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Yt

{Yt}t∈Z

h

f̂m
v|p(ω) (m+ 1)

h

{Yt}t∈Z
h ≥ 1 m ≥ 2

(m+ 1)

Yh:t
:=
[
Yt+h, Yt

]′
, Ym:t

:=
[
Yt+m, . . . , Yt

]′
,

gh(yh) gm(ym)

gh

h gh (m+ 1)

gm m − 1

(m+ 1) η̃h(ym) : R
m+1 → R

1

ηh(yh) : R
2 → R

1

[ηh(Yh:t)] = [η̃h(Ym:t)] , h ∈ {1, . . . ,m} .

Yt

Xn
hq:i

Kh:b(yh − v)

ψ(yh) yh = Yh:t

{Yt}t∈Z

v = (v1, v2) f̂m
v|p(ω) fv|p(ω)
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{Yt}t∈Z
α(j)

∞∑
j=1

ja [α(j)]1−2/ν < ∞ ν > 2 a > 1− 2/ν.

(Y 2
t ) < ∞

gh(yh) h Yh:t

{Yt}t∈Z
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gh(yh) = gh(v) + gh(v)
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∂yh
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, ∂
∂y0
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∣∣∣
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Yt u(w;θ) ψ(w;θ)

u(w;θ) := ∂
∂θ

(ψ(w;θ))

θ̂v − θv u(v;θv) �= 0 (
f̂m
v|p(ω)− fv|p(ω)

)

p

ψp(w;θp) up(w;θp)

{
θp|v(h)

}
v

gh(yh)

up(v;θp|v(h)) �= 0 h

up(v;θp|v(h)) �= 0

Yt v p

up(w;θp) = 0

θ†
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θ†
p|v ∈ {θp|v(h)

}
Yt+h Yt h → ∞
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′ = [0, 0, 1, 1, 0]′

v up(v; [0, 0, 1, 1, 0]
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ψ5(w;θ5)

Yt v

n m b

b = (b1, b2)

bh h

h(
Yt+h, Yt
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b1 b2

b1 � b2

m := mn → ∞
b := bn → 0+

h = 1, . . . ,m n b1 b2
b α ν a s := sn → ∞

s = o
(√

nb1b2/m
)

τ



n/n(b1b2)
5 −→ 0 p = 5

nb1b2/m −→ ∞
mδ(b1 ∨ b2) −→ 0, δ = 2 ∨ ν(a+1)

ν(a−1)−2√
nm/b1b2 · sτ · α(s−m+ 1) −→ ∞
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τ/(2+5τ)−λ
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, λ ∈ (0, τ/(2 + 5τ))
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p = 5
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0, σ2
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σ2
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m→∞

1

m
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λ2

m(h) · 2(2πωh) · σ̃2
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σ2
v|p(ω) σ̃2

v|p(h)
√
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)

Yt fv|p(ω)

v Yt

m f̂m
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f̂m
v|p(ω)√
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(
f̂m
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)

m f̂m
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Ĝn
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h v ẑt+h ẑt
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pseduo−normal dmbp
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cosine and i.i.d. Gaussian noise
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i = 1, . . . , r
∑r

i=1 pi = 1

(A′
1, . . . , A

′
r)

t Ai A′
i

Ai(t)

Ai(t) ≡ Ai A′
i

Ci(t) = Li + Ai(t) · (2παit+ φi) , i = 1, . . . , r,

Yt (p1, . . . , pr)

Nt pi i

Yt
:=

r∑
i=1

Ci(t) · �{Nt = i},

�{} Ci(t) t

φi

0 2π

φi Ai(t) Nt

Yt+h Yt Li pi
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Time series based on several cosines
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Li Ai pi

f̂m
v|5(ω)

p1 C1(t)

artifical trigonometric example
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cosine and a tiny bit of noise,  100  observations
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GARCH example
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b = (0.5, 0.5)

pseudo−normal dmbp
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v|5(ω)

ρ̂v|5(h)
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ẑt+h, ẑt
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ẑt+h, ẑt
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p = 5 p = 1

v = (v1, v2) R
2

v

v1 = v2

(2, 3)

v n

b m

v



f̂m
v|p(ω)

f̂m
v|p(ω) m

f̂m
v|p(ω)

fv|p(ω) v

f̂m
v|p(ω)

f̂m

v|p(ω) = 1 + 2 ·Λ′
m(ω) · P̂v|m|b|p,

Λ′
m(ω) := [λm(1) · (2πω · 1) , . . . , λm(m) · (2πω ·m)] ,

P̂v|m|b|p :=
[
ρ̂v|p(1|b1), . . . , ρ̂v|p(m|bm)

]′
.

ρ̂v|p(h|bh) p θ̂v|p(h|bh)

h v ρ̂v|p(h|bh) = e′
p · θ̂v|p(h|bh)

e′
p ρ̂v|p(h|bh) θ̂v|p(h|bh)

{
θ̂v|p(h|bh)

}m

h=1

θ̂v|m|b|p

P̂v|m|b|p P̂v|m|b|p = E ′
m|p · θ̂v|m|b|p E ′

m|p

θ̂v|m|b|p E ′
m|p m×m

p = 1

θ̂v|m|b|p f̂m
v|p(ω)

cn|m|b|p mp

θ̂v|m|b|p

cn|m|b|p ·
(
θ̂v|m|b|p − θv|m|p

)
d−→ (

0,Σv|m|p
)
,

c ′
n|m|b|p

f̂m
v|p(ω)

c ′
n|m|b|p ·

(
f̂m

v|p(ω)− fv|p(ω)
)

d−→ (
0, σ2

v|p(ω)
)
,

θ̂v|p(h|bh)

cn|m|b|p n m {bh}m

h=1
cn|m|b|p → ∞ n → ∞ m → ∞ bh → 0+



σ2
v|p(ω)(
f̂m

v|p(ω)
)
= 4 ·

(
Λ′

m(ω) ·E ′
m|p · θ̂v|m|b|p

)
= 4 ·Λ′

m(ω) ·E ′
m|p ·

(
θ̂v|m|b|p

)
·Em|p ·Λm(ω).

cn|m|b|p

√
n(b1b2)

(p+1)/2 Σv|m|p√
n(b1b2)

(p+1)/2 · θ̂v|p(h|bh)(√
n(b1b2)

(p+1)/2 · θ̂v|m|b|p

)
=

m⊕
h=1

(√
n(b1b2)

(p+1)/2 · θ̂v|p(h|bh)

)
,

(√
n(b1b2)

(p+1)/2 · f̂m

v|p(ω)

)
= 4 ·

m∑
h=1

λ2

m(h) · 2(2πωh) ·
(√

n(b1b2)
(p+1)/2 · ρ̂v|p(h|bh)

)
.

cn|m|b|p

√
1/m

1/m c ′
n|m|b|p =

√
n(b1b2)

(p+1)/2/m

mp

m

fv|p(ω)

v = (v1, v2) fv|p(ω) = cv|p(ω)− iqv|p(ω) qv|p(ω) �≡ 0

ĉ m
v|p(ω) q̂ m

v|p(ω) m

f̂m
v|p(ω) ω �∈ 1

2
· Z :=

{
. . . ,−1,−1

2
, 0, 1

2
, 1, . . .

}
√
n(b1b2)

(p+1)/2/m ·
([

ĉ m
v|p(ω)

q̂ m
v|p(ω)

]
−
[
cv|p(ω)

qv|p(ω)

])
d−→

([
0

0

]
,

[
σ2
c:v|p(ω) 0

0 σ2
q:v|p(ω)

])
,



σ2
c:v|p(ω) σ2

q:v|p(ω)

σ2

c:v|p(ω) =
m→∞

1

m

m∑
h=1

λ2

m(h) · 2(2πωh) · {σ̃2

v|p(h) + σ̃2

v̆|p(h)
}

σ2

q:v|p(ω) =
m→∞

1

m

m∑
h=1

λ2

m(h) · 2(2πωh) · {σ̃2

v|p(h) + σ̃2

v̆|p(h)
}
,

σ̃2
v|p(h) σ̃2

v̆|p(h) ρ̂v|p(h|bh) ρ̂v̆|p(h|bh)

q̂ m
v|p(ω) ω ∈ 1

2
·Z

√
n(b1b2)

(p+1)/2/m ·
(
f̂m

v|p(ω)− fv|p(ω)
)

d−→ (
0, σ2

c:v|p(ω)
)
,

ω ∈ 1
2
· Z

ĉ m
v|p(ω) q̂ m

v|p(ω)

ĉ m

v|p(ω) = 1 +Λ′
c|m(ω) · P̂v|m|b|p +Λ′

c|m(ω) · P̂v̆|m|b|p = 1 +Λ′
c|m(ω) · P̂v|m|b|p

q̂ m

v|p(ω) = 0 +Λ′
q|m(ω) · P̂v|m|b|p −Λ′

q|m(ω) · P̂v̆|m|b|p = 0 +Λ′
q|m(ω) · P̂v|m|b|p,

Λ′
c|m(ω) Λ′

q|m(ω)

P̂v|m|b|p P̂v̆|m|b|p v v̆

2m Λ′
c|m(ω) Λ′

q|m(ω) P̂v|m|b|p

P̂v|m|b|p =
(
E ′

m|p ⊕E ′
m|p
) · Θ̂m|b|p(v, v̆)

Θ̂m|b|p(v, v̆)

v v̆
(
E ′

m|p ⊕E ′
m|p
)

[
ĉ m
v|p(ω)

q̂ m
v|p(ω)

]
=

[
1

0

]
+

[
Λ′

c|m(ω)

Λ′
q|m(ω)

]
· (E′

m|p ⊕E′
m|p
) · Θ̂m|b|p(v, v̆) ,

√
n(b1b2)

(p+1)/2 ·
(
Θ̂m|b|p(v, v̆)−Θm|p(v, v̆)

)
d−→ (

0,Σv|m|p ⊕ Σv̆|m|p
)
,

ω �∈ 1
2
· Z σ2

q:v|p(ω)

Θ̂m|b|p(v, v̆) θ̂v|m|b|p θ̂v̆|m|b|p θ̂v|m|b|p



θ̂v|m|b|p

θ̂v|m|b|p

θ̂v|p(h|bh)

θ̂v|m|b|p

v b p

ρv|5 v

ρ̂v|5
p = 1

fv|p(ω ρv|p(h)

f̂m
v|p(ω)

ρ̂v|p(h)

Q

Qh:n

{Xt}t∈Z
m

[‖Xt‖2
]
< ∞

Qn = Qn(θ) = Qn(X1, . . . ,Xn;θ)

n {Xt}n

i=1
θ

Θ ∈ R
p θ◦ Qn

θ N θ◦



N ‖θ − θ◦‖ < δ

Qn(θ) = Qn(θ
◦) + (θ − θ◦)′

∂

∂θ
Qn(θ

◦) +
1

2
(θ − θ◦)′

∂2

∂θ∂θ′Qn(θ
◦) (θ − θ◦)

+
1

2
(θ − θ◦)′

{
∂2

∂θ∂θ′Qn(θ
∗)− ∂2

∂θ∂θ′Qn(θ
◦)

}
(θ − θ◦)

= Qn(θ
◦) + (θ − θ◦)′

∂

∂θ
Qn(θ

◦) +
1

2
(θ − θ◦)′ Vn (θ − θ◦)

+
1

2
(θ − θ◦)′ Tn(θ

∗) (θ − θ◦)

Vn Tn(θ
∗) θ∗ = θ∗(X1, . . . ,Xn;θ)

θ θ◦

{Xt}t∈Z
Qn

n → ∞
n−1(∂/∂θ)Qn(θ

◦)
a.s.−→ 0

n−1Vn

a.s.−→ V V p× p

j, k = 1, . . . , p

n→∞ δ→0

(nδ)−1
∣∣Tn{θ∗}

jk

∣∣ < ∞

Tn{θ∗}
jk

(j, k) Tn{θ∗}
θ̂n =

(
θ̂1, . . . , θ̂p

)′
θ̂n

a.s.−→ θ◦

ε > 0 E P (E) > 1− ε n◦ E n > n◦

(∂/∂θ)Qn(θ̂n) = 0 Qn θ̂n

n−1/2(∂/∂θ)Qn(θ
◦)

d−→ (0,W )

n1/2(θ̂n − θ◦)
d−→ (0, V −1WV −1) .

ψ
(
yh;θv|h

)
gh(yh) v θv|h =

[
θv|h:1, . . . , θv|h:5

]′
v

θh θv|h
b = (b1, b2) K(w)

Kh:b(yh − v) := 1
b1b2

K
(

yh−v1
b1

,
y0−v2
b2

)
v

qh:b :=

∫
R2

Kh:b(yh − v) [ψ(yh;θh)− gh(yh) ψ(yh;θh)] yh,



∫
R2

Kh:b(yh − v)uh(yh;θh) [ψ(yh;θh)− gh(yh)] yh = 0,

uh(yh;θh) := ∇h ψ(yh;θh) ψ(yh;θh) ∇h
:= ∂/∂θh

b0 θh:b

b 0 < b < b0 θh:b

b

Qh:n(θh)

n {Yh:t}t∈Z
M

qh:b

Lh:n(θh) := Lh:n(Yh:1, . . . ,Yh:n;θh)

:= n−1

n∑
t=1

Kh:b(Yh:t − v) ψ(Yh:t;θh)−
∫
R2

Kh:b(yh − v)ψ(yh;θh) yh.

Qh:n(θh) := Qh:n(Yh:1, . . . ,Yh:n;θh) := −nLh:n(θh)

= −
n∑

t=1

Kh:b(Yh:t − v) ψ(Yh:t;θh) + n

∫
R2

Kh:b(yh − v)ψ(yh;θh) yh,

uh(yh;θh)

∇hQh:n(θh) = −
n∑

t=1

[
Kh:b(Yh:t − v)uh(Yh:t;θh)−

∫
R2

Kh:b(yh − v)uh(yh;θh)ψ(yh;θh) yh

]
.

0 ∇hQh:n(θh)

θh:b

b θh:b

Nh
:= {θh : |θh − θh:b| < δ}

Lh:n(θh)

M



θh:b

Qh:n(θh) = Qh:n(θh:b) + [θh − θh:b]
′ ∇hQh:n(θh:b) +

1

2
[θh − θh:b]

′ Vh:b:n [θh − θh:b]

+
1

2
[θh − θh:b]

′ Th:b:n [θh − θh:b] ,

Vh:b:n
:= Vh:b:n(θh:b) := ∇h∇′

hQh:n(θh:b) ,

Th:b:n
:= Th:b:n(θ

∗
h,θh:b) := ∇h∇′

hQh:n(θ
∗
h)−∇h∇′

hQh:n(θh:b) ,

θ∗
h θh θh:b

b n → ∞

θ̂h:n ε > 0 Ah v

(Ac
h) < ε θ̂h:n

θh:b qh:b

(nb1b2)
1/2
(
θ̂h:n − θh:b

)
d−→ (0,Σh:b) ,

Σh:b
:= V −1

h:b Wh:bV
−1

h:b Wh:b

b → 0+ n → ∞
Kh:b(w) Qh:n(θh) Vh:b Wh:b

n

b = (b1, b2) n/n(b1b2)
5 → 0(

n (b1b2)
3
)1/2 (

θ̂h:n − θ◦
h

)
d−→ (0,Σ◦

h) ,

θ◦
h b → 0+ θh:b Σ◦

h (b1b2)
2

Vh:b Wh:b

θ̂n|m|b|p
m h(

Yt+h, Yt

)
h = 1, . . . ,m p = 5

θ̂n|m|b|p Qh:n

n b p

θm

m b n → ∞



m → ∞ b → 0+ n → ∞

Qh:n(θh) {Yh:t}t∈Z

(m+ 1) {Ym:t}t∈Z

Qh:n h = 1, . . . ,m Yh:t

Ym:t

Qh:n(θh) (m+ 1)

Q̃h:n(θh)

Qm:n(θm)

Qm:n(θm) := Qm:n(Ym:1, . . . ,Ym:n;θm) :=
m∑

h=1

Q̃h:n(θh) ,

θm θh

θm
:= [θ′

1, . . . ,θ
′
m]

′ .

m Q̃h:n(θh) Qm:n(θm)

{Ym:t}t∈Z
b

θ̂m:n Qm:n(θm)

θ̂h:n m θ̂h:n

θh:b θ̂m:n θm:b

m θh:b

b m f̂m
v (ω)

m b

Qm:n(θm)

Qm:n(θm) = Qm:n(θm:b) + [θm − θm:b]
′ ∇mQm:n(θm:b) +

1

2
[θm − θm:b]

′ Vm|b:n [θm − θm:b]

+
1

2
[θm − θm:b]

′ Tm|b:n [θm − θm:b] ,

θm:b m

θh:b ∇m
:= [∇′

1 , . . . ,∇′
m]

′ Vm|b:n Tm|b:n
Vh:b:n Th:b:n



∇m ∇h Qm:n

Qh:n ∇mQm:n(θm:b) m

∇hQh:n(θh:b)

∇m∇′
m m×m 5× 5

∇j∇′
k j, k = 1, . . . ,m Qm:n

∇j∇′
k j = k

Vm|b:n =
⊕m

h=1 Vh:b:n Vm|b:n
Vh:b:n Vh:b:n

Tm|b:n =
⊕m

h=1 Th:b:n

n−1∇mQm:n(θm:b)
a.s.−→ 0

∇mQm:n(θm:b) m ∇hQh:n(θh:b)

n−1∇hQh:n(θh:b) 0

n−1∇mQm:n(θm:b)

n−1Vm|b:n
a.s.−→ Vm|b Vm|b 5m× 5m

Vm|b:n m Vh:b:n

Vm|b:n
n−1Vh:b:n Vh:b

n−1Vm|b:n Vm|b
Vh:b

Vm|b:n Vh:b:n

j, k = 1, . . . , 5m

n→∞ δ→0

(nδ)−1
∣∣∣Tm|b:njk

∣∣∣ < ∞ ,

Tm|b:njk
(j, k) Tm|b:n

Tm|b:n m Th:b:n

j k

m Th:b:n Tm|b:n



n−1/2∇mQm:n(θm:b)
d−→ (

0,Wm|b
)

∇mQm:n(θm:b)

∇mQm:n(θm:b)

∇mQm:n(θm:b) = [∇1Q1:n(θh:b)
′, . . . ,∇mQm:n(θh:b)

′]′

[h, i] h = 1, . . . ,m i = 1, . . . , 5 [h, i]

(∇mQm:n(θm:b))[h,i] = −
n∑

t=1

Xhi:t,

Xhi:t

Xhi:t
:= Kh:b(Yh:t − v) uhi(Yh:t;θh:b)−

∫
R2

Kh:b(yh − v) uhi(yh;θh:b)ψ(yh;θh) yh,

uhi i h uh

α

Yt Xhi:t L
ν

[|Xhi:t|ν] < ∞ θh:b

[Xhi:t] = 0 Xhi:t

Shi|n :=
∑n

t=1 Xhi:t

n−1Shi|n −→ σ2 := γ0 + 2
∑
�≥1

γ�,

γ� � {Xhi:t}t∈Z

n−1/2Shi|n
d−→ (0, σ2) .

∇mQm:n(θm:b) Sn(a) := a′ ∇mQm:n(θm:b)

a ∈ R
5×m ∇mQm:n(θm:b)

Sn(a) =
n∑

t=1

Xt(a) ,



Xt(a) = a′Xt Xt Xhi:t

Xt = [X11:t, . . . , Xm5:t]
′

[Xt(a)] = 0 α

{Yt} [|Xt(a)|ν] < ∞
Xt(a)

n−1Sn(a) −→ σ2(a) := γ0(a) + 2
∑
�≥1

γ�(a)

n−1/2Sn(a)
d−→ (0, σ2(a)) ,

γ�(a) Xt(a) = a′Xt

γ0(a) = (a′Xt) = a′ (Xt)a γ�(a) =
(
a′Xt+�,a

′Xt

)
= a′

(
Xt+�,Xt

)
a

σ2(a) = a′Wm|ba Wm|b
a′ a

Wm|b := (Xt) + 2
∑
�≥1

(
Xt+�,Xt

)
= [XtX

′
t] + 2

∑
�≥1

[
Xt+�X

′
t

]
,

[Xt] = 0

n−1/2∇mQm:n(θm:b)
d−→ (

0,Wm|b
)

Qm:n(θm) m b

√
n
(
θ̂m:n − θm:b

)
d−→ (

0, V −1

m|bWm|bV
−1

m|b
)
.

m → ∞ b → 0+ n → ∞
n−1/2∇mQm:n(θm:b)

m → ∞ b → 0+ n → ∞



Yh:t

Qnm√
b1b2∇mQm:n(θm:b)

ψ(yh;θh) uh(yh;θh) Kh:b(yh − v) θh

p p = 1 p = 5

ψ(yh;θh) gh(yh)

v = (v1, v2) h ∈ N q ∈ {1, . . . , p}
θh:b qh:b

uhq:b(w) :=
∂

∂θh:q

(ψ(yh;θh))

∣∣∣∣
(yh; θh)=(w;θh:b)

.

L ≥ 0 uhq:b(w)

uhq:b(w)≤L := uhq:b(w) · �{∣∣uhq:b(w)
∣∣ ≤ L

}
,

uhq:b(w)>L := uhq:b(w) · �{∣∣uhq:b(w)
∣∣ > L

}
.

uhq:b(w) = uhq:b(w)≤L + uhq:b(w)>L uhq:b(w)≤L · uhq:b(w)>L = 0

uhq(w) b → 0+

θh:b uhq(w)≤L uhq(w)>L

uhq(w)

v

hq

∣∣uhq:b(v)
∣∣ < ∞

hq

∣∣uhq(v)
∣∣ < ∞

L uhq:b(v)
≤L = uhq:b(v) uhq(v)

≤L = uhq(v)

uhq:b(w) uhq(w)

w1 w2 v

gh(yh) v gh(yh)

h → ∞
h

L

Kh:b(w)
b → 0+ n−1/2 (b1b2)

1/2

θh:b



K(w)

∫
R2

K(w1, w2) w1 w2 = 1,

K1:k(w2) :=

∫
R1

K(w1, w2)w
k

1 w1 k ∈ {0, 1, 2},

K2:�(w1) :=

∫
R1

K(w1, w2)w
�

2 w2 � ∈ {0, 1, 2},∫
R2

K(w1, w2) |wk

1w
�

2| w1 w2 < ∞, k, � ≥ 0 k + � ≤ 2 · �ν� ,

ν > 2 �·�

Kh:b(yh − v) :=
1

b1b2
K

(
yh − v1

b1
,
y0 − v2

b2

)
.

K(w) uhq:b(w)

gh(yh) uhq:b(w) K(w)

Uh:b
:=
[
uh1:b(v) , . . . , uhp:b(v)

]′
Wh:b

:= Uh:bU
′
h:b · gh(v)

∫
R2

K(w)2 w,

Wm|b :=
m⊕

h=1

Wh:b.

Wh Wm b → 0+ uhq(w)

Wh:b Wh Wm:b Wm

m ah ∈ R
p am = [a1, . . . ,am]

′ a′
mWm:bam =

∑m
h=1 a

′
hWh:bah

Yh:t uhq:b(w) Kh:b(yh − v)

Xn

hq:t(v) :=
√

b1b2Kh:b(Yh:t − v) uhq:b(Yh:t) ,

Xn|≤L

hq:t (v) :=
√

b1b2Kh:b(Yh:t − v) uhq:b(Yh:t)
≤L ,

Xn|>L

hq:t (v) :=
√

b1b2Kh:b(Yh:t − v) uhq:b(Yh:t)
>L .



Xn
hq:t(v) = Xn|≤L

hq:t (v) +Xn|>L

hq:t (v) Xn|≤L

hq:t (v) ·Xn|>L

hq:t (v) = 0

v v

Xn
hq:t v

Xn
hq:t

Xn
hq:t ∇hQh:n(θh)

X̃n

hq:t
:= Xn

hq:t −
√
b1b2

∫
R2

Kh:b(yh − v) uhq:b(yh)ψ(yh;θh) y
h
,

Zn
hq:t Qnhq X̃n

hq:t

Xn
hq:t

(m+ 1)

Zn

hq:t
:= Xn

hq:t −
[
Xn

hq:t

]
,

Qnhq :=
n∑

t=1

Zn

hq:t.

Zn|≥L

hq:t Zn|<L

hq:t Qn|≥L

hq Qn|<L

hq

Zn
hq:t = Zn|≥L

hq:t + Zn|<L

hq:t Zn|≥L

hq:t · Zn|<L

hq:t = 0 Qnhq = Qn|≥L

hq + Qn|<L

hq

L
(
Zn

hq:i, Z
n
j:k

)
=
[
Zn

hq:i · Zn
j:k

]
=

(
Xn

hq:i, X
n
jr:k

)
Zn

hq:t a := am ∈ R
p×m

(m+ 1)

Zn

m:t(a) :=
m∑

h=1

p∑
q=1

ahqZ
n

hq:t = a′Zn

m:t,

Qnm(a) :=
m∑

h=1

p∑
q=1

ahq Qnhq = a′ Qnm,

Zn
m:t Qnm

Qnm
√

b1b2∇mQm:n(θm:b)

Qnm
√
b1b2∇mQm:n(θm:b) Zn

hq:t

X̃n
hq:t

Zn

hq:t − X̃n

hq:t =
√

b1b2 ·
∫
R2

Kh:b(yh − v) uhq:b(yh) {gh(yh)− ψ(yh;θh)} y
h
,

b b0 θh:b



m → ∞ b → 0+ n → ∞
p

m×m

p× p 5× 5

n−1/2 Qnm
b n m[

Xn
hq:i ·Xn

jr:k

]
h i j

k

v b Yh:i Yj:k

Kh:b v1 b1 Yh+i Yj+k

Kh:b v2 b2 Yi Yk

[
Xn

hq:i ·Xn
jr:k

]
v b Yt

{i, h+ i, k, j + k}

i = k h = j

Xn
hq:i

K(w) uhq:b(w)

K(w) uhq:b(w) R
2

Yt uhq:b(w) K(w)

Xn
hq:t[

Xn
hq:i

]
= O

(√
b1b2
)[∣∣Xn

hq:i

∣∣ν]1/ν = O
(|b1b2|(2−ν)/2ν

)



[
Xn

hq:i ·Xn
jr:k

]
=

⎧⎪⎪⎨⎪⎪⎩
uhq:b(v) uhr:b(v) gh(v)

∫
R2 K(w)2 w +O(b1 ∨ b2) ,

O(b1 ∧ b2) ,

O(b1b2) ,
Yt

h i j k

V · g g

V V
uhq:b(w) K(w)

b1
b2

gh(yh) v

J1
:=

∫
R2

V (yh) · gh(v) yh,

J2
:=

∫
R2

V (yh) · (gh(v)
′ [yh − v]) yh,

J3
:=

∫
R2

V (yh) · (Rh(yh)
′ [yh − v]) yh.

J1

J2 J3 O(b1 ∨ b2)

w1 = (yh − v1) /b1 w2 = (y0 − v2) /b2
[yh − v] [b1w1, b2w2]

′ a1 a2

gh(v) W V Rh1 Rh2

Th1 Th2

Rh1W Rh2W
J2

J2 = a1b1

∫
R2

w1 · W(w) w + a2b2

∫
R2

w2 · W(w) w,

w1 w2

J2 O(b1 ∨ b2)

J1 J2 J3

J3



J3

J3 =

∫
R2

[b1w1 · Th1(y(w)) + b2w2 · Th2(y(w))] w,

b1 b2
J3 O(b1 ∨ b2)

Yt uhq:b(w) K(w)

Xn
hq:t

(
Xn

hq:i, X
n

jr:k

)
=

⎧⎪⎪⎨⎪⎪⎩
uhq:b(v) uhr:b(v) gh(v)

∫
R2 K(w)2 w +O(b1 ∨ b2) ,

O(b1 ∧ b2) ,

O(b1b2) .

(
Xn

hq:i, X
n
jr:k

)
=
[
Xn

hq:i ·Xn
jr:k

]− [
Xn

hq:i

] · [Xn
jr:k

]

Yt uhq:b(w) K(w)

Zn
hq:t Zn

m:t(a)[∣∣Zn
hq:t

∣∣ν]1/ν = O
(|b1b2|(2−ν)/2ν

)
[|Zn

m:t(a)|ν]1/ν = O
(
m |b1b2|(2−ν)/2ν

)
L

ν

[∣∣Zn
hq:t

∣∣ν]1/ν = [∣∣Xn
hq:t −

[
Xn

hq:t

]∣∣ν]1/ν
≤ [∣∣Xn

hq:t

∣∣ν]1/ν + [∣∣ [Xn
hq:t

]∣∣ν]1/ν
= O

(|b1b2|(2−ν)/2ν
)
+O
(√

b1b2

)
= O

(|b1b2|(2−ν)/2ν
)
.

[|Zn
m:t(a)|ν]1/ν =

[∣∣∣∑m
h=1

∑p
q=1 ahqZ

n
hq:t

∣∣∣ν]1/ν
≤

m∑
h=1

p∑
q=1

∣∣ahq

∣∣ [∣∣Zn
hq:t

∣∣ν]1/ν
≤

m∑
h=1

p∑
q=1

Am ·O(|b1b2|(2−ν)/2ν
)

= O
(
m |b1b2|(2−ν)/2ν

)
.



Am

∣∣ahq

∣∣

m → ∞ b → 0+ n → ∞

Yt n m b

uhq:b(w) K(w)

Zn
m:t(a)

1

n

n∑
i,k=1
i�=k

| [Zn

m:i(a) · Zn

m:k(a)]| = o(1) .

{Yt}t∈Z

1

n

n∑
i,k=1
i�=k

| [Zn

m:i(a) · Zn

m:k(a)]| = 2
n−1∑
�=1

(
1− �

n

)
In

m:�(a),

In
m:�(a)

In

m:�(a) := | [Zn

m:0(a) · Zn

m:�(a)]|

=

∣∣∣∣∣
[

m∑
h=1

p∑
q=1

ahqZn

hq:0 ·
m∑
j=1

p∑
r=1

ajrZn

jr:�

]∣∣∣∣∣
=

∣∣∣∣∣
m∑

h=1

m∑
j=1

p∑
q=1

p∑
r=1

ahqajr

[
Zn

hq:0 · Zn

jr:�

]∣∣∣∣∣
≤

m∑
h=1

m∑
j=1

p∑
q=1

p∑
r=1

|ahq||ajr| In

hqjr:�,

In
hqjr:�

:=
∣∣ [Zn

hq:0 · Zn
jr:�

]∣∣ = ∣∣ (
Xn

hq:0, X
n
jr:�

)∣∣



kn kn → ∞ knm
2b1b2 → 0

n → ∞

J1
:= 2

m∑
�=1

(1− �/n) In

m:�(a),

J2
:= 2

kn+m∑
�=m+1

(1− �/n) In

m:�(a),

J3
:= 2

n−1∑
�=kn+m+1

(1− �/n) In

m:�(a).

In
m:�(a) J1

Yt Zn
m:0(a) Zn

m:�(a)

J2 J3

J1

0 ≤ J1 ≤ 2 ·
⎛⎝

h∈{1,...,m}
q∈{1,...,p}

∣∣ahq

∣∣2⎞⎠ ·
m∑
�=1

m∑
h=1

m∑
j=1

p∑
q=1

p∑
r=1

∣∣ (
Xn

hq:0, X
n

jr:�

)∣∣ ,

h � j + �

m2 m3

J1 O(m2(b1 ∧ b2))

O(m3b1b2)

J1 = o(1)

m2(b1 ∧ b2) ≤ m2(b1 ∨ b2) ,

m3b1b2 ≤ m−1 ·m4(b1 ∨ b2)
2 = m−1 · (m2 (b1 ∨ b2))

2 .

J2

� > M J2

J2 = O(knm
2b1b2) .

knm
2b1b2 → 0 kn J2 = o(1)

J3

In
m:�(a) J3

m b



σ Zn
m:0(a) ∈ Fm

0

Zn
m:�(a) ∈ F �+m

� ⊂ F∞
m+(�−m) � > kn +m

In
m:�(a)

In

m:�(a) = | [Zn

m:0(a) · Zn

m:�(a)]|
= | [Zn

m:0(a) · Zn

m:�(a)]− [Zn

m:0(a)] · [Zn

m:�(a)]|
≤ 12 ( [|Zn

m:0(a)|ν])1/ν · ( [|Zn

m:�(a)|ν])1/ν · [α(�−m)]1−1/ν−1/ν

= 12
(
( [|Zn

m:0(a)|ν])1/ν
)2 · [α(�−m)]1−2/ν

= 12
(
O
(
m |b1b2|(2−ν)/2ν

))2 · [α(�−m)]1−2/ν

≤ C ·m2 · |b1b2|(2−ν)/ν · [α(�−m)]1−2/ν ,

Zn
m:t(a)

{Yt}

C
J3

0 ≤ J3 ≤ C3 ·
∞∑

j=kn+1

(
m2 · |b1b2|(2−ν)/ν

) · [α(j)]1−2/ν ,

C3 j = �−m

ja ≥ m2 · |b1b2|(2−ν)/ν j ≥ kn + 1

a

kn + 1 =
⌈
m2/a · |b1b2|(2−ν)/aν

⌉

0 ≤ J3 ≤ C3 ·
∞∑

j=kn+1

ja [α(j)]1−2/ν ,

kn → ∞ n → ∞ J3 = o(1)

kn knm
2b1b2 → 0

J2 kn → ∞ J3

J1 + J2 + J3 o(1)

Yt n m b

Wm:b =
⊕m

h=1 Wh:b a = am = [a1, . . . ,am]
′ ah ∈ R

p

Zn
m:t(a)

(Zn
m:t(a)) = a′

mWm:bam+O(m2 · (b1 ∨ b2)) =
∑m

h=1 a
′
hWh:bah+O(m2 · (b1 ∨ b2)) =

O(m)



r := rn ∞ n → ∞
L η1:r

:=
∑r

t=1 Z
n
m:t(a)

η≤L
1:r

:=
∑r

t=1 Z
n|≤L
m:t (a) η>L

1:r
:=
∑r

t=1 Z
n|>L
m:t (a)

(η1:r) = r · {∑m
h=1 a

′
hWh:bah + o(1)}

L (η≤L
1:r ) = r · {∑m

h=1 a
′
hWh:bah + o(1)} (η>L

1:r ) = r · o(1)

(Zn

m:t(a))=
m∑

h=1

m∑
j=1

p∑
q=1

p∑
r=1

ahqajr

(
Xn

hq:t, X
n

jr:t

)
=

m∑
h=1

p∑
q=1

p∑
r=1

ahqahr

(
Xn

hq:t, X
n

hr:t

)
+

m∑
h,j=1
h �=j

p∑
q=1

p∑
r=1

ahqajr

(
Xn

hq:t, X
n

jr:t

)
.

∑m
h=1

∑p
q=1

∑p
r=1 ahqahruhq:b(v) uhr:b(v) gh(v)

∫
R2 K(w)2 w

a′Wm:ba =
∑m

h=1 a
′
hWh:bah O(m · (b1 ∨ b2))

O(m2 · (b1 ∧ b2))

O(m2 · (b1 ∨ b2))

a′
hWh:bah

(η1:r) =
r∑

i=1

(Zn

m:i(a)) +
r∑

i,k=1
i �=k

[Zn

m:i(a) · Zn

m:k(a)] .

r · (Zn
m:1(a))

r · o(1)

uhq:b(v)uhr:b(v) Wh:b uhq:b(v)
≤L uhr:b(v)

≤L

uhq:b(v)
>L uhr:b(v)

>L uhq:b(v)
≤L = uhq:b(v) L

uhq:b(v)
>L = 0

Qm:n(θm:b)

θ̂v|m|b|p

f̂m
v|p(ω) m

v = (v1, v2) Yt

n m b Wm:b =
⊕m

h=1 Wh:b a =

am = [a1, . . . ,am]
′ ah ∈ R

p

Qnm(a) Qnm b m n



n−1/2 Qnm(a)
d−→ (0,

∑m
h=1 a

′
hWh:bah)

n−1/2 Qnm
d−→ (0,

⊕m
h=1 Wh:b) mp

Qnm(a) Zn
m:t(a)

Qnm(a) =
m∑

h=1

p∑
q=1

ahq Qnhq =
m∑

h=1

p∑
q=1

ahq

[
n∑

t=1

Zn

hq:t

]
=

n∑
t=1

[
m∑

h=1

p∑
q=1

ahqZ
n

hq:t

]
=

n∑
t=1

Zn

m:t(a).

{1, . . . , n}
Qnm(a)

S(1)
n S(2)

n S(3)
n Qnm(a)

S(1)
n S(1)

n

S(1)
n

� r s {1, . . . , n} 2�+ 1

Aj
:= {(j − 1) (r + s) + 1, . . . , (j − 1) (r + s) + r} , j = 1, . . . , �,

Bj
:= {(j − 1) (r + s) + r + 1, . . . , j (r + s)} , j = 1, . . . , �,

C�
:=

{
{� (r + s) + 1, . . . , n} � (r + s) < n,

∅ � (r + s) = n.

A◦ :=
�⋃

j=1

Aj, B◦ :=
�⋃

j=1

Bj.

A◦ B◦ �r �s

C� n− �(r + s) r + s− 1 < 2r

{1, . . . , n}

ηj
:=
∑
t∈Aj

Zn

m:t(a), j = 1, . . . , �, S(1)

n
:=

�∑
j=1

ηj =
∑
t∈A◦

Zn

m:t(a),

ξj :=
∑
t∈Bj

Zn

m:t(a), j = 1, . . . , �, S(2)

n
:=

�∑
j=1

ξj =
∑
t∈B◦

Zn

m:t(a),

ζ� :=
∑
t∈C�

Zn

m:t(a), S(3)

n
:= ζ�,

n−1/2 Qnm(a) = n−1/2 {S(1)

n + S(2)

n + S(3)

n } .



(n−1/2 Qnm(a)) =
1

n
[ Qnm(a) · Qnm(a)] =

1

n

3∑
p=1

3∑
q=1

[S(p)

n · S(q)

n ] .

p �= q

p = 1 q = 2∣∣∣∣ 1n [S(1)

n · S(2)

n ]

∣∣∣∣ =
∣∣∣∣∣ 1n

[(∑
i∈A◦

Zn

m:i(a)

)
·
(∑

k∈B◦
Zn

m:k(a)

)]∣∣∣∣∣
≤ 1

n

∑
i∈A◦

∑
k∈B◦

| [Zn

m:i(a) · Zn

m:k(a)]|

≤ 1

n

n∑
i,k=1
i�=k

| [Zn

m:i(a) · Zn

m:k(a)]| .

p = q = 2

O(m)

1

n
[S(2)

n · S(2)

n ] =
1

n

∑
i,k∈B◦

[Zn

m:i(a) · Zn

m:k(a)]

=
1

n

∑
i∈B◦

[Zn

m:i(a) · Zn

m:i(a)] +
1

n

∑
i,k∈B◦
i�=k

[Zn

m:i(a) · Zn

m:k(a)]

=
1

n

∑
i∈B◦

O(m) + o(1)

= O

(
m�s

n

)
.

p = q = 3

1

n
[S(3)

n · S(3)

n ] = O

(
m (n− �(r + s))

n

)
< O

(mr

n

)
.

(m�s)/n mr/n

n−1/2( Qnm(a)− S(1)
n ) ⇒ 0

n−1/2 Qnm(a) n−1/2 S(1)
n

S(2)
n

(n−1/2 S(1)

n ) =
1

n

�∑
j=1

(
ηj

)
+ o(1) .



ηj

∣∣∣∣∣ [ (itS(1)

n )]−
�∏

j=1

[ (
itηj

)]∣∣∣∣∣→ 0.

Vj =
(
itηj

)
j = 1, . . . , �

Vj

∣∣Vj

∣∣ ≤ 1

σ ηj Aj Zn
m:t(a)

Vj ∈ F (j−1)(r+s)+r+m

(j−1)(r+s)+1

σ Vj σ

Vj+1

ϑ := {((j + 1)− 1)(r + s) + 1} − {(j − 1)(r + s) + r +m} = s−m+ 1.

m = o(s)

σ 16(�− 1)α(ϑ)

ηj

s2
�
:=
∑�

j=1

(
ηj

)

s2

� =
�∑

j=1

(
ηj

)
= � · (η1) = � · r ·

{
m∑

h=1

a′
hWh:bah + o(1)

}
,

s2
� > 0

∀ ε > 0
n→∞

�∑
j=1

1

s2
�

[
η2

j · �
{∣∣ηj

∣∣ ≥ ε
√
s2
�

}] −→ 0.

{∣∣ηj

∣∣ ≥ ε
√
s2
�

}
n

∣∣ηj

∣∣
ε
√
s2
�

Xn
hq:t Zn

hq:t ηj∣∣ηj

∣∣
∣∣ηj

∣∣ =
∣∣∣∣∣∣
∑
t∈Aj

m∑
h=1

p∑
q=1

ahqZ
n

hq:t

∣∣∣∣∣∣ ≤
∑
t∈Aj

m∑
h=1

p∑
q=1

∣∣ahq

∣∣ ∣∣Zn

hq:t

∣∣ ,
∣∣Zn

hq:t

∣∣ = ∣∣Xn

hq:t −
[
Xn

hq:t

]∣∣ ≤ ∣∣Xn

hq:t

∣∣+O
(√

b1b2

)
,∣∣Xn

hq:t

∣∣ = ∣∣∣∣√b1b2 ·
1

b1b2
Kh

(
Yt+h − v1

b1
,
Yt − v2

b2

)
uh:b(Yh:t)

∣∣∣∣ .



uhq:b(w) Kh:b(w − v)

Qnm(a) = Qn|≤L

m (a) + Qn|>L

m (a)

L

uhq:b(w)

uhq:b(w)≤L uhq:b(w)>L

n−1/2 Qn|>L

m (a) n−1/2 S(1)
n

|>L

L

(
n−1/2 S(1)

n

|>L
)
=

1

n

�∑
j=1

(
η>L

j

)
+ o(1) =

�r

n
· o(1) .

�r � n n−1/2 Qn|>L

m (a) ⇒ 0 n−1/2 Qnm(a)

n−1/2 Qn|≤L

m (a) L∣∣η≤L
j

∣∣ uhq:b(w)≤L

K(w)

K ∣∣η≤L
j

∣∣
∣∣η≤L

j

∣∣ ≤ rmp
( ∣∣ahq

∣∣)( K√
b1b2

L+O
(√

b1b2

))
< CL rm√

b1b2
,

C j

�

{∣∣η≤L
j

∣∣ ≥ ε
√

(s2
�)

≤L

}
n → ∞∣∣η≤L

j

∣∣
(s2

�)
≤L√

�rm L

(s2
�)

≤L s2
�

∣∣η≤L
j

∣∣
√
�rm

≤ CL
√

mr

�b1b2
−→ 0,

ε
√
(s2

�)
≤L

√
�rm

= ε ·
√√√√ 1

m

{
m∑

h=1

a′
hWh:bah + o(1)

}
� ε ·

√√√√ 1

m

m∑
h=1

a′
hWh:bah.

Wh:b

h → ∞ b → 0+ 1
m

∑m
h=1 a

′
hWh:bah

L ∞



∑�
j=1 η

≤L
j√

s2
�

−→ N(0, 1),

�r � n

n−1/2

�∑
j=1

η≤L

j −→
(
0,

m∑
h=1

a′
hWh:bah

)
.

n−1/2 Qnm(a) n−1/2 Qn|≤L

m (a)

n−1/2(S(1)
n )≤L n−1/2

∑�
j=1 η

≤L
j L

m n b

K(w)

p > 1

n−1/2 Qnm

θ̂m:n

n−1/2
√
b1b2∇mQm:n(θm:b)

d−→
(
0,

m⊕
h=1

Wh:b

)
,

mp

Qnm
√
b1b2∇mQm:n(θm:b)

θ̂
v|m|b|p

f̂m
v|p(ω)

p = 1 p = 5

m

θ̂v|m|b|p θv|m|p√
n(b1b2)

(p+1)/2 ·
(
θ̂v|m|b|p − θv|m|p

)
d−→ (

0,Σv|m|p
)
,



Σv|m|p :=
⊕m

h=1 Σv|h|p Σv|m|p Σv|h|p√
n(b1b2)

(p+1)/2 ·
(
θ̂v|h|b|p − θv|h|p

)
Qm:n

(
θv|m|b|p

)
m → ∞ b → 0+ n → ∞

θ̂v|m|b|p
θv|m|p

m b

√
n ·
(
θ̂v|m|b|p − θv|m|p

)
d−→ (

0,Σv|m|p
)
,

Σv|m|p := V −1
v|m|pWv|m|pV

−1
v|m|p mp×mp Vv|m|p Wv|m|p

Vv|m|p =
m⊕

h=1

Vv|h|p, Wv|m|p =
m⊕

h=1

Wv|h|p,

p× p Vv|h|p Wv|h|p
θv|h|b|p

Vv|m|p Vv|h|p V −1
v|m|p

V −1
v|h|p

Σv|m|p =
⊕m

h=1 Σv|h|p Σv|h|p := V −1
v|h|pWv|h|pV

−1
v|h|p√

n ·
(
θ̂v|h|b|p − θv|h|p

)
m → ∞ b → 0+ n → ∞√

b1b2 Kh:b

p = 1 Vv|h|p Wv|h|p
p = 5 Vv|h|p Wv|h|p

√
(b1b2)

3 p = 5

v v̆

m f̂m
v|p(ω)

v v ∈ R
2

m f̂m
v|p(ω) v = (v1, v2)

v1 �= v2



v = (v1, v2)

gh(yh) v̆ = (v2, v1) v

θ̂v|m|b|p θ̂v̆|m|b|p Θ̂m|b|p(v, v̆) =
[
θ̂′

v|m|b|p, θ̂
′
v̆|m|b|p

]′
√
n(b1b2)

(p+1)/2 ·
(
Θ̂m|b|p(v, v̆)−Θm|p(v, v̆)

)
d−→

(
0,

[
Σv|m|p 0

0 Σv̆|m|p

])
,

Σv|m|p Σv̆|m|p

Qm:n|p
(
Θm|b|p(v, v̆)

)
:= Qm:n|p

(
θv|m|b|p

)
+Qm:n|p

(
θv̆|m|b|p

)
,

Qm:n|p
θv|m|b|p {Yt}n

t=1

v v̆

v

gh(yh)

θv|m|b|p θv̆|m|b|p
Qm:n|p

Qm:n|p
Vm|b:n|p

Qm:n|p
(
θv|m|b|p

)
Qm:n|p

(
θv̆|m|b|p

)
Vm|b|p(v, v̆) = Vm|b:n|p(v)⊕ Vm|b:n|p(v̆)

Qm:n|p
Xn

hq:t(v) Xn
hq:t(v̆) h = 1, . . . ,m q = 1, . . . , p

v v̆ Zn
hq:t Qnhq

Zn
m:t(a) Zn

m:t Qnm(a) Qnm√
b1b2 Qm:n|p

(
Θm|b|p(v, v̆)

)
Qnm(v, v̆) := [ Qnm(v)

′, Qnm(v̆)
′]′

Zn
m:t(a1,a2;v, v̆) := Zn

m:t(a1;v) + Zn
m:t(a2; v̆)

Zn
m:t(a) Zn

m:t(a1,a2;v, v̆)[
Xn

hq:i(v) ·Xn
jr:k(v̆)

]

Zn
m:t(a)

m



m

Zn
m:t(a1,a2;v, v̆)

Zn

m:i(a1,a2;v, v̆) · Zn

m:k(a1,a2;v, v̆) = Zn

m:i(a1;v) · Zn

m:k(a1;v) + Zn

m:i(a1;v) · Zn

m:k(a2; v̆)

+ Zn

m:k(a1;v) · Zn

m:i(a2; v̆) + Zn

m:i(a2; v̆) · Zn

m:k(a2; v̆),

v v̆

1

n

n∑
i,k=1
i�=k

|Zn

m:i(a1;v) · Zn

m:k(a2; v̆)| = o(1) ,

n−1∑
�=1

(
1− �

n

)
In

m:�(a1,a2;v, v̆) +
n−1∑
�=1

(
1− �

n

)
In

m:�(a2,a1; v̆,v),

In
m:�(a1,a2;v, v̆) := | [Zn

m:0(a1,v) · Zn
m:�(a2, v̆)]| In

m:�(a2,a1; v̆,v)

o(1)

Zn
m:t(a1,a2;v, v̆)

(
Zn

m:t(a1,a2;v, v̆)
)
= (Zn

m:t(a1,v)) + 2 (Zn

m:t(a1,v), Z
n

m:t(a2, v̆)) + (Zn

m:t(a2, v̆)) ,

a′
m ·Wm:b · am

:= [a′
1,a

′
2] · (Wm:b(v)⊕Wm:b(v̆)) ·

[
a1

a2

]
= a′

1 ·Wm:b(v) · a1 + a′
2 ·Wm:b(v̆) · a2,

Wm:b
:= Wm:b(v)⊕Wm:b(v̆)

m m

n−1/2 Qm:n|p
(
Θm|b|p(v, v̆)

) d−→ (0,Wm:b(v)⊕Wm:b(v̆)) .



θ̂vi|m|b|p
{vi}ν

i=1

f̂m
vi|p

(ω)

v

ρv|p(h)

n m b

K(w uhq:b(w)

gh(yh)

α σ L
ν

f̂m
v|5(ω) f̂m

v|1(ω)

ρ
v|p(h)

ρv|p(h)

fv|p(ω)

{Yt}t∈Z
v = (v1, v2)

ρv|p(−h) = ρv̆|p(h),

v̆ = (v2, v1) v

Yh:t
:= (Yh, Y0) Y−h:t

:=
(
Y−h, Y0

)
G−h

(
y−h, y0

)
=
(
Y−h ≤ y−h, Y0 ≤ y0

)
=
(
Y0 ≤ y0, Y−h ≤ y−h

)
=
(
Yh ≤ y0, Y0 ≤ y−h

)
= Gh

(
y0, y−h

)



g−h

(
y−h, y0

)
= gh

(
y0, y−h

)
.

g−h(v) = gh(v̆)

θ−h(v) g−h v

θh(v̆) gh v̆ θ−h(v) = [μ1, μ2, σ11, σ22, ρ]
′

θh(v̆) = [μ2, μ1, σ22, σ11, ρ]
′ ρ

ρv|p(−h) ρv̆|p(h)

p = 1

μ1 = μ2 = 0 σ11 = σ22 = 1

h v1 = v2

fv|p(ω)

{Yt}t∈Z

gh(v1, v2) = gh(v2, v1)

v = (v1, v2) ∈ R
2 h ∈ N

ρv|p(−h) = ρv|p(h).

{Yt}t∈Z
(Yh, Y0)

(
Y−h, Y0

)
G−h

(
y−h, y0

)
=
(
Y−h ≤ y−h, Y0 ≤ y0

)
=
(
Yh ≤ y−h, Y0 ≤ y0

)
= Gh

(
y−h, y0

)
.

gh g−h



s

s c := cn → ∞

c · s = o
(√

nb1b2/m
)
,

√
nm/b1b2 · c · α(s−m+ 1) −→ 0.

s c r � ϑ

r = rn
:=

⌊√
nb1b2/m

c

⌋
, � = �n :=

⌊
n

r + s

⌋
, ϑ = ϑn

:= s−m+ 1,

n → ∞
s

r
−→ 0; �α(ϑ) −→ 0;

mr

n
−→ 0;

mr

�b1b2
−→ 0;

m�s

n
−→ 0.

s

m = o
(
(nb1b2)

ξ
)

ξ ∈ (0, 1
3

)
τ/(2 + 5τ)− λ

m = o(s) s = o
(√

nb1b2/m
)

m ≥√nb1b2/m

m <
√
nb1b2/m m < (nb1b2)

1/3

s

m = o
(
(nb1b2)

1/3−ζ
)
, ζ ∈ (0, 1

3

)
.

s s := m · s s := 1 ∨ ⌊(nb1b2)ζ/2⌋
s ∞ m = o(s) m/s = 1/s → 0 s = o

(√
nb1b2/m

)
s√

nb1b2/m
� m · (nb1b2)ζ/2

(nb1b2/m)1/2
=

m3/2

(nb1b2)
(1−ζ)/2

=

[
m

(nb1b2)
(1−ζ)/3

]3/2
=

[
1

(nb1b2)
2ζ/3

· m

(nb1b2)
1/3−ζ

]3/2
→
[
1

∞ · 0
]3/2

= 0.

s m = o
(
(nb1b2)

ξ
)

ξ ∈ (0, 1
3

)
τ/(2 + 5τ)− λ

(
0, 1

5

)
s c

s = 1 ∨
⌊(√

nb1b2/m
)1−η⌋

, c =
(√

nb1b2/m
)η/2

, η ∈ (0, 1)

1− η η/2 (0, 1) s c ∞
c · s o

(√
nb1b2/m

)
c sη/2(1−η)



η η/2(1− η) τ > 0

�x�
x → ∞ x � �x� x/ �x� = 1

n/m ∞

s

r
� s√

nb1b2/m

c

=
c · s√
nb1b2/m

→ 0,

�α(ϑ) ≤ n

r + s
α(ϑ) � n

r
α(ϑ) � n√

nb1b2/m

c

α(ϑ) =
√

nm/b1b2 · c · α(ϑ) → 0,

mr

n
≤

√
nb1b2/m

c

n/m
=

√
b1b2

c
√

n/m
→ 0

∞ ·∞ = 0,

mr

�b1b2
� mr

n
r+s

b1b2
=

r(r + s)

nb1b2/m
� r2

nb1b2/m
≤

nb1b2/m

c2

nb1b2/m
=

1

c2
→ 0.

m�s/n → 0 s c

m�s

n
≤ m n

r+s
s

n
= m

s

r + s
� m

s

r
� m

c · s√
nb1b2/m

≤ m

(√
nb1b2/m

)1−η/2

√
nb1b2/m

=
m

(nb1b2/m)η/4
=

m1+η/4

(nb1b2)
η/4

=

(
m

(nb1b2)
η/(4+η)

)(4+η)/4

.

m = o
(
(nb1b2)

τ/(2+5τ)−λ
)

η τ/(2 + 5τ)− λ ≤ p(η) := η/(4 + η) p′(η) = 4/ (4 + η)2 > 0

p(η)

η/2(1− η) < τ

η < 2τ/(1 + 2τ) p(η) τ/(2 + 5τ)

λ > 0 η τ/(2 + 5τ)− λ ≤ p(η) < τ/(2 + 5τ)

kn + 1 :=
⌈
m2/a · |b1b2|(2−ν)/aν

⌉
kn −→ ∞
knm

2b1b2 −→ 0

ν > 2 a > 1− 2/ν

2/a > 0 (2− ν)/aν < 0 m → ∞ b → 0+ n → ∞
kn → ∞



kn =
⌈
m2/a · |b1b2|(2−ν)/aν

⌉− 1 < m2/a · |b1b2|(2−ν)/aν

knm
2b1b2 <

(
m2/a · |b1b2|(2−ν)/aν

) ·m2b1b2

= m2(1+1/a) · |b1b2|1+(2−ν)/aν

≤ m2(1+1/a) · ∣∣(b1 ∨ b2)
2
∣∣1+(2−ν)/aν

= {m{1+1/a}/{1+(2−ν)/aν} · (b1 ∨ b2)}2(1+(2−ν)/aν)

= {m{ν(a+1)}/{ν(a−1)+2} · (b1 ∨ b2)}2(1+(2−ν)/aν)
.

2 ·
(
1 +

(2− ν)

aν

)
= 2 · a− (1− 2/ν)

a
> 0,

{Yt}t∈Z

K(w)

uhq:b(w) uhq:b(w)

w1 w2

K(w) ν > 2∣∣∣∫
R2 K(w1, w2)w

k
1w

�
2 w1 w2

∣∣∣ < ∞, k, � ≥ 0 k + � ≤ 5∣∣∣∫
R2 K(w1, w2)

2wk
1w

�
2 w1 w2

∣∣∣ < ∞, k, � ≥ 0 k + � ≤ 5

K(w1, w2)w
k
1w

�
2 ∈ L

ν
, k, � ≥ 0 k + � ≤ 2

∣∣∣∣∫
R2

K(w1, w2)w
k

1w
�

2 w1 w2

∣∣∣∣ ≤ ∫
R2

K(w1, w2) |wk

1w
�

2| w1 w2,

k �

C K(w) ≤ C

∣∣∣∣∫
R2

K(w1, w2)
2wk

1w
�

2 w1 w2

∣∣∣∣ ≤ C
∣∣∣∣∫

R2

K(w1, w2)w
k

1w
�

2 w1 w2

∣∣∣∣ ,



|K(w1, w2)w
k
1w

�
2|ν = |K(w1, w2)|(ν−1) |K(w1, w2)| |wk

1w
�
2|ν ≤ C(ν−1)K(w1, w2) |wk

1w
�
2|ν

(∫
R2

|K(w1, w2)w
k

1w
�

2|ν w1 w2

)1/ν

≤ C(ν−1)/ν

(∫
R2

K(w1, w2) |wk

1w
�

2|ν w1 w2

)1/ν

,

Ak� = {w : |wk
1w

�
2| ≤ 1}

Ac
k� = R

2 \ Ak� K(w)

∫
Ak�

K(w1, w2) |wk

1w
�

2|ν w1 w2 ≤
∫
Ak�

K(w1, w2) w1 w2 ≤
∫
R2

K(w1, w2) w1 w2 = 1,

∫
Ac

k�

K(w1, w2) |wk

1w
�

2|ν w1 w2 ≤
∫
Ac

k�

K(w1, w2) |wk

1w
�

2|
ν� w1 w2

≤
∫
R2

K(w1, w2) |wk
ν�
1 w�
ν�

2 | w1 w2 < ∞,

k + � ≤ 2 k �ν�+ � �ν� ≤ 2 �ν�
K(w1, w2)w

k
1w

�
2 ∈ L

ν

uhq:b(w) Kh:b(yh − v)

ν > 2∫
R2

√
b1b2Kh:b(ζ − v)uhq:b(ζ) ζ = O

(√
b1b2
)(∫

R2

∣∣√b1b2Kh:b(ζ − v) uhq:b(ζ)
∣∣ν ζ
)1/ν

= O
(|b1b2|(2−ν)/2ν

)
Kqr,hj:b(ζ1, ζ2) := Kh:b(ζ1 − v)Kj:b(ζ2 − v)uhq:b(ζ1) ujr:b(ζ2) ζ1 ζ2

κ ζ(κ)

κ

∫
Rκ (b1b2)Kqr,hj:b(ζ1, ζ2) ζ(κ) =

⎧⎪⎪⎨⎪⎪⎩
uhq:b(v)ujr:b(v)

∫
R2 K(w)2 w +O(b1 ∨ b2) κ = 2,

O(b1 ∧ b2) κ = 3,

O(b1b2) κ = 4.

Kh:b(yh − v)

∫
R2

√
b1b2 ·

1

b1b2
K

(
ζ1 − v1

b1
,
ζ2 − v2

b2

)
uhq:b(ζ1, ζ2) ζ1 ζ2,



w1 = (ζ1 − v1) /b1 w2 = (ζ1 − v2) /b2∫
R2

√
b1b2

b1b2
K (w1, w2) uhq:b(b1w1 + v1, b2w2 + v2) (b1 w1) (b2 w2)

=
√

b1b2 ·
∫
R2

K (w1, w2) uhq:b(b1w1 + v1, b2w2 + v2) w1 w2.

uhq:b(w) uhq:b(b1w1 + v1, b2w2 + v2)

uhq:b(v1, v2) + b1c1w1 + b2c2w2 + b21c11w
2

1 + b1b2c12w1w2 + b22c22w
2

2,

c1 c2 c11 c12 c22

O
(√

b1b2
)

b → 0+

(∫
R2

∣∣∣∣√b1b2 ·
1

b1b2
K (w1, w2) uhq:b(b1w1 + v1, b2w2 + v2)

∣∣∣∣ν (b1 w1) (b2 w2)

)1/ν

= |b1b2|(2−ν)/2ν

(∫
R2

∣∣K (w1, w2) uhq:b(b1w1 + v1, b2w2 + v2)
∣∣ν w1 w2

)1/ν

.

L
ν

e1 e2 e11 e12 e22

|b1b2|(2−ν)/2ν
(
uhq:b(v1, v2) + b1e1w1 + b2e2w2 + b21e11w

2

1 + b1b2e12w1w2 + b22e22w
2

2

)
,

|b1b2|(2−ν)/2ν b → 0+

κ

b1b2
Kh:b(ζ1 − v)Kj:b(ζ2 − v)

κ 1/b1b2 b1 b2
b1b2 w1 w2

κ = 2 b21b2 w1 w2 w3 b1b
2
2 w1 w2 w3 κ = 3 b21b

2
2 w1 w2 w3 w4

κ = 4

∫
R2

K(w1, w2)
2 · U(w1, w2) w1 w2,

U(w1, w2)

(b1w1) (b2w2)



uhq:b(v) ujr:b(v)

b → 0+ κ = 2

ζ1 ζ2

ζ1 = (ζ1, ζ2) ζ2 = (ζ1, ζ3) ζ1 = (ζ1, ζ2) ζ2 = (ζ3, ζ1)

ζ1 = (ζ1, ζ2) ζ2 = (ζ2, ζ3) ζ1 = (ζ1, ζ2) ζ2 = (ζ3, ζ2)

K((ζ1 − v1)/b1, (ζ2 − v2)/b2) ·K((ζ2 − v1)/b1, (ζ3 − v2)/b2) .

w1 = (ζ1 − v1)/b1, w2 = (ζ2 − v2)/b2, w3 = (ζ3 − v2)/b2,

K (w1, w2, w3) := K(w1, w2) ·K([(b2w2 + v2)− v1] /b1, w3) .

[(b2w2 + v2)− v1] /b1
� ∈ {0, 1, 2}

∫
R1

K (w1, w2, w3)w
�

3 w3 = K(w1, w2) ·
∫
R1

K([(b2w2 + v2)− v1] /b1, w3)w
�

3 w3

= K(w1, w2) · K2:�([(b2w2 + v2)− v1] /b1)

≤ D2:� ·K(w1, w2) ,

D2:� K2:�

b2

∫
R3

K (w1, w2, w3) · U(w1, w2, w3) w1 w2 w3,

U(w1, w2, w3) (b1w1) (b2w3)

w2 b1 b2
w3

b1 b2 b2
O(b2) b → 0+

w2 = (ζ2 − v1)/b1
O(b1)

b → 0+ O(b1 ∧ b2)

κ = 3



κ = 4 ζ1 ζ2

b1b2

(∫
R2

K(w)uhq:b(ζ(w)) w

)
·
(∫

R2

K(w)ujr:b(ζ(w)) w

)
,

ζ(w) = (b1w1 + v1, b2w2 + v2)

O(b1b2) b → 0+

ζ1 ζ2 ζ1 = (ζ1, ζ2)

ζ2 (ζ2, ζ1)

f̂m
v|p(ω) v = (v1, v2)

v1 = v2

v v1 �= v2

v

v̆ = (v2, v1)

uhq:b(w) Kh:b(yh − v)

v = (v1, v2) v̆ = (v2, v1)

v1 �= v2

Kqr,hj:b(ζ1, ζ2;v, v̆) := Kh:b(ζ1 − v)Kj:b(ζ2 − v̆) uhq:b(ζ1)ujr:b(ζ2) ζ1 ζ2

κ ζ(κ)

κ

∫
Rκ

(b1b2)Kqr,hj:b(ζ1, ζ2;v, v̆) ζ(κ) =

⎧⎪⎪⎨⎪⎪⎩
o(1) κ = 2,

O(b1 ∧ b2) κ = 3,

O(b1b2) κ = 4.

w1 = (ζ1 − v1) /b1 w2 = (ζ1 − v2) /b2∫
R2 K(w1, w2)

2 · U(w1, w2) w1 w2

∫
R2

K(w1 + (v1 − v2)/b1, w2 + (v2 − v1)/b2) ·K(w1, w2)w
k

1w
�

2 w1 w2,

k, � ≥ 0 k + � ≤ 4 b → 0+

v1 �= v2 K

R
2

(v1 − v2)/b1 (v2 − v1)/b2
K(w1, w2)w

k
1w

�
2



w1 w2

K(w1, w2)

K(w1, w2)w
k
1w

�
2

b → 0+

K(w)

o(1)

Kh:b(ζ1 − v) Kj:b(ζ2 − v̆)

σ α L
ν

σ

σ {Yt}t∈Z

F s

t
:= σ(Yt, . . . , Ys) ,

t s −∞ +∞

ξ(ym) R
m+1

R Ym:t
:= ξ(Ym:t) Ym:t ∈ F t+m

t

α

α(s |Yt) :=
{| (A ∩ B)− (A) (B)| : −∞ < t < ∞, A ∈ F t

−∞, B ∈ F∞
t+s

}
,

Ym:t

α

α(s | Ym:t) ≤ α(s−m |Yt) .

Ym:t

ν a

∞∑
j=1

ja [α(j | Ym:t)]
1−2/ν < ∞.

L
ν

L
ν

p ν



(Ω,G, μ) 1 ≤ ν < ∞ L
ν
:= L

ν
(Ω,G, μ)

ζ |ζ|ν

ζ(z) ∈ L
ν ⇐⇒

∫
Ω

|ζ(z)|ν μ < ∞.

L
ν

Yh:t Ym:t

L
ν

h L
ν

gh

L
ν

m L
ν

gm

L
ν

ν

‖ζ(z)‖
ν
:=

(∫
Ω

|ζ(z)|ν μ

)1/ν

= ( [|ζ(Z)|ν])1/ν

L
ν

‖ζ1(z) + ζ2(z)‖ν
≤ ‖ζ1(z)‖ν

+ ‖ζ2(z)‖ν
.

L
ν

Z (Ω,G, μ) L
ν

[|ζ(Z)|ν] < ∞ ⇐⇒
∫
Ω

|ζ(z)|ν μ < ∞ ⇐⇒ ζ(z) ∈ L
ν

.

{Yt}t∈Z
Yh:t Ym:t

m ζh : R
2 −→ R

1

[|ζh(Yh:t)|ν] < ∞ h = 1, . . . ,m( [|∑m
h=1 ahζh(Yh:t)|ν

])1/ν ≤∑m
h=1 |ah| ( [|ζh(Yh:t)|ν])1/ν < ∞

[|ζh(Yh:t)|ν] < ∞ ζh(yh) ∈ L
ν

h h = 1, . . . ,m

ζ̃h(ym) (m+ 1)

ζ̃h(ym) ∈ L
ν

m h = 1, . . . ,m L
ν∑m

h=1 ahζh(Yh:t) ∈ L
ν

m

p fv|p(ω)

p



ψ5(w) ψ1(w)

ψ5(w;μ1, μ2, σ1, σ2, ρ) :=
1

2π·σ1σ2

√
1−ρ2

{
−σ2

1(w1−μ1)
2−2σ1σ2ρ(w1−μ1)(w2−μ2)+σ2

2(w2−μ2)
2

2σ2
1σ

2
2(1−ρ2)

}
,

ψ1(w; ρ) := 1

2π·
√

1−ρ2

{
−w2

1−2ρw1w2+w2
2

2(1−ρ2)

}
.

ψ1(w)

ρv|1
ρv|5

ψ1(w)

ψ1(w) ψ1(w) ψ5(w)

ψ1(w)

v

ψ̂1(v) ρ̂v|1

ψ1(w)

Kb(w − v)

g(w)

ψ1(w)

ψ1 ρ1



g(w) v φ(w)

σv

φ2(w;μ, σ) :=
1√
2π·σ

{
− (w−μ)2

2σ2

}
,

φ1(w; σ) :=
1√
2π·σ

{
− w2

2σ2

}
,

φ1(w; σ) u1(w; σ) =
d
σ

φ1(w; σ) = (w2 − σ2)/σ3

φ1(w; σ)

φ1(w; σ) ≤ φ1(w; |w|) w �= 0

φ1(w; σ)

i = 1, 2 b → 0+

qv|b|i =

∫
Kb(w − v)[φi(w; σ)− g(w) · φi(w; σ)] w,

Kb(w − v) := 1
b
· K(w−v

b
) K b

i = 1 σv|b|1 qv|b|1

σ
qv|b|1 = 0 ∫

Kb(w − v)u1(w; σv|b|1)
[
φ1(w; σv|b|1)− g(w)

]
w = 0.

g(w) v h(w; σ)

u1(w; σ) [φ1(w; σ)− g(w)]

z = (w − v)/b

h(w; σ) v

h(v; σv|b|1) + b2 · 1
2
h(2)(v; σv|b|1) + b2 ·

∫
R(v + bz; b, σv|b|1)z

2K(z) z = 0,

R

b → 0+ h(v; σv|b|1)

φ1(v; σv|b|1) = g(v) u1(v; σv|b|1) = 0

u1(v; σv|b|1) g(v) > φ1(v; |v|)
u1(v; σv|b|1)

u1(v; σv|b|1) =
b2 · {1

2
h(2)(v; σv|b|1) +

∫
R(v + bz; b, σv|b|1)z

2K(z) z
}(

g(v)− φ1(v; σv|b|1)
) ,

b → 0+ σv|b|1 σv|1 = |v|



n → ∞

Vv|b|1 = b · u2

1(v; σv|b|1) + b3 · TV (v; b, σv|b|1),

Wv|b|1 = b · u2

1(v; σv|b|1) + b3 · TW (v; b, σv|b|1),

TV (v; b, σv|b|1) TW (v; b, σv|b|1)

b → 0+ n → ∞√
n
(
σ̂v|b|1 − σv|1

)
b → 0+

V −1

v|b|1Wv|b|1V
−1

v|b|1 =
b · u2

1(v; σv|1) + b3 · TW (v; b, σv|b|1)[
b · u2

1(v; σv|1) + b3 · TV (v; b, σv|b|1)
]2 ,

√
nb
(
σ̂v|b|1 − σv|1

)
1/u2

1(v; σv|1)

u1(v; σv|1) �= 0 g(v)

φ1(v; |v|) u1(v; σv|1)

u1(v; σv|1)√
nb3

√
nb

b → 0+ TW (v; b, σv|b|1)/T
2
V (v; b, σv|b|1)

φ1(w; σ) φ1(v; |v|)
g(w) v g(v) > φ1(v; |v|)

σ̂v|b|1
σ̂v|b|1 σv|1 = |v|

g(w) v g(w)

v σv|1

φ1(w; σ) v g(w)

g(v) < φ1(v; |v|)
α = 2.19 β = 1.50 v = 0.25 φ1(w; σ)

φ2(w; σ) g(0.25) ≈ 0.7041

σv|1 ≡ 0.50 φ1(w; σ) σv|2 ≈ 0.29

φ2(w;μ, σ) φ1(w; σ)

g(w) v

φ1(w; σ) g(w)

v

ψ1(w; ρ)

ψ1(0; ρ) 1/2π

ψ1(w; ρ) w = (w1, w2) |w1| = |w2| �= 0

ρ −1 1



●

0.0

0.5

1.0

1.5

0.00 0.25 0.50 0.75 1.00

w

u1(w; ρ) =
ρ

(ψ1(w; ρ)) =
−ρ3 + ρ2w1w2 + ρ (1− (w2

1 + w2
2)) + w1w2

(1− ρ2)2
,

ρ (−1, 1) ψ1(w; ρ◦
w|1)

ψ1(w; ρ) ρ◦
w|1 u1(w; ρ) = 0

φ1(w, σ)

ψ1(w)

g(w)

v = (v1, v2)

ρv|1
v = 0 g(0) < 1/2π ρv|1 = 0

ψ1(0; 0) = 1/2π ρv|1 ρv|1 = 0√
nb1b2 ρv|1 = 0 g(0) < 1/2π

g(w) v = 0

v |v1| �= |v2| g(v) > ψ1(v; ρ
◦
v|1) ρv|1 = ρ◦

v|1
ψ1(v; ρ

◦
v|1) ρv|1

ρ◦
v|1

√
nb1b2 ρv|1 = ρ◦

v|1
g(v) > ψ1(v; ρ

◦
v|1) g(w)

v

ψ1(w; ρ) g(w)

v ρv|1

g(w)

g(w)

fv|5(ω) fv|1(ω)



m = 10

b = (0.5, 0.5) ψ1(w)

ψ5(w)
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gh(yh)
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gh(yh) ψ1(w; ρ)

(
Yt+h, Yt

)
ψ1(w; ρ)
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{Yt}t∈Z

fv(ω) ρv(h)

f(ω)

fk�:v(ω) fk�:v(ω)

fk�(ω)

fk�:v(ω)

{{γk�(h)}h∈Z

}d

k,�=1

{
Yt =

(
Y1,t, . . . , Yd,t

)}
t∈Z

{fk�(ω)}d

k,�=1

{
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

γk�(h) :=
(
Yk,t+h, Y�,t

)
fk�(ω)

fk�(ω) =
∑
h∈Z

γk�(h) · e−2πiωh.



h = 0(
Yk,t, Y�,t

)
= γk�(0)

∫ 1/2

−1/2
fk�(ω) ω

ω

fk�(ω)

fk�(ω)

ck�(ω) = (fk�(ω)) , qk�(ω) = − (fk�(ω)) ,

αk�(ω) = (fk�(ω)) , φk�(ω) = (fk�(ω)) ,

ck�(ω) qk�(ω) αk�(ω) φk�(ω)

ck�(ω)

qk�(ω)

Kk�(ω) := fk�(ω)/
√
fkk(ω)f��(ω)

Kk�(ω)

Zk(ω) Z�(ω) Zk(ω) Z�(ω){
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

|Kk�(ω)|2 [0, 1]{
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

f(ω)

{γ(h)}
h∈Z

ξh(
Yt+h, Yt

)
{ξh}h∈Z

ξk�:h(
Yk,t+h, Y�,t

)
fk�(ω)

f(ω)

fk�(ω)

fk�(ω)

fv(ω)

ρv(h)

ρk�:v(h)

fk�:v(ω) fk�(ω)



fk�:v(ω)

fk�:v(ω)

fk�:v(ω)

fk�:v(ω)

fk�(ω)

ρv

ρv

ρv|5 ρv|1

ψ5(w;μ1, μ2, σ1, σ2, ρ) :=
1

2π·σ1σ2

√
1−ρ2

{
−σ2

1(w1−μ1)
2−2σ1σ2ρ(w1−μ1)(w2−μ2)+σ2

2(w2−μ2)
2

σ2
1σ

2
2(1−ρ2)

}
,

ψ1(w; ρ) := 1

2π·
√

1−ρ2

{
−w2

1−2ρw1w2+w2
2

1−ρ2

}
.

ρv|5 ρv|1
ρv|p

ρv|5



ψp

(
w;θp

)
θp

{Yt}t∈Z

Yt =
(
Y1,t, . . . , Yd,t

) {
Yk,t

}
t∈Z{

Y�,t

}
t∈Z

Gk G�

{
Yk,t

}
t∈Z{

Y�,t

}
t∈Z

Φ {
Zk,t

}
t∈Z

{
Z�,t

}
t∈Z{

Zk,t
:= Φ−1

(
Gk

(
Yk,t

))}
t∈Z

,
{
Z�,t

:= Φ−1
(
G�

(
Y�,t

))}
t∈Z

.

v = (v1, v2) h Zk�:h:t
:=
(
Zk:t+h, Z�:t

)
ρk�:v|p(h) p

Zk�:h:t (v1, v2)∑
h∈Z
∣∣ρk�:v|p(h)

∣∣ < ∞ v

fk�:v|p(ω) :=
∞∑

h=−∞
ρk�:v|p(h) · e−2πiωh, ω ∈ [−1

2
, 1
2

]
.

k = �

ρkk:v|p(0) ≡ 1 v

fk�:v|p(ω)

fk�:v|p(ω) fk�(ω) v ∈ R
2 {Yt}t∈Z

v̆ := (v2, v1) v = (v1, v2)

fk�:v|p(ω) = f�k:v̆|p(ω),

fk�:v|p(ω) = ρk�:v|p(0) +
∞∑
h=1

ρ�k:v̆|p(h) · e+2πiωh +
∞∑
h=1

ρk�:v|p(h) · e−2πiωh.



ρk�:v|p(h)

ρ(h)

ρk�|v(−h) = ρ�k|v̆(h) v̆ = (v2, v1)

v fk�:v|p(ω) = fk�:v|p(−ω) = f�k:v̆|p(ω)

ck�(ω)

qk�(ω) αk�(ω) φk�(ω)

ck�:v|p(ω) :=
(
fk�:v|p(ω)

)
= ρk�:v|p(0) +

∞∑
h=1

(2πωh)
[
ρk�:v|p(h) + ρk�:v̆|p(h)

]
,

qk�:v|p(ω) := − (
fk�:v|p(ω)

)
=

∞∑
h=1

(2πωh)
[
ρk�:v|p(h)− ρk�:v̆|p(h)

]
,

αk�:v|p(ω) :=
(
fk�:v|p(ω)

)
=
√
c 2
k�:v|p(ω) + q 2

k�:v|p(ω),

φk�:v|p(ω) :=
(
fk�:v|p(ω)

) ∈ (−π, π].

ck�:v|p(ω) = c�k|v̆(ω) qk�:v|p(ω) = −q�k|v̆(ω) αk�:v|p(ω) = α�k|v̆(ω) φk�:v|p(ω) =

−φ�k|v̆(ω)

Qk�:v|p(ω) := fk�:v|p(ω)f�k:v|p(ω)/fkk:v|p(ω)f��:v|p(ω)

Qk�:v|p(ω)

fkk:v|p(ω) f��:v|p(ω)

Qk�:v|p(ω)

fkk:v|p(ω) f��:v|p(ω)

ω



fk�:v|p(h)

ck�:v|p(h) qk�:v|p(h) αk�:v|p(h)

φk�:v|p(h) fk�:v|p(h)

{
yt =

(
y1,t, . . . , yd,t

)}n

t=1
n

m f̂m
k�:v|p(ω) fk�:v|p(ω){

yk,t

}n

t=1

{
y�,t

}n

t=1
Ĝk:n Ĝ�:n{

ẑk,t
:= Φ−1

(
Ĝk:n

(
yk,t

))}n

t=1

{
ẑ�,t

:= Φ−1

(
Ĝ�:n

(
y�,t

))}n

t=1

h
{(

ẑk,t+h, ẑ�,t

)}n−h

t=1
h = 0, . . . ,m

v = (v1, v2)
{
ρ̂k�:v|p(h|bh)

}m

h=0

{bh}m

h=0

h
{(

ẑ�,t+h, ẑk,t

)}n−h

t=1
h = 1, . . . ,m

v̆ = (v2, v1){
ρ̂�k:v̆|p(h|bh)

}m

h=0

λm(h)

f̂m

k�:v|p(ω) := ρ̂k�:v|p(0) +
m∑

h=1

λm(h) · ρ̂�k:v̆|p(h) · e+2πiωh +
m∑

h=1

λm(h) · ρ̂k�:v|p(h) · e−2πiωh,

{bh}m

h=0

{yt}n

t=1
n

m

cmk�:v|p(ω) :=
(
fm

k�:v|p(ω)
)
= ρ̂k�:v|p(0) +

∞∑
h=1

(2πωh)
[
ρ̂k�:v|p(h) + ρ̂k�:v̆|p(h)

]
,

qm

k�:v|p(ω) := − (
fm

k�:v|p(ω)
)
=

∞∑
h=1

(2πωh)
[
ρ̂k�:v|p(h)− ρ̂k�:v̆|p(h)

]
,

αm

k�:v|p(ω) :=
(
fm

k�:v|p(ω)
)
=
√(

cmk�:v|p(ω)
)2

+
(
qm
k�:v|p(ω)

)2
,

φm

k�:v|p(ω) :=
(
fm

k�:v|p(ω)
) ∈ (−π, π].

Ĝk:n Ĝ�:n



f̂m

k�:v|p(ω)

f̂m
k�:v|p(ω)

Yt

k � {Yt}t∈Z{
Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

h

{Yt}t∈Z
Yt =

(
Y1,t, . . . , Yd,t

)
k �{

Yk,t

}
t∈Z

{
Y�,t

}
t∈Z

Yk�:h:t
:=
[
Yk,t+h, Y�,t

]′
, h ≥ 0,

Y�k:h:t
:=
[
Y�,t+h, Yk,t

]′
, h ≥ 1,

gk�:h(yk�:h) g�k:h(y�k:h)

fk�:v|p(ω) v = (v1, v2)

h gk�:h(yk�:h) Yk�:h:t

ψp

(
yk�:h;θv|k�:h|p

)
ψp

ρk�:v|p(h) h Yk,t+h

Y�,t v

b = (b1, b2) K(w)

Kk�:h:b(yk�:h − v) := 1
b1b2

K
(

yk,h−v1
b1

,
y�,0−v2

b2

)
qv|k�:h:b|p :=

∫
R2

Kk�:h:b(yk�:h − v)
[
ψp

(
yk�:h;θv|k�:h|p

)− ψp

(
yk�:h;θv|k�:h|p

)
gk�:h(yk�:h)

]
yk�:h,



∫
R2

Kk�:h:b(yk�:h − v)uk�:h|p
(
yk�:h;θv|k�:h|p

) [
gk�:h(yk�:h)− ψp

(
yk�:h;θv|k�:h|p

)]
yk�:h = 0,

uk�:h|p
(
yk�:h;θv|k�:h|p

)
:= ∇k�:h|p ψp

(
yk�:h;θv|k�:h|p

)
ψp

(
yk�:h;θv|k�:h|p

)
∇k�:h|p := ∂/∂θv|k�:h|p bk�:h:0

θv|k�:h:b|p b

0 < b < bk�:h:0 θv|k�:h:b|p
b

θ̂v|k�:h|p

Qv|k�:h:n|p
(
θv|k�:h|p

)

Yt

ψp

(
yk�:h;θp

)
gk�:h(yk�:h)

v = (v1, v2) θv|k�:h:b|p
qv|k�:h:b|p h ∈ N q ∈ {1, . . . , p}

uk�:h:q:b(w) :=
∂

∂θp:q

(
ψp

(
yk�:h;θp

))∣∣∣∣
(yk�:h; θp)=

(
w; θ

v|k�:h:b|p
) ,

∂/∂θp:q q θp

Q



K(w)

∫
R2

K(w1, w2) w1 w2 = 1,

K1:k(w2) :=

∫
R1

K(w1, w2)w
k

1 w1 k ∈ {0, 1, 2},

K2:�(w1) :=

∫
R1

K(w1, w2)w
�

2 w2 � ∈ {0, 1, 2},∫
R2

K(w1, w2) |wk

1w
�

2| w1 w2 < ∞, k, � ≥ 0 k + � ≤ 2 · �ν� ,

ν > 2 �·�

Kh:b(yk�:h − v) :=
1

b1b2
K

(
yh − v1

b1
,
y0 − v2

b2

)
.

Yk�:h:t uk�:h:q:b(w) Kh:b(yk�:h − v)

Xn|v
k�:h:q:t

Xn|v
k�:h:q:t

:=
√
b1b2Kh:b(Yk�:h:t − v) uk�:h:q:b(Yk�:h:t) .

Xn|v
k�:h:q:t Xn|v

k�:i:r:s Yk,t+h

Y�,t Yk,s+i Y�,s h, i, s, t

Xn|v
k�:h:q:t ·Xn|v

k�:i:r:s

{Yt}t∈Z

v = (v1, v2) f̂m
k�:v|p(ω) fk�:v|p(ω)

{Yt}t∈Z

{Yt}t∈Z
α(j)

∞∑
j=1

ja [α(j)]1−2/ν < ∞ ν > 2 a > 1− 2/ν.

(||Yt||2) < ∞ || · ||

gk�:h(yk�:h) g�k:h(y�k:h) h

v = (v1, v2)



gk�:h(yk�:h) v gk�:h(yk�:h)

gk�:h(yk�:h) = gh(v) + gh(v)
′ [yk�:h − v] +Rh(yk�:h)

′ [yk�:h − v] ,

gh(v) =

[
∂

∂yh
gk�:h(yk�:h)

∣∣∣
yk�:h=v

, ∂
∂y0

gk�:h(yk�:h)
∣∣∣
yk�:h=v

]′
yk�:h−→v

Rh(yk�:h),

g�k:h(y�k:h) v̆ = (v2, v1)

bk�:h:0 0 < b < bk�:h:0

θv|k�:h:b|p qv|k�:h:b|p
{bk�:h:0}h∈Z

bk�:0

0 < bk�:0
:=

h∈Z
bk�:h:0,

bk�:0

Xn|v
k�:h:q:t [

Xn|v
k�:h:q:t

] [∣∣Xn|v
k�:h:q:t

∣∣ν] [
Xn|v

k�:h:q:t ·Xn|v
k�:i:r:s

]

α

Yk,t+h Y�,t h → ∞
gk�:h(yk�:h) h

h

bk�:0 h

(
Yk,t, Y�,t

)
up(w;θp) ψp(w;θp)
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ĉ m
k�:v|p(ω)

q̂ m
k�:v|p(ω)

]
−
[
ck�:v|p(ω)

qk�:v|p(ω)

])



0

1

m
·
([

Λ′
c|m(ω)

Λ′
q|m(ω)

]
·E ′

m|p · Σv|k�:m|p ·Em|p ·
[
Λc|m,Λq|m

])
.

Σv|k�:m|p :=

(
1⊕

h=m

Σv̆|�k:h|p

)⊕(
m⊕

h=0

Σv|k�:h|p

)
,

σ̃2
v|k�|p(h) := e′

p · Σv|k�:h|p · ep

σ2
c|k�:v|k�|p(ω) σ2

q|k�:v|k�|p(ω)

ω �∈ 1
2
·Z

ω ∈ 1
2
· Z

h(x1, x2) =
√
x2

1 + x2
2

α̂ m

k�:v|p(ω)− αk�:v|p(ω) = h
(
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a b s t r a c t

Akaike Information Criterion (AIC) is frequently employed in the semiparametric setting

of selection of copula models, even though as a model selection tool it was developed in

a parametric setting. Recently a Copula Information Criterion (CIC) has been especially

designed for copula model selection. In this paper we examine the two approaches and

present a simulation study where the performance of a cross-validated version of CIC is

compared with the AIC criterion. Only minor differences are observed.

© 2014 Elsevier B.V. All rights reserved.

1. Introduction

For a set of independent observations Xn = {xi}
n
i=1, xi = (xi1, . . . , xid), and a proposed parametric family F with

parameters α, the Akaike Information Criterion, introduced in Akaike (1974), will assign the following value to themembers
of the family F ,1

AIC F = 2�F (̂α) − 2 dim(α), (1)

where �F is the log-likelihood-function, α̂ is the maximum-likelihood estimate of α based on the independent observations
Xn, and dim(α) is the number of parameters in the model.

AIC was introduced in the setting of time-series, but it is also formally valid in more general situations. It is customary
to apply a modified version of AIC when the goal is to find the (parametric) copula model C that best describes the set of
pseudo-observations p

Xn in the unit (hyper)cube, obtained when the empirical marginal distributions constructed from

the observations Xn are used. The modified version of AIC on p
Xn will in this article be denoted by

p
AIC,2 and it is given by

p

AIC C = 2
p

�C (
p̂
θ) − 2 dim(θ), (2)

where θ is the parameters of the copula C , p̂θ is themaximumpseudo-likelihood estimate based on the pseudo-observations
p
Xn and

p
�C is the pseudo-log-likelihood function.

∗ Corresponding author.

E-mail addresses: lars.jordanger@math.uib.no, lars.jordanger@gmail.com (L.A. Jordanger).
1 The original formula introduced by Akaike is (−1) times the one given here. Both versions are used in the literature, and the main references for this

article use the form given in Eq. (1).
2 Most statisticians will usually also call this for AIC.

http://dx.doi.org/10.1016/j.spl.2014.06.006

0167-7152/© 2014 Elsevier B.V. All rights reserved.
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The use of Eq. (2) has been justified by the belief that in the limit there is a continuous connection between AIC onXn and
p
AIC on p

Xn—but it turns out that this is not the case, see Grønneberg and Hjort (2014), and as such one might wonder to

what degree results based upon
p
AIC should be trusted. A comparison of the small-sample results of

p
AIC,with those obtained

from a cross-validation Copula Information Criterion, has thus been performed in order to see how the bias-correcting terms
estimated from the data affects the ranking of the proposed models.

2. The copula information criteria

There are altogether three copula information criteria. The two criteria introduced in Grønneberg and Hjort (2008) are of
less practical interest since they are not generally applicable.3 The xv-CIC from Grønneberg and Hjort (2014) does not suffer
from this problem, and can be used as a general model selection tool. A sketch of the arguments leading to xv-CIC will now
be presented. (Further details can be found in e.g. Claeskens and Hjort (2008, chapter 2).)

If the observations Xn are assumed to originate from some unknown data-generating model F° (with pdf f °), and
there is a collection of proposed parametric model families {Fk} (with pdfs fk and parameters αk), then an approach by
a Kullback–Leibler information criterion can be used in order to find the optimal approximating model. The argument is
based on a minimisation of

KLIC(F°, F)
def
= Ef °

[
log

f °

f

]
= Ef ° [log f °] − Ef ° [log f ] , (3)

which can be used to find the best approximating model in the case of a known data generating function F°. The idea is
that within each proposed parametric model-family Fk there exists an optimal model with parameter configuration α

◦
k that

minimises the ‘‘distance’’ to the true model F°, and the ‘‘closest’’ candidate can then be selected from the resulting set of
optimal models.

In a practical setting, with an unknown F°, the observed data Xn will be used to estimate Eq. (3)—in fact only the
term Ef ° [log f ] needs to be estimated since the estimate of the term Ef ° [log f °] is common for all the models. When the
multivariate empirical distribution function is used as an approximation for F°, the best estimate of α◦

k is the one given by
themaximum likelihood estimate α̂k, which thus selects one optimal estimatedmodel fromeachmodel-family Fk. Since both
F° and α

◦
k are unknown, some caremust be taken before these estimatedmodels are compared against each other—i.e. there

is a need for a bias-correcting term.
The argument leading to the bias-correcting term for a proposed parametric family F with optimal parameter

configuration α
◦, starts by a Taylor expansion of log f around α

◦. Then an asymptotic argument is used to get a more
convenient expression. In the end, the value assigned to a parametric model F based on n observations Xn is given by

Estimate of
{
Ef ° [log f ]

} def
= n−1

(
�F (̂α) − Tr

(̂
J
−1

K̂
))

, (4)

in which �F is the log-likelihood-function, and Ĵ and K̂ are estimators of J = Ef ° [I(α
◦)] with I(α◦) = ∂2

∂α∂αt log f

∣∣∣
α=α◦

and

K = Varf ° (u(α◦)) with u(α◦) = ∂

∂α
log f

∣∣
α=α◦ .

Estimation of the matrices J and K requires that all the first and second order partial derivatives of log f are evaluated at
all the observations in Xn. This requires extra computations, and the resulting bias-correction will experience finite sample
variability. However, the computation becomes trivial when the assumption of a correctly specified family is used, i.e. that
F° belongs to it. In this case both J andK equals the Fisher informationmatrix of F°, which implies that Tr

(
J−1K

)
= Tr (I) =

dim(α), i.e. the exact bias-correcting term is known without any computations—and one is essentially back to the AIC
criterion from Eq. (1). Thus, the AIC formula is a valid selection method when used on independent observations Xn and
under the assumption of a correctly specified model family F . If this assumption is dropped, the estimated bias-correcting
term must be computed from the data in accordance with Eq. (4), and in this case the Takeuchi Information Criterion
(TIC), Takeuchi (1976), given by TICF = 2�F (̂α) − 2 Tr

(̂
J−1K̂

)
, should be used instead of AIC.

The precision of asymptotic tools like AIC and TICwill depend on the number of observations, and simulation studiesmust
be performed in order to test their small-sample behaviour. The AIC- and TIC-based rankings of proposed models coincide
to a high degree, i.e. the extra computations needed for the empirically estimated correction term in the TIC-formula may
not pay off. Moreover, it might also be preferable to avoid the added finite sample variation from the TIC-formula, and in
practice it is thus customary to settle for AIC as the chosen model selection method.

Cross-validation is frequently used when the aim is the best predictive model, i.e. one part of the observations is used to
estimate the parameters of the model and the remaining part is used to test the fitness of the estimated model. The version
of particular interest with regard to the construction of xv-CIC is the leave-one-out cross-validation, given by

xv n = n−1
n∑

i=1

log f
α̂(i)

(
X i

)
, (5)

3 Grønneberg explains in his contribution to Kurowicka and Joe (2010), that the theoretic bias-correcting term can attain an infinite expectation when

these two selection methods are used on copula models with some tail-dependence.
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inwhich α̂(i) is themaximum likelihood estimate based on the samplewithout the ith observation. The following connection
with TIC is the reason for the interest in xv n,

TIC = 2n xv n + o
P
(1) , (6)

and this motivates the construction in Grønneberg and Hjort (2014) leading to the generally applicable cross-validation
Copula Information Criterion, xv-CIC.

Sklar’s theorem, Sklar (1959), states that any d-variate cumulative distribution function F(x) can be expressed as

F(x) = C(F⊥(x)), (7)

where C(u) is a copula on [0, 1]d, and F⊥(x)
def
=

(
F 1

(
x1

)
, . . . , Fd

(
xd

))
is the vector of marginal cdfs. The copula C is unique

when the marginals are continuous.
When the focal point of interest is to describe the multivariate dependences in Xn, the object of interest is the

corresponding copula C°. Techniques that increase the chance of finding the correct copula-model, and good estimates of its
parameters θ, should thus be used. It turns out that it may often be preferable to simply avoid the use of parametric models

for themarginal distributions F⊥(x), and instead use the empiricalmarginal distributions F n ,⊥
(x)

def
=

(
Fn,1(x1), . . . , Fn,d(xd)

)
,

where Fn,j(xj) stands for the
n

n+1
-rescaled empirical marginal.4 This strategy avoids the risk of misspecified marginals, that

can severely affect the estimated parameters of the copula.
Based on observations Xn, from some continuous model F°(x) = C°(F ◦

⊥(x)), a vector F n ,⊥
(x) of empirical marginal

distributions is constructed—and there are now two sets of points that should be considered,

u
Xn

def
=

{
F

◦
⊥(xi)

}∣∣
xi∈Xn

and p
Xn

def
=

{
F n ,⊥

(xi)
}∣∣

xi∈Xn
. (8)

When the goal is to find a good approximation to C°, access to the points in u
Xn would be preferable—since these

correspond to a situation with exact knowledge of the models for all the marginal distributions. But the independent set
u
Xn is unattainable when the marginals of F° is unknown, and the set of dependent pseudo-observations in p

Xn must
be used instead. As n increases p

Xn approaches u
Xn, and it is plausible to expect that minor modifications of the copula

model selection techniques from the parametric realm, like Eq. (2), still should provide decent rankings of the copulamodels
considered.

An analysis akin to the one stated after Eq. (3) was first conducted in Grønneberg and Hjort (2008) for the case of a true
unknown copulamodel C° and a collection of proposed copula-models {Ci}. The replacement of uXn with p

Xn implies that a
Taylor-expansion with regard to the variates u of the copula must also be included in the construction of the bias-correcting
term, which results in a more complicated formula than the one given in Eq. (4)—and which perhaps more importantly
shows that the

p
AIC from Eq. (2) is not a formally valid model selection method in this semiparametric case.

The above approach did not result in a generally applicable model selection method for the semiparametric case, but
the approach motivated by the relationship in Eq. (6) between TIC and xv n did however succeed. Based on this the cross-
validation Copula Information Criterion, xv-CIC, for a copula model C is in Grønneberg and Hjort (2014) defined by

xv-CIC C
def
= 2 ·

p

�C

(
p̂
θ

)
− 2 ·

(
δ̂c + δ̂m

)
, (9)

where p̂
θ and

p
�C are as described after Eq. (2), and where the two bias-correcting terms δ̂c and δ̂m both depend on p̂

θ and
account for different effects due to Taylor expansions. Amore detailed presentation of these twobias-correcting components
is beyond the scope of the present article, whose aim instead is to present some results based upon the first author’smaster’s
thesis,5 where the small-sample adequacy of xv-CIC, which is more asymptotically correct but harder to compute, were
investigated and compared to

p
AIC, which may not be quite correct but much easier to compute. To our knowledge such a

simulation study has not been undertaken before.

3. Setup for simulations

In order to examine how xv-CIC fares as a selection method in the finite sample realm, it must be tested on data with
known origin. The main part of this presentation includes data originating from the following five bi-variate one-parameter
copula families: clayton, frank, gumbel, normal and t (df=4). Of these, the first three are Archimedean copulas,
with gumbel being an extreme-value copula. The two copula models normal and t refer respectively to the copulas
corresponding to the bivariate normal distribution and the bivariate student’s t-distribution.

Using the R-package copula, Ivan Kojadinovic and Jun Yan (2010), samples u
Xn of size N ∈ {100, 250, 500, 1000} were

drawn from all of the five copula models, with parameter values chosen to give values of the rank correlation coefficient

4 The rescaling ensures that points on the edge of the unit (hyper)cube in R
d is avoided, which is important since many copula models of interest have

heavy tail-dependence, and points on the boundary could then introduce infinities into the calculations.
5 Semiparametric Model Selection for Copulas, http://hdl.handle.net/1956/6778.
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Table 1

xv-CIC versus
p
AIC , N = 250 and τ = 0.5—counting.

d.cop IC clayton frank gumbel normal t (df=4)

clayton
p
AIC 4992 2 0 5 1

clayton xv-CIC 4974 9 0 11 6

frank
p
AIC 3 4663 28 270 36

frank xv-CIC 0 4741 34 201 24

gumbel
p
AIC 0 28 4595 170 207

gumbel xv-CIC 0 36 4754 98 112

normal
p
AIC 8 133 229 4332 298

normal xv-CIC 1 196 362 4208 233

t (df=4)
p
AIC 8 27 275 186 4504

t (df=4) xv-CIC 4 42 431 211 4312

Table 2

Coincidence of
p
AIC and xv-CIC, with 95% confidence interval.

N τ = 0.25 τ = 0.5 τ = 0.75 All

100 90.260± 0.1172 91.264± 0.1178 92.540± 0.1186 91.354± 0.0681

250 95.016± 0.1202 96.912± 0.1214 97.812± 0.1219 96.580± 0.0700

500 98.604± 0.1224 99.380± 0.1229 99.732± 0.1231 99.238± 0.0709

1000 99.608± 0.1230 99.964± 0.1233 99.976± 0.1233 99.849± 0.0711

Table 3

Hit-rates for
p
AIC and xv-CIC, the case N = 100 and τ = 0.25.

IC clayton frank gumbel normal t (df=4)

p
AIC 81.28 ± 1.081 47.72 ± 1.384 64.22 ± 1.329 37.84 ± 1.344 63.80 ± 1.332

xv-CIC 73.34 ± 1.225 51.32 ± 1.385 68.96 ± 1.282 37.82 ± 1.344 61.10 ± 1.351

Kendall’s τ in the set {0.25, 0.5, 0.75}. Since the pseudo-observations p
Xn are created by the help of the empiricalmarginals,

it is sufficient toworkdirectly upon the samples u
Xn generated from the copulamodels, cf. Fermanian et al. (2004, Lemma1).

A total of 5000 samples were created for each combination of copula, N and τ—and then all of the five copula models were
fitted to these samples and ranked according to values of

p
AIC and xv-CIC.

4. Results

Table 1 is representative for the behaviour of
p
AIC and xv-CIC for all the twelve combinations of N and τ under

consideration. The first column ‘‘d.cop’’ specifies the data-generating copula that the sample originated from, while the
second column ‘‘IC’’ contains the information criterion that filled in the remaining five columns according to how often the
selection criteria picked the proposed copula as the model for the sample at hand. It seems like the two selection methods
follow each other rather closely, both with regard to correct and erroneous proposals, without one being superior.

The coincidence-percentages, i.e. the fraction of times that
p
AIC and xv-CIC proposed the same model regardless of

whether or not it was the true model, is given in Table 2. The estimated 95% confidence intervals are based upon the
asymptotic approximation to the standard normal distribution, which can be used due to the size of the data-sets (25000
for each cell in the τ -columns, 75 000 for the all-column).

These coincidence-percentages reveal that
p
AIC and xv-CIC necessarily also must have close returned-the-true-model-

percentages (hit-rates)—and that the sample size must be small in order for one of them to clearly outperform the other.
Since low values of τ imply that the data-generating copula-models all are closer to the independence copula, and since the
transformation u

Xn → p
Xn induces more randomness for low values of N , the most distinct differences between

p
AIC and

xv-CIC are found for the samples with τ = 0.25 and N = 100. Table 3 gives the hit-rates for this case, with 95% confidence
intervals. There is no indication that one of them is superior—and similar tables for the other combinations of τ and N

support that impression.
Some of the hit-rates in Table 3 are rather low, but the improvement when the sample-size increases is reassuring. For

N = 500 and N = 1000 the lowest observed hit-rates were respectively 83.76% and 95.02%, whereas the highest in both
cases turned out to be 100%.

The true data-generating copula-models, and the samples u
Xn, will in practice be unknown. If a model selection strategy

based directly on u
Xn is compared against

p
AIC and xv-CIC used on p

Xn, that should give an idea to what extent the extra
randomness from the transformation u

Xn → p
Xn affected the conclusion, or towhat extent the truemodel differs from the

finite sample Kullback–Leibler best choice. In order to investigate this, a bootstrap estimate for Kullback–Leibler information
for model selection was used, i.e. the WIC-bootstrap, based on 1000 bootstrap-replicates, on the case N = 100, τ = 0.25.
See Shibata (1997) for a description of the WIC-method and further references.
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Table 4

Coincidence of
p
AIC and xv-CIC with WIC-bootstrap, N = 100 and τ = 0.25.

IC clayton frank gumbel normal t (df=4)

p
AIC 86.86 ± 0.936 73.58 ± 1.222 79.50 ± 1.119 71.38 ± 1.253 81.22 ± 1.082

xv-CIC 83.60 ± 1.026 74.88 ± 1.202 80.34 ± 1.101 70.98 ± 1.258 79.74 ± 1.114

The coincidence percentages for
p
AIC and xv-CIC against the WIC-selection turned out to be respectively 78.51 ± 0.509

and 77.91 ± 0.514, i.e. even for the small sample size of N = 100 they are almost close enough to reject a hypothesis that
they should be considered as truly different selection techniques. Moreover, when the knowledge of the data-generating
models is used to stratify the results, see Table 4,6 the same affinity/aversion for the different models shows up as those
present in Table 3.

From Tables 3 and 4 it seems like the two selection criteria have some affinity for differentmodels, which could be related
to the behaviour of the bias-correcting term in the xv-CIC-formula. The plots in Fig. 1 show how the distribution of this term
varies for two N-τ -combinations when fitting the copula t (df=4), where the knowledge of the true data-generating
copula-models has been used to stratify the observed bias-corrections into groups of 5000 observations. The dotted line at
x = 1 shows the simple bias-correction used by

p
AIC. These plots indicate that the bias-correction in addition to its inherent

variation with the model fitted also varies quite a bit with different values of τ and N and different data-generating models.

The increased span of bias-corrections for the N = 1000-case originates from the fact that the xv-CIC-formula does not
rescale the bias-correction with the size of the sample, cf. Eq. (4). The tenfold increase in sample-size thus represents a
significantly improved precision, which might be a reason for the improved coincidence-percentages observed in Table 2.
That table says that the bias-correction in most cases did not alter the ranking based on the values of the pseudo-log-
likelihood

p
�,7 and the hit-rates from Table 3 indicate that it hardly was any improvement in the cases where the rankings

were affected.

Conclusion

For the five bivariate one-parameter copula models considered in this section, the difference in performance between
xv-CIC and

p
AIC is altogether rather small. When the sample-size is large enough for them to perform good, their difference

is small enough to make it tempting to consider them to be interchangeable as selection techniques. This implies that there
has been no payoff for the extra computational investment that was made in the production of the xv-CIC-values, and it
thus seems reasonable to propose the same practice here as the one used in the fully parametric setting—where the ‘‘costly’’
computation of TIC without further ado is replaced with the ‘‘inexpensive’’ AIC.

5. A C-vine example in three dimensions

The previous section only considered bi-variate one parameter copula-models, and the question remains if the conclusion
would differ if xv-CICwere tested against

p
AIC formore complicated cases. However, the simultaneous estimation procedure

needed for an investigation of howxv-CIC fares on suchmodels quickly becomes computationally intractable. Amoremodest
task has thus been performed, investigating the effect of using xv-CIC instead of AIC as the selection tool for the (conditional)
bivariate copula models of a C-vine. The effect on the AIC-rankings when observations u

Xn are replaced with pseudo-
observations p

Xn has also been included in Fig. 2 (explained below), where data from 729 different three dimensional
C-vines are presented.

Observations u
Xn with more than two variates can be modelled by vine copulas and the pairwise copula construction—

i.e. a d-variate copula model can be approximated by first selecting a vine-copula structure based on the data, before bi-
variate copula models are selected for the different levels of this vine, see e.g. Aas et al. (2009), Brechmann (2010), Haff
(2012) and references therein. For the case of a three dimensional copula model, this approximation requires a simple
C-vine and the specification of three bivariate copula models (of which one is a conditional copula).

To keep things computationally tractable, the bi-variate copula models were restricted to the three one-parameter
copula-models clayton, gumbel and normal, with values for Kendall’s τ as before—which for the case of a three
dimensional C-vine gave 729 different data-generating models. A total of 200 samples u

Xn of size N = 500 was drawn
from eachmodel using functions from the R-package VineCopula, Schepsmeier et al. (2013), and the corresponding pseudo-
observations p

Xn were then created. The model-estimating function in the VineCopula-package was used on both u
Xn and

p
Xn, before a modified xv-CIC-version was used on p

Xn.

6 The coincidence-percentage between the bootstrap-based selection technique and ordinary AIC, both used on samples u
Xn , turned out to be

95.02 ± 0.269, and their hit-rates (against the true models) were almost identical, i.e. 62.98 ± 0.598 and 62.99 ± 0.598, so Table 4 would have looked

almost the same if the comparison had been against the models proposed by ordinary AIC instead. When the AIC-comparison is made for the higher values

of N , the models obtained from an analysis based on u
Xn and those based on p

Xn coincide almost completely.
7 Since all the models have one parameter, the

p
AIC-ranking coincides with the

p
�-ranking.
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Fig. 1. Stratified behaviour of bias-correction for xv-CIC, when fitting t (df=4).

Fig. 2. Coincidence-percentages and hit-rates for the simple three dimensional case.

The left plot in Fig. 2 compares the performance of the xv-CIC-adjusted selectionmethodwith the ordinary AIC-selection
method used on p

Xn. The coincidence-percentages are along the horizontal axis whereas the vertical axis presents the
difference in hit-rates. There is some overlap among the points, and lines representing the twomedians have been included.
The impression is that there is no gain in hit-rate from an approach using the xv-CIC-modified selection, in particular since
the low coincidence-percentage cases had better hit-rates for the ordinary

p
AIC selection strategy.

The right plot does not consider the xv-CIC at all, but instead gives an impression of how the transformation u
Xn → p

Xn

affected the selection process in this case with samples of size N = 500. For decent-sized data-sets, it seems safe to assume
that the result from a

p
AIC-selection based on the pseudo-observations p

Xn should return more or less the same result as
an AIC-selection based upon u

Xn.
This simple example indicates that AIC used on pseudo-observations p

Xn does a good job, and that there is little/no
gain from the use of xv-CIC. Moreover, the xv-CIC-modified selection method for the bivariate copulas in the C-vine could
actually be less straightforward to use, since the asymptotic validity of xv-CIC has not been established for the conditional

bivariate copulas needed for the higher levels of the vine.

6. Some further comments

The present analysis does not cover the case of copula models with more than one parameter. The increased
computational cost incurred in the computation of xv-CIC for copula models with several parameters implies that

p
AIC

probably still would be the standard alternative even if xv-CIC should happen to be a slightly better selection method in
some cases.
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Regardless of whether xv-CIC or
p
AIC is used, one needs to keep in mind that these selection methods do not give

any information about the quality of the chosen model. In particular, if there is no adequate models among those copula
attempted fit to the data, then the same will be true for the selected approximation to the least false of them. It is thus
important to apply goodness-of-fit tests to the chosenmodels, in order to see if theymay be trusted or not, see e.g. Berentsen
et al. (2014).

The purpose of this work was to do a comparison of xv-CIC and
p
AIC, and readers interested in model selection for copula

models in general can consult e.g. Aas et al. (2009), Dißmann et al. (2013).
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