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Introduction

The notion of the module of a family of curves goes back to the works of L. Alhfors and
A. Beurling [2], where they introduced the notion of extremal length to study the analytic
functions of one complex variable. Later on it was discovered that the module of a family
of curves is invariant under conformal transformation. Recall that the linear map given by

the differential map of a conformal maps transforms circles to circles.

Two dimensional quasiconformal mappings were introduced by Grotzsch [1] in 1928. A
rather comprehensive treatment can be found in [1, 8]. A homeomorphic quasiconformal
mapping differs from a conformal mapping by the fact that the distortion coefficient is not
equal to one anymore, but instead of being uniformly bounded. Geometrically it means
that, at a point the derivative of a quasiconformal map transforms an infinitesimal circle
to an infinitesimal ellipse for which the ratio between the major axis and the minor axis is
bounded by the coefficient of quasiconformality. The quasiconformal maps due to it’s more
flexible structure are widely used in mathematics, for example in studies of certain elliptic
partial differential equations [19], extremal problems on the Riemannian surfaces and
Kleinian groups [1&]. The modulus of a family of curves is invariant under the conformal
maps but is not anymore invariant under the quasiconformal maps, but nevertheless it

changes according to the coefficient of the quasiconformality.

Extremal problems of mappings of finite distortion was initiated by Astala, Iwaniec,
Martin and Onninen in [6]. Whereas mappings of finite distortion are generalisations of
quasiconformal mappings, these do not have uniform bound on their distortion. In the
extremal problems for quasiconformal mappings, we minimize the maximal distortion,
whereas for mappings of finite distortion we minimize the mean distortion functional.
Zoltan M. Balogh, Katrin Féssler, and Ioannis D. Platis in [l1] developed a separate
method to study minimisation problems for the mean distortion functional in the class
of finite distortion homeomorphisms by modulus of a family of curves. Furthermore, they
went on to prove extremality of the spiral stretch mapping defined on annulus in the

complex plane.

In 2005, Rodin’s gives a method in [17] for finding the extremal function of the module
of a extremal family of curves explicitly. In our thesis we consider minimization problems
for the mean distortion functional in the class of finite distortion homeomorphisms by
modulus of family of curve, in particular, we prove that extremal spiral stretch map in

[11], can be obtained also by an explicit formula which is based on Rodin’s theorem in
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17].

The extremal quasiconformal map f is a solution of the Beltrami equation with the Bel-
trami coefficient py given by the function k%, where k is arbitrary constant and ((¢)d¢?
is a holomorphic quadratic differential in a corresponding domain. The quasiconformal
solutions of the Beltrami equations with this special Beltrami coefficients (associated to a
quadratic differential) are called the Teichmiiller maps. In [11], it is also shown that the
quasiconformal spiral stretch map fy in the class of finite distortion maps is the minimizer
of the mean distortion functional. In our thesis we prove that the above extremal function

fn is a Teichmiiller map, which has Beltrami coefficient of form

where ¢(z)dz? is holomorphic quadratic differential. This relation to the extremal spiral

k!gf'. Moreover, the length

k|dz|
|2
The aim of the thesis is to study one example of an extremal problem in a class of

stretch map fx induces the length element given by |,/@||dz| =

element is up to a constant defined by the extremal metric p =

associated to fy.

quasiconformal homeomorphic mappings in [16] and also for class of finite distortion in
[11], acting from an annulus domain to another annulus domain with some part of the
boundary fixed. We explain how the extremal function in the class of homeomorphic map-
pings with finite distortion is related to the Teichmiiller map by finding the corresponding
quadratic differential.

In Chapter 1, we start with the basic idea and definitions on the theory of quasicon-
formal maps which can be found in [I, 8, 14] and with the definition of the modulus of
a family of curves. Some basic definition required for modulus of a family of curves and
some related theorem can be found [9]. Also we present examples of the module of some
families of curves. In Chapter 2 we present an example of an extremal problem for quasi-
conformal maps and for mappings with finite distortion, for which we define spiral stretch
map. In Chapter 3 will give some definitions that can be found in [3, 5, 12, 13, 15] and
we prove the spiral stretch map is a Teichmiller map. In Chapter 4, lastly, in addition,
we state Rodin’s theorem for finding the some modules of a family of curves and extremal
functions. Also we will give two explicit formulas for finding module and extremal function
and we will prove that how modules of a family of curves and extremal functions obtained
by using of Rodin’s explicit formulas and method developed in [11] coincide with each
other. We conclude the thesis by providing some relation between the shear map and the

spiral map.



Chapter 1
Preliminary Introduction

In this chapter we will give an overview of the quasiconformal theory and present different
notions of a quasiconformal map. We also show that notion of quasiconformality is orig-
inated from a notion of conformality. We define the modulus of a curve family, and give

some example on modulus of family of curves.

1.1 Quasiconformal map

Quasiconformal mappings are generalisations of conformal mappings. They are less rigid
than conformal mappings and are therefore more applicable. The concept of quasiconfor-
mal mappings was introduced by Grétzsch [1] in 1928. He introduced the first extremal
problem which led to the notion of quasiconformality, where he considered the following
problem: Let @ be a square and R be a rectangle (that is not a square). Then there is no
a conformal mapping that maps vertices to vertices. Instead Grotzsch asked for ”the map-
ping closest to being conformal homeomorphic mapping” f: Q — R that maps vertices to
vertices.

Before we explain the Grotzsch problem by using simple example, see Example 1.14,

we will give some necessary definitions.

Definition 1.1. Let Q be an open set in C. A map f: Q — C is called conformal if f is
bijective, holomorphic and there exists a homeomorphic extension f to the boundary of
the domain .

Let z € C be written as z = z + iy and w = f(2) = u + dv. Assuming that f is

differentiable in the variables (x,y) we obtain

ou Ov ou Ov
df =d dv=|—+i—|d — +i— | dy. 1.1
If = du + idv (8x+28x> x+<8y+zay> y (1.1)
Using the relations z = 252, y = Z;f, dr = %, dy = dz;idg, equation (1.1) can be
rewritten as
1 /of of 1/0f Of\ ,_
i = 2<8$ Z8y>dz+2<8x+28y dz
of of ,_ _
N PR L dz. 1.2
&Zdz—l—azdz f2dz + fzdZz (1.2)



10 CHAPTER 1. PRELIMINARY INTRODUCTION

The partial derivatives are

Cof 1 <8f ,8f> s 0 1 <8f .8f>

=573 :

oz Z@y

=2z "2\ Ty

Ug U
Recall that if f is R-differentiable at zp, then there exists a matrix ( * y) such

that

fz) = ﬂm%+C% %><m‘“>+o@—a»
Vg Uy Y—1%Yo

If feC'at zg =z + iyo, then using the complex notation, we get

f(2z) = f(20) + uz(x — 20) + uy(y — yo) + 1ve(x — w0) + ivy(y — yo) +0(z — 20). (1.4)

We modify equation (1.4) as follows,

U u
J@) = )+ Ttz =) b ol -2+ a) ¢
iv—;(z+2—zo—50)+i%(2—5_zo_’Z_O)+0(Z_ZO)
_ I
f(z0)+<2+2i+22+2 (z—20) +

(%—%H% _ %) (2 — 20) + o(z — 20).
Thus
f(2) = f(20) + f=(20) (2 = 20) + f2(20)(2 — 20) + (2 — 20). (1.5)

Here a function f € C! can be well approximated near zy by

L(z) = f(z0) + f2(20)(2 — 20) + f2(20)(Z — 20)-

Note that L can be written as the composition Tp(zpy0 L1oT 4, where T, = z — 2o,
Tt(z) = 2 + f(20) are translations, and L1(z) = f.(20)z + fz(20)Z is a linear map. If we

consider f as a function of two variables, it’s Jacobian at zy = xg + iy is given by

Uy Uy

#@w:da<% %>=LM”%kR

Proposition 1.2. Let f be an orientation preserving function that is |f,| > |fz|.

Then the linear map
Li(z) = f2(20)2 + fz(20)Z (1.6)

maps circles to the ellipses.

Proof. For simplicity we first consider the function

fz(20)
fz(Zo) ’

L1,(z) = z+ pz, where pu(z)=
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since f is orientation preserving so f.(z0) # 0. Then Li(z) = f.(20)L1,. Consider a circle

22 4+ % = r? of radius r centred at the origin, or in polar coordinates re'.

Then

Li,(2) = z4pzZ=x+iy+ps+iuy (1.7)
= (I+pz+i(l+py

maps (z,y) to (u,v) = ((1+p)z, (1—p)y), which implies that z = ¢ and y =

+
2 2
the image of the circle 22 + y* = under Ly,,(z) is the ellipse <(1+u)7‘) + <(1fmr) =1

where 7(1 — ) is the minor axis and r(1 + p) is the major axis. Our aim is to find the
image under the function L;(z). We use polar coordinates to write z = |z]e? = re',

fz = ifz|€i617 and M= |M|6i62. Thus

Li(z) = foz+p2) = L1 (re? + ple®re)

= |fz|7”€i(91+%2> (ei@_ezz) + u!e_i(e‘ezz>> .

i(01+0—2) _Z'Gl .

If we denote by g(z) = | f|re 2) and h(z) = re” "2, then we observe that g(z) is
a rotation and a dilation and h(z) is simply a rotation. Therefore, L1 (z) becomes L;(z) =
go Ly, oh and it also maps a circle to an ellipse with the minor axis |f.[r(1 — |u|) and

the major axis | f|r(1 + |©)], and the ratio of major axis to minor axis is }f—m O

Hence we conclude that f maps infinitesimal circles centred at zg to infinitesimal

ellipses where the ratio of the major and minor axis is

L ul(o) 1+ RS G0l + 1 f(20)

(z0)|
T lulCe0) ~ 1= Kol = [£2Ge0)| = |f2(Go)

Dy (z0) :=

} > 1. (1.8)

The number Dy (zp) is called the dilatation (or distortion) of f at 2o, and p(z0) = %

is called the complex dilatation of f at zg.

Remark 1.3. We have |u| = I§Z| < 1 since f is an orientation preserving maps, defined

in Proposition 1.2. Moreover, from deﬁnition Dy we obtain |u| = therefore Dy < K

D+17

for some K if and only if [u] < & K+1

We now formulate a preliminary definition of a quasiconformal map.
Definition 1.4. A smooth map f: Q2 — C is quasiconformal if I;:f :=sup Dy(z) < oo.
2€Q

We say that f is K quasiconformal if l;:f < K.

Remark 1.5. The constant l;:f > 1, since Dy > 1. Hence K > l}f > 1.
If f is conformal then we know fz = 0. Therefore, Dy = 1 which implies k =1

Here we shown one of the implication of the following theorem,

Theorem 1.6. [/, page 16] A map f is conformal if and only if f is 1-quasiconformal.
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Remark 1.7. If f is quasiconformal, then the number l;f measures how close f is to being

conformal.

We can weaken the requirement of C! differentiability of f, and simply ask that f
has distributional derivatives or it is from ACL class, the space of absolutely continuous
functions on almost all lines parallel to the coordinate axes. Thus, if a map f: Q — C,

) C C is smooth and ;
A

then the map f is quasiconformal. Let u: £ — C be an arbitrary measurable function
such that ||yl = k < 1, or in other words p € B(0,1) C L>(Q).

<k<1l,

Definition 1.8 (Analytic definition of a quasiconformal map). Let Q2 be an open
set in C. A map f: Q — C is called quasiconformal if f is belongs in ACL in €, and

satisfies the Beltrami equation
Jz = n(z)f (1.9)

almost everywhere in . The homeomorphism f is said to be K-quasiconformal if

-~ 1+k
| 1(2) loo=esssup |u(2)| <k <1, with K = + .
2€Q 1—-k

The coefficient K is an analogous to the dilatation D - If f is conformal, then p(z) = 0.
The function p is called the Beltrami coefficient and measures how far f is from being a

conformal map at every point.

Theorem 1.9. [9] Let f: Q — C be a solution to the Beltrami equation (1.9). Assume
that f, f. € L*(Q). Denote by f* the solution of (1.9) in Q@ = C = C U {co} such
that f(0) = 0, f(1) = 1, and f(oo) = oo. We say that f is normalised at 0,1, cc.
Then the set of normalised solutions f* is in one-to-one correspondence with the Beltrami
coefficients from the open unit ball B(0,1) C L>(C). Moreover, the solutions f* depend
holomorphically on p and for any R > 0 there exists § > 0 and a constant Cr > 0 such
that

|f(2) — 2z —tF(2)| < Cgrt® for |z| <R and |t| <3,

where

_ 2z -1) p1(¢) d€ dn e
- ey e

We also have the following convergences, see [3].

1. If {un(2)} is a sequence in B(0,1) C L*>(C) converging to u(z) pointwise almost
everywhere and the fFr and f* are the corresponding (unique) solutions to the Bel-
trami equations in C, then ft converges to f* uniformly on compact subsets of
C.

2. If {fn} is any sequence of normalised (at 0,1,00) quasiconformal homeomorphisms
of C such that their dilatations are uniformly bounded: K(f,) < Kq for every n,
then there is a subsequence fy,, converging uniformly on compact subsets of C to a

normalised quasiconformal map f with K(f) < Kj.
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Let us introduce a geometric definition of quasiconformality, which does not require
differentiability of f.

Definition 1.10. A quadrilateral Q(z1, 22, 23, z4) is a Jordan domain with four distinct

vertices 21, 29, 23, 24 With cyclic order on boundary.
Denote by R(a,b) the rectangle with vertices 0, a, a + b, ib.

Theorem 1.11. [//] For any quadrilateral Q(z1, 22, 23, 24) there ezist unique a > 0,
b >0, and a conformal map h: Q(z1, 22, 23, 24) — R(a,b) such that h(z1) =0, h(z2) = a,
h(z3) = a +ib, and h(z4) = ib.

Remark 1.12. The rectangle R(a,b) from Theorem 1.11 is called the canonical rect-
angle for Q(z1, 22, 23, 24).

The number 7 is called conformal modulus of the quadrilateral Q(z1, 22, 23, z4) and is
denoted by M(Q(z1, 22, 23, z4)) := §. We provide a more general definition of the modulus
of a family of curves in Section 1.2. This construction immediately implies that if there
is a conformal map from Theorem 1.11 ¢: Q(z1, 22, 23, 24) — Q'(21, 24, 24, 24 ), then both
quadrilaterals have conformal modulus equal to §. This shows that the conformal modulus

is invariant under the conformal transformations.

Definition 1.13 (Geometric definition of a quasiconformal map). Let ©,Q; be
domains in the complex plane, f: 2 — €7 a homeomorphism, and K > 1 a given constant.

The map f is called K quasiconformal on € if

M(f(Q)) < KM(Q), (1.10)
for any quadrilateral @, such that Q C Q.
We now explain the Grotzsch problem by an example:

Example 1.14. Let @ be a square and R be a rectangle (not square). Consider a map
f:@Q — R, such that

f(z,y) = (az,y) = ax + iy,

where ¢ > 1 or 0 < a < 1, see Figure 1.1

e Casea>1
We compute g—i =a and %ch = 4, therefore, by equation (1.3) we obtain
f _of _1 g,zg _l(a,ii)_‘H'l
0z 2\ 0z oy ) 2 2

B - a+1\ (fa+1\ |a+1] a+1
T () () - e o

since @ > 1 > 0. Similarly, we get

|f2’ =

la—1] a—1
2 27
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YJ\ va‘
Y f Y
.
< >X € > X
L X ax
y
Q R
Figure 1.1

since a > 1. By Definition 1.8 of distortion we get

_ el _atlta—t

Dy = = =a> 1.
PTUR=IE T avi—av1 ¢
e Case0<a<1
We compute
f_g_l g_zg _l(a_ii)_a—kl
0z 2\ox oy) 2 2

_ — a+1 a+1\ Ja+1] a+1
H T () (5) - ot

since 0 < a < 1. Similarly, we get

la—1] 1-—a

|f2’: 9 = 9 )

because 0 < a < 1. By Definition 1.8 of distortion we get

s 1+1-— 1
LIS _atltioa 1

Dy = = -
TR =1l av1-1+a a

Hence f is quasiconformal map, but not conformal by Theorem 1.6.

1.2 The module of a family of curves and extremal length

The dilatation of a quasiconformal map can be measured along curves, producing so called
linear dilatation. This leads to the notion of extremal length and the length-area method,
which is widely used in the theory of conformal and quasiconformal mappings on Riemann
surfaces. The extremal length has its far going generalisation: the outer measure, called
the module of a family of curves, that is one of the main tools in the theory of spacial qua-
siconformal, quasiregular mapping, mappings with finite distortion and other functional

spaces requiring that the dilatation function k(z) is an element of some integrability class.
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1.2.1 Curves

We start by fixing the notation and listing some basic definitions

Definition 1.15. Let I C R! be an interval, which is either open, closed or semi open. A
continuous mapping v: I — R", is called a curve. A curve is referred to as open or closed

if I is open or closed, respectively.
Definition 1.16. Let v: [a,b] — R™ be a curve and let a =ty < t; < --- <ty =bbea
subdivision of [a, b]. The length of curve 7 is defined by

n

I(v) = sup > |y(tr) = y(ta-1)l.
’Ye[avb] k=1

Remark 1.17. The length of the curve v satisfies 0 < I(y) < oo and I(y) = 0 if and only

if v is constant.

Definition 1.18. If I(y) < oo, then v: [a,b] — R" is called a rectifiable curve. If

l(y) = oo, then 7 is called a non-rectifiable curve.

Definition 1.19. A curve v: I — R" is called locally rectifiable if - restricted to each

closed subinterval of I is rectifiable.

Theorem 1.20. [9, page 8] If v: (a,b) — R™ is absolutely continuous on every closed
subinterval of (a,b), then
b
I(y) = /
a

Definition 1.21. The curve 7Y: [0,1(y)] — R™ is called the normal representation of

dy(t)
7‘ dt.

v, or the parametrization of v by means of arc length.

Definition 1.22. For each rectifiable curve ~: [a,b] — A, where A C R" is a Borel set,

we define the line integral over v of a non-negative Borel function p: A — R, by

1)
0
[ypds = /0 p(~-(t)) dt,

where 4 is the normal representation of 7.

Theorem 1.23. [, page 9] If v: [a,b] — A is absolutely continuous, then

Apds = /abp(v(t))‘wg)( dt.

Remark 1.24. Let v: I — Q, 2 C C, Then we use complex notation and write

/pds:/p\dz|.
v g
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1.2.2 Extremal length and module of a family of curves

Definition 1.25. Let I' be a family of locally rectifiable curves in C = CU{oo}. A function

p is said to be an admissible metric if p > 0 is measurable, and

Ap) = [ [ #dci) #0..

The length of v € I' with respect to p is

Ly(p) = /pd2|~
ol

We denote

L(p) := inf Ly(p).

The extremal length is defined by

L(p)?

M) = S

where the supremum is taken over all admissible metrics p.

Note that L~ (1) coincides with the length [() defined Definition in 1.16, because of
Theorem 1.20.

Definition 1.26. Let I' be a family of locally rectifiable curves in 2 C R". We define

FI): = {p: R™ — R: pis non-negative Borel function, and /pds >1 forall ve€ I‘}.
2l

We call p € F(I') an admissible function. For each p > 1 we set

M,(T) := inf / PP dL(2),

peF ()

where dL?(z) is the two dimensional Lebesgue measure. The number M, (T') is called the
p-module of the family I'. If p = n, then M, (T") is called conformal module of I'. In

the our thesis we only consider the case p = 2.

Remark 1.27. The extremal length of I' is equal to ﬁ(r) for a family of curves I' in
QcC.
We can exemplify A(I") = ﬁ(r) in the case of mappings from quadrilateral to rectangle
by making use the geometric definition of quasiconformality.

We consider a quasiconformal map f mapping the quadrilateral Q(z1, 22, 23, z4) onto
the rectangle R = {u + iv,0 < u < a,0 < v < b}. Then

//Q |f'(2)|? dedy = ab.

Let I" be the family of all locally rectifiable Jordan curves in @ which joins the sides (21, 22)
and (z3,24). Then

/ ()] ldz] > b
:
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for every v € I', with equality if « is the inverse image of a vertical line segment of R
joining its horizontal sides. Hence

1 S fQ | (2)? ddy ab a

O it ([ 176 =)

We know M>(Q) = ¢. Here we can get rid of the chosen quasiconformal map f and
introduce the set F'(I")
Q(z1, 29, 23, 24) and f7 pldz| > 1 for every v € F(I'). Thus we will obtain

inf // p?dxdy = My(T)
pEF(T
1

and by equation (1.11). Hence we conclude that A(I') = LT

, whose elements p are non negative, Borel measurable functions on

Theorem 1.28. [9, page 16] The p-module of a family of curves for p > 1 has the following
properties,

1) M,(0) = 0.

2) If T'1 C 'y, then Mpy(I'1)) < My(I'2).

3) M, <U rk> < 3 My(Ty).
This shows that the 7knoldulus s an outer measure on a set of continuous maps on an

interval.

Theorem 1.29. For a map f: Q — C, Q C C the following is true:
1) [1, page 11 with K = 1] If f is conformal, then Ms(T') = My(f(T));
2) [1, page 11] If f is K quasiconformal, then +M>(T') < Ma(f(T)) < KM(T).

Remark 1.30. [¢] Module of a family of non-rectifiable curves T is zero that is My (") = 0.

1.2.3 Examples of the module of some families of curves.

We provide a couple of examples on how one can numerically compute module of families

of curves. We, moreover, show Ms(I') = Ma(f(T")) for a conformal map f.

Example 1.31. Let R = {(z,9) € R2,0 < 2 < a,0 < y < 3}. We want to calculate the
module My(I") of a family of locally rectifiable curves I' connecting horizontal sides of the
rectangle R, see Figure 1.2

Thus, we need to calculate

M>(T') = inf { //Rp2 dL%(z); over allp € F(F)}

For the function p = 1

Theorems 1.20 and 1.23,

L :/ bt _ B/l(7 _%21. (1.12)

and an arbitrary v € I', we obtain from Definition 1.21 and

|
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R

Figure 1.2

since 8 = l(~p), where vy is a vertical segment connecting horizontal sides of the rectangle

R. Relation (1.12) implies that the function p = % is admissible for I'. Let I'y C T" be a

family of vertical segments connecting horizontal sides of R. Then for p = %, and for any
Y0 € Ty we obtain fvo pds =1 equation from (1.12). Moreover, for any p € F(I'), and for
any 7 € I' such that v: [a,b] — R we get

o /pds_/ ’dt /abp(v(t))‘di)
: (/fpwdz?\dt)é(/f W) = (fre) o

by the Cauchy-Schwarz inequality and Theorem 1.20. Thus we obtain

1 / 9
TN S P d37
) = Jy

by squaring and dividing by I(vy). Particularly, for 79 € I’y we deduce
1 B
ﬁ

Integrating both parts of inequality (1.13) over [0, o], we obtain

/ ds—</ / dtds—//p dL?(z (1.14)

for any p € F(I'g). Thus we conclude that § < M3(I'o) by taking infimum over all functions

()3

dt

p2(t) dt. (1.13)

p € F(Tp) in equation (1.14). Hence we obtain a lower bound for Ms(T"):

% < Ms(To) < My(T) (1.15)
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by Theorem 1.28. Now we find an upper bound for My (T"). Since pg = % is admissible for

:pelgf //p dL?(z // pe dL*(2) aﬁ—B (1.16)

< Mp(T) <

I', we have

Hence we obtain

™I Q
™I Q

from equation (1.15) and equation (1.16), which implies M(T") = 3.

Remark 1.32. If we consider a family of locally rectifiable curves ¥ connecting vertical

sides of the rectangle R, see Figure 1.3.

R

Figure 1.3

Then we obtain from an analogous way as in Example 1.31 M, (X) = g This implies
My(T)Msy (2) = 1.
Example 1.33. Let A = {z = re®®: 1y < 2] =7 < 19,0 < § < 27} and let " be the
family of all locally rectifiable curves v: [r1,72] — A, joining the boundaries in annulus A,

see Figure 1.4.
For the function p = WI(TJ) and an arbitrary v € I, we obtain
1

/pds _ / a1 /dt: 1 /”W(tﬂdt
8! wrlog(% log<%> v T log<%> r Y@

_ 1ogz7_1)/12 783 dtzlogz:?) /:mdt' (1.17)
_ bgzjgl)log(:l ‘:1



20 CHAPTER 1. PRELIMINARY INTRODUCTION

A(rl, r2)

Figure 1.4

We deduce that the function p = ﬁ(ﬂ) is admissible for I'. Let I'g C I', where I'j is the
71

family of radial curves connecting the boundaries |z| = r; and |z| = 7 in the annulus A.

Let 79 € T'g and consider the parametrization of vy = (x1,x2) given by (z1 = tcosf, zo =

tsin@), t € [ry,rs]. Then 200 — (dm(t) : dm(t)) = (cos#,sin ) and

dt dt dt

‘d%(t) ‘ = Vcos20 +sin?0 = 1. (1.18)

dt

If we set function p = )) in Theorem 1.23 and use equation (1.18), then we get

N S
r(log(%

"2 1 1 21
/pds:/ dt:/ Sdt =1,
0 r1 r log (%) log (%) o T

for any 9 € I'g. Moreover

T2 T2 . T2 . _
1< /pd?” = / p(’y(r))‘dzlgar)‘ dr = / p(rew) dr = / p(rew)r%rTl dr
ol 1

1 1

for any p € F(I') and for any v € I" such that v: [r1,72] — A. When we integrate over

[0, 27r] and obtain
2 27 ro ) 1 1
/ 1d6 S/ / p(re®)r2r= drds.
0 0 r1

Applying the Cauchy-Schwarz inequality, we see that

2T ro ) 1/2 2 ro 1/2
/ / p2 (Tew)r drdf / / r~Ydrdd
0 r1 0 r1
1/2 1/2
2T ro
= (/ / 0> rdrd@) (27r log <T2> )
0 r1 1

2T

IN
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Squaring both sides we obtain

2 9 o
2 < / / p?rdrdf | | 27 log () .
0 r1 1

//p dC2(z) and —2F < My(T) (1.19)

e ()

by taking infimum over all function p € F(I"). Since the function py = 1 (TQ)
T 10g| =

We then deduce

log

is admis-

sible for I', we also have

()= inf //p dL2(z // pRdL2(z) logg ) (1.20)

from equation (1.17). Hence from equation (1.19) and equation (1.20) we conclude that
M, (F) — 27

log(2)

Remark 1.34. If we consider a family of locally rectifiable curves ¥ separating the bound-

aries in annulus A, see Figure 1.5,

A(rl, r2)

Figure 1.5

1
then we get My (3) = Og2< ) . This implies that we have My(I") My (¥) = 1.

Example 1.35. In this example we show that module is invariant under a conformal
map. Let A ={z=re?: 1 < |z| =r < e 0< 60 <2r}. We consider a family ' of locally
rectifiable curves connecting the boundaries in an annulus A, see Figure 1.6. By using
Example 1.33 we obtain
27 27
My(T) = e = —. 1.21
2( ) log (eT ) o ( )
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Now, consider a conformal mapping f: A — f(A) given by f(z) = logz. If z = re®
then f(re?) = log(re?) = logr +if. When r = 1 then f(re?) = i and when r = e® then
f(re??) = a4 6. This means that the image f(A) is the rectangle R = {(z,y) € R?,0 <
r < a,0 <y <27} We also obtain that the image f(I') is the family of locally rectifiable

curves connecting the vertical sides of rectangle R see Figure 1.6. So from Example 1.31

log z
e
0
R o
A, &
Figure 1.6
we know 5 5
T T

M- NN)yY=—=——+-. 1.22
2(f( )) o log (eT) ( )

From equation (1.21) and equation (1.22) we conclude

M(T) = Mp(f(I')).



Chapter 2

Extremal problems for functional

spaces

In this Chapter we describe Grotzsch’s problem for quasiconformal maps formulated for
annula domains. Moreover, we study the extremal problem for quasiconformal maps and

for mappings with finite distortion.

2.1 Classes of mappings

We summarise the following properties of the homeomorphic maps f: @ — C defined on
some open set Q C C. Let f,, fz € L2 (£2). Assume that there exists a measurable function
k: Q — RT such that

IDf(2)|? < k(2)J(f, 2)ae., (2.1)

where  J(f,2) = det(Df(2)), [IDF(2)l| = max{|Df(=)v] : |v| = 1}.

Then
1) f: Q — Cis conformal if k(z) = 1.
2) f: Q — C is K quasiconformal if k(z) is uniformly bounded, that is there is a
constant K > 1 such that |k(z)| < K for all z € Q.
3) f: Q@ — C is called of finite distortion if k(z) is finite, that is k(z) < oo for all
z € (.

Definition 2.1. The linear distortion function for f is defined by

IDf()|I* : |f2(2) |+ f2(2)] .
k(z, f): =¢ U2 it J(f,2) >0 _ Jyporre i J(Ff2) >0,

1 otherwise 1 otherwise.

IDF? _ | f=(2)|+]f2(2)]
We need to show that T = FOERel
We know that

Df(z)v = fov+ fs0 = Df(2)e = f.(2)e" + fa(z)e

23
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since v = ]V\ew, and the Jacobian J(f,2) = |f.|? — |f:|>. Also f., fs can be written as
fo = |f.]e! and f; = |f:|e’®. Therefore,

IDf(2)e] = ||fo(2)]ee” + | fz(2)]e”e "] (2.2)
= L@ 1 | f2(2) P70,
Now, |Df(z)| has maximum length when e?+®) = ¢i(6-0)
IDf)I = lfil‘aﬁlef( 2)|
= [ I£:2) ) + | f2(2)] )]
= G+ 1)l

Hence we get,

IDFAI1? ()] + [ f2(2)])
J(f,2) |£:(2) 7 = |£2(2)?
(1f=(2)] + | £z(2)])*
(£ + 12D f2(2)] = [£z(2)])
(If=(2) + [f(2)])

(12 = 1£=2(2))°

Definition 2.2. The maximal distortion of a conformal or quasiconformal map is given
by kj := esssup k(z, f).
z€Q

2.2 One extremal problem for quasiconformal maps

We state the Grotzsch problem for quasiconformal maps formulated for annula domains.
Let A(q,1) = {2 | ¢ < |2| < 1} and A(¢",1) = {2 | ¢f < |z| < 1} be two ring domains.
There are no conformal map from A(q,1) to A(g*', 1) unless k1 = 1. It can be proved by
using the conformal invariance of the modulus of the family of curves I" connecting the
circles: Ms(T") = 13& for A(g, 1) and Ms(I') = —7- logg for A(q*,1).

Grotzsch’s problem is to find the most nearly conformal mapping from A(g, 1) to

A(qkl, 1). There is a question about what is the best way to define ”most nearly confor-
mal”. One way is to ask for a mapping with the smallest possible maximal dilation, which
is the more classical one and it is difficult to generalise. A second way is to ask for a
mapping with the minimum average dilatation. This can be applied not only to quasicon-
formal mappings but also to the mappings with finite distortion or mappings having other
restrictions for the dilatation. We illustrate the second approach for two different classes
of the mappings. In both cases the solution in the class of quasiconformal maps is unique
(up to postcomposition by conformal self-mapping of A(g*1, 1)) if the Beltrami coefficient

has a special form: namely py = kﬁ g‘ It is an analogue of the Teichmiiller uniqueness

theorem.
We consider a mapping from the annulus A(g, 1) to the annulus A(¢*,1), k; > 0,
in the complex plane which preserves the outer boundary |z| = 1 of annula A(g,1) and

A(g*, 1) and will rotates by an angle the inner boundary.
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Definition 2.3. We denote by C the class of quasiconformal homeomorphisms mappings
f:A(g, 1) — A(¢*, 1) with f,, fz € L2 (A(g, 1)) with k(z, f) C L*(A(g, 1)) and extension
to the boundary
z, |z =1
f(z) = (2.3)

bz, 2] = g,

where 6 € [—m, 7].
The maximal distortion £y in Definition 2.2, is finite for quasiconformal mappings. To

find a function that minimize this maximal distortion is the classical problem [16]. Let C

be as in Definition 2.3. Then the minimization problem can be written as:
Find fo € C such that kg, < ky for all f € C and z € (1,
or
Find fo € C such that fA(q,l) (ks )p2(2)dL?(2) < fA(q,l) U(ks)p?(2)dL2(2) for all f € C,

where ¥ is a continuous function and p is some measurable non negative function. We
can solve this problem by following five steps. Consider a map f: A(g,1) — A(¢",1) in
the class C. We denote by “z” the plane containing A(q, 1) and by “w” the plane containing
A(g",1).
Step 1 Let 4 be a radial segment in the w-plane. We find a curve I in the z-plane which is
the pre-image of the curve 7, that is f(f‘) =4, see Figure 2.1.
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w-plane
Z-plane

w=f(2} /’\
/’ a b < K‘/q;f' —>

=

g
N

EYCLIRY
y  Algl)
C=logz w=log w
{-plane Ay w-plane M
<+ 2n
n
L, < Yo
o logg 0 x . Ty
= logqki u 0 u
Y
v

Figure 2.1
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Step 2

Step 3

Step 4

We move from the z-plane to a new (-plane by using the map ( = logz, where
¢ = x + 1y, by the concept of branch cut. Similarly by branch cut we move from the
w-plane to the w-plane by using map w = logw, where w = u + iv, see Figure 2.1.
Now we consider the images ¢(I') =T and w(5) = ~ as it is shown in Figure 2.1.

Let v, (v) be a vertical curve in the w-plane for some fixed value u € [log ¢*1, 0] with
0 < v < 27 as a parameter. The curve v, (v) has length 27. Consider the image
'y(v) in ¢-plane, and observe that the length of T',(v) is always greater than 2.

Therefore, we obtain the following relation

Il (v)

21
27 < I(Tu(v)) = /0 -

‘ dv, (2.4)

by using Theorem 1.20.
Applying the Holder inequality and squaring, we get

2m 9T 2
47T2<27T(/ (M(v)’ dv).
0 81}

By using relation (2.1), we obtain

2m
27r§/ k(w)J(g,w)dv,
0

where k(w) is w.r.t. to g in equation (2.1). Now we integrate on the interval [log ¢, 0]

and use a change of variable. We obtain

27rlog< ) //q 7|2d‘2”

Subtracting 27 log =/f A(g.1) % 2(2) from both sides, we deduce the following

A

Now we take a horizontal curve -, in w-plane and obtain I';, in (-plane. We observe

e log <;> < log (q,ﬁ) <UTy(w) = /loqu o

We repeat procedure of Step 3 and deduce

2
1 1 ]C(Z,f) 2
1 - 1 — dL .
%( % <q> ) =8 (qkl) //A(q,l) |22 ®)
We subtract
1 1y RS
2mlog <q> o <qk1> ( ’“) // A1) \ZP 4L)

from both sides and obtain the inequality

kl kl
q log ¢ // k(z, f)—1 . 5
log (21— ) < ST ar2(y). 2.6
g< q ) ~2mlogq JJagy 2P (=) (2:6)

inequality
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Step 5 After combining (2.5) and (2.6) we derive the inequality

-1 " log ¢*1 // -1
dL2(2) <log [ *— ) < dL?(z).
//ﬂ e “”—%<q> 21080/ aon )
(2.7)

In the relation (2.7), the first inequality becomes an equality for the extremal function

w = e zp(|z|), where ¢ is arbitrary positive real function. Indeed, we first find the value
k(z, f) then we put that value in the left hand side of (2.7). Therefore, and setting

w = e zp(|2|) we obtain

dw ozl
S = Do (e + 205 )

= (w=h+ Eloen).

‘9;: = B <g0(|z)+‘;|90/(|2’)>

‘82’ - @

_ ¢Qw(mun+§%ﬂaﬁ)<rw(ﬂkb+35””0>
(

Similarly, we can find

Therefore,
k(= f) = £|+‘w!_(ﬂVD Bl (12D)) + B/ (12)
(2 f) = KR “’|_<¢(’z‘) P OzD) ET
_ ., EeeD
=
Hence
|=l¢’ (2] |<P ZI)
_;//f‘( 1)%&32(@ - // 1) - !z\Q 1d£2(z)
. (s 12 1 y/(s)
- 27r/ / z 8d8d9:_27r/0 /q e dsdd
= (1) _
a _52 mlo (M>——log(so(l))ﬂog((p(q))'

We know that |w| = [e?||z||¢(|2])] = |2||¢(]z])|. When |z] = 1 then |w| = |¢(1)] = 1 and
when |z| = ¢ then |w| = q|p(q)| = ¢**. Therefore,

//A(q’ z|2 dLQ( ) = log(¢" 1),
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and o (il ) g (q%"q@> = log(¢(q)) = log(¢"1 ).

Now, the second inequality in (2.7) becomes an equality if we use the extremal function
w = |z|®™(9792) \where 1) is an arbitrary positive real function. This also can be shown as

above, but for simplicity we do it for a particular function. So, let consider the extremal

function
w = |Z|aei(argz+0) — 25 55¢ilargz40) 1 4 = 55 55 ei(—argz+0).
Then
ow @ a i(argz+0) o ilargz+6); ¢
= = a2  [al et ig
= Dy jagitargst0) ‘Z|o¢ei(argz+9)i7
2z 25
and L
6@1: = 3_|Z|O‘ —i(argz+0) + ‘Z|a —i(argz+0) 1_
Therefore,
Qup _ JolP ol okl |l
9z \ 4z T AR T alPR T 4P
|2|* Oﬁ—l—g—l—l— 2] [a+1
lzl V.4 2 4 |z 2 )
Similarly, we find
Ow « a i(—argz)+0 a i —argz+0)
0z o 7’2‘ +’Z’ 22
Q o o 1
= —’z‘aez( argz+0) _ |Z’a€’b( argz+0) ~
z 2z’
aﬂ = g|Z’ae—i(—aT92+9) _ ‘Z|a6—i(—a'r‘g§+9)i.
0z 2z 22
Therefore,
a?z]** oz alz* |z
| T
0z 4)z|? 422 422 T 422
_ e fe? g_'_l_w -«
Tl Va2 T4 g A
Hence,
21" 1+ E
k(2 f)_|%f!+|aw\_7|(7a)+w(7a) B
’ T Ow | Qw2 1+ lz|* 11— oA
o -l (3 -5 () @
we know that [u] = [|2[*[¢/"9*4| = |2[". When |2| = 1 then |u| = 1 and when |2| = ¢

then |w| = ¢® = ¢*. Hence,

log ¢*1 _ logg®  aloggq «

o2rlogg 2mlogq 2mlogq 27
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Therefore,

2mlogq J Jag) ,2:|2 2 log q z|2 S or 10gq Adg 1
= ——dr?
27T//g1 042| 27T//q1 |2|? ol )

and since k1 = o we obtain

g
log <> =(a—1)logg.
q

Hence we have equality for this particular choice of extremal function.

Re-writing the right hand side of equation (2.7) we get

log <Q’"’> _ loggh // 2z Jord" // idﬁz .
q ) " 2mlogq ) agn ]z| "~ 2r1logyq A(g) 1212
los <qk1> _ logg" // k(z, f) qC2(z) — log g™ <27r10g (1>>
q )~ 2mlogq JJag) |22 2nlog q q
1ogq // 2 k
1 1 log ¢**
og(q"") — log(q _%logq N |z‘2 dﬁ()+ 0gq
27T (log ¢)? //
Clogght Adg 1
2
d£2
Tosa = Tt // At e

M) £ o [ B Daca)

£(1)) <//A(q, 2(2) dL2(2) (2.8)

The inequality (2.8) is analogous to the inequality (2.14) proved in

d£2( )

which implies,

_ 1
where p = “Tog ]

[10] for mappings with finite distortion.

2.3 The spiral stretch map
Definition 2.4. The N-th spiral stretch map fy is defined by
In(z) = 2|zl tetk2loglzl 5 e A(q, 1),

where k1 > 0 and kg := eJlfg“qN, 0 € [-m,x],N € Z.
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AN

A(g,1) "&

Figure 2.2

t ™

, where t = 5

is fixed and 0.4 < r < 1 in annulus A(g,1) see Figure 2.2, under the map given by
Definition 2.4.

For any general z = re'

Example 2.5. We want to find the image of a radial curve z = v = re’

t we obtain

. (60427 N . 0+4+27w N
_1 1 lo T) z(t-l—(ilo r))
fn(z) = reftrh 16( loga BT) — phig logg 8") )

We set k1 =2, ¢ = 0.4, § = 7/2 and present the images of the ray v = re'z, 04<r<1
under the map fy for N = 0,1, 2 on Figures 2.3, 2.4, 2.5 respectively.
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v

/0.15 1

(A

For N=0

<

Figure 2.3

Y

)

For N=1

-

Figure 2.4

¥

For N=1

Figure 2.5

Spiral stretch map fy has constant distortion k(z, f) which can be calculated by
making use of Definition 2.1. We write fy(z) as

fN(Z) — 2(22)%6%2 log(zg)l/z'
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First we find \8f N| = 8f - 8f X We calculate
0 ik 51 )
N ot R [y 1 k),
and
0 ke -1
IV ot e ) [y 41— k)]
Hence,
Ofn Ofn (ki +1\? kN2 K3 (k1) 2
o 0e =2 ) () ()
and

2 2
’8fN‘_’Z‘k11\/<k:12+1> +<k:22> .

In a similar way we find

Therefore
afN 3fN
Rz fv) = afN }Jr: afN ;
) |zr’ﬂ-1¢< D2t ()7 4 = (B + ()2
/(B2 4 (502 = el (B + ()2
V124 (k)2 + (k1 — 1) + (k2)?
V(E1+ 12 + (k) — /(kr — 1)% + (k2)?

33

(2.10)

2.4 One extremal Problem for maps of finite distortion

If we change the class C of quasiconformal mappings in Definition 2.3 into the class C of

mapping f: A(q,1) — A(¢*,1) of finite distortion satisfying boundary condition (2.3),

then k(z, f) may be unbounded. We hence introduce the definition of mean distortion

functional

Definition 2.6. Let f: ) — C be a homeomorphism with finite distortion. The mean

distortion functional is the map

f+—>/ (2)dL2%(z),

where p is some non negative Borel function and d£?(z) is the Lebesgue measure on the

open set 2 C C.
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If C is a class of mapping as defined above, then instead of minimising the maximal
distortion coefficient, one has to minimise the mean distortion functional. Hence we obtain

the following problem [11]:
Find fy € C such that

/Qk(z,fo)p2(z)d£2(z) < / k(z, f)p*(2)dL3(z) for all feC. (2.11)

Q
We will explain the method which can be found in [11]. To solve this problem, we first

divide the class C in homotopic subclasses Cy such that U Cn = C. For every mapping
NeZ

fe C we can find fN € C which is homotopic to f- Then there exists an extremal map

fn in Cy for each N. Moreover the mapping fy are quasiconformal and therefore have

bounded distortions k¢, has been proven in [I1]. We obtain the following relation
/ E(z, fn)p*(2)dL%(2) < / k(z, f)p?(2)dL3(z) for all f € Cy. (2.12)
Q Q

It turns out that the map fy is an extremal among the sequence {fx}, N € Z, in the sense
that it minimises the distortion functions: that is ky, < ky, for all N € Z. So we conclude
that

/ k(z, fo)p?(2)dL2(2) < / k(z, fn)pR(2)dL2(z) forall N € Z. (2.13)
Q Q

If we combine inequalities (2.12) and (2.13), then we obtain inequality (2.11). We present
some steps that show inequality (2.12).
Step 1 We use the inequality proved in [10]:

Ms(f(I)) < /ﬂk(z,f)pQ(z)d£2(z) for all p € F(T). (2.14)

Step 2 The following step is proved in [I1] A quasiconformal map g: Q@ — Q that gives
the maximal stretching will possess the following properties. If I'g is a family of

absolutely continuous curves in §2 satisfying the condition:
a) gz(v(s)¥(s)
9=(v(s))7(s)

b) if there exists pg € F'(I'g) such that

< 0 for almost every s and for every v € I'g and

ML) = [ () de), (2.15)
Q
then
Malo(To)) = [ K g forall e Ty, (210

Step 8 In this step it is shown that the quasiconformal spiral strech map fy with the
coefficient k(z, fi) and the family of absolutely continuous curves I'g y satisfy the
requirements of Step 2. Moreover

1

(—logq)*(1+C%)

where Cy is some constant associated with the curves from the family I'g x.

1
—dL? :
[ He e, e

M; (fn(Ton)) =
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Step 4 We enlarge the family I'g ;y by considering all the curves homotopic to the curves

from I'g n. Namely, we denote by I'y the family of absolutely continuous curves

v: [q,1] = A(g, 1) that are homotopic to 'ygN € I'g v, see equation (2.18).
Step 5 Comparing Ma(fn(Io n)) and Ma(f(I'y)) for all f € éN, one can deduce that

My(fn(Ton)) < Ma(f(TN)).

This inequality yields the result

/Q Kz fn) P2 (2)dL2(2) = Ma(fn(Ton)) < Ma(f(T)) < / k(2 f)p? (2)dL2(2)

Q

for all f e Cy.
Example 2.7. In this example we present the details of the proof of Step 3. Define
Vo (s) = se’tloest®) s c[g 1], teR, ®el0,2n).

Consider the family
Ton = {75Y: ® e [0,2m)}, (2.18)

where

—k} — k3 +1—\/(k} + k2 — 1)2 + 4k2

Cn = C(ki, ko) = 2y ,

ky = ka(N) #£0.  (2.19)

Definition 2.8. Define a non-negative Borel function

1

pon(2) = 2 € Alg,1). (2.20)

—logqy/1+C% 2]
We will prove now that pg n is admissible for I'g 5 and

-2
My (T :/ 2 (NdL2(2) = ————
2( o,N) AlgD) Po,N( ) ( ) (1+C]2V)10gq

by making use of the procedure in the examples in Section 1.2.3. For any function pg n

as in (2.20) and for any absolutely continuous curve v: [q,1] — A(g, 1) written as v(s) =
Iv(s)|e#®), ©: [¢,1] = R, we obtain

_ 1 s 1 )l
fymateras = “logay/1+ Gk L5 Copair g b bon

- 1 /1 3(s) ds‘

a —logqm a 7(s)
1 LG

- _1ong/q iy i) 221
1 H()

i vr g ({100 ) + (1) — ola)

—logqy/1+C%



36 CHAPTER 2. EXTREMAL PROBLEMS FOR FUNCTIONAL SPACES

N

In particular, for v = vg we have

YD) =1, [y(g)|=gq and ¢(1) =, ©(q) =Cnlogg+ .

Hence,
1 1 .
[oypontrds > og (1) +i(e - (Cxlogq + 3)
N 2 q
Vo —logq\/1+ C%
| —logq| |1 +iCy]| 1
—logqy/1+C%
Therefore,

/YCN pon(z)ds > 1, forany @ €]0,2m).

]

Hence pg n is admissible for I'g y. Furthemore

1 1
bs / oy P2 ds = / PO )i (5)lds = / pOSN )1+ CR ds
P

for an arbitrary p € F(I'o,n). We integrate both sides from 0 to 27 with respect to ® and

2 pl
1+ C’ZZV/ / p(se!(ON1085+D)) 156
0 q
/ > [N O logsta) 1vﬁ
1+C / / p(se"\ "N 8STEN) — (/s dsd®.
N 0 q \/g

Applying the Cauchy-Schwarz inequality, we get

21 1 ) % 21 1 1 %
\/1+C% / / (p(sez(chogSJrq))))Qsdsd@ / / —dsd®

0 q 0 q S

3
= /1+C% </
A

= /14+C% (/
A

1
(p(g(Z))szQ(z)> (—2mlogq)®
because |J(g,z)| = 1, see Remark 2.11 and where g(z) = ze’“~ 19212l Using the change of

obtain

2T

IN

IN

2T

IN

(g,1)
1
2

(p(g(2))*| (g, Z)\d£2(2)> (—2mlogq)? .

D=

(g,1)

variables under the map g(z), we get

27T§\/1+C]2\7 (/
A(

Finally, we obtain

2

pz(()d£2(6)> (—27logg)? .

q,1)

-2

- 2 2
702 yioga < fo, PO (2.22)
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Taking infimum over all p € F(I'o ), we deduce

-2

— < MyH(T . 2.2

Since po,n € F(I'o,n) from equation (2.21), we have

MTow) = it [ pate [ )
peF(To,n) J J A(g,1) A(gl)

- ! /%/dde 2T (9.94)
~ (—logq)? (1+C%) rar (1+C%)logq '

Hence, from inequality (2.22) and (2.24) we obtain

—27

MalTox) = [ BAILE) = o

Let v € I'y be homotopic to WCIC;N € I'g n. From equation (2.21) we obtain

[mn@dce) = [ onE e =1,

gl oo

which implies that po n is admissible for I'y. We know that I'g ; C I'y. By Theorem 1.28
and by equation (2.23) we have

-2

7% i0g = M>(Ton) < Ma(Ty) - (2.25)

Since po,n € F(I'y), equation (2.24) implies

My(Ton) < Ma(T'y) = inf // p d£2 / P(Z),N(Z) d£2(z)
Qv ( 71)

pEF(To,N)

=27
= - 2.2
(1+ C'sz) log q (2.26)

Hence from equation (2.25) and equation (2.26) we conclude that

—27

2(To,n) 2(T'w) 1+ C%)logq

where I'y is the family of curve which are homotopic to the family I'g .

Remark 2.9. Notice that if Oy = 0, then the curves 73 (s) are radial curves in the annulus
A(q, 1) and we obtain the result of Example (1.33). We also observe that the family I'g x
is the family of curves, that are tangent to the directions of the largest shrinking of the
map fy. In other words |dfn| = (|fn.| — |fnz])|dz| along the curves from I'g n, this can
be obtain by applying analogous calculation in Lemma 4.5 . This property imply that
Ms(fn(Ton)) fA (@.1) k(f,2) pONdLQ( ), where pon = W%‘ is such that
f7 po.n ds > 1 for any vy € T'g n.
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Remark 2.10. We also observe that in the family of curves I'y homotopic to the curves

from I'g n the function pg n = Crosa /ey 1 is the extremal function in the sense that it

realises infimum in finding the module M (I'y). Moreover, the family I'g y is extremal for
the same module in the sense that Ms(I'y) = M>(T'o,n). The same condition was satisfied
in Examples 1.31 and 1.33 for the family of the vertical lines connecting the horizontal
sides of the rectangular and for the family of the radial curves connecting boundaries of

the annulus domain, respectively.
Remark 2.11. It is rest to show that |J(g, 2)| = 1. Then

g(z) = zeCnlogll — ($+iy)eicN10g(\/m)

= xzcos(Cnlog(vx? +y?)) —ysin(Cy log(v/ 22 + y2)) +
i (ZL’ sin(Cy log(v/ 22 + y?)) + y cos(Cy log(/ 22 + y2))> .

We denote by p and g the functions

p = Reg(z) = xcos(Cn log(v/ 22 + y?)) — ysin(Cn log(v/ 22 + y?)),

and
q = Img(z) = zsin(Cy log(v/2? + y?)) + y cos(Cn log(v/ 2% + ¢?)).
For simplicity we denote A = Cy log(y/22 + y2), then

dp . xCy rCN
. = cos(A) — xSID(A)m - yCOS(A)Wva
dp . yon yCn
&y~ —x sm(A)x27+y2 —sin(A) — ycos(A)m.
Similarly we find
dq . z : 20N
G = Vs s+ sin(4) + @ eos(4) 575,
dq . yCn yCn
d—y = cos(A) — ysin(A) 22 + 2 + z cos(A) x2 4+ y?’
dp  dg
We hence compute J(g,z) = det gﬁ %
dy dy
— cos(A) — xsin(A) 12252 —ycos(A) z:giZQ ~ysin(4) zgi%  sin(A) + @ cos(4) mﬁi]‘ZQ
xsin(A) ﬁi@z —sin(A4) — ycos(A) zyQiZQ cos(A) — ysin(A) zyQ(er? +cos(4) IyQiZZ)

- <COS(A) —zsin(A) 555 —y cos(A);g(f;z> ( cos(A) —ysin(A) ;23‘1;2 +zcos(A) in) _

(:1: sin(A) 45N, — sin(A) — y cos(A) 4N ) (—ysin(A) 2ON, 4 sin(A) + z cos(A)SEN )

x2+y2 x2+y2 $2_’_y2 z2+y2

) (COSQ(A) — ycos(4) sin(4) 45 + @ cos?(4) 45—

zsin(A) cos(A) ;521;2 + xysin?(A) é%(f;g); — 22 sin(A) cos(A) ("”xy}f;g);
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T 2 T 2
—y cos(A) 29 1 y? cos(A) sin(A4) US4y COSQ(A)%?ZQ)) -

(WJ sin®(A) éﬂxyz(févz); — xsin?(A) m%i];2 — 2% sin(A) COS(A)%—F

ysind (4) 355 — sin?(4) — wsin(4) cos(4) %% + 52 cos(4) sin(4) AL~

T 2
y cos(A) Sin(A)xygLfyz — xy cos?(A) ggiz;g

= cos?(A) +sin?(A) = 1.
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Chapter 3

Quadratic differentials and

Extremal problem

3.1 Quadratic differential and Teichmiiller map

The extremal problem for spiral stretch map is related to Teichmiiller theory, even though
the class of mappings is wider then just quasiconformal. We try to explain relation of
the extremal problem to the Teichmiiller approach. We begin from the giving necessary

definitions.

Definition 3.1. [12]
A Hausdorff topological space R is called a Riemann surface if there are:
e a collection of open sets U, C R, where « ranges over some index set, which cover
R (i.e. R=U,U, ), and
e A homeomorphism v, : U, — ﬁa for each «, where ﬁa is an open set in C and
satisfies the property: for all «, 3, the composition map 1, o ¢El is holomorphic on
its domain of definition.
The maps ), are called charts, and the entire collection of data (Ua, [7&, @Da) is called an

atlas.

Definition 3.2. [15] Let p: E — B be a continuous and surjective map, where E, B
are topological spaces. If every point b € B has a neighborhood U such that the inverse
image p~!(U) can be written as the union of disjoint open sets V,, in F, and for each «,
the restriction of p to V,, is a homeomorphism of V,, onto U, then p is called a covering

map, and F is said to be a covering space of B.

Definition 3.3. Let R be a Riemann surface. Let Uy,Us € R with U; N Us # (). Let
Y1: Uy — C and t9: Uy — C be charts. Consider a conformal mapping ¢g: U; — Us. If
given functions ¢*: Uy — C and ¢: Uy — C in variable z = g(z*) the following transfor-

mation law holds
" (2)dz*? = p(2)dz%, z=g(z"), 2" eU NUs, (3.1)

then the function ¢(z)dz? is called quadratic differential.

41
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In other words a quadratic differential is a collection of the functions defined on the

charts, which is invariant with respect to the change of variables on the charts.

Example 3.4. Let S be the Riemann sphere. We can consider the atlas {(U; = C,1d), (Us =
C* U {oo},w = 1)}. We choose an arbitrary function ¢1(z) which is defined on the whole
plane and we can compute the function element ¢y(w) defined on C* U {oo} by the trans-

formation rule ¢o(w)dw? = ¢1(2)dz%. We get

pa(w)dw? = ¢ <;> <—£2dw>2,
p2(w) = ¢1 <;> %

From now on we will only consider the Riemann surfaces which are domains in the

complex plain.

Definition 3.5. Let D be a domain in C. A maximal regular curve v on D on which
¢(2)dz? > 0 is called the horizontal trajectory or simply trajectory of ¢. Orthogonal
trajectories or vertical trajectory are the maximal regular curves a long which the

quadratic differential satisfies p(2)dz? < 0.

Definition 3.6. Let ¢(z)dz? be a holomorphic quadratic differential on R. The parameter

<:/Z:¢¢dz,

where zp is an arbitrary point in R, is called the natural parameter for R associated

with quadratic differential.

Remark 3.7. Notice that d(?> = o(z)dz? for the natural parameter associated with .
If a parametric curve v: I — R is a horizontal trajectory of ¢ then p(y(t))y'(¢t) > 0 and
therefore in the (-plane, where ( is a natural parameter, the curve ~(t) is transformed
into a horizontal line. Correspondingly the vertical trajectories (the curves (t) where

©(y(t))¥'(t) < 0 ) are mapped into the vertical lines.

Definition 3.8. A length element of the metric ¢ associated with a quadratic differen-
tial ¢(2)dz? is a differential ds, := +/]¢p||dz|.

Definition 3.9. The length of a piecewise differentiable curve v with respect to this metric

¢ is called the |p|-length of v and is equal to 1, (¢) = fv ds,.

Remark 3.10. A non constant holomorphic quadratic differential p(z)dz? carries several

invariants (under conformal transformations). The first one is the area element
dAy = |p(2)|dvdy = d§dn, 2=z +iy.

Here z is the local parameter on the Riemann surface R (annulus domain in our case)

and ¢ = £ + in is any natural parameter (the rectangular in (-plane). Away from the
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singularities of ¢ (which is always true in our case) in the terms of the natural parameter
¢ = £ +in, one has dsg, = d€? + dn?, so local geodesics are just straight lines in the (-
plane. In the Figure 3.1, the radial curves are the horizontal trajectories of the quadratic
differential dz—zj, and they are mapped to the horizontal line. The vertical trajectories are

the circle and they are mapped to the vertical lines see Figure 3.1 .

M
v

Figure 3.1

Definition 3.11. A quasiconformal mapping f is said to be a Teichmiiller map if it

satisfies the Beltrami equation f; = s f, with

(3.2)

where ((2)dz? is a quadratic differential in D, and k is an arbitrary constant.

3.2 Spiral stretch map is a Teichmiiller map

The quadratic differential related to the spiral and stretch map induces the length element

given by |\/p||dz| = %. This length element is up to a constant defines the extremal
metric in the module problem. Namely, po.ny = % is the metric such that My(Ig n) =
ffA(q,l) p(%,N dL%(z), from equation (2.24) We also observe that I'g y = fn(T0), i.e the
extremal family of curves I'g x is the image of family of radial curves I'y connecting
the boundaries of the annulus domain. The family ['g is given by the trajectories of the
dz?
22

quadratic differential as it will be shown after Proposition 3.12.

Proposition 3.12. The spiral stretch map fn(z) defined in Definition 2.4 is a Teichmdiiller

map.

Proof. We compute the Beltrami coefficient pf(2) = % with respect to the spiral-stretch

map fn(z), as below. We have

In(2) = 2(22) T etaostz2)!?
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We compute

0 — i—k og(zz 1 ] 3.3
fN |Z’k1 16 2 log( )[—(kl +1 —I—Zkg)]. ( : )
and
af _1 7 z’k—o 2z 1 , 34
7£V — ’z|k1 17_@ 221 8( )[7(]{31 1+’Lk2)] ( : )
We obtain

fz %(/ﬁ—l"ﬁ‘il@) zTk1 — 14 iks |Z|2 k1 — 1+ iko
I (k1—|—1—|—2k’2) ZLlk1 4+ 1+ ik z2 Lky 4+ 14 iko
We write the Beltrami coefficient as ps(z) = k|$8|7 where
ky —1)2 + k2 dz?
k= (ks = 1+ k) and  o(2)dz* = . isa quadratic differential.

(k1 +1)2+ k3’ 22

Hence we conclude that the map fy is the Teichmiiller map with respect to ¢(z)dz? =
Ldz? O
22 z .

Let us calculate the trajectories and the orthogonal trajectories of dz—zj.
Let z = re®. If we fix 6 then dz = edr and
dz?2  e*0dr?  dr?
2= e~z 0
Therefore the trajectories of ‘2%2 are the radial lines (in red colour). If we fix r then
dz = rie’?df and 12 2,210 2
= agw = —db* < 0.
Therefore, the orthogonal trajectories are circles (in blue colour). See Figure 3.2.

Recall that according to the Teichniiller theory any Beltrami coefficient with ||peo|| < 1
is in one to one correspondence with the quasiconformal maps f* satisfying some boundary
conditions (normalised maps) see Theorem 1.9. The class of quasiconformal maps satis-
fying the same boundary conditions defines a Riemannian surface and the quasiconformal

map minimising the norm of the Beltrami coefficient ||poo|| (or the distortion coefficient

kf(z)) is related to the quadratic differentials in the sense that p1; = k%, where ¢(z)dz?
is a holomorphic differential. Thus the extremal maps defining the Riemann surfaces are
the Teichmiiller maps.

In this work we considered two extremal problems for the Rieman surfaces, defined by
the annulus domain: one in the class of the quasiconformal maps and one in the class of
the mappings with finite distortion. It is interesting that even if the class of the mappings
with finite distortion is bigger then the class of the quasiconformal mappings, the extremal
maps, that are spiral stretch maps fy are still the Teichmuller maps defining the different

Riemann surfaces, based on the same annulus domain, but having different covering maps.
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Figure 3.2

Remark 3.13. Notice also the following fact. The quadratic differential ‘%2 is actually the

area element in the mean distortion functional of Definition 2.6. It is also the area element
in the functionals of the estimate (2.7). The linear element k“d%l (up to the constant)

is the extremal metric pg in the Examples 1.33 and the extremal metric pgny in the

inequality (2.20) of Example 2.7.
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Chapter 4
Rodin’s theorem

In Chapter 2, we have explained the method to calculate the extremal function in the

module problem for spiral stretch map fn. Namely the function

1 1
po.n(2) = Y e
log g\/1+ C%

is such that

Ma(Ton) = / PRx(2)dL2(2),
A(g,1)

and

My(fx(Tox) = / k(2 f) o (2) AL2(2).

A(g,1)
The problem of finding the extremal metric in the module problem goes back to a result
by Rodin. We state Rodin’s theorem.

Theorem 4.1. [7, Rodin’s Theorem] Let f be a sufficiently smooth, orientation preserving
homeomorphism of Q1 = {(z,y) € C| 0 <2 < 1,0 <y < b} onto a region Q € R2, such
that the Jacobi matriz exists and its determinant J; is positive. Let I'g be the family of
vertical intervals vy (t) = {(x,t): t € [0,b]; x € [0,1] is fized}, and let cx(t) = f(vL(t)) € Q.
Thus, the image of Tg is f(Ty) = {c: [0,b] — Q, = € [0,1]}.

Let
e lx) = el dt, x€l0,1]
0 Jf ) b )
where ¢, = %cx(t). Then
) = 55 (bf') of M) @ EQu y=faeQ (41

is the extremal function for the 2-module of the family f(Ty) and

1
M) = [ Ay = [ (12)
We illustrate Theorem 4.1 on the example of the shear map.

47
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4.1 Rodin theorem for shear map

Definition 4.2. Let D be a rectangle, f: D — Dy = f(D) a map such that

fz)=(z+ycota,y) =2—1 Zcotoz, a € (O,ﬁ}. (4.3)

2

The image D; = f(D) is a parallelogram, and the map f is often called shear map.
We apply Theorem 4.1 to the shear map f. We recall that f(z) = (z + ycota,y) =
x 4+ ycot o + iy, we denote p = Ref(z) = x + ycotaw and ¢ = Imf(z) = y. The Jacobian
of f is given by

dp dq 0
Jp=J(f,2) =det |5 9| = det =
Iy cota 1

Let I'y be the family of vertical straight lines parametrized by v,(t) = x + it, where

0<z< 102g7TR is fixed, and 0 < ¢ < 1. Then f maps a curve I'p into I'p, with c,(t) =

f(x +it) = x + tcot a + it, see Figure 4.2. Therefore,

0
Cr = a(azqttcotohtit) = cot v + 4,

which implies
léz| = /1 + (cot a)?.

Hence,

1. (2 1
((z) = / |Cj| = / 14 (cot a)®*dt = 1+ (cot a)?.
o Jf 0

We can also find ) |
— 1Ca] -1
|éz]

where ﬁ <—) is constant. So we get

Jy
1 (el 1 1+ (cot a)?
po(y)—g(x)<#> = H(Com)Q( N ) (4.4)
1

1+ (cota)?

Hence, we get

27 27
log R log R 1 27T
Ms(£(Tp)) = 2(y) dy = eld—/ — = _dr=sina——.
2(f(T0)) /D () dy / o= [ e st

We also observe that the shear map f is a Teichmiiller map. Indeed, since

f-=1- %cota, and fz= %cota,

the Beltrami coefficient is
cot

nz) :zZ—icoto/
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We can rewrite p(z) as pif(z) = k‘& §| where
k= ——% = arctan(2 tan a)

V4 —3cosZa’
and hence ¢(z)dz? = dz? is a quadratic differential. Hence we conclude that f is the
Teichmiiller map with the ¢(z)dz? = dz2.
Now we calculate the trajectories for shear map.
Let z = x+iy, if y is fixed then dz = dz, hence dz? = dz? > 0. Therefore trajectories are
horizontal lines (in blue colour). Instead if x is fixed then dz = idy hence dz? = —dy? < 0.

Therefore orthogonal trajectories are vertical lines (in red colour), see Figure 4.1.

Figure 4.1

4.2 Rodin’s theorem for the spiral stretch map

We apply the analogous of Rodin’s theorem to annulus domain, see [17]

Proposition 4.3. [17] Consider a smooth homeomophic function f: A(1, R) — f(A(1, R)).

If Ty is the family of radial curves connecting boundaries of an annulus A(1, R), then

2w 1
My(f(To)) = de,
o f; f Djf ¢ dr
and the extremal function is given by
Dyo
po © f - R’D
rlfel JiT = d

where fr. = eP(f, +e 20 f,).

Proposition 4.4. [17] Consider a smooth homeorphic function f: A(1,R) — f(A(1, R)).
If T is a family of a logarithmic spiral curves connecting boundaries of an annulus A(1, R)
such that h(re?) = re(=81087+0) then

, 27 1
s = [ TR
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where g = —Plogr + 6 — arctan 3.
If we consider a function g(re'?) = f(re!(=#logr+0)) thep

2w 1
M(f(Tg)) = /0 TRIal do, (4.6)
1,

since |gr|? = (14 B%)|f. + fze 2% 2 and J, = rJ;. The extremal function is given by

Dy, g

B | he flR D;“g dr

pooh

Lemma 4.5. We show that the Rodin’s type theorems will recuperate result for po ny and

Lo n in the extremal problem for the spiral stretch map.

Consider the function g(re®) = fy o fygN (r), where *ygN (r) = re!Cnloer+0) " By equa-

tion (4.6), we get

Ma(fn(Th) = /0 ’ ’ !

1 |9r|2d
r
q Jg

27 1

= — do

1 (1+C%)|fn, +fn e 202

0 dr
q rJfN

2
- / - L —df (4.7)
0 (1+CN)fq DfN:

bo 7
where ) ' '
Do = o | ™ [ fv, + vz %2 1+ e %ouy?

’ It Jin 1- |/‘f‘2
s a directional dilatation of fn, and ngo is directional deriwative of fn in direction 0,
where 6y = Cy logr + 0 4+ arctan Cy. From equations (3.3) and (3.4) it follows that

ofn
0z

8 17 ik—o zZz 1 .
%:Wﬂ 156 5 loa( )[§(k1—1+zk2)].

From equation (3.5) we have

(4.8)

, o1
ol it lo5(22) [5 (k1 + 1+ k)],

R R I L e
T, T Ot 1tk  Zlki+ 1t ikel

which implies
|fnz| (k1 — 1+ ko)
A = = - .
=)l |fn.l o (R + 1+ k)

Therefore, the direction dilatationDy, g, becomes

_ [ fvg, | L o Al W L S 1

Tty Tt 1—- ‘/‘f|2

DfNﬂo
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First we calculate 1 + e_%eouf on z = rel(Cnlogr+o) .

iy Y ki — 1+ iky
1 2160y = 1 22903 I 4.10
e T 1t ik (4.10)
— 1 4 o2 2i(C logr+0) ki —1+iky
k‘l + 1+ ’L'kg
- 1 ki —1+iky 621’(7CN log r—f—arctan Cy+C\y log r+6)
k‘l +1+ ik‘g
— 14+ ki —1+ ik2€2iarctancN
]{51 + 1+ ikQ ’
where
. 1-C% +i2C
eHarctanOn — co5(2arctan Cy) + isin(2 arctan Cy) = N +2Z N (4.11)
1+Cx
by trigonometric property
1 2 1 — tan?
cos® x = ———5— and cos2x = 2cos’x —1= —— 1= iﬁ.
1-+tan“z 1+tan“z 14 tan®z
Therefore
1 —tan?(arctanCy) 1-C%
2 t C - = s
cossaretantn = 97y tan?(arctanCy) 14 C%
From the property
_ 2 2
sin?2x =1 —cos?2z =1 — 1= tan = A tan” z
1+ tan?z (1+ tan? x)?
we also obtain,
2CN
in2arctanCy = ———5-.
sin2arctan Oy = - i)
" . . k1 —1+ik
In order to simplify we rationalise the term k1+1+zk§ and get
kl -1+ ikg} [kl +1- ikg . (kl — 1)(k1 + 1) + ikg(kl + 1) — ikg(kl — 1) — i2k§
ki +1+ikol Lk +1 —iko - (k1+1)2—|—/€%
kP4 k3 — 14 2ik,
(k124 k3
P
= —, (4.12)
Q

where we denote P = k3+k3—142iky and Q = (k1+1)?+k3. If we denote B = (k1—1)?+k3
then |P|*> = QB. We can also express Ci in terms of P as

_ —ReP —|P|

C
N ImP
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Now we calculate e

1+C% = 1+

1-C} = 1

2iarctanCn I_CJQV‘HQCN
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TreZ in terms of P. In particular

(ReP)? 4 |P|?> + 2ReP|P|

(ImP)? '

(ImP)? + (ReP)? + |P|? + 2ReP|P|

(ImP)? ’

2|P|? + 2ReP|P|?

(ImP)?

_ (ReP)>+|P|> 4+ 2ReP|P| _ (ImP)*> — (ReP)* — |P|> — 2ReP|P|

Therefore,

and

Hence

1-C3%
1+ C%

1-C% +i2Cyn

(ImP)? B (ImP)?

(ImP)? — (ReP)? — |P|?> — 2ReP|P|?

2|P|2 + 2ReP|P|
(ImP)? + (ReP)? — (ReP)? — (ReP)? — |P|?> — 2ReP|P|

2|P|2 + 2ReP|P|
—2(ReP)? — 2ReP|P|

2|P|? + 2ReP|P|
—(ReP)? — ReP|P|

1+ C%

|P|2 + ReP|P| ~’
—2ReP—2|P|
208 _ —TmP
2 2|P|2+2ReP|P|
1+C% W
_ (=ReP — |P|)ImP
~ |P|2+ ReP|P| "’

—(ReP)? — ReP|P|? + i(—(ReP)(ImP) — |P|(ImP))

|P|(|P| + ReP)
—ReP(ReP + |P| + iImP) — i|P|[ImP
|P|(|P| + ReP)
—ReP(P + |P|) — i|P|ImP
|P|(|P| + ReP)
—ReP(P) — ReP|P| —i|P|ImP
|P|(|P| + ReP)
—ReP(P) — |P|(ReP + iImP)
|P|(|P| + ReP)
—P(ReP + |PJ)
|P|(|P| + ReP)
—-P
Pl
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Therefore, by using equations (4.12), (4.13), and (4.9) , we deduce

2

1+ k1—1+41ko <1_012\r+i2CN>

‘1 + 8_21'90Mf‘2 k1+1+iko 1+C]2\1
D 9 = =
fn,00 1_’/”‘2 | | kiotriky 2
k1+141ks
‘1 _ P jqplpp
. QIPI|  TIQPIP]?
o 2 |QPP-|P?
P
- ‘@‘ lQ[?
|PI(|QI* — [P]?) '

If we solve |Q|? — | P|? we get
Q1> — P2 = (k1 + 1)% + £2)% — (k2 + k2 — 1)? + 4k3) = 4k, Q.
and

QIP| - P*? = Q|P]” +|P?]” — 2Re(Q|P|P?)
= Q*((ReP)* + (ImP)?*) + |(ReP + iImP)?|> — 2Q|P|Re(P?)
= Q*((ReP)* + (ImP)*) + |(ReP)? — (ImP)? + 2iRePImP|?
—2Q|P| ((ReP)? + (ImP)?)
= QX(ReP)?+ (ImP)?) + ((ReP)? — (ImP)2)” + 4(ReP)*(ImP)? — 2Q| P|(ReP)*
—2Q|P|(ImP)?
= Q*((ReP)* + (ImP)*) + (ReP)* + (ImP)* — 2(ReP)*(ImP)? 4 4(ReP)*(ImP)?
—2Q|P|(ReP)?* — 2Q|P|(ImP)?
= Q?*(ReP)?+ Q*(ImP)? + (ReP)*(ReP)? + (ImP)?*(ImP)?
+(ReP)?(ImP)? + (ReP)?(ImP)? — 2Q|P|(ReP)? — 2Q|P|(ImP)?
= (ReP)? (Q*+ (ReP)? + (ImP)* — 2Q|P|)
+(ImP)* (Q* + (ReP)* + (ImP)? — 2Q|P|)
(ReP)* (Q* + |P|* = 2Q|P|) + (ImP)? (Q* + |P|* — 2Q| P|)
(ReP)? (Q* + QB — 2Q|P|) + (ImP)? (Q* + QB — 2Q|P)|)
= (Q*+QB —2Q|P|) (ReP)* + (ImP)?
(@ +B—2|P|)Q|P,

Hence the equation (4.14) becomes

D, . _ QP[P _ (Q@+B-2[P)QIP* _ Q+B—2|P|
I = PR(QR — [PP) 16 (Q)| PP U

(4.15)
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We now compute

1 k1 + 1 + k| — k1 — 1+ iky|
k(Z, fN) |/€1 +1 +ik2| + |]€1 -1 +ik2|
‘k‘l—i-l—i-’ikg‘—‘kl—l—i-ikg‘ ‘kl—i-l—i-ikg‘—’kl—l-i-ik‘g‘
<‘k‘1 + l—i-’ikQ‘ + ‘k‘l — 1—|—’ik2‘) (k‘l + 1+'L.k2‘ - Uﬂ — 1+ik2‘>
(b + 1%+ K3+ (b — 1% + K3 — 24/ (k1 + )2 + K3) (b — 1)% + K3
(k1 + 1)2 +k‘% — (kl — 1)2 — k%

Q + B —2|P|

4.1
10 (4.16)

Hence from equations (4.15) and (4.16) we get

D = .
00 ™ k(z, f)

We put this value in (4.7) and obtain

27 1
Mo(fn(Th) = / a6
0 (1+C]2V)fq1DfNa‘90%

27 1
/ 2 1 1 d df
o 1+C%) [ ar

q k(zva) r

- /27r SELICY 0
o (1+C3)J, dr
2 k(z, fn)
- | croncen®
2w k(z, fN)
(1+CF)(—1logq)
2 k(z, fn)  (—logq)
(1+C%)(—logq) (—1logq)
1

- z i 2 p
(14 CR)(=logg)? /A(q,l)k( NI R))- (4.17)

The extremal function given by

DfN,Qo

C
a'Yq)N(T) 1 Dqueo
or fq r dr

C
poovgN(r) =

r

1

— k(zva dr

o (r)
or

r

Jy 7
q Tk(z7fN)

. ! (4.18)

r(—loggq)y/1+ C%

1

|2|(—logq)\/1+ CF
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4.3 Relation between the shear map and spiral map
Definition 4.6. Let h: D — A(1, R) be a map such that
h(Z) — e(iz+1)logR (419)

From Definition 4.6, the inverse of h is :

h Y (w) = % Gzi;’; - 1) . (4.20)

The aim is to find the image of radial curves I" in A(1, R), under the map F, where
F = ho foh™!is the composition of the functions f,h defined in Definitions 4.2, 4.6
respectively, see Figure 4.2. We proceed by steps.



56 CHAPTER 4. RODIN’S THEOREM

/
!
i+tcota
i
f
r D > rDl
o
N 2n ~ ) In =
0 0 2
N D logR r D1 logR
h-1 .
¥ !
F

g
C
i

-

| A(LR)

Figure 4.2
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Step 1

Step 2

Step 3

In Figure 4.2 we can observe that if I" is a radial curve joining the boundaries in
annulus A(1, R), and if we take I' = w = re® to be a parametrization of I', where
0<t<2m, 1<r <R, then we obtain
1 (logr+it
! =-|—-1).
(w) i ( log R >

If we impose the condition r = 1, then we get
h=Y(w) =i for t = 0 and
2
hH(w) =
(w) log R
for t = 27r. Similarly, if we impose the condition » = R, then we get
h=Y(w) = 0, for t = 0 and

+1,

27

h l(w) = @7
for ¢ = 2. This means under the inverse function h~'(w) the radial curve I' are
maped to the vertical curve I'p connecting the horizontal sides of the rectangle D,
see Figure 4.2.
We consider I'p be a vertical curve connecting horizontal sides in D as shown in
Figure 4.2. We parametrize it as I'p = a+it, where 0 < a < % is fixed, 0 <t < 1.
Then f maps a curve I'p into I'p, as f(a + it) = a + t cot a + it, see Figure 4.2.
Let I'p, = a + t(cot a + 7) be a parametrization of curve I'p,, where I'p, is a curve
connecting horizontal sides in D;, as shown in Figure 4.2 and a, t are as Step 2.

Then h acts as follows:

h(a + t(cota + Z)) _ e[i(a+t(cota+i))+1] logR _ Re—tlogR+i(a+tcota) log R
This implies that
\h(z)| = Re~t°8F = RI=t and arg(h(z)) = alog R + t cot alog R.

In conclusion we obtain that the image of family of radial curves in A(1, R), is
logarithmic spirals with winding number 0 under the composition of function F' =
ho foh !, shown in Figure 4.2. But if we imposed that the range of cotc is

102g’TR < cota < 2102g7rR then we get the same image as before, but now we obtain the

winding number 1. In general if N is a winding number then range of cot & becomes

where N € N.

2 27
< cot N+1
logR_CO a< (N+ )log
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