € N, n > 1, and assume
@Z‘l is known. Find ©}, pi € W), and g, ujl € V}, such that there holds

(sp — s tywn) +7(V - dj,wp) = 0, (23)

(ar, Vi) = (O, V- vi) = (fulsp)ug, vi) = (fi(sh), va), (24)
(V-up,wp) = (fa(sh), wn), (25)

(a(sp)up,vr) — (P, V- vi) + (f3(sp), va) = 0 (26)



for all wy, € W}, and all vy, € Vj,.

The fully discrete scheme (23) — (26) is non-linear, and iterative schemes are required for solving
it. Moreover, in (A1) it is only required that s(-) is monotone and Lipschitz, so it may have a vanishing
derivative, which makes (7)) degenerate. This is, indeed, the situation encountered in two-phase porous
media flow models. In such cases, usual schemes such as the Newton method may not converge without
performing a regularization step. This may affect the mass balance. For the Richards equation, this is
proved in [43]. Following the ideas in [40} 54, |58]], we propose a robust, first order convergent lineariza-
tion scheme for solving — (26). The scheme is not requiring any regularization. Similar ideas can
be applied in connection with any other spatial discretization method, see e.g. [50] for multipoint flux
approximation. The analysis of the scheme is presented in Section 4]

Let n € N,n > 1 be fixed. Assuming that s(-) is Lipschitz continuous, the following iterative
scheme can be used to solve the non-linear problem ([23) — (26):

Problem P Llnearlzatlon scheme (L scheme). Let L > L, 7 € N,¢ > 1 and let @n il e Wy,

be given. Find @h ,ph € Wy and qh ,uh € V}, such that

(L(@Z’i—GZ’Fl)—Fle ! s wp) + (V- qp ,wh) (sp L), (27)
(@, va) = (OF, V- va) = (fulsy Hupt,vi) = <f1<“ Y, va), (28)
(Vouptwy) = (fa(sp' ™) wp), (29)

(a(sp = up va) — (o, Vo va) + (E(s ) ve) = 0 (30)

for all wy, € Wy and all v, € V3. We use the notation szi = s(@Zi) n € N and, as previously,

sy = s(@h) n € N. For starting the iterations, a natural choice is ©}” 0 = O} and, correspondingly,

SZ’O = sp ~1. Note that since we prove below that the iterative scheme is a contraction, this choice is

not compulsory for the convergence.
Throughout this paper we make the following assumptions:

(A1) The function s(-) : R — [0, 1] is monotone increasing and Lipschitz continuous.
(A2) a(-) is Lipschitz continuous and there exists a,, a* > 0 such that for all y € R one has

0<ax <a(y) <a* < oo. 3D

(A3) fi(+), f2(-), £3(-) and fy,(+) are Lipschitz continuous. Additionally, f,,(+) is uniformly bounded.

ere exits a constant M,, < oo such that ||ul|s w [0 so u, and |[u;”
(A4) Th i M, h th < M, n < M, d 2”

o < My
for all n € N, the last two being uniformly in A and :. Here u, u}! and uZ’Z are the solution
components in Problems P, P} and P;"* respectively.

(AS) The function Oy is in L2(12).

Remark 2.1. The assumptions are satisfied in most situations of practical interest. Concerning (A4),
for u this is practically the outcome of the assumptions (Al) and (A3), which guarantee that for every
t € [0,T] one has f2(s(©(t))) € L*(2), and that the L> norm is bounded uniformly w.r.t. time.
Now, without being rigorous, we observe that by (13)) one obtains u(t) = —Vw(t), where w satisfies
—Aw(t) = fa(s(O(t))). Classical regularity theory (see e.g. [32]], Thm. 15.1 in Chapter 3) guarantees
that Vw is continuous on the compact Q), and that the L™ norm can be bounded uniformly in time. For
the approximation uy, one can reason in the same manner, and observe that u} becomes the projection
Iy, (=Vw(ty)). Since ||Vw(ty)||oo is bounded uniformly in time, the construction of the projector 11,
(see e. 8. [53], Chapter 7.2) guarantees that j' satisfies the same bounds as Vw. Finally, case of u,"
is similar. We also refer to [45]] for a similar situation but in the case of a one phase flow model, where
conditions ensuring the validity of (A4) are provided.



Remark 2.2. One may relax the Lipschitz continuity for the parameter functions to a more general
context, where e. g. f,, satisfies a growth condition | f.,(51) — fu(52)|> < C|{fu(51) — fuw(s2), 51 —52)|-
We do not exploit this possibility here, but refer to [lI12} 45| 41)] for the details on the procedure.

The following two technical lemmas will be used in Sections[3]and[d] Their proofs can be found e.g.
in [45] and [56], respectively.

Lemma 2.1. Given a w € L?(S2), there exists a v € H(div; Q) such that
V.v =w and ||v|]| < Cq|w|,
with Cq > 0 not depending on w.

Lemma 2.2. Given a wy, € Wy, there exits a vy, € V}, satisfying

V- vy = wp and ||[vp]| < Coglwal,
with Cq q > 0 not depending on wy, or mesh size.
Also, the following elementary result will be used

Proposition 2.1. Leta, € R (k € {1,...,N},d > 1) be a set of N vectors. It holds

N n L1 2 L N
oY a0 = 5[ + 53 el @
n=1 k=1 n=1 n=1

3 Analysis of the discretization: existence and uniqueness and a priori error
estimates

In this section we analyze the problems P, P, and P}’ introduced in Section The existence and
uniqueness of a solution will be discussed in Subsection [3.1] For the continuous and semi-discrete cases
this will be done by showing an equivalence with conformal variational formulations. The convergence
of the numerical scheme will be shown by deriving a priori error estimates. The main convergence result
is given in Theorem The convergence is established by assuming that the non-linear systems
- (26) are solved exactly. We refer to Section [4] for the analysis of the linearization scheme ([27)-(30),
which was proposed in the previous section to solve these non-linear algebraic systems numerically.

3.1 Existence and uniqueness for the variational problems

In this subsection we discuss the existence and uniqueness of the continuous, semi-discrete, and fully
discrete variational formulations for the considered model (7)-(10). We establish an equivalence between
the continuous mixed formulation and a conformal formulation, which will deliver the existence and
uniqueness for the continuous case. The semi-discrete case can be treated analogously. For the fully
discrete case we prove below the uniqueness. Existence can be proved by fixed point arguments, using
e.g. Lemma 1.4, p. 164 in [S5]. We omit the details here as the existence is also a direct consequence of
the results in Section 4] where the convergence of a linear iterative scheme is proved. The limit of this
iteration is exactly a solution for the fully discrete system.

A conformal variational formulation for the model (7)-(10) reads:

Problem PC: Continuous conformal variational formulation. Let ©; € L?(Q) be given. Find
Oc, pc € L*(0,T; Hi(Q)), such that 9;s(O¢) € L?(0,T; H-(2)), ©¢(0) = Oy, and for all v €



L*(0,T; H}(Q)) and w € H(2) one has

T T
/0<8ts(90),v>dt+/0 <V®C+MVpC,VU>dt
T
+ /0 <§EUS((§CC)))f3(s(@C))—fl(s(@c)),Vv>dt ) (33)
<CL(S(1@C))(Vpc+f3(S(80))),Vw> = —(pls)hw). G4

The existence and uniqueness of a solution for Problem PC has been studied intensively in the past.
Closest to the framework considered here is [12] (see also [14]). There the existence and uniqueness
is proved, however, for the case that the inverse of s(-) is Lipschitz (the so-called slow diffusion case).
Here we assume s(-) Lipschitz but not necessarily strictly increasing, which is a fast diffusion case.
Other relevant references for the existence and uniqueness are [1, 2, 20, 25]]. Also, we refer to [8]] for
the existence of a solution in heterogeneous media, where the phase pressure differences may become
discontinuous at the interface separating two homogeneous blocks.

Having this in mind, one can use the existence and uniqueness results for the conformal formulation
to obtain the existence of a solution for Problem P (as by-product also establish its regularity). The
equivalence is established in Proposition 3.1} whose proof follows the ideas in [41]], Proposition 2.2.

Proposition 3.1. Let O¢,pc € L*(0,T; HY(Q)) be a solution to Problem PC, define sc = s(0¢)
and assume that (Al)-(AS5) hold true. Then, a solution to Problem P is given by © = O¢, p = pc,

q = —VOc — f;(gscc)) (Vpo + £3(sc)) + fi(s¢) and u = ——2~ (Vpc + f3(sc)). Conversely, if

a(sc)
(©,q) € L*0,T; L*(Q)) x L*(0,T; (L*(Q))%), (p,u) € L?(0,T; L2(2)) x L*(0,T; H(div; Q)) are
solving Problem P, then ©,p € L?(0,T; H}(Q)) and (©, p) is a solution of Problem PC.

Proof. ” = ” Clearly, © and p defined above have the regularity required in Problem PC'. Fur-
thermore, u and q are elements of L%(0, T; L?(2)%). Recalling that s(-) is Lipschitz continuous, one
immediately obtains that s € L2(0,T; H}(Q)). Since d;s¢ € L%(0,T; H1(Q)) this shows that
sc € C(0,T; L*(€)). With ¢ € (0,7] and ¢ € H{(€2) arbitrary chosen, taking now v = x (g ¢ in (33)
and using the definition of q gives

(5(0c) — 5(69), ) — { /O aly) dy, V) =0, 35)

for all ¢ € H}(Q). In other words, V - f(f q(y)dy = s(0°) — s5(O¢(t)) in distributional sense.
The regularity of s mentioned above implies that, actually, fg q(y)dy lies in HY(0,T; L*(Q)) N
L*(0,T; H'(92)) as well, and that [ q € C(0,T; H(div;2)). Moreover, by density arguments (TT)
holds for any w € L?(£2). Also, from one gets s¢ € C(0,T; L?(Q)).

In a similar way, using (34)) and the definition of u one obtains

< —u, VUJ> = (fa(sc), w),

for all w € H}(Q), s0 V- u = fa(sc) fora.e. t € [0,7]. In view of the regularity of s¢ and of the
assumptions on fa, this means that u € C(0,T’; H(div;2)) and that (I3)) holds for every t € [0, T'.
To obtain one uses (34)), the definition of u and that p has a vanishing trace on I'. This gives

(a(sc)u,v) = —(Vpc + f3(sc),v) = (pc, V - v) — (3(s¢), V),

fora.e. t € [0,7] and for all v € H(div;{2). Recalling the continuity in time for s¢ and wu, it follows
that (T4) is valid for every ¢ € [0, T)]. Finally, one can use similar ideas to show that (12) holds true as



well.
QE.DS ="

" <7 Letnow (0, q, p, u) be the solution of Problem P. We have to show that ©,p € L?((0,T) x
Q) is the solution of PC, i.e. to show that the functions are actually in L?(0, T; HZ(2)) and that they sat-
isfy (33)-(34). Further, since in (A1) s(-) is assumed Lipschitz, it follows that s(©) € L?(0,T; H*(Q))
as well. Clearly, gives 0;5(0) = —V -qforae. t € [0,T]. Since q € L?(0,T; (L%(Q))?) one gets
os(0) € L*(0,T; H1(Q)).

Taking v € (C§°(Q))? C H(div, Q2) arbitrary as test function in (T4) we get

(a(s(0(y))u,v) + (Vp,v) + (f3(5(0(y))),v) = 0, (36)

which implies
Vp = —a(s(0(y)))u - f3(s(6(y))) 37)
first in a distributional sense, and then by using the regularity of u and s(-) in L? sense. It follows that

p € L%(0,T; H'(£2)). It remains to verify that p has a vanishing trace on the boundary of 2. Taking
now v € H(div;2) and using the regularity of p and one obtains

(Vp,v) = =(a(s(0(y))u,v) = (£3(s(O(y))), v) = =(p, V - v), (38)

for all v € H(div; 2). By using now the Green theorem for v € H (div; (), see [7], pg. 91
[ pvends = (V) + (0.5 ) =0,
r

It follows immediately that p € L?(0,T; H}(€2)). From and one gets that p satisfies (34). In a
similar manner one can show that © € L?(0,T; H}(2)) and it satisfies (33).
Q.E.D.” «”
We can now state an analogous result for the semi-discrete case.
Problem PC": Semi-discrete conformal variational formulation. Let » € N,n > 1 and O}
be given. Find O, pt, € H} (), such that for all v,w € H}(£2) one has

fw(seTCL’)

(s(08) — s(OF 1), v) + (VOR + vag’ Vo)
fw(s@n) n n _
+<W@§))f3(5(90)) —fi(s(6)), Vv) = 0, (39)
<a(s(1@g)) (VPe +13(s(08)), Vw) = —(fa(s(08)), w). (40)

Proposition 3.2. Letn € N,n > 1, ©"! be given and assume that (Al)-(AS) hold true. If O™, p" €
H} () is a solution to Problem PC™ then, a solution to Problem P™ is given by O™ = e D" = Pl
q" = -VOp — f;f(isg%) (Vi + f3(s3)) + fi(sg) and u™ = —a(%g) (Vg +f3(s)). Conversely, if
(0", q") € L%(Q) x H(div;Q), (p,u) € L*(Q) x H(div; Q) are solving Problem P", then @™, p" €
H(Q) and (O™, p") is a solution of Problem PC™.

The proof of Proposition is similar with the one of Proposition 3.1 (also see [41]], Prop. 2.3) and
it will be skipped here. Then the existence and uniqueness of a solution for the semi-discrete variational
formulation (T5)—(I8) is a direct consequence of the equivalence result.

The following proposition establish the uniqueness for the fully-discrete variational problem (23))-
(26). As explained in the introduction of Sec. the existence of a solution will follow from the
convergence of the linear iteration scheme.



Proposition 3.3. Let n € Nyn > 1 be fixed. If (Al)-(A5) hold true and the time step T is sufficiently
small, then the problem (23)-(26) has at most one solution.

Proof. Let us assume that there exists two solutions of (23)-(26), (O3, ;, aj, ;. Py, ;, i ;) € Wi x V%
W), x Vj, with i = 1,2. Further, we let s} , := s(O}! ;) stand for the two saturations. These solutions are
then satisfying

(shi—sp Hwn) +7(V i wn) = 0, (41)

<q2,@-,Vh> - (92@ V) — <fw(8?i,i)u2,i,Vh> = <f1(32,i)7vh>7 (42)
(Vo wn) = (falsh i) wa), (43)

(a(sp )0y i Vi) = (Phin V- va) + (E3(s5 ), ve) = 0 (44)

for i = 1,2 and for all wy, € W}, v, € Vj. By subtracting (@3) and (@4) for i = 2 from the same
equations for ¢ = 1 we get for all wp, € Wy, v, € V),

(V-(upy—upy),wn) = (falsha) = fa(sh1),wn),  (45)

<a(5272)u272 - a(5271)u271,vh> - (p’ﬁ,z - p’ﬁ,l, Vievy) = ((sh,) — f3(5272),vh>. (46)

)

We test now @3) with wy, = pj, — pj; € W), and @) with v, = uj, —uj | € Vj, and add the
resulting equations to obtain

<a(82,2)UZ,2 - a(s}?,l)uﬁ,p UZ,Q - UZ,1> = (fZ(SZ,Q) - f2(5271)vpz,2 - PZ,1>

+{f3(sh1) — f3(sh ), U o — up ).
After some algebraic manipulations, using (A2)-(A4) and Cauchy-Schwarz and Young inequalities one
gets from above

2 2
Y
20 2a, ay

a )
Z*HUZQ - u2,1”2 <( Nsha — SZ,1H2 + §||p272 - pZ,1H2, (48)

for all § > 0. Using Lemma [2.2) there exists v, € V}, such that V - v, = pji o — pj 5 and |[vp| <
Ca,dllp) o — pi 1 Testing with this v, in one gets

PR — pZJHQ = <a(52,2)u2,2 - a(SZ,l)uZ,lv Vi) + (£3(sh 1) — f3(52,2)7 Vh)- (49)
Using the properties of v, (A2)-(A4) and Cauchy-Schwarz’s inequality, (49) implies

1Ph2 = Phall < Oy o — w4 (s = shall), (50)

with C' not depending on the solutions or discretization parameters. From and (50) follows, by
properly chosen §
[ =gl < Clisha = spall, (51)

with C' not depending on the solutions or discretization parameters. We proceed by subtracting (1)) and
#2) for i = 2 from the same equations for 7 = 1 to obtain

(Sho = sk wn) +7(V - (dro —apy),wn) = 0, (52)
<q2,2 - QZ,D Vi) — <@Z,2 - @Z,la Vevy) = <fw(32,2)u272 - fw(SZ,l)u}f,p Vi)
+(f1(sp2) — fi(sp1)s Vi), (53)

10



for all wy, € Wy, vy € Vj,. Testing with w, = O}, — 0}, € W}, and with v, = 7(q} 5, —
qj, 1) € V4 and then adding the results gives

(Sho = 8h1:On2— Oh 1) +7lldp o — QZJHQ =

(54)
7<fw(32,2)u2,2 - fw(SZ,l)u}l,p qZ,z - QZJ) + 7'<f1(52,2) - f1(32,1)7 QZ,Q - qZ,1>-

By some algebraic manipulations, using (A1)-(A4), the Cauchy-Schwarz and Young inequalities and the
result (51)), we obtain from (54) above

.
(Sho = Sh1,Oh2—Oh1) + ZHqZQ - QZ,lHQ < C7lshy — 8272“27 (55)

with C not depending on the solutions or discretization parameters. Due to (A1), there holds (s}, 5 —

1
Sh1,Oha —Ophq) > Hs hi— Sho [|%, which together with (53]) immediately implies (for sufficiently

small 7) that q, , = qh p and sp | = sp 5. Using these and (51), we obtain that uj, 5, = uy, . From (30)
results also py o = pj, ;. Finally, equation (53) will furnish O}, o = O}, 1, which completes the proof of
uniqueness.

Q.E.D.

Remark 3.1. The uniqueness of a solution for the L-scheme introduced in 27)-(30) can be proved
similarly. Since this is a linear algebraic system, uniqueness also gives the existence of a solution.

3.2 Stability estimates

As in [45] and, actually, as in Proposition one can obtain some stability estimates for the Problems
P"™. Moreover, the same holds for Problem P, but these estimates are not needed for proving the
convergence of the scheme and are therefore skipped here. Following [45], Lemma 3.2, pg. 293 there
holds:

Proposition 3.4. Assume that (Al)-(AS5) hold true. Let (O",q",p",u"), n € N,n > 1 be the solution
of Problem P™. Then there holds

N N N N
T 0"+ 7Y lla" G + 7 I I+ Y uE, < C (56)
n=1 n=1 n=1 n=1
with C not depending on discretization parameters.

3.3 A priori error estimates

Having established the existence and uniqueness for Problems P, P" and P}, we can focus now on the
convergence of the scheme (23))-(26). This will be done by deriving a priori error estimates. We assume
that the fully discrete non-linear problem (23))-(26) is solved exactly. The proofs of this section follow the
lines in [45] and [[14]]. The following two propositions will quantify the error between the continuous and
the semi-discrete formulations, and between the semi-discrete and discrete ones, respectively. Finally
the two propositions will be put together to obtain the main convergence result given in Theorem

Recalling the definition g" := * ft " t)dt € X, forany g € L?(0,T; X) and X a Banach space,
we have

Proposition 3.5. Let (O, q, p,u) be the solution of Problem P and (O™, q", p"™,u") be the solution of
P n e N,n > 1. Assuming (Al)-(A5) and that the time step is small enough there holds:

in

N tn
Z — 50", 0(t) — 0" dt+ [ S / a - q" di|]’
n=1"1tn-1

tnl
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+ZII/ (q—q™)dt|* < Cr, (57)
tn 1
tn
T —u"|)? + 7p" - p"|? < 0/ — s(O™")||%dt, (58)
n 1
tn
HZ / —emdt* < Cr, (59)

with the constants C not depending on the discretization parameters.
Proof. We start with proving (58). By integrating (13, (14) from ¢,,_; to ¢,, one obtains
<V 'ﬁn7w> = <f2(8) ,’U)), (60)
(a(s)u",v) = (0", V- v) + (B(s),v) = 0, (61)

for all w € L?(2) and v € H(div; Q). By subtracting now and from and (61)), respec-
tively, we get

(V@ —u)w) = (fas) = fos"),w), (62)
(a(s)u” —a(s" )", v) = (" =", V-v) = —(B(s)" — f5(s™), V), (63)
for all w € L?(Q) and v € H(div;). Taking w = p" — p" € L*(Q) in andv =u" —u" €

H(div; Q) in (63), and summing the results we obtam

n T~ s N

(a(s)u” —a(s")u", u" —u") = (fo(s) — fa(s"),p" —p") — (f3(s) —f3(s"), 0" —u"). (64)
By Young’s inequality, this further implies
1 n (A —=n ny[|12 4 -n 7|2
(= als)u — a(s"u" dt, W@ — ") < ()" — fols") 2+ 27" — p"]
T tn—l 1 25 2
_ n_ 2, Oxy—_p _ny2
B — ()P + e —

The above is further equivalent to

<i/t (a(s) — a(s"))udt, @ u">+<a(sn>/t" w— udt T — )

n—1 T n—1

1 —n * ||
< Sl = 2+ 515" =P+ 0T — S + S —

which by using (A2)-(A3) leads to
2

2
e - < (G2 Dy [ a2 -y (65)
210 27a0’ )y, 2 ’

3a,
4

I
for all § > 0, where 77 = (/ (a(s) — a(s"))udt,u" — u"). Now, to estimate 77 one uses (A2),
t

n—1
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(A4) and the Young inequality to obtain

T < 02 [ (e — el - u|

n—1
1 tn 2 ay
< =/ ( / " (afs) - als "))udt) o+ 2w
M2 =N n|2
< )2 dt o+ [ — |
n 4
MﬁLi " g n
< / s "2 dt 4 % — w2 (60
Ty tn—1
From (63)) and (66) it follows immediately
Qe —=n n C tn n 5 -n n
Sl wP < S [ o) - s+ ol o, (67)
tn—1

with C not depending on the discretization parameters.
To estimate the last term above, one uses Lemma ensuring the existence of a v € H (div;2)
such that V- v =p" — p™ and ||v|| < Cql|p" — p"|. Using this as test function in (63)) gives

5" —p"|* = (a(s)u" —a(s")u",v) + (E(s)" — f3(s"),v)
—n 1
< Cllals)u” —a(s""|* + C3[[E(s)" — £3(s™)I° + 5 IP" — "I (68)

Proceeding as for (67)), for (68) we get:

c [
=< S [ () - s+l (©9)
tn—1
with the constant C' not depending on the discretization parameters. Using and (67), and choosing
J properly, one obtains (38).
To prove we follow the steps in the proof of Lemma 3.3, pg. 296 in [45]]. By summing up
for k = 1 to n and subtracting (T1]) from the resulting we get for all w € [2

(s(O(tn)) — 8", w +TZ @ —q"),w) = 0. (70)

Further, subtracting (12)) at ¢ = ¢;,_1 from (I12) at ¢t = ¢, dividing by the time step size 7 and subtracting
from the result we obtain for all v € H(div; )

R

@ —q",v) = (0" = 0",V v) = (fuls)u" = fu(s"u",v) = (fi(s)" = fi(s"),v). (71

By testing (70) with w = ©" — ©" € 2 and (7I) with v = 7 (q@" — ¢*) € H(div;Q2), adding the
k=1

results and summing up from n = 1 to IV we get

N N n
5(0(ty)) —s", 0 —0™) + q —q, a —q
> (s(B(tn) — 5", 0" —0") + Y (@ @ -d")
n=1 n=1 k=1
N n N n
S Faon” — fulsut e S @ - d) = SSEE) - (M), > (@ — )
n=1 k=1 n=1 k=1
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We estimate separately each term in (72), which are denoted by T3, T3, T3 and Ty. For T} we proceed
as in the proof of Lemma 3.3, pg. 296 in [45], as the term here is identical to the one there and obtain

tn tn
Z ) — 5", 0 —O")dt + - Z ~5(0),0—0"dt  (73)
th—1 tn—1
with the first term above being positive to remain on the left hand side of (57). Using the regularity of
the solutions (both continuous and semi-discrete) and the stability estimates in Proposition [3.4]) one can
follow the steps in estimating 777 in [45]] to obtain for the second term above

tn
IfZ -5(0),0-0"<C (74)
tn— 1
with C not depending on the discretization parameters. Moreover, if the data is such that both phases
present at any time and everywhere in the system, the estimate in can be improved to C'7, as
discussed in Remark [3.3|below. Such estimates are optimal.
For the second term in one uses the algebraic identity (32)) to obtain

N N
T . T, _.
=TI @ gy - e as)
n=1 n=1

The two terms above will remain on the left hand side of (57). We proceed by estimating 73 in (72)). By
the Young inequality there holds

N n
Ts) = 1D {(fuls)u” = fu(su", 7> (@ - ")
n=1 k=1

S N 7_2 N n
< §Z|!fw(s)u = fuw(s"™) ”||2+ Z\Izq —q")[]?
n=1 n 1
7_ n
< T31+25Z||Zq -d")|* (76)
n=1

The second term on the right is estimated by using the Gronwall lemma. For the first one, one uses (A3),
(A4) and (58) to obtain

T31] = Z/( ) w(s)u— fu(s ")undt> dx

2 2
S 3 Z/ (/ — fuls ))Udt> d$+2/fw (/n 1(u—u”)dt) dzx
SM2L2
< “Z/uwwmmme |
SMgL3, M2 C N, tn
< Z/ —sn||2+fw2/ |s — s™||2
tn T n=1"1tn-1
tn
< Z/ ’S—Snszt (77)
tn 1
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for all 6 > 0 and with a constant C' not depending on the discretization parameters. In the same manner
one can bound the last term in (72). Using again Young’s inequality and (AS5), one gets

cé n
|T4|<Z/ Is — s \IQdH;&,ZHZq —q")|I? (78)
n=1

for all 6’ > 0 and with a constant C' not depending on the discretization parameters. We observe that
due to (A1) there holds

N tn N tn
2/ [ Z/ (s— 5" O — O dL. (79)
n=17tn-1 n=1"7tn-1

By using (79), choosing ¢ and &’ properly, the first terms in the right hand sides of and are
absorbed in the left hand side of (57). Putting now together - and applying the discrete Gronwall

lemma gives (57).
Finally, to prove (59) one follows the step in Lemma 3.9, pg. 300 in [45]]. By Lemma[2.1] there exists
N N

a function v € H (div; Q) which satisfies V - v = Z(@n — 0" and |v|| < Cql Z(@n —O")||. We
n=1

n=1
use this as test function in (71)). Now (39) follows from (57).
Q.E.D.

The next proposition quantifies the error between the semi-discrete solution and the fully discrete
one. Recall the notations s* = s(OF) and s} = s(©F), k € N.

Proposition 3.6. Letn € N,n > 1 and let (O™, q", p",u") be the solution of P", and (O}, qy!, p}, uy’)
be the solution of Pj'. Assuming (Al)-(A5) and that the time step is small enough, there holds

N

N
> (8" = sh, 0" =00 + [Is" = sp1?) + 7l D (Taq™ — ap)||?
n=1 n=1
N (80)

<C) (la" = Mug"|* + (10" = P0"[* + [[u" — Ipu"|* + [[p" — Pup"[|*)

and ) ) )
[u” —uz " + V- (0" —up)|* + [Ip" — p &
< O([[0" = pu”||* + [|s™ — sp||* + [Ip" — Pup" (%),

with the constants C' above not depending on the discretization parameters.

Proof. The proof of (81) can be found in [[14], where a MFEM was applied for the discretization of
the pressure equation, but the Galerkin FEM for the saturation equation. Therefore we give here only
the proof of (80). By subtracting (23)) and (24) from (I5) and (I6), summing up from & = 1 to n and
using the properties of the projectors, one gets

(s" sh,wh+r§j - (Mhq® — af), wn) = 0, (82)
(@" —ap, vi) = (PO" = O,V - vi) — (fu(s")u" = fulsp)uy, vi) = (f1(s") —fi(sp), va)
(83)
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for all wy, € W}, and vy, € V},. Taking wy, = P,O" — O} € Wy and v, = TZZZI(thk — qﬁ) e W
in (82) and (83), respectively, adding the results and summing up from n = 1 to N we obtain

N N n

S st - sp PO - O + 7Y (d" — ), Y (ha" — af))

n=1 n=1 k=1
N N n
Z fw(s}) uh,TZ ,q" — qf) :Z ") —fi( Sh,TZ 9" — qf))
n—=1 k=1 n=1 k=1

(84)
Denoting the terms above by 17, T5, T5 and T}, we proceed by estimating them separately. For 7} there
holds

N N
Ti= D (" = 57, 0" = O) + > _(s" — 5], PrO" — ) 83)
n=1 n=1

with the first part above being positive due to the monotonicity of s(-). By Young’s inequality, for the
second term in (83) one gets

N 5 1 N

n n n 7’L 1 n n
> (s = sp, P,O" — Zus = sl + 55 2 1o — o2, (86)
n=1 n=1

for all §; > 0. Note that due to (A1) there holds

N N 1
D (s" — s 0" —Of) > ZfHS"—S’ﬁ\V- (87)
n=1 n=1

After properly choosing d1, the second term on the right in can be absorbed by %ZnNd(s" —
sp, 0" — OF).
Using the algebraic identity (32), for 7% it holds

n

N n N
T = 7) (@ —1hq", ) (Iha" —ap)) +7) (Iha" —qp, Y (Tha" - ap))
n=1 k=1 n=1

k=1
- T21+fuznhq — QP+ Zunhq QI (88)

The only term remaining to be estimated is Th1. This is done by using Young’s inequality

N

. 1

(Tor| < 5D 0" ~ g H?+fZHZ Ihg* — af)[|*. (89)
n=1 n=1
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In estimating Ts we use (A2)-(A4), Young’s inequality and (81]). There holds

T = ’Z fw(s")u" = fu(sy) uthZth —qp)

IN
o | S
||M2
E’*

u” — fu(spup|? + Z IIZ (Mha"* — ap)|>
n=1

N N 9 N n
T
< 835" = s+ B M, Y ut - g+ o ZHZ Mg — o)
n=1 n=1 n=1
N N T N n
< C53ZHS”-82HQ+CZHU”—HZHQJr ZHZ " — ap)| (90)
n=1 n=1 n=1

for all 93 > 0 and with the constants C' not depending on the discretization parameters. In a similar
manner, by using (A5) we can bound also the last term 7). There holds for all 4 > 0

T < 054Z||s —s“|r2+*2||2 Mha* - af)|% 1)
n=1

Finally, putting together (84)) - (O1), choosing d; — &4 properly, and using the discrete Gronwall lemma
we obtain the result (80).
Q. E.D.
The main result below is a straightforward consequence of Proposition and Proposition the
properties of the projectors and the regularity of the solution.

Theorem 3.1. Let (O, q, p, u) be the solution of Problem P and let (O}, q}, p}, u}t) be the solution of
PP ne{l,...,N}. Assuming (Al)-(A5) and that the time step is small enough, there holds

N

tn ln

S [ tste) - sep).e) - op) di + HZ [ aaarsceen, o
n=1 tn—1 tn—1
N N

Sorla —wplP 4+ Pt —ppP < Cr+ R, (93)
n=1 n=1

with the constant C not depending on the discretization parameters.

Remark 3.2. The error estimates presented above can be extended to the case of s(-) being only Hilder
continuous (instead Lipschitz continuous), see [51|] for the details.

Remark 3.3. In the non-degenerate case, when the disappearance of phases is not allowed, one can
obtain the optimal error estimates (similar to Corollary 3.6, pg. 299 in [45]])

N tn N tn
Z/ (s(O(t)) — 5(O), 6(t) — O) dt + ||Z/ q—qpdtf]> < C(7° + h?), (94)
n=1"tn-1 n=1"tn-1
N N
STt —up P+ Pt - pRll? < C(7F + b). (95)
n=1 n=1
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4 Linearization scheme

In this section we analyze the convergence of the (fully discrete) linearization scheme (Z7)—(30) pro-
posed to solve the non-linear system (23) — (26). We show that the scheme is robust it converges lin-
early. The scheme does not involve any regularization step. As the scheme is used to solve the nonlinear
systems in one time step, throughout this section n € N, n > 1 is fixed. For the ease of the presentation
we recall the scheme (27)—(30):

Problem P,"": )4 Lmearlzatlon scheme (L scheme). Let L > L,, i € N,i > 1 and let ©)” e w,

nz

be given. Find ©, ,ph € Wj, and qh ,uh € V}, such that

(LOF =0y ) + s L) + (Vo wn) = (sptwn),
(" Vi) = (OF V- vi) — (fulspup vy) = <f1<“ Y, va),
w,)
)

n,t n,2—1
<V U, , Wh <f2( ) wh>’
n,i—1\..n,2 n,0 n,i—1 o
<a(5h )uh s Vi) — <ph ,Voevp) + <f3( ), Va) = 0
for all wy, € W}, and all vj, € Vj. Here we use the notation s, := s(©}"") and, as in the previous
section, 7 := s(O7) and s7'~! := s(O71). Also, the iteration starts with ©}"* := 7! and s}"* :=
n—1
5(057).
We introduce now the errors between two consecutive iterations ¢ and ¢ — 1:
n,. n,t n,t—1 ne n,. n,t—1
g = 6,7 -6, ", eq = qh —q,
ng n,i n,2—1 nt n,% n,i—1
e’ = Dy —Pn s el = u,’ —u’ o,
n,t n,t n,t— 1 n,t n,t—1
es’ = s, —s,  =s5(0,)—5(0,").

In order to show the convergence of the scheme - we prove that the iteration is a contraction
in eg and egq, together with estimates for e, and e,. The convergence follows by applying the Banach
fixed point theorem for eg and eq and by a similar argument for e, and e,. Note that, in this case, the
term involving the factor L will vanish and the limit of the iteration is a solution of Problem F}.

The main result, the convergence of the scheme — (30, is stated in the following

Theorem 4.1. Assuming (Al)-(AS), if the time step T is sufficiently small, the linearization scheme
-(30) converges linearly.

In fact, the time step has to satisfy a mild restriction to guarantee the convergence of the scheme.
This restriction is stated in (II6) below. In particular, the convergence is robust w.r.t. the mesh size
h. Moreover, the errors are reduced faster for larger values of 7 than for smaller values, however still
satisfying (116).

The proof of Theorem | 1| follows directly from Lemma[4.T|and Lemma [4.2] below.

Lemma 4.1. Letn 6 N be fixed, and ep~ l,ph € Wy and q;~ L uz_l € Vj, be given, solving P"_1

Further, let @h ,ph € Wy, and qh ,uh € Vy, solving meor anyt > 1,1 € N. Assuming (A2)—(A4),
there holds

lew’l* < Cufled %, (96)
Vel < L lles (97)
lep I < Coller'"2, 98)

where C1 and Co are two constants not depending on the discretization parameters or the iteration
index.
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Proof. The constants C; and C5 are determined in the proof. With ¢ > 1, subtracting (29) and (30)
for ¢ and ¢ — 1 respectively, one obtains

(Ve wp) = (fa(sp'™h) = falsp' ™), wn), (99)
(a(sy D" = a(sy ™y ™ va) = (e, Vovi) = (B3(s" %) = B3(s," ), va) (100)

for all wy, € W, vy, € V},. Taking now wy, = eg’i € Wy, in Q9) and v, = e’ €V, in (©9), and adding
the results one gets

(ol up —alsy )y ™ el) = (s ™) = falsh™ ) g )+ a5y ) (s ), e,

(101)
Using (A2) - (A4), together with Young’s inequality, from (T01) and for any €; > 0 one gets
. M212+ 12  L?
TllenfP < | =R B e P + e (102)
2 Ay 2€1

Recalling Lemma a vy, € Vj, exists such that V - vj, = ep” and ||vy, || < Cq.qllep”||. Taking this vy,
as test function in (T00), using (A2)-(A4) gives

= (a(sy" Dup —alsy™ )up' ™ va) + (Bs(sp ") — £3(sp" ) va)

Coa (a*lex’|| + (MuLa + Le,) e 1) flep].

lep " II*

N

This allows estimating e, in terms of e5”* and ey,

lep"1I* < 268 a(a*)?lleII” + 268 4(MuLa + Le,)* g%, (103)
With €, = e )2 02 , from (102)) and (103)) one obtains
Q.d
202 72
%He”ﬂ < MI%LZ + L%:i + 2(0’*) CQ,dez + a*(MuLa + Lf3)2 ||en,i—1||2 (104)
4 u — ay ay 4(&*)2 s )

MZL2+ L§, +2(a*)?C3 4L%,  (MyLg + Ly, )?
which is, in fact @) with ¢} = 4—"—"—5 2( [Codly, (M (“:;2 5" Further, ©8)
az a

follows immediately from (T03) and (96), with Cy = 2C3 ,(a*)?Cy + 2C3 ;(MyuLqa + Lg,)?. Finally,
©7) is a straightforward consequence of (99) and (A3). Q.E.D.

Lemma 4.2. Letn € N be fixed, Qz_l,ph € Wy and q;~ ! )t eV, solve PRt and @Z’i,pZ’i €
Wy and q)", )" € Vj, solve Py for any i > 1,i € N. Assuming (A1)~(A4), it holds

||€m\|2_302||€ P = Cslley 1%, (105)
and
2
o 2 2
51+ sz o 16
305d<1—TL(03+4L2 +8L2 M2 +8C1M3,)) e SCRAL
* LGOI 1) I8 < g p s
(106)

where Cg = M]%w Cy + (My, Ly, + L¢,)? is not depending on the discretization parameters.
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Proof. Subtracting and (28) for i and i — 1 respectively gives

(Leg' — 5™ +em = wp) +7(V - el wy) = 0, (107)
(el vp) — (e’ V- vi) — (fulsp ™Dl — fulsp ™ vy = (s ) — fi(sp ), va).
(108)

By Lemma | there exists a v, € V3, such that V - vj, = eg’ “and ||v,]| < Co dlles *||. Taking this vy,
as test function in (TO8)) and using (A3) and (A4) gives

e = et vad + Falshy ™ uh = Fulsy 2™ va) + (B (s = (s vi)
< (||e“u+ufw<"’ el a5 ™) = Fuls i+ L e 1) vl
< (legll+ My, el + (MaLg, + Le) ez 1) Covallel’l (109)

Combining (T09) with (96) further implies
€6 I1* < 3C alleqII* + 3CE 4Callel 1 (110)

where C3 = M} Cy + (MyLy,, + Ly, )*. From (T10), (T03) follows immediately.

To prove (T06), one takes wy, = gy’ € W, in (T07) and vy, = Tey” in (T08), add the resulting and
obtains

L{(eg" — e ) + e eg) + legl? =
m(fulsh Dy = fu(sy TG g 4 (s — BT, e

This further implies

I el = e P (e + e = Sl TR + (e e - )
s R Fuls R ) ()~ ), ).
By the monotonicity and the Lipschitz continuity of s(-) as stated in (A1) there holds i
ey ™) 2 e R 2 7 en P, (112)
From (103) and (T12)), by (A1) - (A4) and Young’s inequality, (TTT)) implies
5+ 602 e Eneg”ée"’i*ln%(%w%we’“ P+ e
*u B o e T e el 2r L ek (113
ey T+ arL M 1|12+47Mfwueu”‘u?+gueq 2
This rewrites as
(3 * Gar NI + (= TN+ Fhe? -
L||e’” P2+ (ﬁ+2TL2 +4rL3 M2)|[ed | + 47 M3 el |
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Using now in (114)) and rearranging the terms leads to

L T . 1 C )
(5 + —5)lleg'|I* + < — (24 2LF +ALG M+ 401M§w)> [|em =12

6C2, X oL 2 (115)
T 7‘ 2 7‘_1 2
F R < Sy IR,

which is nothing else as the result (T06). Q.E.D.

Remark 4.1. The estimate (106)) is not practical unless the factor multiplying the last term on the left is
positive. This gives a restriction on the time step,
1
T< 5 5 Y (116)
L (Cs+4L3 +8L3, M3 +8C1M3,)

MELE+LE +(a*)?C 4 L7 ulatLg,)? .
where C1 = 4 f3 a(; Vol + 2AM (i*;;Lf“) and C3 = Mfwcl + (MuLy, + L¢,)?. Thisis a

mild condition because it does not depend on the grid size. In this sense, it is superior to the conditions
guaranteeing the stability of an explicit scheme in time, or to the typical conditions guaranteeing the
convergence of the Newton method for degenerate parabolic problems (see e.g. [43,47]).

Remark 4.2. The constant L is independent on the discretization parameters, but must be chosen greater
than the Lipschitz constant of the function s(+), i.e. Ls.

Remark 4.3. One can use the L-scheme 27)—(30) also in combination with the Newton method. The
goal is to combine the robustness of the L-scheme, which converges regardless of the starting point,
with the quadratic convergence of the Newton Method, which requires instead a starting point close
to the solution. Specifically, at each time step one can perform a few L-scheme iterations, followed
by Newton iterations. In this way one enhances the robustness of the Newton method and reduces
the severe restriction on the time step that guarantees its convergence. We refer to [29], where this
strategy is studied for solving the Richards equation. Still for the Richards equation, A similar idea was
also proposed in [28|], but there the modified Picard method was used to improve the robustness of the
Newton method.

Remark 4.4. We refer to [51l] for a L-scheme applied to the case of a Holder continuous saturation.

5 Numerical results

In this section we present two numerical studies, one concentrating on the convergence of the backward
Euler/MFEM discretization and one on the convergence of the linearization scheme. For more numerical
examples we refer to [45] 41]] (for convergence of the discretization error) and [29] (for linearization
schemes). These papers are considering Richards’ equation (which is just a particular case of the two-
phase flow considered in this paper). We further refer to [50] for an example concerning the linearization
method for two-phase flow and MPFA.

We consider here two problems. The first is defined in a two-dimensional domain € = (0, 1) x (0, 1)
and has the analytical solution given in (I17). For this, a source term was added to (7):

ftx,y) = 2t (1— )’ (1 — y)? + 2t2(1 — 2) + 2ty (1 — y)
+t2y3(1 — y)* (102" — 202° + 122* — 22)
+t227 (1 — z)® (10y* — 20y° + 12¢* — 2y) ,

and we choose appropriate initial and (Dirichlet) boundary conditions. For the spatial discretization, we
use a rectangular and uniform mesh, whereas for the time discretization we choose a uniform time step
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with final time 7" = 1. In accordance with the estimate in Theorem (3.1, we will consider a sequence of
discretizations with halving the spatial mesh size h and reducing the time step 7 one-fourth.
Recalling the system of equations (7) - (I0), the solution and coefficient functions are given by

p=x(1-2)y(l—y), O=tz(l-2)y(l—y), s(0)=02 X\, =s, (117)
Ao=1—s5, fi =0, fo=2zx(1—-2)+2y(l—y), f3=0.

h T E, conv rate Fso conv rate Eo conv rate B conv rate

T | & [ 196E -4 - 3.35E-6 - 9.14E-5 - 1.82E -7 -

é % 4.48FE -5 2.13 5.53E-7 2.59 1.66E-5 2.46 2.88E -8 2.66

% | % | L1IIE-5 ] 201 1.28B-7 | 2.1l 3.9E-6 209 [ 6.67TE—-9 [ 211

é 3—§0 2.72E -6 2.00 3.12E -8 2.04 9.53 E-7 2.03 1.61E -9 2.05

Tab. 1: Convergence rates for the manufactured solution (117).

The results are presented in Table [T} with the errors given by:

B, =00 Tllp" - 2 Be =Y, [ lO() — ey dt,
By=0 0 i st = splPdt, Eee = S0 [i" (s(O(t) — s(0F),0(t) — O}) dt.

The convergence rate is computed by

. logE.(i+1) —log E. (i)
conv rate(i) = : .
log h(i + 1) —log h(7)

where ¢ is the array index and z stands for either p, ©, s, or sO, as shown in Table m We see that the
convergence rate is 2 which is as expected.

Next, we discuss another example where we consider 3D rectangular grids of different sizes and
study the convergence of linearization scheme. The computational domain is now the unit cube. We use
the following constitutive relationships

krw = 527 kro = (1 - 5)27 0= \/gu

and use the following parameters

T =50days, 7 =0.5day, L =2,k =10"%m? g, =1cP,u, = 10cP.
In terms of the coefficients in the model equations (7) - (I0), these choices correspond to:

1 _ 52

Zra—s2 = o

For the pressure, we use Dirichlet boundary conditions at the left (p = 0 at x = 0) and right sides
(p = 10 at z = 1) and homogeneous Neumann at the rest of the boundaries. For the saturation, we use
no flow boundary conditions and consider an injection at the center of the cells fo = 10~° m?/s. For the
grid of size nx = 20,ny = 20, nz = 20, the saturation plot at 7 = 20 days is shown in Figure[I] In
Figure[2] we show the convergence of linear iteration in one time step (at 7' = 20 days) for different grid
sizes. We see that the convergence is rather independent of the problem size. Moreover, as shown in
Figure [3| we show that the number of linear iterations is not very sensitive (5-9 iterations) for the given
problem at any time step.

CL(S) =107 fi =0, f3=0.
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Fig. 1: Plot of saturation at time 7" = 20 days. In the middle of the grid, water is injected at a constant

rate.
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Fig. 2: Convergence of the L-scheme for different grids and a Lipschitz continuous s(-). The legend in

the figure shows the grid sizes which have been taken.
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Fig. 3: Number of iterations versus time step.

6 Conclusions

We considered a mathematical model for two-phase flow in porous media. The model was formulated in
terms of a global and a complementary pressure. A fully implicit, mass conservative numerical scheme
was proposed for solving it numerically. The scheme is based on backward Euler for the discretization
in time and mixed finite elements (lowest order Raviart - Thomas elements) for the spatial discretization.
The scheme was shown to be convergent. Moreover, order of convergence estimates are provided. For
solving the non-linear systems at each time step we considered a robust, first order convergent lineariza-
tion method, called the L-method. The convergence of the linearization scheme was rigorously shown.
The L-method does not involve the computation of any derivatives, and does not require any regulariza-
tion step. The method can be used also to enhance the robustness of Newton’s method, as was done in
[29]. The convergence rate of the method does not depend on the mesh diameter. Numerical examples
have been shown to sustain the theoretical results.
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