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���	����� ��� &�� ���� ��� y ��������� �% ��� ����	������� �����	 �� �������� ����� x

��� z ���������� �	� �����������	�� �� ��� �	�����	�� ������� ������ ��� ����	 ��

�������� $	���	 ��	�� �� ������� ��� ���������� �% Λ ����	������� �#��� �� �	 �����



�

�� �������	�
� �����
 �� �	��� ��	�� ������ ���� �	�� ��� ������ �����	���� ������� ��

����� �������	��� �	�����	���

������� �� � ��� ��	�	�� ����� ���� 	� ������� �� ���� �� ��� �������� ����

������ �����	����� �� �������	��� ���	��� ����	�� ��� ���	� �������� �� ����
 	�	�	�� �����

����  !� 
���� ���"� ���� �� ������ ������� �������� ���������	�� �� ����	�	�
�

������� # ������	$�� ��� ���
 �� �	��� �� ������� �� ��	� %���



������� �

	��
������ �����������

���� �����	
 �� ���	� � ��	 �	���� ����
������ � �	���������� �	��� �� ���������

����

��� �����	�
�� �� �
	�	�
��

�� ���� �
�� ����
�� ����� �
	 ����	�� ��	� c = h̄ = 1 ��	
	 c �� ��	 �� �� ��		� ��� h̄

�� ��	 
	���	� !����� �������� ��	 �� �"	�	
 � ����	#� ������� 	���	 �� � ��		� ����	

$ �� ��� ���� ��	 ��
����	� ��� ���
���	� �� ��	���� 
	�������� �
	 �����	� � �	��
��	

��	 ����	#%� 	�������

����� �����	��
�� �������	

�� ��	���� 
	��������� �	 ����
��� ��	 $�
 ��#	������ ����	"��#	 �
�����	� �� xμ =

(t, x, y, z)� �#��	� $ ��	 ��#	 �
�����	 t ��� ��������� ������� &"�	��
 r = (x, y, z)�

��	 ����	"��#	 xμ ���� ���	
��
��� �� � ���
���
���� �	��
� ���� �	 �
���$
#	�

��� � ���
���� �	��
 ���� �����
���� xμ� ��� ��	 #	�
�� �	��
� �� ��	���� 
	�����"

���� ��	 ����	"��#	 �� '��� ��� ��	 #	�
�� �	��
 �� ���	� � �	 (������� $
#� ��	�

gμν = gμν = diag(1,−1,−1,−1) . ����� ��	 ���
���� ����	"��#	 �	��
 xμ = gμνx
μ =

(t,−x,−y,−z)� )	���	�� �	 �	*�	 ��	 ���
���� ����	"��#	 �	
������	 ��+ ∂μ ≡ ∂/∂xμ =

,



(∂/∂t,∇)

pμ = (p0,p) p0 = E =√
p2 +m2 p m

pμpμ = (p0)2 − (p)2 = m2

uμ = (γ, γv) uμ = (γ,−γv)

γ = 1/
√
1− v2

uμuμ = 1

v = p/p0

z
‖

z



� ��������	
� ���
����
��

��� ���������� 	
��� [x, y]� �� �� ������	�� ‖ ��� ⊥ �� ������ ����� ��� �����������

��� ����	
�� ��� ����� ��
����� ��� �� �����	���� ��� v = (v||,v⊥)� ����
��
� ��� ���

��
����� �� uμ = γ(1, v||,v⊥)� ��� ��� ������� ������ �� pμ = (p0, p||,p⊥)� ��� �
�� ��

���� ����

���� ��� 
���������
 ��
����� v‖� �� ����� ��� ��	����� �� � 	�����
�� ���� y ≡
arcth(v‖)� ����� �� � ������
� ����� �� �
������
 !"��
������ ��� ���

 ��
������ ��� ��	�����

�		��������� �� ��
������ y ≈ v‖� #� �	������ ��� ��	����� �� ������ ���

y ≡ arcth(v‖) = arcth(
p‖
p0
) =

1

2
ln(

p‖ + p0
p‖ − p0

) .

$�� ��	����� y �� �������� ���� 
���������
 %����� ���������������� &���� � 	�����
�

�� ������� �� ��� y1 �� ����� K1� ��� ������� ����� K2 ����� ��
����� �� K1 ����

��	����� y2� ���� ��� ������� ��	����� �� ���� 	�����
� �� ����� K2 �� y = y1+ y2� $���

��� ���	� �� ��	����� �� ��� ����������� �� ��������� ���� %����� ������� '������� ���

��(������ ������� ��� ��	������� �� ��� 	�����
�� �� ��������� ���� ���	��� �� %����� 

������ �
��� z ���������� $�� ��� 	��	������ ���
� �� ��� �����
 ��
� �� ��	����� ��

����
������ 	�������

)������ �� ��	��������� ��� ��	����� �� ��*�
� �� ������� ��� � ��� ������
�� ���

	������	������ �� ����������

η ≡ 1

2
ln

|p|+ p‖
|p| − p‖

= ln cot(
θ

2
),

�� ����� �� ��� 	�
�� ���
� θ ������� ��� ������� �� ������� 	�����
�� ��� ��� ����

����� ����� �� �������
� �� ��	��������� #� ����"������ ��	��������� ���� 	�����
�+�

������� �� ��� 
����� ���� ��� ���� ����� ���� E ≈ |p|� ��� y ≈ η�



��� �����	�
�� �� �
	�	�
�� �

����� �����	��
�� �������	

����������	 
 ��������	 ����� ���� ���
��
�� �
������ ������ N � �� �
� ����� ���

�
������ ������������ f �� ��� � ���������
� (x, p) ��
�� ��
���

ΔN = f(x, p)Δ3xΔ3p �����

����� δN �� ��� �
������ ������ �� 
 ��
�� ��
�� ������ ������� Δ3xΔ3p� �� ����� ��

������������ ��������� ��� ���
� ������ 
�� ���
� ������� �� 
 	���� ��������� ��
�� �
�

�� ������ 
� 

n(x) =

∫
d3p f(x, p) , �����

j(x) =

∫
d3pv f(x, p), ���!�

"��� ��
� n(x) 
�� j(x) 
�� ������ �� 
� 
�����
� ��
��� 
�� ������ �� x ≡ xμ�

���� ��� 
�� ��� ���
��
�� ����� #�����$ ������� %��� ��� &���
�' ���� ��� ��
� &���
�

���� ��
��'� ��� �����
��� ����� (�
������� 
�� ��
����� �� ���
� ��
�� �����
� �� 	���
��

)�	� ��� ���
� ������ n(x) �� 
���
�� ��� ����
� ������ ��
����� �� �*��������� 

n(x) = ΔN/ΔV � +���� ��� ���
� ������ δV �� ��� #�����$ ���
��
��� ���� ��� (�
����

n(x) �� 
��� ��� 
� ���
��
�� ��
�
�� ,�� ��
�
��������� ������ �� 
 ������� 
� ���� ��

n0 = 0.145/fm3�

"����� ��
� ���� v = p/p0� ��� �(�� ����� 
�� ���!� �
� �� ������ 
� 

Nμ =

∫
d3p

p0
pμ, f(x, p) . ���-�

,�� Nμ �� ��� �� �
���� ���	���� ���
�� 
�� �� �� �������� �� ��� ���������� Nμ(x) =

(n(x), j(x))� ,�� �
������ -./�� ��
�
�����$�� ��� ������� �� ��� �
���� �� ��� ����������

������

0������ (�
���� ��
� ��
�
�����$�� ��� �
���� �� ��� ����� �� ��� ��������
���	��



� ��������	
� ���
����
��

������� T μν � ����� �� ��	
�� �� �� ���������
 ��
���
 ���

T μν =

∫
d3p pμ pν f(x, p) . �����

���
� ��� �� �����
�
�� T 00 �� �� �
���� ��
���� T 0i �� �� �
���� ���� �� T i0 ��

�� ����
�� ��
���� �
� T ik �� �� ����
�� ���� ����� i, k = 1, 2, 3�

����� �� 	���� �
� ���
��� �
���� �� �� �������� ��� 
� �
������ �
 ��� �
����

����
�� �
���� ����� �
�� ��
��
� �� ��� ���� �
� ��  �
��� �
����� !���� ��

�������� �
���� ��� ���� ����� �
� ������ ��� �� ��
������
 �� �� �
������


	��� �
� �� �
���� ����
�� �
����

"�� �� ���� �� Nμ �
� T μν � �� 	
� �� �
#����
 $��
���� ��  ��� �
���
���

�
��� %���
& ����� �'�� ���
��
�� �	
�
� ������� n� n ≡ Nμuμ �� �� �������

��
��� �
 �� %���� (�� �%(� ������ n = N0
(LR)� ����� �� ��)���
 ���� �� ���#����

����� ��
��� n* ���� ���
��
�� �	
�
� ������ ������� e� e = uμT μνuν �� �� �
����

��
��� �
 �� ����� ��� ������ e = T 00
(LR)�

+�
����� �� ��
 � ��
��
 �� ���� ��� �
� ���,����
 ������� �
 �������
������

!�� ��� #������ �� � ������� uμ� �� � ���-�� � �
� #���� �������� � �� �����-��
� ��

�� �������� ����� �� ��� #������ ���� �� ����
� ��� �� ������� .-#������ ��	
��

���#������� � ���������&�� �� �������#� ����
 �� � ������� �
 � ��� ������� !�� ���

#������ �� �������� � �� �
���� ��� T i0 �
 %�
���/� ��	
���
� ����� �� ���������� ���

#��� ���� �
������

"� ��	
� � ���,����� Δμν � ����� ���,��� � . #���� �
� �� ���
� �0-����
���
��

������������� ������
�� � uμ�

Δμν ≡ gμν − uμuν

uμuν

= gμν − uμuν . ���1�

��� �� �� ��#�� Δμνu
μ = 0� !�� ���#� ��
 �� ���
 �
 2'3�



��� ��������	
�� 
��� �

��� ��������	
�� 
���

���� ������ 	
� �������� �� ����	�� �
������������� ������ �� ���� 
�� �������

������� 	
� ����� 
����������� 	� ������� 	
� �����	��� �� ��		�� �	�� ������	��

�� 
��
������� ���������� ! "�	�� ���� ������� ����	���	�� 
����������� 
� ����

� �������	 ������
 �����	��� �� 
��
������� 
���� ��� �������� 	���! #
� 	������

	
����������� ��$���� � ������ 	
����������� �$���������� %
��
 ���� ��� 	
���

����������� ������	��� &P, T, μ' (��� ���
����� ��������! )� 
��
 ������ ��������

	����� %� ���� 	
� �	�� ����
� ����� 
����������� �$���������! " *��� �	��

�	 ����� �$��������� � ��	 
���������� ��	 	
� �������	 �� 	
� ��	����� $���	�	��

&�!�! μ, P, T ' ��� ����� ��� 	
� ������������	�� 	���� T μν � �������� �� 	
� �����

��	 �����! #
� ����	��� � �������� ���� ��� ���� �����	�� ������ 	
� ��������

������ ��� ���	������	� ��� ��������� ���� ��� ����� %
��
 ��(� 	
� ����� ���	��

��� ��
��� ������	����� � � ���	�����! #
� �������� �	���	�� 	
������+�	��� 	���

�� 
���� ��� �������� � ������ ,!- ��.�!

#
� 
����������� ����� ���� 	
� �������	��� ��% �� �
���� ��� ������� ������

	��/

Nμ,μ = 0 �� ∂μ(nu
μ) = 0 , &�!0'

T μν ,μ = 0 �� ∂μ(T
μν) = 0 , &�!1'

%
��� 	
� ������	 ,μ ����	� 	
� ������������	/ ,μ ≡ ∂
∂xμ ≡ ∂μ ≡ (∂t,∇r)!

2�� � ����� *��� 	
� ������������	�� 	���� ��� ���	���� 3�*�% ��� �� ������

���� �/

T μν = euμuν − (P +Π)Δμν + πμν , &�!�'

Nμ = nuμ + Sμ , &�!�,'



�� �������	
�� �����������

����� e ��� p ��� �����	 ���
��	 ��� ��

��� �� ��� ��
� ����� �� ���� �� ������������

πμν ��� Π ��� ��� 
���� 
���

 ���
�� ��� ���� ��

���� ��� Sμ �
 ��� ������� ����
���

��������

��� ����� ����
� ��� �����	 �������� ���
�� ��� ������� ����� �
 ������� ���

T μν = (e+ P )uμuν − Pgμν , � �!!"

Nμ = nuμ, � �! "

���������� ��� 
���� 
���

 ���
��� ���� ��

��� ��� ����
��� ������ #���$����	� ��

$�� ���� T ik = ωγ2vivk + Pδik� T
0i = −T0i = ωγ2vi ��� T 00 = T00 = (e + Pv2)γ2

����� ω = e + P � %��� �� ��� ��������� ��� �������� ������� ���
��	 M ≡ T 0i ���

��� ������ �����	 ���
��	 E ≡ T 00� &�� ������ ���
��	 ��� ��
� �� ���������� �


N ≡ nγ = n� '	 �
��� ���
� ����� ���������
� ��� ���� �	����� ��������
 ���� ��� ����

�������� �����

∂tN +∇ · (vN ) = 0 , � �!("

∂tM+∇ · (vM) = −∇P , � �!�"

∂tE +∇ · (vE) = −∇ · (Pv) . � �!)"

%��� *�� � �!(" �
 ��� ���������	 ��������� *�� � �!�" ��� *�� � �!)" ��� ��� *����

�������� �� ���� �	�����
 ��� ��� �����	 ���
��+������ &��
� ���� �	����� ��������


��� �� 
��+�� ����������	 ���� �� *������� �� #���� �*�#"� P = P (n, T ) �� P = P (n, e)�

,�� �� ��� �������	 �
�� *�# �
 ��� ��������������� ��

��

 �������� P = c20e� �����

c0 �
 ��� 
���� 
��� �� ��� �������



��� ��������	
�� 
��� ��

����� �����	
	��	� �������� ��������� �����	�� ���� ��� ����

���� �	���	���	��

����������	 
������ ����������� ���� ∂μ N
μ = 0� �� � ������������� ������ ��������

Δx4� �� �����

∫
Δ4x

∂μ(N
μ) =

∫
Δ4x

∫
Δ3p

d4x
d3p

p0
pμ ∂μf(x, p) = 0 ,

����� ∂μ(p
μf) = pμ∂μf �� ���� ������ �� ������ �� ��������� ������� 
������� ���

�� �������� ����� ���� x� p ��� Δ4x� Δ3p �� ���������� �� �����

pμ∂μf(x, p) = 0 . ��� !"

#��� �� ��� ����������� �����
��� �$������ ��� ��� ������������ ���� %������� ���������

������� 
������� ���	� ��� ������������ �������� ���� ��� ��	�� ���� ���� �� &$� ��� !"

�� ��� ���	�� '���� (� ��� ����������� 
������� ���� ������� �������� p1 ��� p2 ������

�� 
������� x ���� )��� �������� p
′
1 ��� p

′
2� ���� ��� ������ �� ������ ��������� ���

dNcoll(p
′
1, p

′
2←p1, p2)= d4x

d3p1
E1

d3p2
E2

d3p
′
1

E
′
1

d3p
′
2

E ′
2

f(x,p1)f(x,p2)W (p′1, p′2←p1,p2), ��� *"

����� W (p
′
1, p

′
2 ← p1, p2) �� ��� ��������� ���������� ���� 
�� ���� ������ ���� p1, p2 ��

p
′
1, p

′
2� +� ������ ���� ����� �$������ ��� �����

dN
′
coll(p

′
1, p

′
2 ← p1, p2) =

d3p2
E2

d3p
′
1

E ′
1

d3p
′
2

E ′
2

f(x, p1)f(x, p2)W (p
′
1, p

′
2 ← p1, p2) ,

���� ��� ������ �� 
������� ��������	 ��� �� ��� 	�����	 ���� ��� ������ �������

Δ4xΔ3p1 ���

Δ4x
Δ3p1
E1

∫
dN

′
coll(p

′
1, p

′
2 ← p1, p2) ��� Δ4x

Δ3p1
E1

∫
dN

′
coll(p1, p2 ← p

′
1, p

′
2)
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� ��������� ��� ������ �� ��������� �� ���

pμ∂μf(x, p) =
1

2

∫
(dN

′
coll(p1, p2 ← p′1, p′2)− dN

′
coll(p

′
1, p

′
2 ← p1, p2))

=
1

2

∫
d3p2
E2

d3p
′
1

E ′
1

d3p
′
2

E ′
2

[f ′
1f

′
2W (p1, p2 ← p

′
1, p

′
2)

−f1f2W (p
′
1, p

′
2 ← p1, p2)] , ������

���� f ′
1 = f(x, p

′
1), f

′
2 = f(x, p

′
2), f1 = f(x, p1)f2 = f(x, p2)� ��� �� �� ��		������ ��	�

 �������� !�	�"# �� �� ������ ��$ ����� �� �������� � ���� 1
2
��#�� ���# �� �
##���


�� �%� �&��& p1, p2 ↔ p
′
1, p

′
2�

�� �� ���� �
 ��	$���� �� �� '�	 �������� !�� �� � 		�� �� ()����� �������$�����

��� ��  &	�� 		
 ��$�	����$# �������$���� �$�������

fJüttner(p) =
1

(2πh̄)3
exp

μ− pνuν

T
, ����*�

���� μ �� �� ��#�� 	 ������� 	� T �� ��#��� �$��� +���� pνuν �  � ��		  � μ  �� T �

 �� �� 	 ��� �� ()����� �������$���� �� ,�����" ��� �� ��� -�  � � #�	� � &���� 	�" �����

�� !������������  �� .��#��/�� � �� �������� 0�
 ���� ��	$���� �� !�� ��$	� ���� ��

fJüttner(x, p)� 1��� �� �� ��#� �� 	�� 	 � ����	� �������$���� f(x, p) �� �	��� �� fJüttner

����� �� ��$�	����$# �� &� � � �� �� ��� ���
 � ���

�� ��� 	 
����
� #��� ���� ��� ���$��� &	�� 	 ��$�	����$#� �$� 	�� 	 ��$�	����$#�

�$�  � x ��������� ()����� �������$����

fJüttner(x, p) =
1

(2πh̄)3
exp

μ(x)− pνuν(x)

T (x)
. ����2�

��  ��$#�� �� �� �� ������$����� �� ������� 3$�� �
� #���� ���� �� �
���# �� ��� �#��

&����$� �$�  �  �# 		 &� ������  � ����$���� �� �� ��&�����& �� ��� ��������
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��� �� #!	� ��������$� ��� ���� ��������� 	� 	�� �	������	�� !��
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����� �����	��' ����� �� ��	 ���
� 	� �	�����

��	�� ��������� ����� (	� �	������	�� ���
)' ��� *������ ���
 �
 ��� +������

���
� ��� *������ ���
 �� �&�
 �� ���� �
 ��	���� �	� ��� ��	��� 	� �	������'

������ �
 ��������� ��� !��
 �� �	�� ��	�� ����� ���
 ����� ���� ��� ������ 	�

����� ����
 ���� ����� �� ��������� � ��� ������ �� �&��
���� ,� ��� 	���� ��
' ���

+������ ���� ����� �	�� ���� ��� !��
' ���� ��� !��
 
	�� �	� !	� �� 	� 	�� 	� �����

������ ��� -���� �������� �� 	�� �	
�� �� 
� ���	 ��� +������ ������ ����' 	��

�	
�� �� ��� �	������	� 	� *������ ����	
 �
 +������ ����	
�

��� *���� �����	�� �� �	���
 �� ����� ������ .������' �� ���	�� ��� �	�������� ����

	� ��� *���� �����	��' ���� *��� (/�01' /�02' /�03) ���	��4

∂N

∂t
= 0,

∂M

∂t
= −∇p,

∂E

∂t
= −∇(pv). (/�/0)

�� ���� ����' ����� �� �	 �����	�� ������� ������	���� *������ ������

�� ��� ���	�
 ����' �� ���
 �	 �	���
�� ��� �����	�� ��	������� ������� ��� ������

*������ ������ ��� ���� �	������ �
 ������ �� 
���������
 ������ �	�� �� ���

�������� �� ���� *������ ����' ���� ��� -���� ������� (5+������ ����) �� �

�������� ���	����' vi,j,k� �� δt ���� ��� -���� ������� �	���  
������ vi,j,kδt� %����

 �	������ �� ��� -���� ������� ������ �� ��� ��� ����' ��� ������ �
 �	������
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��� ��� ��� ������ �� ������ ��� ��������� ���

��� ���������� ����	�� n� �������� p ��� ����
	�� v ���� �� 
��
������� �� ������� ���

��� � �
��	�� �� �� � 	�����	��� �� 	� 	� ��	� ���� ���� 
���	������� ������ �	��� �

���

��� ������� ��	��� ���� ��� �����
� 
���� �� ��� !�	� ������� ������ ���� � 
��� �	�� 43

����� ����	
��� �	�� ���� � ������ ����	��� n0� ��� ���� � �����
� 
��� 
����	�� "# ������

����	
���� ���� ��	� 	���� ��� ����	�� 	� 1
2
n0$ %������ ��� ������ ����	
��� �	��� ���

������ �	���	����� 	� ��� 
���� ��� �

��� ���� � ����� ������ 
���� �� ��� 	����	�� 
�����
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��� ��
���� ������ 	� ��� ��� ����� �� ��� 
���� �� 	�	�	�� ������ ��� �����
� �� ������
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� %������� �	�� ��� � ����	�� �� !�	�

������� ����� ��� ���� ��� ���� �����
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���� ��� ���� ��� �	�����	�� ��
���� ��� ����
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���	 ���% �� 
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��	 ����% �
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������ ��� �� ��
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�	������ �	 ����������& ������ ��� ����� �����! ��� ���� "���	 �
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������  ����� ���()*+�

$� ��� ����! ��� ������ ������ � ������  ����� ��� �	 �������& � ����� ����������

����,�%� �	
����� ���! "���� ��� ����&	 ��� �������� ��	 ����&� �������������	�

���� ������������	 ��� �� ��&����� � ��� 
������� �� ��� ����%�
 �� ��� �� ��� '�"

�� �����&��� �� ��� )* ��� ���� � ���  ����� ���! ��� ��������� ������� ����
������


�������! ��� -�� ������������ ��� �������� ��� ��&����� ����& ����� 
��������

����������& � )* �	
����� ��� S "��� ����� ������ dσμ! �� ��� ���� ����� � ���

������������	 "� ���� .��%���,/�&����� ����������0

[Nμdσμ] = 0 , [T μνdσμ] = 0 , [sμdσμ] ≥ 0 , (����+

"���� ��� �1���� ����%��� [q] = q1−q2 ������ ��� 1������	 ��������� �� ��� ��� � ��� ���

������������	� ����� �1������� ��
	 ��� ������������ � ���� 1���������! ��&� ���� 
��,

���� ������! ����&	 ��� ��������! "��� ���  ��� ������� Nμ ��� ����&	 ��������

������ T μν ��� ��� ���������� ������ ��� ��� ����

��� '�" ������	 "� ��� ����&� � ��� ��������� �� ��� 
���� �� ���  ����� ��� ��� ���

����� (dσμ+� ���� ����-�� ���  ����� ��� ������ � ���
�� ��� )�	� ��� ������� ����

� ��� ��������� �� ��� ���� �� ��� ��� ��� ����� ��� "��� �������� 2��! ��� 
���������

� 
���, ����� ��� ������ "� ��� ����&�! ���� �� ��� ���
�������! ����� ��� 
������

����������� ����&	 ����� �� ����� �� ��� %������ ����&	 � ���,����������& 
������� ����

3	 21��(����+! ��� 
���  ����� ��� 1���������! Nμ ��� T μν ��� �� ���������� � ���
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�� ���� �
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Nμ =

∫
d3p

p0
f0(x, p) ,

�	��� f0 �� 	� �	��� ����� ��������
� 
� 	� ����� ���� ���� 	� ��������
� �����
�

�� ��
��� �� ��� �������� ���� �������� 	� ��� �� �������� �� ����������� ���	

�� 	� 
�� ������� ������� N =
∫
S
Nμdσμ� ��������� �� ������ ������ 	� 	�

�
���� 
� �� 	����������� �� �������� 
 	�  
� ���
���� uμ = dσμ� �	��	 �� �������

����!�� �� 	� �
���� ��	 ��	������ 
� ����������� ��������

�� 	� 
	�� 	���� 	� ����������� ����������� ��� ������� ��"������� ��������

�
�������� ��� ����� ���	 �� 	� ������ (dN/d3p)� ��������� 	� �
��������
�

N =

∫
S

dN

d3p
d3p =

∫
S

(∫
d3p

p0
pμf0(x, p)

)
dσμ =

∫
S

n(x)uμdσμ , #$�$%&

'��������� 	� 
������ ��������� �
����� �� �����
� ����� #()& ��

pxtot =

∫
S

dN

d3p
pxd3p =

∫
S

(∫
d3p

p0
pμpxf0(x, p)

)
dσμ =

∫
S

T μxdσμ . #$�$*&

'
�� �
� �
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� ����������� ��� 	� ����
� ��� ��
� ������������ �	� �
���

����
� �
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���
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� ��������
� ������� � (��������� -
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��

fπ(x, p) =
gπ

(2πh̄)3
1

exp pμuμ

T
− 1

.
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� dNcell

dy
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dpxcell
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��� ��� ���	
 ��
�
�� ��� �����	�� ����� ��

��� ��� ��	
� ��	���� ���� ���	��
	� ����

�� ��������	 
������ ������ ���� ���� �� ������ �� �������� �� � ���� �������� ��

���� ������� �� ���� ��� ����������� �� ������� ��� 
�� �� ������	 ���� �� 
������

��� �� ��� ������ ���������  ��� ����� ������ ���
  
������� !"#�$%����������

���
������� ��������� � &�'(  �)� ���
� ��� *�����%+�������, ����-����� �� �����

�� ������ ��� 
�������

���� ���� ������ ,������ ������
�� �� ���� ��� ������
��� ���
������ �� �����

���������� !rρ = ρ, rφ = ρφ, ry = y$� ����� 
� 
����������� ����� .���� ����� ���	/

��
��������  �� -����
� ����� �� ����� ���
������ 
� !R� S� Y $�  ��� ��� �����	

�
�-�� s �� ���
������ �� ��� ���������� 
� ��0��� �� ��
�� �� ������
��� ���
������

1

sρ = r2ρ/R
2, sφ = r2φ/S

2 = r2ρ/R
2, sy = r2y/Y

2 ,

���
� S = Rφ �� ��� 
��� ���	�� �� ��� ������� ��
�����
����� 2�� �� ��� ,������

������
� �� ���� ���� ��� �����	 �
�-�� s �� 
�%��0��� �1

s ≡ sρ + sy =
x2 + y2

R2
+

y2

Y 2
.

2���
��� �
�� ���� ��(�� ��
� ��� y% �� z%��� 
� ����
���	�� �� 
������ ���� ������

�� ��� �� ���� ��� ��������� ����
��
�� �� ����� ��� 
������ ����� �� ����� ��� ������


������ �� ������ -� ex �� ez� �����	 ��� ��� �� 
������ �� -� ��0��� -� ey� 3� ���

-��� �4������ �� ��� r =
√
x2 + z2 ���� � �4����� �� ������� ṙ(t) = v(r, t)�  ���

 ����
 �������� �
�0�� -��� �� ��� 
���� r� �� �� ��� ���� y� ��
������� �� �������

 ��� ���� ��  ��� ����������� ���
�  ���� ������� ��
���	 �
��  ����� (r0, y0, φ0)�



�� ������	�
��� �� �������
����
�� ����


��� �� � ����� ��	�
 t
 ������ ��� �����

r(t) = r0
R(t)

R(t0)
,

y(t) = y0
Y (t)

Y (t0)
,

φ(t) = φ0 +

∫
dt ω(t), �����

������ ���������� ��� ��� ������� ������ ���� ��	�
 �� � �������� ��� ��������� �����

���� �������� ������ ��� ��	����������� �� ��� ������ ����� �� �� ��� ������ ��� �����

���������� ��� � � !������������ �		����� ���� ���� X(t) = Z(t)

√

X2(t) + Z2(t) =

R(t) ���
 �� �������
 Y (t) �= R(t)�

"��	 ��� #���� ��������$

nm(∂t + v∇)v = −∇p ,

����� ��� ����	�����	�� ����� �� �� ���	
 ���� ��	��������
 �
 ��� �������� ������


n
 ��� ��	�� ��  � ��	������������� ����� ����� ���� ������ �� ��� ������ ����� ��

s$

T = T0

(
V0

V
ν(s)

)1/κ

τ(s) , n(s) = n0
V0

V
e−

1
2
s

ν(s) =
1

τ(s)
exp

(
−1

2

∫ s

0

du

τ(u)

)

= 1 · exp
(
−1

2

∫ s

0

du

)
,

��� ��� %�� ��� �������� ��&�������� ��������$

RR̈−W/R2 = Y/Ÿ =
T0

m
(
V0

V
)γ , �����

���	� γ 
� ��� �	���� �����	 ��� W ≡ ω2
0R

4
0 �
�� ��� �����	
�� ��� �����
�� ��� �����
��



��� ������	�
��� ������������
 ���� 
��� ��

�� ������� ����� 	�
� ��� �� �� ������ ������� � ���

ε = κp and p = nT ,

���
� κ �� � ��������

���� �� 
����
��� ��� ���
�� ����
������ ��� � !" #����� ������� ��� �$��� ������

�
 ��� ��%�
������ ������� &'�()� ��� ����� ��� 
��� � ���
���� � ������
 ����� ���


������� ���
�� ��� � ��� �$�������� ����������� ��� �
�����
�� �$�������

��� �����	
	��	� ����������	�� �	� ��	�

*�����
��� � 
������ 
����������� ��� ������ �� ����� �������
���� ���� #���� ������


������� J � �������� �������� μ ��� �����
���
� T � ���� ��� ������� ��
��
 ρ̂

����� ������� ��� ���� ������� � ���� ������� ����� �� ������������ �� � 
�����

��
��

ρ̂ =
1

Z
exp

[
− Ĥ/T + ωĴ + μQ̂

]
,

���
� Z = tr(exp[−Ĥ/T +ωĴ +μQ̂]) �� ��� ��
����� �������� +� ��� ,��-���� ������

��� ��
������ �
� ��������������� ��� ���� ��� ���� ��
����� ������� ��� �� ������ ��

��� �
���� � ��
����� �������� � � ������ ��
������ ,� �
.������ ��� ������� ��
��


� ������/��
����� ��� ��� ���
�-���� ������ &������ �� r ��� s)� < p, s| ρ |p, r >� ���

����� ����� ����
������ � ������/��
����� ��� �� ������� � 0"�

f(x, p)rs =
1

2
exp(ξ − βμpμ)

[
DS([p]−1Rω(iω/T )[p]) +DS([p]†Rω(iω/T )[p]

†−1
]
rs

,

���
� βμ = uμ/T = (1,ω × x) �� ��� ����
�� �����
���
� ��
/����
� ξ = μ/T �� ���

�������� �������� μ ������� �� �����
���
� T � Rω(iω/T ) �� � 
����� ��
���� �

�� ����� φ = iω/T �
��� ��� �$�� � ������
 ������� ω� [p] ∈ SL(2, C) ������ ���

1
���- �
����
����� ��2��� ��� ����/��2� ����
 mt̂ = (m, 0, 0, 0) � p� ��� DS �� ���


��
��������� � ��� �1&(�*) �
���



�� ��������	��
 �
 
�
�����	���	�� ����	

��� ��� ��	
 �� ����	��	��� ����	��	�� 	
 �������

 �	�	�� ��� �	
��������	��� �	���	�

���	�
 ��
 �� ������� ���

f(x, p) =
1

2m
Ū(p)

(
exp[ξ − βμpμ] exp[

1

2
ωμνΣμν + I]

)
U(p) ,

����� U(p) = (u+(p), u−(p)) ��
�	��� �� ��� ��	
���� u+(p) �
� u−(p) �	�� 
�����	���	�


�� urūr = 2m (Ū(p) = U †(p)γ0�� Σμν = (i/4)[γμ, γν ] ��� ��� ��
������� ��  ���
��

���
�������	�
 �� ��	
����� ωμν = (ω/T )(δ1μδ
2
ν−δ1νδ

2
μ) 	� � ��
��� ���� ��
 �� ���!�� �� ��

��� !���	�	�" ��
��� �	!	��� �" �����������# $
 ����� �" ��%�	�	
� ������ �%�	�	��	�� �
�

��� ��
���!��	�
 �� �
����� ����
���� &��# '�() ���
� ���� ωμν = −1
2
(∂μβν−∂νβμ)� �
�

���� 	� 	� ������ *������� !���	�	�"+# ��� ����� �%�	�	��	��� ��� �	
��������	��� �	���	���	�


������ ����
� �
 x ����� �
� ��� ���!� �%���	�
 	� ���	,�� �� ���

f(x, p) =
1

2m
Ū(p)

(
exp[β(x)μpμ − ξ(x)] exp[−1

2
ω(x)μνΣμν + I]

)−1

U(p) , -.#.�

/	�	����"� ��� ��� �
�	����	����� ��� �	
��������	��� �	���	���	�
 ������

f(x, p) = − 1

2m

(
V̄ (p)

(
exp[β(x)μpμ + ξ(x)] exp[

1

2
ω(x)μνΣμν + I]

)−1

V (p)

)T

, -.#0�

����� V (p) = (v+(p), v−(p)) ���� ��
�	��� �� ��� ��	
���� v+(p) �
� v−(p) ��� �
�	�

����	���� �	�� 
�����	���	�
 �� urūr = 2m# 1��
 ��� �
���" ����
��� ��
��� �
� ����

�����
� ����

T μν =

∫
d3p

ε
pμpν(tr2f + tr2f̄) =

1

2

∫
d3p

ε
pμpν(trX + trX̄) , -.#2�

Nμ =
1

2

∫
d3p

ε
pμ(trX − trX̄), -.#3�

����� ��� �"���� tr2 ��
���� ����	
� �!�� ��� �����	���	�
 ������ r �
� s� ��� tr



��� ������	�
��� ������������
 ���� 
��� ��

������� ����	
��� �� �
���
� �
�	� ���
���� � �� ��� ���
�	��� ��
��

X =
(
exp[β(x)μpμ − ξ(x)] exp[−1

2
ω(x)μνΣμν + I]

)−1

,

X̄ =
(
exp[β(x)μpμ + ξ(x)] exp[

1

2
ω(x)μνΣμν + I]

)−1

.

��� 	���	�� ��� ����
 	� ���� �� 	��	������ ��
���� ��� ����
������ ��	����

Sλ,μν ≡ tr
(
Ψ̄
1

2
{γλ,Σμν}Ψ)

=
1

2

∫
d3p

2ε
tr2(f(x, p)Ū{γλ,Σμν}U)− tr2(f̄

T (x, p)(̄V ){γλ,Σμν}V )

=
1

2

∫
d3p

ε
(pλΘμν + pνΘλμ + pμΘνλ + pλΘ̄μν + pνΘ̄λμ + pμΘ̄νλ) �����

���
� Θμν = tr(XΣμν) �� Θ̄μν = −tr(X̄Σμν)� ������� ����  !"# ��$�� ��� ����
�%����

���
&'�	��
� ���� ���� �� (����&)����*� ������'�	��
�

Πμ = −1

2
εμρστJ

ρσ p
τ

m
, ���+�

���
� εμρστ �� ��� ���
&��������� ������� ���������
�	 )�'�&,�'��� ������� Jρσ �� ���


�����'����	 ����� �����
 �������� ��� �'�
��� ����
�%���� �� ������� �� ��'����

��� ����� �����
 ������� ������� dJ0,ρσ(x, p)/d3p� �� ��� ��
��	�� ������� tr2f � �

��� ����� ���	�  x� p#�

< Πμ(x, p) >= −1

2
εμρστ

dJ0,ρσ(x, p)

d3p

1

tr2f

pτ

m
.

��
���
��
� ��� ����� �����
 �������� Jλ,ρσ� �� ��$�� ���

Jλ,ρσ = xρT λσ − xσT λρ + Sλ,ρσ(x) ,



�� ������	�
��� �� �������
����
�� ����


���� ��� ������	 
� �
�� ������ �
������ ���

dJ0,ρσ(x, p)

d3p
= (xρpσ − xσpρ)tr2f(x, p) +

dS0,ρσ(x, p)

d3p
,

����� ��� ����������� ����
� �� �������� ��� ���� ����� ���� ��� 
����� ������ �
�

������ ������	� ��������� ��� ���� ������ �
������ ������	 
�	� ������
��� ���

������� �
�������
� �
�������
� �
� �������� ���
����

< Πμ(x, p) >= − 1

4tr2f
εμρστ

1

ε
(p0Θρσ + pσΘ0ρ + pρΘσ0)

pτ

m
= − 1

2trX
εμρστΘ

ρσ p
τ

m
� �!"

��� �� ��� 
���� 
���� 
� ωμν � �� �����

< Πμ(x, p) >≈ −1

8
εμρστ (1− nF )ω

ρσ(x)
pτ

m
, � �#$"

�����

nF =
1

eβ(x)p−ξ + 1

�� ��� %�����&'����� ����������
��

%
� ��� ������������� ��� �
���� �� ��� ���� �	 �������� nF ���� n̄F � ������
���


�� ��� ��� ����� ��� �������
� 
� �
�������
� ����
� �
� �������� ��� ������������ ��

���� ����
� �� ��������� ����� �� 
��
��� �
 �����
�������� ����
����� ���� �����

����� ��
� ��� ������ �
�(�����
� 
� ��� ���� ����
� Sλ,ρσ�

)��� ωμν = −1
2
(∂μβν − ∂νβμ)� ��� �
�������
� ����
� ��� �� ���
��
��� ���
 ����

��� ������ �
��
������

Π = (Π0,Π) =
1− nF

8m

(
(∇× β) · p, ε(∇× β)− ∂tβ × p−∇β0 × p

)
. � �##"

*� ����������� ����	 �
� �
���
��� �� �� ����������� �
 ������� ��� ������� 
� ����

��� �
��
���� 
� �
�������
� ����
�� %
� �+����� �� ��������� ��� Λ,� �
�������
�

����
� 
��� �
�� �
���� ��� �������	 
��� � 
� ������ �������� �	 ��� ������ ����



��� �������	 
�� �� Λ �����������	 ����� ��

����� ���	
���� �� ��	�� �� �
������ �� ��
� ����	� �
���� 
 	�	���	�������

���
���
���� ���������� �� �� �
������
�� ��
	 �� �����

Πμ(p) = h̄εμσρτ
pτ

8m

∫
dΣλp

λnF (x, p)(1− nF (x, p))∂
ρβσ∫

dΣλpλnF (x, p)
. ������

������ �� ����	���� �� Λ ���
���
���� �� ���	��� �� 	
������ �� 
����
�

������������ �� �� ��
� ������� �� �� Λ � ��� ��
	� !� ���� ��
	 �� Λ ���
���
����

�� Π0(p)� "���� �
� � ���
��� �� #����� �������� �� ���
���
���� Π(p) ���	 ��

�
������
�� ��
	 �� �� Λ � ��� ��
	� $�%&�

Π0(p) = Π(p)− p

p0(p0 +m)
Π(p) · p , ������

"�� (p0,p) �� �� Λ � �����	�	���	 
�� m ��� 	
���

��� �������	 
�� �� Λ �����������	 �����

'� �� Λ �� ��
������� ���
����� Πμpμ = 0� �� �
� ���(� ��	��� �� �� ��
��
� �
��

�� Πμ� )��	 *�
���� ������� �� ��	���(� ��
��
� �
�� �� ���
���
���� ����� ��+

Π(p) =
h̄ε

8m

∫
dV nF (x, p) (∇× β)∫

dV nF (x, p)
+

h̄p

8m
×

∫
dV nF (x, p) (∂tβ +∇β0)∫

dV nF (x, p)
. ����,�

"�� nF (x, p) �� �� ��
� ��
� ������������ �� �� Λ�� !� 
 ������� �
����
���� $�%&�

�� p ������ �� nF � "
� �������� �������� �� �� �����
� 
�� �� ��	 ����
���


�� ��
���� ��	� "� 
��� 
���	� �� � �	
���� -� ����� �
����
���� ���"� ��
�

�� ���
� ��� ��	� 
� ��� �������� 
�� ��
� "���� ��	� 
� ��	��
�� ����� ��

�� �
������
� �����������

-� ��
��� �������� �� 
� 
�
����� �������� ��� Λ ���
���
���� �� ������
��������

��	��� �� ���"� �� '������ �� �� " .��� ���
�� �� (�
� ������ ��� �� 
�
�����
�



�� ������	�
��� �� �������
����
�� ����


������� ��� Λ �����	
��	�� 	� ��������	�	��	� �	�	���

Π(p) =
h̄

8mT

[
pyc9
c3
√
c4

M−1, 1
2

M− 1
2
,0

ex +
(
2εω − |px|c9

c3
√
c4

×
M−1, 1

2

M− 1
2
,0

)
ey +

( |px|c7c1
2c2

− pyc8
c3
√
c4

M−1, 1
2

M− 1
2
,0

)
ez

]
.������

����� c1,2...,9 ��� �	��� ���������� ���� ����	�� ����	�	��� 	� ������	�  �! ��� Ma,b(x)

	� ��� �� ������ "#�	���$�� %����	��&�

#� ����� ��� ��������	
��	�� �� ��� ����� ���� '��� ()*+! �	�� ��� 	�	�	�� ����	�	���

R0 , )�� ��! Y0 , -�* ��! Ṙ0 , *�)* �! Ẏ0 , *�)� �! ω0 , *�� �.��! κ = 3/2! T0 , �**

/�0� %�� ��	� ���������	�� Etot = 576 /�0.����� ����� �1����1���	� ������	�� 	� ���

2���� �����	�� �����! �� ��������� ��� Λ �����	
��	�� �� ��� �1����! ������	�� �� ���

����1�	� �����	�� �� �3���	�� ������! ��� ���� ��� ������� 	� ��� ���� ����	���

��� �����	� 
�� �
�����

4��	�� ���� 23� ������ 	� ��� ����1�	��� �����	�� 	� ��� ��������	�	��	� �	�	�� 5�� &#�	�

��$�� %����	��&! Mμ,ν(z)! 	� ��� ���6���� �1����������	� �����	��� %�� ��� �����	�	��	�

����! ��� 	�������	��� �� ��� Λ�����	
��	�� ������ ������ 7� ��������� ����1�	����1! 7�

����� �� ��� �������� �� γ = 1/
√
1− v2r − v2y − v2φ! ��	�� �	�� ��$� ��� 	�������	��� ����

	�������� 5���! � �����	��� �����	�� ��� ��� Λ�����	
��	�� ����� 7� �������

5�� �8��� �� ����	�	�1 	� ����� 	� %	�� ���� 5�� ��������	�	��	� 2���� ����� ���

������ �����	��� �	�� ������ �����1 ��� ������ �����	��! �� ��� ������� ����	�	�1 ��� ���

������	�� �����	
��	�� 	� ��� ��� ������ %���������� ��� �����	�� ��� ����	�	�1 ��������

�	�� �	�� ��	�� ��� ���	�� ��� ��	�� ������	�� 	��������� 5�	� ������	�� ����� �� ���

������ ���� �� �����	
��	�� 	� 23� �-�)�! Π2! ��	�� ������� �� ∂tβ ���	�� ��� ∇β0

����� ���	���� 	� ��� ��������	�	��	� ������	���	���� 9�� �� ��� �	���	�	�1 �� ��� 2����

�����! ��� ����	�	�1 ��	�	�� ���� ��� ����� 6�� �� ��� ���	������ 	�	�	�� ����� 	� ��������

	� ����� ��� ������� �� ��� �	�� ���1� :������! ��� �� ��� ���������	�� �� �������

����	�	�1! 7��� ��� ������� �������� ��� ��� ����������� 	� ��� �����	����� ��������

�	�� �	��! ���� ∇×β 	� �����1 �������	�� �	�� ��� �	��! ��� 	� ��� � �	��	����� �����!
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������ ��	
 ������ ������	 
�� ��� ����� ��� ���� ����� ��� ����������� �� ��� ����
Π1(p)� ��� �� ������� ����� �� ������ ���� Π2(p)� �� Λ ����������� � �� �� ���������
����� �� ���� ���	 ����� � ��� t = 0.5 ���� ���� �� ������������ �� �� �������
�� �� � �� �����! 
�� ��� ���� Π1(p)� ����� ��� �� −y"�������� ��� ������� ����
−1.5# � �� ��"������� �px = py = 0	� � −8# �� �� �������� �� 1# ���� ��� ������
����! 
�� ������� ��������� �������� �� �� ����������� �� �� �� −y"��������! 
��
������� �� $�� ��%� �� �� �� ������ &������ �������! '�� � �������� ������� �� ��
� �� ����� �� px ��� pz ���������� �� Π ��� �� ����!
�� ������ ���� Π2(p)� �������
���� ���� � �� ��"������� �px = py = 0	� �� � 20# �� �� ������� � px = −4(�)���
�� 2.5# ���� ��� ������ ����! *� �� ������� � px = 4(�)��� �� ����������� �� 12#!

�� ������ ��� Π2(p) �� ��������� � p� ��� � �� �������� ���������� � ��"�������
&���� � �� ����������! 
��� ��� ������ ���� �� � �������� &���� �� ���������� ������� ��
�� � �� ����� &�� ��� ��� ���� ��������� &�� �� ������! + ����� ������ �� ������
� ������� ����� � ������ ������! 
�� ������� �� �� ,�� �������� �� �����������
������ ���� �� ���������� �� �� ��-���� ��������� �� Π2(p)!

��� ������
�� ��
� 	�� ���� 
�	
 px ����
� ��
� 
�� �����
��� �� 
�� �������� Λ�

�	�
���� ���� 
�� py �� 
�� 	%�� �����
���� � ����
� ����� �� ��
��� �����
��� ��

	�
������
��� ��� 	 ±py ��	���� &� 
�� �
��� �	�� ��������� 
�� px 	%�� ���
 ��


��	��� 
�� �	
	� 	� 
�� x�	%�� �� ������ 
� �� 
�� �����
��� �� 
�� 	������
 �� Π(p)�

����� ���
 �� 	 ���
�	� �����
��� �� 
�� [x, y]��	���



�� ������	�
��� �� �������
����
�� ����


��� �����	
��	�� ��		�� ���� ��� �����	� �� ��� ���	�� ��� ����	��� �����	���

Π2� �� ��� �	���� ������ 	� ��� �	��������� � ��� ���	����� �� ��� ����	�	�� �����

�� ���	�	����� ��� ���	�� �� �� ���� ��� Π2 ���� 	� �	�� ���� ���� ���� ��� ���

��������� �� ��� �����	
��	�� ��		�� ���� ��� �����	� �� ��� ����	��� �����	���

��� ��� 	������	�� y ��������� ��	� ���� ��� x ��������� �� ��� �������� ���

��� z ��������� �� ��� ������� �����	�� ������ β̇z !���� ����� �� �	�� ���"�

#�� 	� �� ���� ��� ��	 �	������ ���������� ��	 	 �	��� �� Πy = Π1y+Π2y� $���

���� ���� ���� � �����	�� ���	�� �� ��� ��� ����	����� −8%� �� ��� ������� px, py =

±4&�'(�� ��� ���� ���� ��� �� ��������	���� ��� ����� 	� Λ ����	��� �����	
��	��

�����	��  �)% �� �	�� �������� *� ���� ������� ��� �����	
��	�� 	 �	�� ��� ���

	�� ��� �� � ������� ����� �� ��� ����� �� ��+% ��		�� ���� ��� ����	�	�� !�	��� �����

�� �	�� ���"�
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• y(px,py)

������ ��	
 ������ ������	 
�� ��� ����� �� �� ������ ����� y��������� �� Λ�
������������ Π2(p)� ��� �� ���� ����� �� �� ������� y��������� ��������� ���
�� ��� ��� ��� ������ ��� �� �� ������������ Π2(p)� ��� ��� �� �� ���������
����� �� ���� ���	 ����� � ��� t = 0.5 ���� ���� �� �� ��������� �� �� ������� ��
�� !"�� ������ 
�� Π2(p) ���� �� ������ �� py� �� ���#� �� !�� ���$%	�

,� ��	 -���� ����� ��� x ��� z ��������� �� ��� �����	
��	�� ��	� ���� ����

��� ����� ����� Π2(p)� ��� x ��������� 	 �����	�� ±8%� ��	�� ��� z ��������� 	

������� 	� ������ ����� ±3%� ���� ���� ��� �������	� ��� ±py ������� ��� ���
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���	� �� x���
������ �� ������������ �� py ��� ��� �	��
��� ��

������ ���������� ���� �� ������� ��� ��������� �� py� ���� ���� ����� �� ���� ����� ��

z���
������ �� ������������ �� py ��� ��� �	��
��� �� ������ ���������� ���� �� �������

��� ��������� �� py ������ ������ �� ���� ����� �� z���
������ �� ������������ ��

pxβ̇y ��� ��������	 ������������ �� pyβ̇x ���� ����� ����� �� ���� ����� ���� ��� ������

��
������� ���� ����� �� ��� 
���
� �� ��� ������������ ��� �
����� ��� ��� �	

���	

�� �������� �� ���� �� ��� x���
������� ��� ���
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������ ���	 ������ ������	 
�� x ����	 ��� z �����	 ��������� �� �� Λ�������������
Π2x(p) ��� Π2z(p)� �� �� ��������� ����� �� ���� ���	 ����� ��� �� ������ ��� ����
������ �� (∂tβ)������������ � ��� t = 0.5 ���� ���� �� ������������ �� �� �������
�� �� ���� ������ 
�� �����������  ������� � �� ���������� �px = py = 0	� ���
������� ���� ���� �� �� ��!� �� �� �������� 
���� !� ���� ����� ���� �� ����������
!���� �� ���������� ������" �� �� ���� ����� !�� ��� ��� ���� ��������� !�� �� �������
# ����� ������ �� ������ ��������� ����� � ������ �������

�� Λ ������������ �� 
������� ��� ��� ������� ������ ����� �� ��� ����	 ������� ��

��� Λ!� ���� ���
�� �� ����� �� "#� ��$�� �� ��������� ������ ����� �� ����� �� ����

���%�� ��� ��� ����	 ��������� ���� ��� �	��
��� �� ��� ��������� 
�	 ���� �� ����

������� �� ������ ����� �� ��� � ����� �� ������������� �� ��������� �� Π0y(p) �� ��
����

�� ��� ��� � ������ �� &��� '$()�  �� ���� ��� ������ ����� �� ��� *������*� ∂tβ ���
 ��

���� ��������� ����� 
�+�� ��� y��������� ������������ �������� �� ���� px ������� $,-�
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 �� ��� ��	�� ���� �� ��� �������� y����������� ������������ ��� ������

���� ������� ��� ���������� � ��� �������� ���������� � Π0y(p)� ��� �� �������
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������ ��	
 ������ ������	 
�� ��	 ������ x� �� ��	 ������ y� ���������� �� Λ��������������
Π0(p)� �� ��� Λ�� ���� ������ ��� Π0x(p) ��� �������� ��������� ������� �� 1� ���� −9.5�
�� ��� ����� �������� ������ �� 9.5� �� ��� ����� ��������� ������� ������� ��� �������� ��
Π0y(p) ������ �� ����� �� 2� ������� ���� Π0y = 0 ��	 �� ���  ! �������� �px = py = 0	
�� −12� ��� px = ±4"�#$� �� ��� ����� %��� ����� ��� ��&������� �� �� ��� '������
����� �� ��� Λ ���� ������

�������� ��� ��������� ��� ������ ����� ���� ���� ������� �� ��� !��� ���������

������ �"��� #�� ������� ������ ���� ���� ���� ��� $� �% ��� &����� ��������� ���� ���

������� ����� !�� �� ��� ������� ������ � ��� ��������� �� �������� �� ����� ������ �����

���� �� ������� �'� ""(")�� #��� ������� �� ���������� ������� ��������� �� ��� ������� ������

� ��� ��������� *����� '� �' � ��� �"��+� ��� �����,������ � ���������� ������ ����� ���

��� ��������� ��� ��� -.��� ����- ��������� ����� #���� ��� �������� ��������� ������

��� ��� -������ ����-�

/� ��� ����� ���� ����� �� ,���������� ��������� ������� ����� �" � ��� �"�� ���

���� ���% �� ��� ����� ���� ���� ��� y��������� *���� �0� � �� �0�η�+ ��������� � ���

��������� ����� �� �� ������� ������� ��� ������ ������ #��� ������ �� ���� ������ ���

��� ������� ������� �������� ��� ������ ���� ��� −y����������� 1� ��� �"�� ���� ������

�� � �����,����� � ������� ��������� � ��� �������� �������������� !��� ����� �� ��� 20���
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�� ��� ���� �	
����� ������ �
 ��������
 �����
����� [t, x, y, z]� �� ���� ��� ��������

�
 ���� ����������� ����� ������� ��
� �
 ����� ���� ��� 
������� ����� ��� �
���

�
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� �
� �
�������� ���������
�� ���� ���

�
�� ��
�� �! 
������� �������	 �
� ����������
�� ����� ��� ���"�������

��� �����	
���� ��� ���� ���
�����

#�� �� �
����� � ���������� ����	 ��
 �������
 �� �����	 ����������� �
������� $��

���%����� �
� ������ ��� ����
��	 #���
�� �
������ "�!��� ��� �������
� ����� ��� ����

��
 ����
��� ������"����
� �! ��� ���%����� �
� ������ ��� �� ��� ���� ���� ����
��	

#���
�� ���
������

&� ������ �� ��� ���
������ ���
� �
�� ���� �! �"��� ' !�2 ����� $���� ���!��



��� �����	
���� ��� ���� ���
����� ��

�������� �� �	� 
�������� ��� ������ 	�� ��� ������
�������� ��	 ��	��� ����� � ����

�� ��� �� ��� ���� �	� 
������ �� �	� 
�������� ��� ������ �� �	�� ������ �������

���� � ������ ���� �	� 
�� ��������� 
�������� ��� ������ ������ �	�	 �� ����� ��� ��

���� �� ����� ��� �� �	� ����� �������� �
���� �� �	� ������� 
������ �	� ��������

����� ���� 	��� � ������� �� 
�������� ��� ������ 
������ �� ��	 
���� �� �	� ����� ��


���
	���� ��������� �� � ����� ����� �	��� ���� �� � 
��������������� ���������  ���
�

�� �	� ���� ����� �� �	� ���������� 
����!� "	��� �	� #��� ������� ���� 	��� � #����

������������ ��������� ��� �� �	� ������������ �������� ����������� ���� �	� ���

�������� ������ $������ �� �	� 
�������� ���� �� �	� ���������� 
����  x > 0! ���� 	���

� ������� ��������� �	��� �� �	� ������ ����  x < 0! � ������� ���� "	��� ��	

������ ���� 	��� ��� ��� �������������  ���! �������� ������ ��� ����� �	��� �������

�	��� ���� �� �� ������� �	���� "	�� ��
�� ������ ���� 	��� �� �	�� ����  ∼ 1−2 ���!

�� ������� ��������� ��� 
������ ���� �� ����� ���� �	� 
�������� ��� ������� "	�

	������������ �����  ������ �������! ���� ������ �	� ������� 
������� $�� �	� ������

���� ��� ��
��� ���	 �	� �
��� �� ���	� ��� ���� �� 	��� ��� �� �	� #����� "	� ��������

%�����& ���������� �� �	� �������� ������������ ��� �	� #��� ��������� ���� ���� ��

�� ������� 
����� ������������� �	�	 ���� �� ���� �� �������� �� ���	 �	� ������ ���


�������� 
������ �� 
�
����� �	� �	��� �����	 �� �	� ������ ���� '(()�

*��� �	� ������� �������� �� ���� �	� ��� �������� �� ��	 ������ �� ��	

����������� [x, y] 
����� +� ������ �	�� �� t =, ��� ��� ������� ��� ���	�� �	� z ∈ ±,

�� ����������� "	� ����� ��� ������ ���	 �	��� ��� ���������� ��� �	� ���� �� �	� �����

��� ��
������ ��������������  z! �� �	��� ��� �������� ������ "	�� ����� �� ������� ��

�	� ���� ����� ����� ������ �� � ���� ������� "	� ������ �� �	� ���� �� �	� �������

���� �� ��������  ������ �� ������ ��
�������! ���	 �	� ����������� �� �	��� �� �����

'-� (.� (/)�

*�� � ������ i� �� � ���������� 
���� 
����� xi, zi� �	�	 � �� ��� 
���
���� �
����

�� �	� ������ ����� zi = ±, ��� ��
����� ��� �� ���� ������ �	�� �	� ���� 	�� � ��
�����


��#�� �� �� �	� 0������ 1�� ��
������� "	��� ��� ��	 ��	 ���� �� �� ������� �



�� ������ 	���
 ���� 	�
�

��������� ���	��
� ���
� �� ��� τ0 �	���	 ��� ��	���	�

��� �� ���� ��� �	�������� �
� ��	��� ����� �������
� ���� �
 ���� ���� ����	 ��	

� ��	��� i �� � ����
 �	�
���	�� ���
�� ����� ����� ���� ��	��
 ���	��� �
�	�� �
�

��
��� N1, E1, P1z �
� N2, E2, P2z� 	������������ ��� �	����������
 �	�������� ����

���� ���� ��� ��� 	������� y0 ����� ��� ��	��� ���� ���� −y0�

z

t

zmaxzmin

tmin
tmax τ = τ0

z0
������ ��	
 ��������	� 
����� � � 
����
��� ����
�� �� ��� ������� ��	� ���	�� ��

����� ��	� τ0 ����� ��� ����
��� ��� ��������� 
��� 
�������
 ��	 tmin, zmin � τ0, 0� ���
��� ������ 
��� ��	 τ0, 0 � tmax, zmax�

�
 ����  �! ��� ��	������	��� ��������
 �����
� �� �	���	 ��� τ0 ��� ����	 ��� �
�����

��� t0 �
� ��� ��		����
��
� ������
� ���
� �� ���� ���� z0�

��� �� ����	�
� ����� ��� ��	����	�� �	� ��� ����	�� ��� �	�
���	����
 ������


��� ����� "�	�����
 ���	��
���� xμ = (t, x, y, z) �
� #��
� ���	��
���� x̃μ = (τ, x, y, η)

�� ����
 ��

t− t0 = τ cosh η ,

z − z0 = τ sinh η ,

τ =
√

(t− t0)2 − (z − z0)2 ,

η =
1

2
ln

(
t− t0 + z − z0
t− t0 − (z − z0)

)

= artanh
z − z0
t− t0

, $ �%&



��� �����	
���� ��� ��

����� η �� ��� ��	
������ �	������ ������������� �� z0 = 0 	� t0 = 0 ����

dt = cosh η dτ + τ sinh η dη

dz = sinh η dτ + τ cosh η dη

dz dt = τdηdτ. �����

�� 
	�� �� ��� ���������	� ���� �� �
	���� !��� ��� ��
	� !�� "���
��� �� �	���� uμ
i =

xμ
i /τ = (cosh η, 0, 0 sinh η)� #��� ��� "���
��� �� ��� ���� �� !�� 	� ����� �t, z� ��

vz =
z − z0
t− t0

and for the streak− ends

vz−max =
zmax − z0
tmax − t0

vz−min =
zmin − z0
tmin − t0

, ���$�

	� ��� �� ������ �	����� ηmin < η < ηmax� 	� zmax = z0 + τ0 sinh ηmax � zmin =

z0 + τ0 sinh ηmin �

��� �����	
���� ���

������"	���� �	�� 
	� %� 	������ 	
���� 	�� ������� � ���������	
�� 	��� 	
���� 	 τ =


����	�� ���������	
�� #�� ���������	
� ����	� ���� "�
��� �� ��"�� 	��

d3Σ(t,z)
μ = τ (cosh η, 0, 0,− sinh η) dxdydη = τAuμdη, ���&�

����� A �� ��� ��	��"���� 
���� ��
���� �� ��� ����	 ��� ��� [x, y]���	����

#�� ��� %	���� ���� 
������ ��� 	 ����	 �� Nμ = nuμ� 	� ���� ��� ��� %	����

���%�� 
������� 	 
����	�� τ � ���������	
� ������� ��

dN = d3ΣμN
μ = nτAdη, �����

#���� ��� %	���� ���%�� 
�����"	���� ��� 	 ����	 � 	������� ������� η������%�����



�� ������ 	���
 ���� 	�
�

���

Ni = N1 +N2 = τ0n(τ0)A [ηmax − ηmin] , �����

	
��� e �� 
� ������ ������� �N1 + N2� �� �� �������� ������ ����� �� 
� ���������

��� ��� ����� ��� ������ �
���� ���������� � � ����� ������ ��� 
� �� �������

(Δηi = ηmax − ηmin)� �
���� ���� �� ���� �������� !������

"� 
�� ������ 	� ���# 
� ����� ����$ i %��& 
� ��&���� ��#������� ηmax ��� ηmin

%�� ������ ��������

'�� 
� ������ ����������� 
� ������(&�&���& ����� �� T μν = euμuν − pΔμν +

πμν � 	
��� Δμν = gμν − uμuν �� 
� #�������� ����� ��� πμν �� 
� �
���(����� ������

��
 ��
������ � 
� )�	 �������� '�� � ����� ��%������ %��&� E = P 0 �*���� 
�

E �� �� �� �������� ������+�

dE = d3ΣμT
0μ = τA [eu0uμ − pΔ0μ + πμ0]uμdη

= τA e u0 dη = τA e cosh η dη. ���,�

"�������� 
�� ��	��� ηmax ��� ηmin� ����� �

Ei = E1 + E2 = τ0e(τ0)A(sinh ηmax − sinh ηmin) , ���-�

	
��� E1 +E2 ��� �sinh ηmax − sinh ηmin� ��� %��&� ��#������ *����
������ 
� �!��(

���� %�� N ��� E 
��� 
� ��&� %��& �� ��� ������ %��&��

�
�� %��& 
���

n(τ0) =
N1 +N2

τ0 A (ηmax − ηmin)

e(τ0) =
E1 + E2

τ0 A (sinh ηmax − sinh ηmin)
���.�

/��� 
� ������ �!����� �������� 
� �� ���� �% � ������ %��&� (E1 + E2) �
�����


� ��&� 	�� �� (sinh ηmax − sinh ηmin)� 	
��� e(τ) �� ���� ���������



��� �����	
���� ��� ��

��� ��� ��� 	�
�����
�	 ����
��

Pz =

∫
d3ΣμT

zμ ������

�
� �� ��		��� ����

Pz = τ0A

∫
[euzuμ − pΔzμ + πμz]uμdη

= τ0A

∫
e uz dη = τ0Ae

∫
sinh η dη, ������

�������� ��� �
��������
 ��� [ηmin, 0] �� ��������� ���	� ��� [0, ηmax] 
�������� ��

Piz = P1z − P2z = τ0Ae (cosh ηmax − cosh ηmin) . ������

�� �� ��
� �� ��

��� ���� ������ �
� ������� ���� ��� � ������
��	 �
���! �
�

����
�� �
 ��� ��		���� ������ �� ���� �� ���	��� ����� �
 ��� ������
�� ����� �� ���

��		����� "����� �� ���� ��������� ��� ���#����	� �
� ������ ��
���"���
� �� η = 0 �


���� �����$

%������
� ���� ����� �
� ������ �� ��
 � ����� ��� ����	 ����
�� �� � �����& �


����� �� ��� ����	 �
���!� ��

P1z − P2z = (E1 + E2)
cosh ηmax − cosh ηmin

sinh ηmax − sinh ηmin

. ����'�

(��� ������
 ���! "� )��
 "�� ��� �� �������
� zmin �
� zmax� *��
�

t = t0 + τ cosh η, z = z0 + τ sinh η ����+�

�� ���

P1z − P2z

E1 + E2

=
tmax − tmin

zmax − zmin

. ������



�� ������ 	���
 ���� 	�
�

���� ����� �	
 ��
� ��� ��������� ���� τmax = τmin = τ0� �� ���

P1z−P2z

E1+E2

=

√
τ 20 + (zmax−z0)2 −

√
τ 20 + (zmin−z0)2

zmax − zmin

. ��
��

�� ����� ������ ��������� ��� ��������� �� ��� ��� ����!� ��� ������ ���� !���� ��

� ����� ��������� Piz� ��� ��� ���������! �����" i


��� ��� ��	
��������� �� ��� ����


��� ���!���������� �� ��� ����! �� ������ ����!���� ��� ����!��� �����������! �����#

���� ��� �� ���� �� $��
 % �� �������& '
 ���� ���" ��� ��� ���� ���!����� ���� ����

���� �� �&����� ���� ���������� ������(

� )��� ��� ����� ���������� ����!����� �� �����"�� ��� ������ ���������� ��� ���

���� ������ �� ��� ��� ��� ����! ��� ������ ������� Ni� ������� Ei ��� ��������� Piz

�� �����" i� ��� ���� ��� �� ���� �� ���� �� ���
 *+,
 ���� ��� ��!��!����� ������ ���� ���

��� ������!� i = c� �����"


-� .� �� ������� ���� ei(τ0) = ec(τ0) = const. ��� �!! �����"�� i� �� ������! ���� τ0


+� )��� ��� )��
 �
� �� ������� ���� ��� ����� ��� �� ��� ���� �����" �� �� ��� ����

����� �� ���� �� ��� ������! �����" ��� ���� �� )��
 �
+�� ��� ��� ���� ���������� �� ���

��� ����� �� ��� ���� �����"� timidP � ��!!� �� ��� �������!� �� ��� ������! �����"


/� ��� 0��� �!������ ���� � 1 ��"�� ���� �� ���!��� �&�������(

ei(τ
′) = ec(τ0)

(
τ ′

τ0

)−4/3

and ni(τ
′) = nc(τ0)

(
τ ′

τ0

)−1

.

�� .� ���� .2 ����!� ��3����� �����"� ��� ���� ��3����� �����������! ������ �� �����#

���� �������!�� ���� ���� ���� ��3����� ���! ����� �������������
 4������� �� �� ��5��!�

��� � ������������ ����! �� ���! ���� ��!���!� �������������� ���� �� ������� ���

.2 ����! �� � ������������ ����!
 ���� �� ���� �� ����� � ����!� ������������� ���

���� ��������� �!! ��� ����� ������������� �� ��3����� �����"� �� ���� ������ ��������#
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������ ��	
 ��� ������� 	
�������
� 
� ��� ������� �� ��� ���	��
� ������ 
� ��� [x, η, τ0 =
1fm/c]���������	
�� 	�� y = 0 ���� ����
��� 
�� 	�� y = 4	� ��� ����
��� �����
����
��� ����
� ������ ������� �� ���	��� 
�� �� �� ��� �
�� 	�� 
�� ����
��� ��� �������
����
�� ��
���
������ �����
� �� ��� �
���� �
��
�� ������ ����� �� ���� �� � ���� �!
���� ��
�
����
��� 	�� 
 "�#"� ��
����� 
�  $$# $$ %�&'����� ������ 
�� ���
�� �
�
�����
b = 0.5(RPb + RPb) = 6.5	�� ��� �����
� ����
� ������ �� (�)* 	� ���� 
 ���	��� ������
������� �	 ec = 156.31%�&'	�3+ 
�� τ0 = 1.0	�� ��� y = 0 ��
�� ������� ��� x�
!�� 
�
x = 3.25	�� "�� ��� ����� ������ ���� �
����
��� ���� ��� �
�� ��
����� �
�
�������

����� ����� �	 
�� 
��� �� � �
	���	� ��� t ������������ 
� � �
	���	� ��
��� ��� τ

�������������

��	����� �� ��
� ���� ��� �	�� �	���� ��	���� �	� ����
	 ��	���� ����������
	 �����

��
���	 ����	��
	 �	� ��
������
	� �	 ���� ���� ����� � �
	���	� ��� t = 1.78fm/c

������������ �� ��
��	�

��� ����� �	
 �������

��� ������������� �
	�������� �	����� ������ ��	 �� ����� �� �	 ��!���	� ���������
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�

�
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	 �	 ����� 
����� ����� �
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����"���
	��

��� "��
���� ����������
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�� ��	�� 
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�
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��� �	��

��
 ������ ����� ��
 ����� 	�� ��	�
	��� ���
� 	� �	�� ��� �	�� ���� �
��� d� 
� 	��

��	�
	� 
����
���� ��� x, y, z 	 �� �
��	�� 	� ��� ��� �
��� �! ��� ���� ��" ����� 
� #


����
���� ���� ���� 	�� �	�	���� �� 	�� ��� ���� �! ��� ������ ��� ������� �! ��� ���� ��"

����� 	�� 	� 	 
��	��� 1
2
d �� ��� # 	 ���

�� 
� ��$�
��� �� ����
�� ��� ����� ���� 	� ���
�
�� y ����
�	��� �
��� "� �	�� 	


�
�
	� ��	�� "�
�� 
� �������
� �� ���	�
�� 	� ���
�
�� y 
����
�� "
�� ������� �� ���

��	��
�� [x, z] ��	��� ��
� ��	�� ��� ���	�
�� y �
� ����� 	�� %��� ��� �
���� 
�	�� �! ���

���
�
�� �
� ����� ����� ��� ����� "
�� ���	�
�� y �	���� 	�� ��� �	����	�� 	� �����


� ��� ����

&� �	���
�� �	�� ���� ������ �� ��� 
�� �� i, j, k !�� x, y, z 	 ��� ��� ����
�	�� �!

��� ���� "
�� 
�� i, j, k 
� ���� 	�'

xijk =

(
(i−imid−1

2
)d, (j−1

2
)d, (k−kmid−1

2
)d

)
, �(�)�

*+
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�����

i = imin, imin+1, imin+2, ... imax ,

j = 1, 2, 3, ... jmax ,

k = kmin, kmin+1, kmin+2, ... kmax .

���� �� �����	 
���	� ��� ����	 imin > 0 ��� kmin > 0 �� ����� �� ���� ���� �� �������

i, j, k ������	� imid ��� kmid ��� �	�� �� ��������� ��� 
����� �� ��		 ��� ��� 
�����

�� ��� 
��
������� ����� �� x = (0, 0, 0)� ��� x = 0 ���� ��
���	 ������� ��� 
���	 ����

������	 imid ��� imid+1� ��� z = 0 ���� ��
���	 ������� ��� 
���	 ���� ������	 kmid ���

kmid+1� ��� y = 0 ���� ��	� ��� �� ��� ����	 �� j = 1 
���	� ���
� ��� ������� y�����
���


���	 ��� ��� 	����� �� ��� ��	�� ���� �� 
��
����� 	��� ���	������ ���������	� ����� ���

��� �����
�� 
���������� 
��
������� ��� ��� Λ ������������� �� 	����� ��� ������ �� �� �

���� �

���� ��� 
����������� �� ��� ������ ����� 	���� ���	� ������ 	��� 
���	 ���

��� 	��� �������� 	
���� ���������	 �	 ��	���� 
���	 ����� ��� !��
��� 
��������	 �� �

��"����� ����	#

q(−x,−y,−z) = q(x, y, z) ,

γ(−x,−y,−z) = γ(x, y, z) ,

vx(−x,−y,−z) = −vx(x, y, z) , $%�&'

vy(−x,−y,−z) = −vy(x, y, z) ,

vz(−x,−y,−z) = −vz(x, y, z) ,

����� ��� !����
��� �	 uμ = γ(1, vx, vy, vz) ��� ��� 	������ ���
��� v = (vx, vy, vz)� ���


��� ���� ������	 (i, j, k) �����	 ��	 ��� 
����	������� ������ ����� 
��� ���� ��� ������	

(i, j, k) −→ ( 2imid−i+1, −j, 2kmid−k+1 ).
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��	
��� ��
����� ��� Λ ��
	���	���� ��

������
	������� 
����

�� ��� Λ �� ���	�
������ ��������� Πμpμ = 0� �	� ��	 ��	�	� ������� �� ��� ������ ���

�� Πμ� ��� �������� ������ ��� �� ����������	 
����� ���

Π(p) =
h̄ε

8m

∫
dV nF (x, p) (∇× β)∫

dV nF (x, p)
+

h̄p

8m
×

∫
dV nF (x, p) (∂tβ +∇β0)∫

dV nF (x, p)
. �����

����� nF (x, p) �� ��� ���� ���� �����������	 �� ��� Λ��  	 � ��
���� ����������	 !�"#�

��� p ���	��	�� �� nF � ��� ��	������� 	�$��$���� �	 ��� �	��$��� �	� ��� ���� ����
���
�

�	� $�����	� ����� ���� ���� ������� �� �� �������� ��� ����	� ����������	 ����� ����

�	 $�	���� ����� ����� ��� 	�� 	�$��$���� �	� ���� ����� ����� ��� ����	�	� ���	�� �	

��� ��������� ��	�����	��

%� ���� ��� �������������	 �� ��� ����� ���� &��� !'(#� ���� ��� �	����� ��	�����	�

R0 ) '�* ��� Y0 ) +�( ��� Ṙ0 ) (�'( �� Ẏ0 ) (�'* �� ω0 ) (�� �,��� κ = 3/2� T0 ) -((

.�/� 0�� ���� ��	�$������	 Etot = 576 .�/,	����

1+
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���	� ��

��� ��� ���	
���	�

�� ���� ����	�
 ��� ������� � ��� ��	
���	��

A(p) ≡
∫

dV nF =

R∫
0

r dr

+Y∫
−Y

dy

2π∫
0

dφ nF (x, p) . �����

���	���� �	 ��� ��� � ���� ��� � ���
� 	� ��� ������ !����"��# s# $� ��!��

n = n0
V0

V
ν(s) , �����

ν(s) =
1

τ(s)
exp

(
−1

2

∫ s

0

du

τ(u)

)

= 1 · exp
(
−1

2

∫ s

0

du

)
, ���%�

$���� ��� ��
����&�� ��	��� 	� τ(s) = 1 �� '��� � ��� ���� ����� (�����	���

n(s) = n0
V0

V
e−

1
2
s . ���)�

(�� �	* �� ���'
�� �	 "�� ε(s) = κT (t)n(s) �� ��� ����& �����& ε(s) �� ����'�����

�� � ��� ��+� � ���� ��� # ������	���

n(s) =
ε

κT (t)
=

CN

κT
e−

sy
2 e−

sρ
2 , ���,�

$���� CN = κn0T0(
V0

V
)1+1/κ�

-�	
 ���� �.+ # ��� -��
�/01���� ������"'��	 ���

nF (x, p) =
1

epμβμ−ξ + 1
≈ 1

epμβμ−ξ
=

eμ/T

epμβμ
, ���2�

$���� ��� ξ = μ/T # �� μ �� ��� ���
���� �	������� (�� ����
�� 3	$ !��	���&# βμ(x) ≡
uμ(x)/T # �� ��4���� �� ��4���� �����/��
� �	��� x�



�� ������	
 ����	�� ��� Λ �����	���	�� 	� ���������	�	��	
 �	�	�

��� ��������	 
����� ��
�	� ��� 	�� ���		��� �
	����	��� �
�

n =
4πm2K2(m/T )

(2πh̄)3
eμ/T =

eμ/T

C0

�����

����� 	�� C−1
0 = 4πm2TK2(m/T )/(2πh̄)3� ��	� C0 �� n(s) = n� 	�� ����� ��		���

�
	����	��� ��� �� ���		�� �
�

nF (x, p) =
eμ/T

epμβμ
=

C0n(s)

epμβμ
. ���!�

"�� �� ��	����� ���������� �������	�
 ��� 	�� ����	��� �� 	�� ���#$���	��� %���� x =

(r, y, φ)� �� �
��$ 	�� 
�����$ �&%��
��� ���� '()� (*+ ��	� 	�� 
�����$ ��������
 s , sr , sy�

"��� 
��
	�	�	��$ ,-
� ���*���!� ��	� 	�� �������	�� �� Π(p)� �� %�����	��.��$ 	��

���$� �� ��	�$��	���
 �
 �� '/0+ ��� ��	���
�

A(p) =
CNC0

κT

∫ aY

−aY

dy exp

(
− y2

2Y 2

)∫ bR

0

rdr exp

(
− r2

2R2

)∫ 2π

0

dφ e−pμβμ . ���(0�

��� 
����� %����	 �� ���������� �������	�
 	�1�
 	�� ���� pμβμ = (p0,p)(β0,β) =

p0β0 − p β = p0β0 − prβr − pyβy − pφβφ�

2� ��� ��	�$��� 	�� pμ �
 $���� �� 3#&�3 �
 	�� ��$����	 �� Π(p)� ����� 	�� β = β(x)

�
 ����$��$� ��� ��	�$��	��� ��	� ��
%��	 	� φ 
	��	
 ���� 	�� ����	��� �� 	�� p ���	���

4������$ 	� 	�� ,-� �5� �� '/0+�

v = vrer + vφeφ + vyey = Ṙ
R
rer + ωreφ + Ẏ

Y
yey� �� β = ui/T = γv/T � ���
� ��

	�� ��	�$��� ��� φ �� �&%���	 	�� ���	 	��	 �� 	�� ,&��	 ���� 	�� ������ r� �� �&����

y� ���%����	
 �� 	�� 	������ ������	�� β� � ��	 �%�� �� φ� ����� 	�� 	��$��	���

���%����	 ��
 ��	 �%�� �� y� ���� βφ = γr ω/T � ��	 �	
 ����	��� �
 ����$��$ ��	�

��
%��	 	� 	�� ����	��� �� p� 4
 	�� ��	�$��� �
 ���� 	�� ����� 2π ��$�� �� ��� 
	��	 �	 �	

��� %���	 �� φ� 
� �� 
	��	 �	 ���� 	�� �&	������� $���� p ����	���� 6��
�-���	��� ��	�

	��
 ������ �� 	�� x �&�
� p = (pr, py, 0)� �� pz = pφ = 0� 2� 	��
 �.���	����� 
����	����

�&��	 ���� �	 �
 
�7����	 	� �������	� Π(p) ��� ��� ����	��� �� p �� 	�� [x, z] %�����



��� ��� ���	
���	� ��

Z

XY p

(x)

(x)

������ ��	
 ������ ������	 
�� �������� �� ����� �� ���� �� �� �������� p� ��� ����

β� ������� 
�� ������ ����� �� �������� ���� �� �������� �� �� p������� ���� ���� ��

x������

��� �������	
 	� ��� ������ �	� ���	����� β� �� �
��
��� �	 ��� �������	
 φ� ���� ��

�	�
�� �	 ��� eφ+π/2��������	
� ����� ��� ���� ��	���� ���

p · β(r, y, φ) = |px|βr cos (φ) + pyβy + |px|βφ cos
(
φ+

π

2

)
,

����� φ �� ��� ������ 
��� 	� ��� �	����	
 �	�
� ��� y� �	���	
 ���� �	�
��� �����
�

��	� ��� x����� ��� ���� �� �

�	� �
�����
� ��� ��� ��������	
 �	� pμβμ �
�	 ��� ��� ���� 	� ��� �
����� !"� #�� $%�

��� �
����� ���� ������� �	 φ ���� �&� ��� �	���

∫ 2π

0

dφ e−pμβμ =

∫ π

−π

dφ ea cos(φ)−b sin(φ) = 2πI0

(√
a2+b2

)
,

#��  %
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 �	�	�

����� a = |px|βr = |px|γṘr/TR ��� b = |px|βφ = |px|γr ω/T � ��� �� 	
�� ������� ���

�������� �� ����� �� �� �����

c3 =

√√√√(
pxγṘ

TR

)2

+
(pxγ ω

T

)2

=
|px|γ
T

√
(Ṙ/R)2 + ω2 ,

����
√
a2 + b2 = c3r� ����

∫ 2π

0

dφ e−pμβμ = e−γp0/T epyβy × 2πI0 (c3r) . ���� �

!��� 
	"
���	��� ���
 "�#$ ���� %&� ����'��

A(p) =

∫
dV nF (p, s)

=
CNC0

κT

aY∫
−aY

dry

bR∫
0

r dr exp
(
− y2

2Y 2
− r2

2R2

)

× e−γp0/T epyβy · 2πI0 (c3 r) . ������

!�� �� (�) 	
� ��� 
�(� 
�(*���)�� ���+������,�
��# �

	(*���� �
 �� %&� �-� �� .���

� '�� ���� �� �**��/�(��� uμ ") vμ �
 v = vrer + vyey + vφeφ = Ṙ
R
rer +

Ẏ
Y
yey + ωreφ�

��� ��	
 γ = 1� �� ������
 �����

A(p) =

∫
dV nF (p, s)

=
CNC0

κT
2πe−p0/T

aY∫
−aY

exp
(
c1y − c2y

2
)
dy

bR∫
0

r I0(c3r) exp(−c4r
2)dr ,������

����� c1 = pyẎ /(Y T )� c2 = 1/(2Y 2)� c4 = 1/(2R2) ��� #��
����
�

!�� �� �

	(� �� ������� 
)
��( ���� 
#���� 0�	

��� ���
��) *������ 
� ���� ���

�������
 ��� �,��	���� 	* �� ������)� ���� ��� *���(����
 a = ∞� b = ∞� 1�	
� ��� y



��� ��� ��	�
��
 ��

��������� ����	
����� �� �� ������ �� ���������� ���

∫ +∞

−∞
ec1y−c2y2dy =

√
π

c2
exp

( c21
4c22

)
, ������

���
� �� ���� ��� ����	
�� ��
���� ��� ������� ��  !"#$ ��� erf (+∞) = 1$ erf (−∞) =

−1�

%�
 ��� ����	
����� �� r ����������

∫ +∞

0

r I0(c3r) e
−c4r2dr =

1

c3
√
c4

exp
( c23
8c4

)
M− 1

2
,0

( c23
4c4

)
, ����&�

���
� ��� M−μ,ν(z) �� ��� �� ������ '(�����)�
 %�������'$ ���&�&����� ��  !"#�

���$ �� �*���� ��� +��� ��
� �� �� �������

A(p) =
2π

√
π

κT

CNC0

c3
√
c2c4

e−p0/T exp
( c21
4c22

)
exp

( c23
8c4

)
M− 1

2
,0

( c23
4c4

)
. ����!�

,���-�
$ �� ��� 
�����-����� ����$ ��� ����	
������ ���� 
������ �� y ��� r ��� ��� *�

��
��
��� ����.������.$ *������ �� ��� �
������ �� ��� �����
 γ = 1/
√

1− v2r − v2y − v2φ �

��� ��� ��	�
��


/���  �0# ���������� ��� ���
	. ���	���� -�
�����.$ ����� �� �1��������. �.����
��$ ����

����������� �� ��� �1������� ��	�� φ� 2� ��� ��+������ �� ��� ����
�1�����$ �� �����$

�� ��-� p0 nF (p, x) = ε nF (p, x) ��
 Λ� ���� �������� p� 2�  �0#$ ����-�
$ ��� ���
	.

���	����	 �� ��
��
��� ���� ��� ����� ���
	. ������. �� ��� 3��� Etot = Eint + Ekin$

����� �� 	���
�� �� ��� ��� ���� �� ε nF (p, x)� 4� ��� ����
 ���� ��� *�
� -�
�����. ��

5��� � �������� �� ��� ���6
�����-����� �7��� �����$ ����� ��� ��8 ��. *� ��
� 	���
��

��� �� ��. ���� �� ��
� ��-��-�� R(t) ��� Y (t) ���������� ���� ��� ����� 9:����
 	��

���
�7������� ����� ������

;���$ �� ��� ��� ��
���$ ���6
�����-����� -�
�����. -�����$ ω(t)$ �
�� /���  �0#$ ���
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 �	�	�

��� ��� ��������	 ����
� ��
���	 �������� ����

∇× β = −2ω(t) ey/T (t) , ������

�� ���� ��� ������� ������� ��� ���� y�	�����	 ��������� � ��� ����� ��	��� ���

��� ��	�� ���������� �������	 ������ ��� ������� ������� � h̄(∇ × β) = −0.13 ��

t = 0.5  �!�� ��	 � 	�������� ���� ������ ��� ���� ���"� ��#$ ��� �  �!�� %��

�������� ������� ��� ��&� ��� �"������� �����'

B(p) ≡
∫

dV nF

(∇× β
)
=

−2ωey

T
× A(p) ����(�

%���� ���� ��� )��� ���� � �����*���� ������� ��� �+� ����� ��� ��'

Π1(p) = − h̄ε

8m

∫
dV nF (x, p) (∇×β)∫

dV nF (x, p)
=

h̄εω

4mT
ey, ���#,�

���� ����� ��� �����*���� ������ ����
  ��� ��� �������� Π1(p)� � ��� �����

������� ��	�� � � ��������� ������"
� ��� 	����	����� ��	 �������� �� ��� y�����

-�� ��� �		 ��� .���*��-"� �.-� ��������� �� ��� ���
���� /����	�
 �� 0� �

1�,2� ��� .- ��������� � ws = (pμ σ̂
μ
s ) (p ·u(x)), ����� ��� ����������� � "��	 ����

��� .- 	������� σ̂μ
s � �������� �� ��� 3�� �������� u(x) = γv(x)� �� ��� )��� ���� � 

��� �"�������� ���� 	����	� �� ��� �������� y�	�����	 ������� ��� .- ���������

�3"����� ��� �"������� ��	 	��������� ��� ���� ���� �� ��� �4��� � ��� ��� ���
����

������ ���� ����� � ��� .- ��������� �����

��� ��� ���	
� ���

%�� �"������� � �����	 ���� � �����*���� ������ ���	�'

C(p) ≡
∫

dV nF (x, p) (∂tβ +∇β0) . ���#��



��� ��� ���	
� ��� ��

��� �� ��� �	�
����������� ������ γ = 1 �� ������� ���� ∇β0 = 0� �� ∂tβ = ∂t(v/T )� �	

�� ��� �	 ������ 	��� ��� ���� ���� 	� ��� ��� �� ��� ��������� ���	����� �	 ����

���� �� � ��� ���� ���������� 	� ���	���� ��!

∂tvr =

[(R̈
R

− Ṙ2

R2

)− ω2

]
r ≡ c5r

∂tvφ =

(
ω̇ + 2

Ṙ

R
ω

)
r ≡ c6r

∂tvy =

[
Ÿ

Y
− Ẏ 2

Y 2

]
y ≡ c7y , "#���$

����� c5 = (R̈/R− Ṙ2/R2 − ω2)� c6 = (ω̇ + 2(Ṙ/R)ω)� �� c7 = (Ÿ /Y − Ẏ 2/Y 2)�

%�����	���

∂tβ =
(
c5rer + c6reφ + c7yey

)
/T ,

&�	����� ��� ����
�	�&	����� 	� ��� �	������� �� ��� ����� �&��� �������	��� '���� �

��� �	��� �� ���������� ∂tβy �������� �� ���� ��� �	��� &������� �����	��� (	���

� t = 0.5 ��)� �� r = 1 �� h̄
c
∂tβr = 0.024 �� h̄

c
∂tβφ = 0.009� #	�� ����� �	�������

�	�&	����� ������� ��	��� ���� ���� (� (	�� 0.0005 �� � ��)��

*+� "#���$ ��  �	���� ������� 	�  ����	��� +������� ����� �� �	� �	��������

�	 &���	�� �� ���������� �		�������� ,	 �� �����	�� �� ���	 -������ �		�������!

er = cosφ ex + sinφ ez� eφ = − sinφ ex + cosφ ez� %�����	��� T · ∂tβ =
(
c5 cosφ −

c6 sinφ
)
r ex +

(
c5 sinφ+ c6 cosφ

)
r ez + c7y ey .

%�� ������� 	� *+� "#���$ �� (� �.&���� �!

C(p) =

∫
dV nF (x, p) ∂tβ

=
CNC0

κT
e−p0/T

∫∫∫
rdrdφdy exp

(
c1y − c2y

2
)

× exp
(
a cosφ− b sinφ− c4r

2
)
∂tβ , "#��/$

����� a �� b �� ������ ���� *+� "#���$�
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�� �� ����	��	�� �� 
	��	 �� ���	����� ��	������ Ā ���

Ā =

∫
dV nF (x, p) ×

=

∫∫∫
r dr dφ dy ec1y−c2y2ea cosφ−b cosφ−c4r2× ,

��
 ��	� ��� ������ ���� �	�

C(p) = Ā · ∂tβ ≡ 1

T
(Iex + Jez +Hey) , ������

��	�	 �	 
	��	
�

I ≡ Ā · (c5 cosφ− c6 sinφ
)
r ,

J ≡ Ā · (c5 sinφ+ c6 cosφ
)
r ,

H ≡ Ā · c7y .

���� ��	 ���	���  ��!"�� #�� �����$� � %&'( ��	  "������ H �	��!	��

H =
2π

√
πCNC0

κT
e−p0/T

c7c1
2c3c2

√
c4c2

× exp
( c23
8c4

)
exp

( c21
4c22

)
M− 1

2
,0

( c23
4c4

)
. ����)�

*�	  "������ I ��� �	 	+���
	
 �� �  "������ � ���	���� ��	� φ� r ��
 y� *�	

���	��� ��	� φ ����� �� ��	 �	��	�  "������� 2πc8I1(c3r)/c3 �,		 #�� ��'�& �-� ��


��� � %&'(�� ��	�	 c8 = (c5a
′ − c6b

′)� a′ = a/r = |px|Ṙ/TR� ��
 b′ = b/r = |px|ω/T �

,"��	�"	���.� ��	 ���	��� ���� �	��	�� �� r ����� �� ��	 /0�����1	� 2"������/ ��
 ��	�

��	 ����  ��! � I � �	� �	� ��!�� ��	 �	������	 ���	������ ���� �	��	�� �� y �	�
� ���

I =
2π

√
πCNC0

κT
e−p0/T

c8
c23c4

√
c2

× exp
( c23
8c4

)
exp

( c21
4c22

)
M−1, 1

2

( c23
4c4

)
. ����$�



��� ��� ���	
� ��� ��

���������	 �
� ����	��� J � ������ �� I�

J =
2π

√
πCNC0

κT
e−p0/T

c9
c23c4

√
c2

× exp
( c23
8c4

)
exp

( c21
4c22

)
M−1, 1

2

( c23
4c4

)
. ������

�
��� �
� ���� ��������� �� c9 = (c5b
′ + c6a

′) �������� �� c8 �� I�

�
��� ���������	 I� J � H ��� ���� �!� ����"�� ��� ��� ������ �
� ����������

������� #�� ��������� �� ����� ���� �# ������$����� ������ ��

C(p) =

∫
dV nF (x, p) ∂tβ =

1

T
(Iex+Jez+Hey)

=
2π

√
πCNC0

κT 2
e−p0/T exp

( c23
8c4

)
exp

( c21
4c22

)
×[

c8
c23c4

√
c2
M−1, 1

2

( c23
4c4

)
ex +

c9
c23c4

√
c2

M−1, 1
2

( c23
4c4

)
ez +

c7c1
2c3c2

√
c4c2

M− 1
2
,0

( c23
4c4

)
ey

]
.

����%�

&������	 �
� �� A(p)� ���� �!� ���'��� ��� 	���

C(p)

A(p)
=

1

T

[ c8
c3
√
c4

M−1, 1
2

M− 1
2
,0

ex+
c9

c3
√
c4

M−1, 1
2

M− 1
2
,0

ez+
c7c1
2c2

ey

]
.

����(�

�
��� �� ������ �
� ����� ���� �# ������$����� �������

Π2(p) =
h̄p

8m
× C(p)

A(p)

=
h̄

8mT

[
pyc9
c3
√
c4

M−1, 1
2

M− 1
2
,0

ex − |px|c9
c3
√
c4

M−1, 1
2

M− 1
2
,0

ey

( |px|c7c1
2c2

− pyc8
c3
√
c4

M−1, 1
2

M− 1
2
,0

)
ez

]
.

���)*�

+ �� ��� ��� ��� � � 	���� ��� �� �
� ��,������� �!� ���'�� �
� ����� ���� �#

������$����� � ���
�	���� �� �
� �������� ���������

Π2(p) ⊥ p , ���)'�
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�	� ���� p ��
�� �� �� ��� [x, y]������ �� ��� z�	
��
���� ��
��

������� ���� ��� y�	
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���� 
� Π2(p)� ��
�� ���� 
� px 
����
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����� �
� �	����� �
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� polarization in an exact rotating and expanding fluid dynamical model
for peripheral heavy ion reactions
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We calculate the � polarization in an exact analytical, rotating model based on parameters extracted from a
high resolution (3+1)D particle-in-cell relativistic hydrodynamics calculation. The polarization is attributed to
effects from thermal vorticity and for the first time the effects of the radial and axial acceleration are also studied
separately.

DOI: 10.1103/PhysRevC.92.064901 PACS number(s): 25.75.−q, 24.70.+s, 47.32.Ef

I. INTRODUCTION

In high energy peripheral heavy ion collisions there is a
substantial amount of initial angular momentum directly after
the Lorentz contracted nuclei penetrate each other. The formed
quark gluon plasma locally equilibrates, the shear flow leads
to local rotation, i.e., vorticity, and then it expands, while its
rotation slows down.

Because of the finite impact parameter, the initial stages (IS)
have a nonvanishing angular momentum [1,2]. For the initial
stages, effective models such as the color glass condensate
(CGC) or Glauber model are used. In general, we use
experimental data, to construct a possible IS, at a given impact
parameter for the participant nucleons, and their eccentricity.
Early studies neglected effects arising from the nonvanishing
angular momentum, but interest increased recently [3–6].

After many decades of refinements [7,8], hydrodynamical
modeling became the best to describe the middle stages of
heavy ion collisions at relativistic energies. Thus, rotation and
its consequences in peripheral collisions were also studied in
fluid dynamical models [9,10].

We look at polarization in effects arising from thermal
vorticity in the exact rotating and expanding model [11], where
we are modeling an appropriate time period of the collision
[12]. Special attention was given to the collective motion, and
to extract it from observables which could confirm that such
descriptions are indeed plausible.

We calibrate an exact rotating model based on a (3+1)D
fluid dynamical model, the relativistic particle-in-cell method
(PICR), to fine tune the initial parameters of the rotating and
expanding fireball [12].

In Ref. [13] the differential Hanbury Brown and Twiss
(HBT) method was used to detect rotation in heavy ion
collisions.

Without at least some viscosity and/or interaction one could
not generate rotation from the original shear flow. On the other
hand to develop instabilities or turbulence the viscosity should
be small, so that the ratio of shear viscosity to entropy density
η/s should be of the order of �/4πkB , which can be achieved
at the phase transition between hadronic matter and QGP [14].

Thermal vorticity arises from the flow velocity field
[15], and the inverse temperature field present in heavy ion
collisions, and it arises mainly from a nonvanishing angular
momentum in the initial stage.

Fluctuations in the transverse plane can generate significant
vorticity, but in peripheral collisions the initial shear flow leads
to an order of magnitude larger vorticity [15]. This vorticity
may be further enhanced by the Kelvin-Helmholtz instability
(KHI).

In our formalism, the dynamics of the system after local
equilibration is computed using the relativistic (3+1)D fluid
dynamical model PICR. This fluid dynamical (FD) computa-
tion with small viscosity shows enhanced collective rotation
from an evolving KHI. In Ref. [16] a simple analytic model for
this phenomenon is explored using a few material properties:
the surface tension between the colliding nuclei, the viscosity,
and the thickness of the flow layer. This enables a classical
potential flow approximation, in which one may study the
dynamics of an onsetting KHI.

A more recent calculation of the onset and effects of the
KHI is performed in Ref. [12], in which the calibration of the
“Exact” model takes place. Here, it is pointed out that this
feature—the enhancement of rotation—is a dominant aspect
of the (3+1)D fluid dynamical model, but it is also seen in
UrQMD [17].

At high energy collisions, we need an initial state model,
which describes the dynamics until local equilibration is
reached. There are several options for describing this pre-
equilibrium dynamics, using color glass condensate (CGC)
fields, parton (or hadron) kinetic theory, or one-dimensional
Yang-Mills field (or flux tube) models [1,2]. In the (3+1)D
PICR fluid dynamical model that we use as our guidance for
the FD development, this last choice is used.

It is important to mention that for peripheral collisions the
initial shear and sometimes even the angular momentum are
neglected, while realistic initial state models include these
features [5,6,17].

From the initial shear flow, in the (3+1)D PICR fluid
dynamical model the general rotation develops gradually in
1–2 fm/c time. Thus, the Exact model is applicable from
this point of time on [12]. At the energies we discuss, by
this time the matter is in the locally equilibrated QGP phase,
and the local vorticity develops also. Because of the spin-orbit
interaction the local vorticity and the spin of quarks equilibrate.
The essential part of the dynamical development of flow (and
other collective mechanical processes) takes place in the QGP
phase, which is indicated by the constituent quark number
scaling of the flow harmonics.

0556-2813/2015/92(6)/064901(11) 064901-1 ©2015 American Physical Society

��



XIE, GLASTAD, AND CSERNAI PHYSICAL REVIEW C 92, 064901 (2015)

Z

XY p

βΦ(x)

Φ βΦ(x)

FIG. 1. (Color online) The direction of axes, as well as the
momentum p, and flow β vectors. The azimuth angle is measured
from the direction of the p vector, i.e., from the x axis.

This most significant middle stage of the reaction can be
modeled by the “Exact” model [11]. The model is based on a
set of scaling variables,

(sr ,sy) =
(

x2 + z2

R2
,
y2

Y 2

)
, (1)

in terms of the transverse and axial coordinates, x, z, and y,
and the characteristic radius R and axial length Y parameters.
The scaling parameter s = sr + sy is also introduced, being
the scaling variable as it appears in the thermodynamical
relations. Here we have interchanged the y and z axes to
resonate with choice of axes in heavy ion collision literature,
in which the reaction plane, in which the system rotates, is
spanned by ex and ez, leaving the axis of rotation to be defined
by ey .

Reference [12] calibrates the parameters of the Exact model
to the (3+1)D fluid dynamical model. The parameters are
extracted for experiments at

√
SNN = 2.76A TeV with impact

parameter b = 0.7bMax (see Figs. 1 and 2). In the (3+1)D PICR
model, rotation may increase because of Kelvin-Helmholtz
instability, whereas in the Exact model—and the later stages
in the experiments themselves—rotation slows because of
a transfer of energy to the explosively increasing radial
expansion of the system. The Exact model, therefore, is suited
to describe the period from the equilibration of rotation up to
the freeze-out.

In [11] the solution for a flow of conserved number
density, together with a constant, temperature-independent
compressibility, and a velocity field is described. Hence the
solutions take form, in cylindrical coordinates (r,y,φ), where
r = √

x2 + z2 with an equation of motion, ṙ(t) = v(r,t). The
Exact model assumes a linear velocity profile both in the radial
r , and in the axial y directions. This leads to a flow development
where a fluid element starting from a point (r0,y0,φ0), and at

FIG. 2. (Color online) The polarization of � particles �1( p),
in the participant center-of-mass (c.m.) frame for the first term
containing the (∇ × β) contribution, at time t = 0.5 fm/c after the
equilibration of the rotation, in the Exact model. The polarization
�1( p) points into the −y direction and changes from −1.5% at
the c.m. momentum (px = py = 0), to −8% in the corners, in 1%
steps per contour line. The negative percentage indicates that the
polarization is in the −y direction. The structure is just like that of
the energy weighted vorticity. Because of azimuthal symmetry of the
Exact model the px and pz dependencies of � are the same.

a later time t reaches the point,

r(t) = r0
R(t)

R(t0)
,

y(t) = y0
Y (t)

Y (t0)
, (2)

φ(t) = φ0 +
∫

dt ω(t),

showing explicitly how the solutions evolve in time, rotating
and expanding fluid. These equations follow the time evolution
of the scaling variables in the radial and axial directions.
This is a cylindrically symmetric setup with X(t) = Z(t),√

X2(t) + Z2(t) = R(t) and, in general, Y (t) �= R(t).
We have chosen the x,z plane as our plane of rotation, with

y being the axis of rotation. Our initial angular momentum,
then, points in the negative y direction, with an absolute value
of approximately 1.45 × 104

�. In an attempt to determine new
observables, we propose a search for � polarization. Although
the polarization could be described similarly for all fermions,
we chose the �s, because it is straightforward to determine
its polarization from its decay to p and π (where the p is
emitted into the direction of the polarization). Actually such
an experiment was already performed at RHIC, but the results
were averaged for � emissions to all azimuths, while we
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predict significant polarization for particles emitted in the ±x

direction in the reaction plane [18].
Our expectation is that this polarization, at least in part, will

be able to account for the polarization as observed in peripheral
regions in the first 10–15 fm/c following the impact in a heavy
ion collision.

To evaluate the polarization in the Exact model we use
the parametrization of the Exact model based on the realistic
(3+1)D PICR fluid dynamical calculation [12], and use the
vorticity calculated in the Exact model with these parameters
in Ref. [19].

II. FREEZE-OUT AND POLARIZATION

Polarization of �s was subject to theoretical studies before,
both in p + p and in heavy ion reactions. In single p + p

collisions forward production in small-transverse-momentum
fragmentation was theoretically studied and also observed.
These reactions did result in much higher polarizations up to
about 30% [20].

To apply this approach to heavy ion collisions is a complex
theoretical problem because several microscopic processes can
contribute to polarization and these can be combined with
different hadron formation mechanisms [21,22]. In Ref. [21]
it was contemplated that the final heavy ion results are
dependent on the hadronization mechanisms, and the effect
of the decay products of the polarized hyperons on the v2

flow harmonics v2 were studied. Reference [22] has also
studied the sensitivity of � production on the coalescence
or recombination mechanisms of the hadron formation.

As the previous works discussed a wide variety and
complexity of the microscopic description of hadronization
and the resulting polarization, we have followed a simpler
statistical picture, based on some simple assumptions of a
dilute gas of particles, on the “Relativistic distribution function
for particles with spin at local thermodynamical equilibrium”
[23].

This work does not address the mechanisms of hadroniza-
tion and the change of polarization during this process. It also
barely discusses the equilibrium between particle polarization
and local rotation in thermal equilibrium for dilute gases. Thus,
this approach is primarily applicable to the final hadronic
matter.

We follow the same reaction mechanism as used in all
(3+1)D PICR publications since 2001. We do not assume
a three-stage fluid dynamical process in the QGP phase,
mixed phase, and hadronic phase because the fastest adiabatic
development in the mixed phase would take 30–50 fm/c
[24]. Such a long expansion time would contradict all two-
particle correlation measurements showing a size and time
span at FO of less than 10 fm. Furthermore it would also
contradict the observed constituent quark number scaling and
the observed large �̄ abundance. The only way out of these
problems is supercooling in the QGP phase, followed by rapid
hadronization [25,26], and almost immediate freeze-out.

Thus in the PICR fluid dynamical calculations we discuss
exclusively the QGP phase, even for supercooled QGP. Based
on the mechanical equilibrium, evidenced by the constituent
quark number scaling, we have reason to assume that during

the FD evolution there is ample time to equipartition the
local rotation among all degrees of freedom in QGP from
the spin-orbit interaction. As this is a strongly interacting
form of matter the kinetic approximation as a dilute gas is
not necessarily applicable, and the energy momentum and
local angular momentum should also be carried by the fields.1

We have to assume that the rapid hadronization maintains
equipartition among all degrees of freedom carrying angular
momentum. So, based on this assumption we use the approach
of [23].

Actually the same applies the statistical and thermal
equilibrium among (most of) the abundances of final hadron
species. This can be understood based on the fact that the
statistical factors are the same in rapid formation of hadrons
as in thermal equilibrium.

We use the same assumptions for the Exact fluid dynamical
model as we used for the (3+1)D PICR fluid dynamics. Based
on the above, in the Exact model the energy weighted thermal
vorticity was calculated [19]. We explored the total energy of
the system and the energy of expansion, rotation, and internal
energy components and their time dependence. We observed
the transfer of energy from rotation to expansion, hence the
rotation slows as the system expands until the freeze-out.

According to the quantum-field-theoretical approach [23],
the expectation value of � polarization in an inverse tempera-
ture field, βμ(x) = uμ(x)/T (x), is

〈	μ(x,p)〉 = 1

8
εμρστ (1 − nF )∂ρβσ (x)

pτ

m
, (3)

where εμρστ is the completely antisymmetric Levi-Civita
symbol, nF is the Fermi-Jüttner distribution for spin-1/2
particles [(1 − nF ) is the Pauli blocking factor], and p is
the � four-momentum. We integrate this over some volume,
and ultimately over all of space, weighted by the number
density, normalized by the number of particles in that volume,
leaving a momentum-dependent polarization four-vector in the
participant frame of reference,

	μ(p) = �εμσρτ

pτ

8m

∫
d�λp

λnF (x,p)(1 − nF (x,p))∂ρβσ∫
d�λpλnF (x,p)

.

(4)

Note that, as opposed to electromagnetic phenomena, in
which particle and antiparticle will have antialigned polariza-
tion vectors, here it is shown that � and �̄ polarizations are
aligned in vorticious thermal flow fields.

While the average values of polarization may be as low
as 1%–2%, consistent with RHIC bounds, in some regions of
momentum space we see a larger polarization, about 5% for
momenta in the transverse plane and up to a momentum of
3 GeV/c. Kelvin-Helmholtz instabilities may further enhance
rotation, hence the thermal vorticity, defined as

ωμν(x) = 1
2 (∂νβμ − ∂μβν), (5)

1If we would consider only three valence quarks in kinetic
equilibrium according to [23], then the polarization of a coalesced
baryon would be 	B ∼ (	q )3, which would not be measurable.

064901-3
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and thereby the signal strength increases by 10%–20%. At
LHC energies, there may be 5% � polarization from the corona
effect, single nucleon-nucleon collisions occurring outside of
the reaction zone of the collision itself. So attempts should
be made to further the understanding of this background,
and remove it from measurements to further isolate the �

polarization as it arises from the collision itself.
The � polarization is determined by measuring the angular

distribution of the decay protons in the �’s rest frame. In this
frame the � polarization is �0( p), which can be obtained by
Lorentz boosting the polarization �( p) from the participant
frame to the �’s rest frame [18],

�0( p) = �(p) − p
p0(p0 + m)

�(p) · p, (6)

where (p0, p) is the �’s four-momentum and m its mass.
Based on this equation we see that to maximize polarization,

we need to choose momenta for the � such that they lie in the
reaction plane, hence we fix p in the positive x direction.

III. SOLUTION FOR THE � POLARIZATION

As the � is transversely polarized, 	μpμ = 0, one can
confine himself to the spatial part of 	μ. The simplified spatial
part of the polarization vector is

�(p) = �ε

8m

∫
dV nF (x,p) (∇ × β)∫

dV nF (x,p)

+� p
8m

×
∫

dV nF (x,p) (∂tβ + ∇β0)∫
dV nF (x,p)

, (7)

where nF (x,p) is the phase space distribution of the �s. In
a previous calculation [18], the p dependence of nF , was
considered negligible in the integral and the time derivative
and gradient terms were also assumed to be smaller. The
present calculation shows that in general these terms are not
negligible and which terms are dominant depends on the
particular conditions.

We adopt the parametrization of the model from Ref. [19],
with the initial conditions R0 = 2.5 fm, Y0 = 4.0 fm, Ṙ0 =
0.20 c, Ẏ0 = 0.25c, ω0 = 0.1 c/fm, κ = 3/2, T0 = 300 MeV.
For this configuration Etot = 576 MeV/nucl.

A. The denominator

We first perform the integral in the denominator:

A(p) ≡
∫

dV nF =
∫ R

0
r dr

∫ +Y

−Y

dy

∫ 2π

0
dφ nF (x,p).

(8)

According to Eq. (3) in Ref. [19] in terms of the scaling
variable s, we have

n = n0
V0

V
ν(s), (9)

ν(s) = 1

τ (s)
exp

(
−1

2

∫ s

0

du

τ (u)

)

= 1 × exp

(
−1

2

∫ s

0
du

)
, (10)

where the simplifying choice of τ (s) = 1 is used in the last
step. Therefore,

n(s) = n0
V0

V
e− 1

2 s . (11)

The EoS is assumed to be ε(s) = κT (t)n(s) and the energy
density ε(s) is calculated as in Eq. (29) in Ref. [19], therefore,

n(s) = ε

κT (t)
= CN

κT
e− sy

2 e− sρ

2 , (12)

where CN = κn0T0(V0
V

)1+1/κ .
From Ref. [18], the Fermi-Jüttner distribution is

nF (x,p) = 1

epμβμ−ξ + 1
≈ 1

epμβμ−ξ
= eμ/T

epμβμ
, (13)

where the ξ = μ/T , and μ is the chemical potential. The ther-
mal flow velocity, βμ(x) ≡ uμ(x)/T , is different at different
space-time points x.

The invariant scalar density for the Jünttner distribution is

n = 4πm2K2(m/T )

(2π�)3
eμ/T = eμ/T

C0
, (14)

where the C−1
0 = 4πm2T K2(m/T )/(2π�)3. With C0 and

n(s) = n, the Fermi-Jüttner distribution can be written as

nF (x,p) = eμ/T

epμβμ
= C0n(s)

epμβμ
. (15)

Now we introduce cylindrical coordinates for the location in
the configuration place x = (r,y,φ), and using the scaling
expansion model [11,12] with the scaling variables s ,sr ,sy .
Now, substituting Eqs. (12) and (15) into the denominator of
	(p), and parametrizing the range of integrations as in [19]
one obtains

A(p) = CNC0

κT

∫ aY

−aY

dy exp

(
− y2

2Y 2

) ∫ bR

0
rdr exp

(
− r2

2R2

)

×
∫ 2π

0
dφ e−pμβμ . (16)

The scalar product in cylindrical coordinates takes the
form pμβμ = (p0, p)(β0,β) =p0β0 − p · β = p0β0− prβr −
pyβy − pφβφ .

In our integral the pμ is given or “fixed” as the argument of
�(p), while the β = β(x) is changing. The integration with
respect to φ starts from the direction of the p vector. According
to the Eq. (5) in [19],

v = vr er + vφeφ + vyey = Ṙ
R
rer + ωreφ + Ẏ

Y
yey , and

β = ui/T = γ v/T . Thus in the integral for φ we exploit
the fact that in the Exact model the radial r , and axial y

components of the thermal velocity β do not depend on φ,
while the tangential component does not depend on y, i.e.,
βφ = γ r ω/T , but its direction is changing with respect to the
direction of p. As the integral is over the whole 2π angle we
can start it at any point of φ, so we start it from the externally
given p direction. Consequently, with this choice of the x

axis, p = (pr,py,0), and pz = pφ = 0. In this azimuthally
symmetric, exact model it is sufficient to calculate 	( p) for
one direction of p in the [x,z] plane.

064901-4
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The direction of the thermal flow velocity β is tangential to
the direction φ, i.e., it points to the eφ+π/2 direction. Thus the
scalar product is

p · β(r, y,φ) = |px |βr cos (φ) + pyβy + |px |βφ cos
(
φ+π

2

)
,

where φ is the azimuth angle of the position around the y

rotation axis, counted starting from the x axis. See Fig. 1.
So, inserting the last expression for pμβμ into the last term

of the integral Eq. (16), the integral with respect to φ will take
the form,∫ 2π

0
dφ e−pμβμ =

∫ π

−π

dφ ea cos(φ)−b sin(φ) = 2πI0(
√

a2+b2),

(17)

where a = |px |βr = |px |γ Ṙr/T R and b = |px |βφ =
|px |γ r ω/T , and we used integral No. 3.338(4) in [27]. If we
define

c3 =
√(

pxγ Ṙ

T R

)2

+
(pxγ ω

T

)2
= |px |γ

T

√
(Ṙ/R)2 + ω2,

then
√

a2 + b2 = c3r , and∫ 2π

0
dφ e−pμβμ = e−γp0/T epyβy × 2πI0(c3r). (18)

Now, substituting this back into Eq. (16),

A(p) =
∫

dV nF (p,s)

= CNC0

κT

∫ aY

−aY

dry

∫ bR

0
r dr exp

(
− y2

2Y 2
− r2

2R2

)

× e−γp0/T epyβy 2πI0(c3 r). (19)

Now we may use the same simplifying nonrelativistic assump-
tion as in Eq. (5) of Ref. [19], i.e., we approximate uμ by
vμ as v = vr er + vyey + vφeφ = Ṙ

R
rer + Ẏ

Y
yey + ωreφ , and

thus γ = 1. It follows, then,

A(p) =
∫

dV nF (p,s)

= CNC0

κT
2πe−p0/T

∫ aY

−aY

exp(c1y − c2y
2)dy

×
∫ bR

0
r I0(c3r) exp(−c4r

2)dr, (20)

where c1 = pyẎ /(YT ), c2 = 1/(2Y 2), c4 = 1/(2R2) are con-
stants.

Now we assume an infinite system with scaling Gaussian
density profile, so that the integrals are evaluated up to infinity,
i.e., the parameters a = ∞, b = ∞. Thus, the y component
integration in Eq. (20) is calculated as∫ +∞

−∞
ec1y−c2y

2
dy =

√
π

c2
exp

(
c2

1

4c2
2

)
, (21)

where we used the integral formula No. 2.33(1) in [27], and
erf (+∞) = 1, erf (−∞) = −1.

For the integration of the r component,∫ +∞

0
r I0(c3r) e−c4r

2
dr

= 1

c3
√

c4
exp

(
c2

3

8c4

)
M− 1

2 ,0

(
c2

3

4c4

)
, (22)

where the M−μ,ν(z) is the so-called “Whittaker Function,” No.
6.643(2) in [27].

Now, we obtain the final form of Eq. (21):

A(p) = 2π
√

π

κT

CNC0

c3
√

c2c4
e−p0/T exp

(
c2

1

4c2
2

)

× exp

(
c2

3

8c4

)
M− 1

2 ,0

(
c2

3

4c4

)
. (23)

However, in the relativistic case, the integrations with
respect to y and r cannot be performed analytically, because

of the presence of the factor γ = 1/
√

1 − v2
r − v2

y − v2
φ .

B. The numerator

Reference [19] calculates the energy weighted vorticity,
which is azimuthally symmetric, i.e., independent of the
azimuthal angle φ. In the definition of the polarization, Eq. (7),
we have p0 nF (p,x) = ε nF (p,x) for �s with momentum p.
In [19], however, the energy weighting is performed with the
total energy density of the fluid Etot = Eint + Ekin, which in
general is not the same as ε nF (p,x). On the other hand the
bare vorticity is just a constant in the nonrelativistic Exact
model, while the EoS may be more general and it may lead to
more involved R(t) and Y (t) dependence than the ideal Jüttner
gas approximation would allow.

Thus we use the direct, nonrelativistic vorticity values
ω(t) from Ref. [19], and not the presented energy weighted
vorticity, i.e.,

∇ × β = −2 ω(t) ey/T (t), (24)

so that the thermal vorticity has only the y-directed component
in the Exact model. With the model parameters mentioned
above (beginning of Sec. III), the thermal vorticity is �(∇ ×
β) = −0.13 at t = 0.5 fm/c, and it decreases very slowly with
time, about 1%–2% per 1 fm/c. This constant vorticity will
make the numerator simple:

B(p) ≡
∫

dV nF (∇ × β) = −2ωey

T
× A(p). (25)

Therefore, the first term of polarization vector, i.e., Eq. (7)
will be

�1(p) = − �ε

8m

∫
dV nF (x,p) (∇×β)∫

dV nF (x,p)
= �εω

4mT
ey, (26)

which means the polarization vector arising from the vorticity
�1(p) in the Exact rotation model is a constant (although time
dependent), and parallel to the y axis.

One may add the freeze-out (FO) probability to the
integral. According to the Ref. [28], the FO probability is
ws = (pμ σ̂

μ
s )( p · u(x)), where the approximation is used that
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the FO direction σ̂
μ
s is parallel to the flow velocity u(x) =

γ v(x). In the first term of the numerator, which depends on
the constant y-directed vorticity this FO probability influences
the numerator and denominator the same way, so the effect of
the two integrals cancel each other in the FO probability also.

C. The second term

The numerator in the second term of polarization vector
reads

C( p) ≡
∫

dV nF (x,p) (∂tβ + ∇β0). (27)

If, in the nonrelativistic limit, γ = 1 is assumed, then ∇β0 = 0
and ∂tβ = ∂t (v/T ), so we have to evaluate only the first term
of the sum in the integrand. According to Refs. [19,29], the
time derivatives of velocity are

∂tvr =
[(

R̈

R
− Ṙ2

R2

)
− ω2

]
r ≡ c5r,

∂tvφ =
(

ω̇ + 2
Ṙ

R
ω

)
r ≡ c6r, (28)

∂tvy =
[
Ÿ

Y
− Ẏ 2

Y 2

]
y ≡ c7y,

where c5 = (R̈/R − Ṙ2/R2 − ω2), c6 = (ω̇ + 2(Ṙ/R)ω), and
c7 = (Ÿ /Y − Ẏ 2/Y 2).

Therefore,

∂tβ = (c5rer + c6reφ + c7yey)/T ,

provides the time components of the vorticity in the three
spatial directions. Here, as the model is symmetric, ∂tβy

vanishes, and with the model parameters mentioned above
(Sec. III), at t = 0.5 fm/c and r = 1 fm �

c
∂tβr = 0.024 and

�

c
∂tβφ = 0.009. Both these vorticity components decrease

slowly with time by about 0.0005 in 1 fm/c.
Equation (27) is a volume integral of a vectorial quantity,

which is not convenient to perform in cylindrical coordinates.
So we transform it into Cartesian coordinates: er = cos φ ex +
sin φ ez, eφ = − sin φ ex + cos φ ez. Therefore, T ∂tβ =
(c5 cos φ − c6 sin φ)r ex + (c5 sin φ + c6 cos φ)r ez + c7y ey.

The integral of Eq. (27) can be expanded as

C( p) =
∫

dV nF (x,p) ∂tβ

= CNC0

κT
e−p0/T

∫∫∫
rdrdφdy exp(c1y − c2y

2)

× exp(a cos φ − b sin φ − c4r
2)∂tβ, (29)

where a and b are defined after Eq. (17).
It is convenient to define an integrating operator Ā as

Ā =
∫

dV nF (x,p) ×

=
∫∫∫

r dr dφ dy ec1y−c2y
2
ea cos φ−b cos φ−c4r

2 × ,

and then Eq. (29) will be

C( p) = Ā∂tβ ≡ 1

T
(I ex + J ez + H ey), (30)

where we defined

I ≡ Ā(c5 cos φ − c6 sin φ)r,

J ≡ Ā(c5 sin φ + c6 cos φ)r,

H ≡ Āc7y.

Using the integral formula No. 2.33(6) of [27] the function
H becomes

H = 2π
√

πCNC0

κT
e−p0/T c7c1

2c3c2
√

c4c2

× exp

(
c2

3

8c4

)
exp

(
c2

1

4c2
2

)
M− 1

2 ,0

(
c2

3

4c4

)
. (31)

The function I can be expanded as a function of integrals
over φ, r , and y. The integral over φ brings in the Bessel
function, 2πc8I1(c3r)/c3 [see No. 3.937 (1) and (2) of [27]],
where c8 = (c5a

′ − c6b
′), a′ = a/r = |px |Ṙ/T R, and b′ =

b/r = |px |ω/T . Subsequently, the integral with respect to r

brings in the “Whittaker Function” and then the final form of
I after performing the separable integration with respect to y

leads to

I = 2π
√

πCNC0

κT
e−p0/T c8

c2
3c4

√
c2

× exp

(
c2

3

8c4

)
exp

(
c2

1

4c2
2

)
M−1, 1

2

(
c2

3

4c4

)
. (32)

Evaluating the integral J is similar to I :

J = 2π
√

πCNC0

κT
e−p0/T c9

c2
3c4

√
c2

× exp

(
c2

3

8c4

)
exp

(
c2

1

4c2
2

)
M−1, 1

2

(
c2

3

4c4

)
, (33)

where the only difference is c9 = (c5b
′ + c6a

′) compared to
c8 in I .

Then, substituting I , J , H back into Eq. (30), one can obtain
the analytical solution for numerator in the second term of the
polarization vector as

C( p) =
∫

dV nF (x,p) ∂tβ = 1

T
(I ex+J ez+H ey)

= 2π
√

πCNC0

κT 2
e−p0/T exp

(
c2

3

8c4

)
exp

(
c2

1

4c2
2

)

×
[

c8

c2
3c4

√
c2

M−1, 1
2

(
c2

3

4c4

)
ex

+ c9

c2
3c4

√
c2

M−1, 1
2

(
c2

3

4c4

)
ez

+ c7c1

2c3c2
√

c4c2
M− 1

2 ,0

(
c2

3

4c4

)
ey

]
. (34)
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Dividing this by A( p), i.e., Eq. (23), one gets

C( p)

A( p)
= 1

T

[
c8

c3
√

c4

M−1, 1
2

M− 1
2 ,0

ex+ c9

c3
√

c4

M−1, 1
2

M− 1
2 ,0

ez+c7c1

2c2
ey

]
.

(35)

Then, we obtain the second term of the polarization vector:

�2( p) = � p
8m

× C( p)

A( p)

= �

8mT

[
pyc9

c3
√

c4

M−1, 1
2

M− 1
2 ,0

ex − |px |c9

c3
√

c4

M−1, 1
2

M− 1
2 ,0

ey

+
( |px |c7c1

2c2
− pyc8

c3
√

c4

M−1, 1
2

M− 1
2 ,0

)
ez

]
. (36)

As we can see, and as is given also by the definition, Eq. (7),
the second term of polarization is orthogonal to the particle
momentum:

�2( p) ⊥ p, (37)

thus if we use the choice that p should be in the [x,y] plane
and its z component should vanish, then the y component of
�2( p), should depend on px only (see Fig. 5).

IV. THE FREEZE-OUT STAGE

The fluid dynamical model is in principle not adequate to
describe the final, post-freeze-out (FO) particle distributions,
the abundance of the particle species, and also their polar-
ization. This is so because the post-freeze-out distributions
must not be in local thermal equilibrium and must not have
interactions among the final emitted particles. Furthermore,
the emitted particles should not move back into the interacting
zone, i.e., towards the pre-FO side of the FO hypersurface.
How to handle the freeze-out is described in great detail
in [30]. It indicates two ways to handle this process: (i)
Consider the post-FO matter as if it has an equation of state
(EoS). This is only possible if the post FO EoS is that of a
noninteracting ideal gas and the FO hypersurface is timelike.
(ii) The other approach is that the post-FO matter is described
by a dynamical model with weak and rapidly decreasing
interaction, like UrQMD or PACIAE, matched to the QGP
fluid on the FO hypersurface. The change at crossing this
hypersurface is in general significant, as the pre-FO matter
is strongly interacting, supercooled QGP, while the post-FO
matter is weakly interacting and has different (usually fewer)
degrees of freedom in both situations. The FO across the
hypersurface is stronger if the latent heat of the transition
is larger.

The precise way to perform this transition is described
in [30]. This method is demonstrated in several earlier fluid
dynamical model calculations (also using the PICR method)
for precision calculations of flow harmonics.

As mentioned in the introduction, at high energies (RHIC
and LHC) the constituent quark number scaling and the
large strangeness abundance clearly indicate a supercooling
and rapid hadronization. Furthermore at these energies the
transition is in the crossover domain of the EoS, thus the

expected changes are smaller, and the major part of the FO
hypersurface is timelike, which allows one to use ideal gas
post-FO distributions, as we do it here using the method of
[23]. These are the conditions which make the changes in
mechanical parameters (e.g., v) small at freeze-out while the
temperature changes are larger [30].

Thus, just in the case of constituent quark number scaling,
we assume that other mechanical processes like mechanical
polarization will not significantly change at freeze-out at
RHIC and LHC energies. This conclusion is restricted to local
thermal and flow equilibrium, and should not apply to some of
the microscopic processes, which dominate p + p reactions.

Also, in the case of freeze-out through spacelike FO hy-
persurfaces, the mechanical parameters change significantly,
the post-FO distribution is far from a thermal distribution (it
is a cut-Jüttner or canceling-Jüttner distribution), and thus the
conditions of [23] that we use, are not satisfied.

In this connection we may mention that in earlier related
publications, previous experimental � polarization measure-
ments, which were negative, were discussed. It was pointed
out that polarization as measured was averaged for all �

particle directions. Here, as well as in the previously detailed
PICR fluid dynamical calculations, it was emphasized that
polarization should be measured after finding event by event
the reaction plane and the center of mass of the system.
Significant polarization can only be expected for particles
emitted in selected directions.

Preliminary experimental polarization studies in the RHIC
Beam Energy Scan program along these lines are promising
[31], and may lead soon to positive quantitative results. At this
point in time the present relatively simpler FO treatment of
the model calculations with constant time FO are sufficient,
and can be refined when quantitative experimental data are
available.

A. Conclusion

Finally, adding Eqs. (36) and (26) we get the analytical
solution for � polarization in the Exact model:

�(p) = �

8mT

[
pyc9

c3
√

c4

M−1, 1
2

M− 1
2 ,0

ex +
(

2εω − |px |c9

c3
√

c4

×
M−1, 1

2

M− 1
2 ,0

)
ey +

( |px |c7c1

2c2
− pyc8

c3
√

c4

M−1, 1
2

M− 1
2 ,0

)
ez

]
.

(38)

Notice that Eq. (38) is the analytical solution in the
nonrelativistic limit. The “Whittaker Function,” Mμ,ν(z), is
the confluent hypergeometric function. For the relativistic
case, the integrations of the �-polarization vector cannot
be performed analytically, because of the presence of γ =
1/

√
1 − v2

r − v2
y − v2

φ , which will make the integrations more
involved. Thus, a numerical solution for the � polarization
would be needed.

The effect of vorticity is shown in Fig. 2. The nonrelativistic
Exact model can handle reactions with modest energy and
modest rotation, so the overall vorticity and the resulting
polarization is not too large. Furthermore, the rotation and
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FIG. 3. (Color online) The absolute value of � polarization,
�2( p), in the participant center-of-mass (c.m.) frame for the second
term containing the (∂tβ) contribution, at time t = 0.5 fm/c after the
equilibration of the rotation, in the Exact model. The polarization
changes from zero at the c.m. momentum (px = py = 0), up to 20%
in the corners at px = −4GeV/c, in 2.5% steps per contour line. In
the corners at px = 4GeV/c, the polarization is 12%. This second
term is orthogonal to p, and it is smaller, especially at c.m. momenta,
where it is negligible. This term arises from the expansion, which is
increasing rapidly in the Exact model with time and also increases
with the radius. At large radius the larger expansion leads to larger
momenta. The structure of the second component of polarization
arises from the asymmetries of the different components of �2( p).

vorticity decrease with time while the radial and axial
expansion increases. This expansion leads to the second term
of polarization �2, which depends on ∂tβ (while the ∇β0

terms vanishes in the nonrelativistic approximation). Because
of the simplicity of the Exact model, the vorticity arising from
the shear flow of the peripheral initial state is constant in
space and depends on the time only. However, because of the
construction of thermal vorticity, both the angular momentum
and the temperature in the denominator decrease with time,
thus ∇ × β is hardly decreasing with the time, and it has a
significant value, −0.13, in natural units. At the same time in
this model the time-dependent vorticity is smaller by almost an
order of magnitude. The time-dependent vorticity components
also decrease faster than the one originating from the initial
shear flow.

Nevertheless, the second term in the polarization is of
comparable magnitude to the term arising from local vorticity;
see Fig. 3.

The presented plots are such that px points into the direction
of the observed � particle, while the py is the axis direction.
All results should be either symmetric or antisymmetric for a
±py change. On the other hand reversing the px axis must not
change the data, as the x axis is chosen to be the direction of

FIG. 4. (Color online) The x component of the � polarization
�2x( p) in the participant center-of-mass (c.m.) frame for the second
term containing the (∂tβ) contribution, at time t = 0.5 fm/c after the
equilibration of the rotation, in the Exact model. The polarization
vanishes at the c.m. momentum (px = py = 0), and changes from
zero up or down to ±8% in the corners, in 1% steps per contour line.
This term arises from the expansion, which is increasing rapidly in
the Exact model with time and also increases with the radius. At large
radius the larger expansion leads to larger momenta.

the argument of �( p), which must be azimuthally symmetric
in the [x,y] plane.

The polarization arising from the dynamics of the radial
and spherical expansion �2 was not discussed before in
the literature, as the dominance of the vorticity effect was
anticipated and studied up to now. The �2 plots in Figs. 3, 4,
5, and 7 show the components of the polarization arising from
the dynamics of the spherical expansion. The most interesting
y component arises from the x component of the momentum
and the z component of the thermal velocity change β̇z (Fig. 5).

Now if we study the axis directed components, this is
given by 	y = 	1y + 	2y . Both these terms have a negative
maxima of the same magnitude (−8%), at the corners px,py =
±4GeV/c, thus these terms add up constructively and result in
�-particle polarizations reaching −16% at high momenta. At
small momenta the polarization is still the same sign but has a
reduced value of the order of 1.5% arising from the vorticity
(Fig. 6).

In this Exact model the x and z components of the
polarization arise only from the second term �2( p). The x

component is reaching ±8%, while the z component is smaller;
it reaches about ±3%. These both are asymmetric for ±py

change, and show an opposite symmetry. The x component
is proportional to py and the dynamics of radial expansion.
Thus it follows the signature of py (Fig. 4). The z component
is proportional to py and the dynamics of radial expansion,
thus it follows the signature of py (Fig. 7). The z component
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FIG. 5. (Color online) The y component of � polarization
�2( p), in the participant center-of-mass (c.m.) frame for the first
term containing the (∂tβ) contribution, at time t = 0.5 fm/c after the
equilibration of the rotation, in the Exact model. The polarization
changes from zero in the middle to −8% at px = ±4 GeV/c, in 1%
steps per contour line. This y-component points into the axis direction
just as the first term �1, thus these two are additive. The y component
of �2( p) does not depend on py , as shown in Eq. (36).

FIG. 6. (Color online) The y component of � polarization �( p)
in the participant center-of-mass (c.m.) frame for the second term
containing the (∂tβ) contribution at time t = 0.5 fm/c after the
equilibration of the rotation in the Exact model. The polarization
is −1.5% at the c.m. momentum (px = py = 0), it is −16% in the
corners. The change is in steps of 2% per contour line.

FIG. 7. (Color online) The z component of � polarization �2( p)
in the participant center-of-mass (c.m.) frame for the second term
containing the (∂tβ) contribution, at time t = 0.5 fm/c after the
equilibration of the rotation, in the Exact model. The polarization
vanishes at the c.m. momentum (px = py = 0); it is ±3% in the
corners. The change is in steps of 0.5% per contour line. The corners
at py = −4 GeV/c are positive while at py = 4 GeV/c are negative.

is proportional to pxβ̇y and inversely proportional to pyβ̇x

(Fig. 7). These two effects compensate each other so the
maxima of the polarization are smaller and the symmetry is
opposite to that of the x component. This term is sensitive to the
balance between the axial expansion and the radial expansion
in the model.

The � polarization is measured via the angular distribution
of the decay protons in the �’s rest frame, as shown in Eq. (6).
The resulting distribution is shown in Fig. 8. This new study
indicates that the dynamics of the expansion may lead to
non-negligible contribution to the observable polarization. The
structure of 	0y( p) is similar to the one obtained in Ref. [18],
but here the contribution of the “second” ∂tβ term is also
included, which makes the y-directed polarization stronger at
high px values, 12%, while it was 9% in Ref. [18], both in the
negative y direction. Furthermore, the second term changes
the structure, of the momentum dependence of 	0y( p), and it
becomes ±px asymmetric.

Recently the vorticity and polarization were also studied
in two fluid dynamical models [32]. The initial states that
were used from Bozek and Gubser neglected fully the initial
shear flow in the central domain of the reaction, in contrast to
other models where this is present [1,2,17,33,34]. This results
in negligible thermal vorticity in the central domain of the
collision (Figs. 3 and 13 of Ref. [32]), and consequently a
negligible polarization from the vorticity from the “first term”
discussed here. Thus, the observed vorticity arises from the
“second term.”
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FIG. 8. (Color online) The (a) radial x and (b) axial y components of � polarization �0( p) in the �’s rest frame. For 	0x( p) the contours
represent changes of 1% from −9.5% in the upper left-hand corner to 9.5% in the upper right-hand corner, whereas the contours of 	0y( p)
change in steps of 2% ranging from 	0y = 0 (!) at the c.m. momentum (px = py = 0) to −12% for px = ±4GeV/c at the edges. Both plots
are asymmetric because of the Lorentz boost to the � rest frame.

On the other hand there is qualitative agreement between
Fig. 12 of Ref. [32] and this work in the sense that only the
y-directed (i.e., [x,z] or [x,η]) component of the vorticity
leads to an overall average net polarization. This arises in both
models from the initial angular momentum and points into
the −y direction. In Ref. [32] this arises as a consequence of
viscous evolution of the initial, vorticity-less flow, while in our
Exact model it is present in the initial state.

Recent preliminary experimental results reported for the
first time [31], significant � and �̄ polarization for peripheral
collisions at RHIC for beam energies

√
sNN = 7.7 − 39 GeV

aligned with the axis direction of the angular momentum
of the participant system. Furthermore, the � and �̄ polar-
izations were pointing in the same direction confirming our
approach.

In this work we analyzed and compared the two terms of
polarization, in the Exact model. Including both rotation and
expansion, and vorticity arising from both of these effects
enables us to study the consequences of the two terms
separately. This study indicates that the assumptions regarding
the initial state are influencing the predictions on the observed
vorticity, while in all cases observable polarization is predicted.

ACKNOWLEDGMENTS

Enlightening discussions with Sharareh Mehrabi Pari,
Francesco Becattini, Eirik Hatlen, Istvan Papp, Stuart
Holland, and Sindre Velle are gratefully acknowledged. One
of the authors, Y.L.X., is supported by the China Scholarship
Council.

[1] V. K. Magas, L. P. Csernai, and D. D. Strottman, Phys. Rev. C
64, 014901 (2001).

[2] V. K. Magas, L. P. Csernai, and D. D. Strottman, Nucl. Phys. A
712, 167 (2002).

[3] B. McInnes and E. Teo, Nucl. Phys. B 878, 186 (2014).
[4] B. McInnes, Nucl. Phys. B 887, 246 (2014).
[5] K. Okamoto, C. Nonaka, and Y. Akamatsu, Poster presented

at The XXV International Conference on Ultrarelativistic
Nucleus-Nucleus Collisions, Sept. 27–Oct. 3, 2015, Kobe, Japan
(published electronically).

[6] L.-G. Pang, H. Petersen, G.-Y. Qin, V. Roy, and X.-N. Wang,
Invited talk presented at The XXV International Conference on
Ultrarelativistic Nucleus-Nucleus Collisions, Sept. 27–Oct. 3,
2015, Kobe, Japan (published electronically).

[7] L. P. Csernai, W. Greiner, H. Stöcker, I. Tanihata, S. Nagamiya,
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Erratum: � polarization in peripheral heavy ion collisions [Phys. Rev. C 88, 034905 (2013)]

F. Becattini, L. P. Csernai, D. J. Wang, and Y. L. Xie
(Received 2 December 2015; revised manuscript received 13 May 2016; published 6 June 2016)

DOI: 10.1103/PhysRevC.93.069901

In Sec. II, in the un-numbered equation after Eq. (4), we reported the angular distribution of the proton momentum dN/d�∗ as
a function of the polarization vector �0. In our convention, which follows that of Ref. [10], this vector has a maximal magnitude
of 1/2, i.e., the � spin, whereas the usual convention in particle physics has as maximal magnitude 1, i.e., 100% polarization.
Therefore, the correct formula for the angular distribution with α = 0.647 reads

1

N

dN

d�∗ = 1

4π
(1 + 2α�0 · p̂∗).

In Sec. II, below Eq. (3), we erroneously stated that because of parity symmetry, the integral term on the right-hand side
of Eq. (3) involving the time derivative of β and the gradient of β0 vanishes. In fact, because of the noninvariance of the β

four-vector under reflection (β0,β) → (β0, − β), the Fermi-Dirac distribution gets changed

nF = 1

eβ0ε−β·p+μ/T + 1
→ 1

eβ0ε+β·p+μ/T + 1
,

and the second term on the right-hand side of Eq. (3) does contribute to the polarization vector. This additional term vanishes in
the nonrelativistic limit of the flow ‖β‖ � β0 and of the particle as well (‖p‖ � ε).

Under the conditions explored in the paper and according to our calculations, initially the relative contribution of the neglected
term to 	0y in Eq. (3) is small and positive. However, for later times, it increases, and at 4.75 fm/c—the time chosen for the
stopping of the hydrodynamical regime—it overcomes the first term at high |px | and small |py |. As a consequence, the overall
pattern of the pT dependence of 	0y(px,py) changes considerably with respect to our previous calculation with a maximal
positive (i.e., opposite to the angular momentum, see Fig. 1 in the paper) polarization of 8% at high |px | and small |py | and a
minimum at −6% (negative, i.e., along the angular momentum) at high |py | and small |px | momenta, whereas the momentum
average of 	0y remains negative, see the figure below.

Note that, in the corrected Fig. 3 below, we have plotted the polarization normalized to 1, that is, 2	 with 	 as in Eqs. (1),
(3), and (4).
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FIG. 3. Replacement for Fig. 3. The y component (left panel) and the modulus of the polarization (right panel) in the rest frame of the �

as a function of momentum in the transverse plane (i.e., at pz = 0).
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� polarization in peripheral collisions at moderately relativistic energies

Y. L. Xie,1 M. Bleicher,2,3 H. Stöcker,2,3 D. J. Wang,4 and L. P. Csernai1
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(Received 20 June 2016; revised manuscript received 31 August 2016; published 21 November 2016)

The polarization of � hyperons from relativistic flow vorticity is studied in peripheral heavy ion reactions
at FAIR and NICA energies, just above the threshold of the transition to the quark-gluon plasma. Previous
calculations at higher energies with larger initial angular momentum, predicted significant � polarization based
on the classical vorticity term in the polarization, while relativistic modifications decreased the polarization and
changed its structure in the momentum space. At the lower energies studied here, we see the same effect namely
that the relativistic modifications decrease the polarization arising from the initial shear flow vorticity.

DOI: 10.1103/PhysRevC.94.054907

I. INTRODUCTION

Relativistic heavy ion collisions allow one to explore the
properties of hot and dense QCD matter in the laboratory.
Among the most prominent observables are the different kinds
of transverse flow, e.g., radial flow, directed flow, elliptical
flow, and higher order flows. Hydrodynamics was shown to
provide direct access to these flow patterns.

In recent fluid dynamical models of relativistic heavy
ion reactions, both different fluctuating modes and global
collective processes lead to flow observables. It is important
to separate or split the two types of flow processes from each
other [1,2]. This separation helps to precisely analyze both
processes.

In peripheral heavy ion reactions, from the initial angular
momentum, the reaction shows shear flow characteristics,
leading to rotation [3] and even Kelvin-Helmholtz instabilities
(KHI) [4] in the reaction plane, because of the low viscosity
quark-gluon plasma. This possibility was indicated by high
resolution computational fluid dynamics calculations using the
PICR method. The development of these processes was studied
in 3 + 1-dimensional (3 + 1D) configurations that described
the energy and momentum balance realistically [5]. The initial
state model assumed transparency as well as stopping [6]
because of strong attractive fields with accurate impact
parameter and rapidity dependence in the transverse plane [7].
It assumed an initial interpenetration of Lorentz contracted
slabs (in most present models considered as CGC), and
strong attractive coherent Yang-Mills fields act between these
slabs, with large string tension (according to the color rope
model [8]).

In a previous work the development of vorticity was studied
under the conditions where the viscosity is estimated to have
a minimum, so the viscous dissipation is small [9,10], and
the spherical expansion is also smaller because of the lower
pressure. Thus in the initial local rotation, the vorticity drops
slower.

In the PICR calculation [5], the dynamical initial state, a
Yang-Mills field theoretical model [7] was used as in Ref. [11],
and a longitudinal expansion lasting 4 fm/c from the initial
impact was considered.

The classical weighted vorticity �zx was calculated in the
reaction [x-z] plane, the energy of the Au+Au collision was√

sNN = 4.65 + 4.65 GeV, b = 0.5bmax.
The used fluid dynamical calculation and this initial state

model were tested in several model calculations in the
last decade. These describe correctly the initial shear flow
characteristics. The angular momentum distribution is based
on the assumption that the initial angular momentum of
the participants (based on straight propagation geometry) is
streak by streak conserved, thus the model satisfies angular
momentum conservation both locally and globally. Figure 1
shows the three-dimensional view of the simulated collisions
shortly after the impact, and it could naturally generate a
longitudinal velocity shear along the x direction, as shown
in Fig. 2(a). This type of longitudinal velocity shear is a
requirement for the subsequent rotation, turbulence, and even
Kelvin Helmholtz instability(KHI), just as discussed in our
previous paper [10], as well as in Refs. [12,13]. The vortical
flow formed in the equilibrated hydroevolution, as shown in
Figs. 2(b)–2(d), can give rise to the polarization from the
equipartion principle or spin-orbit coupling.

The peak value of the vorticity at the energy
√

sNN =
4.65 + 4.65 GeV, was a few times smaller than at the
ultrarelativistic RHIC and LHC energies, but the negative
values are less pronounced. The initial state used is the same as
the one that was used at high energy: We assume transparency,
QGP formation, and initial longitudinal expansion in the same
Yang-Mills string rope model for 4 fm/c time. In addition,
the frequently used “Bag Model” EoS was also applied in
the hydrosimulation: P = c2

0e
2 − 4

3B, where constant c2
0 = 1

3
and B is the Bag constant in QCD [7,14]. The energy density
takes the form, e = αT 4 + βT 2 + γ + B, where α, β, γ are
constants arising from the degeneracy factors for (anti-)quarks
and gluons. At a later time, the drop of the vorticity is not as
large as in higher energy heavy ion collisions.

In Ref. [5] the classical and relativistic weighted vorticities
�zx were evaluated in the reaction plane, [x-z], so that the
weighting does not change the average circulation of the layer,
i.e., the sum of the average of the weights over all fluid cells
is unity. The vorticity projected to the reaction plane for a
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FIG. 1. The three-dimensional view of the collisions shortly after
the impact. The projectile spectators are going along the z direction,
and the target spectators are going along the z axis. The collision
region is assumed to be a cylinder with an almond-shaped profile
and tilted end surfaces, where the top side is moving to the right
and the bottom is moving to the left. The participant cylinder can be
divided into streaks, and each streak has its own velocity, as shown
in Fig. 2(a). The velocity differences among the streaks result in
rotation, turbulence, and even KHI.

collision for the FAIR-SIS300 energy of
√

sNN = 8.0 GeV
is evaluated at an initial moment of time and at a later
time. The peak value of the vorticity is similar to the one
obtained at the ultrarelativistic RHIC and LHC energies, but
the negative values are less pronounced. The average vorticity
was decreasing with time: �zx is 0.1297/0.0736 for the times,
t =0.17 and 3.56 fm/c, respectively. The same behavior was
seen in Ref. [15].

FIG. 2. The schematic hydroflow velocity after the collisions
shown in Fig. 1. (a) The longitudinal velocity profile along the x

direction, and it gives rise to the v1 type of flow in the reaction plane,
i.e., (b). (c) The anti-v2 type of flow in the [y-z] plane, and (d) is the
v2 type of flow in the [x-y] plane.

In addition to the directed flow (v1) [3,16], two methods
were proposed so far to detect the effects of rotation: the
differential HBT method [17] and the polarization of emitted
fermions based on the equipartition of the rotation between
the spin and orbital degrees of freedom [18,19].

The particle polarization effect has some advantages and
disadvantages. The local polarization depends on the thermal
vorticity [18,19]. Now at lower collision energy the tem-
perature is lower and the thermal vorticity increases, which
is advantageous. At ultrarelativistic energies this feature led
to the conclusion that the predicted polarization is bigger
for RHIC than for LHC because of the lower temperature
of the system. Furthermore at ultrarelativistic energies, the
relativistic corrections to polarization will become stronger
compared to the original shear and the resulting classical
vorticity [20].

The thermal vorticity occurs in the particle polarization,
because the spin-orbit interaction aligns the spins and the
orbital momentum, while the random thermal motion works
against this alignment. Thus, we use the inverse temperature
four-vector field [18,19],

βμ(x) = (1/T (x))uμ(x),

and define the thermal vorticity as

�μν = 1
2 (∂νβ̂μ − ∂μβ̂ν), (1)

where β̂μ ≡ �βμ. Thereby, � becomes dimensionless.
The relativistic weighted thermal vorticity �zx , calculated

in the reaction [x-z] plane was presented in Ref. [5]. The
energy of the Au+Au collision was

√
sNN = 4.65 + 4.65

GeV, and the impact parameter b = 0.5bmax. The obtained
average thermal vorticity �zx was 0.0847 (0.0739) for the
times, t = 0.17 and 3.56 fm/c, respectively. It was observed
that the thermal vorticity decreases slower than the standard
vorticity because of the decreasing temperature.

In Ref. [5] the relativistic weighted thermal vorticity �zx

was calculated in the reaction [x-z] plane at t=0.34 fm/c
and at t=3.72 fm/c for the energy of the collision

√
sNN =

4.0 + 4.0 GeV, b = 0.5bmax. �zx was 0.0856 (0.0658) for the
two selected times.

An analysis of the vorticity for peripheral Au+Au reactions
at NICA and U+U reactions at FAIR energies of

√
sNN =

9.3(8.0) GeV, respectively, gave an initial peak vorticity that
was about two times larger than the one obtained from random
fluctuations in the transverse plane, of about 0.2 c/fm at
much higher energies [21]. This is because of the initial
angular momentum arising from the beam energy in noncentral
collisions.

The RHIC Beam Energy Scan program measured signif-
icant � and �̄ polarizations, with the largest values at the
lowest energies [22].

At FAIR, the planned facilities, e.g., at PANDA [23], will
make it possible to measure proton and antiproton polarization,
also in the emission directions where significant polarization
is expected.
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II. POLARIZATION STUDIES

The flow vorticity was evaluated and reported in [5].
Based on these results we report the � polarization results
for the same reactions. The initial state Yang-Mills flux-tube
model [7] describes the development from the initial touching
moment up to 2.5 fm/c. Then the PICR hydrocode is calculated
for another 4.75 fm/c, so that the final freeze-out time is
7.25 fm/c.

The � and �̄ polarization was calculated based on the
work [19],

�(p) = �ε

8m

∫
d�λp

λ nF (∇ × β)∫
d�λpλ nF

+ �p
8m

×
∫

d�λp
λ nF (∂tβ + ∇β0)∫
d�λpλ nF

, (2)

where nF (x,p) is the Fermi-Jüttner distribution of the �,
that is 1/(eβ(x)·p−ξ (x) + 1), being ξ (x) = μ(x)/T (x) with
μ the relevant � chemical potential and p its four-
momentum. d�λ is the freeze-out hypersurface element for
t = const. freeze-out d�λp

λ → dV ε, where ε = p0 is the �’s
energy.

Here the first term is the classical vorticity term, while
the second term is the relativistic modification. The above
convention of �(p) [19] is normalized to max. 50%, while in
the experimental evaluation it is 100%, thus we present the
values of 2�(p) [20], unlike in earlier calculations [18,24,25].

In Fig. 3 the dominant y component of the polarization
vector �(p), for the first and second terms are shown. The
first term is pointing into the negative y direction with a
maximum of −26%. The structure of the first term arises from
the v1 type of flow in Fig. 2(b), which is also unipolar and
negative y directed. The second term has a different structure;
it points in the opposite direction and has a maximum of
+22%, i.e., ∼4% less than the absolute value of the first
term.

In Fig. 4 the x component of the polarization vector �(p),
for the first and second terms are shown. The first term is
about four times smaller than the y component, ±6%, and the
positive and negative values are symmetric in a way that the
integrated value of the polarization over the momentum space
in the transverse plane is vanishing. This sign distribution is
just the manifestation of anti-v2 type of flow in the [y-z] plane,
seen in Fig. 2(c) with a dipole structure. The second term is
about half of the y component, ±17%, and the positive and
negative values are symmetric in a way that the integrated value
of the polarization over the momentum space in the transverse
plane is vanishing. Furthermore the first and second terms have
opposite signs at the same momentum values in the transverse
plane, which decreases further their effect.

In Fig. 5 the z component of the polarization vector �(p),
for the first and second terms are shown. The first term has a
maximum of ±2%, and the positive and negative values are
symmetric in a way that the integrated value of the polarization
over the momentum space in the transverse plane is vanishing.
This sign distribution is also the manifestation of the anti-
v2 type of flow in the [x-y] plane, i.e., a dipole structure in
Fig. 2(d). The second term has similar structure to the first one,
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FIG. 3. The first (top) and second (bottom) term of the dominant
y component of the � polarization for momentum vectors in the
transverse, [px,py], plane at pz = 0, for the FAIR U+U reaction at√

sNN = 8.0 GeV.

with a maximum of ±2% also, but the first and second terms
have similar structure in the momentum space.

In Fig. 6 the dominant y component of the polarization
vector �(p), for the sum of the first and second terms is
shown. The top figure is the distribution of the polarization
in the center-of-mass frame while the bottom figure is in the
local rest frame of the �.

Figure 7 shows the modulus of the polarization vector
�(p). The maximum at high |py | and low |px | is the
same as the absolute value of the 	0y component. Here the
other components have only minor contributions to the final
observed polarization. At the corners, at high |py | and high
|px |, the contribution of the x and z components of �(p)
dominates, while the y component has a minimum.

Figure 8 shows the y component and the modulus of
the polarization vector �(p) for the NICA Au+Au reaction
at

√
sNN = 9.3 GeV. The structure and magnitude of the

polarization is similar to the reactions at FAIR. The negative
maximum at high |py | and low |px | arises from the classical
vorticity in the y component. The positive maximum at high
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FIG. 4. The first (top) and second (bottom) term of the x

component of the � polarization for momentum vectors in the
transverse, [px,py], plane at pz = 0, for the FAIR U+U reaction
at

√
sNN = 8.0 GeV.

|px | and low |py | arises from the relativistic modifications of
the second term. The momentum space average is dominated
by the first term.

The polarization studies at ultrarelativistic, RHIC and LHC
energies, turned out to be sensitive to both the classical vor-
ticity of the flow (first term) and the relativistic modifications
arising from rapid expansion expansion at later stages of the
flow (second term) [18,20].

Initially the contribution of the classical vorticity is stronger
than the relativistic modification term, i.e., the “second” term.
This is in line with earlier observations [5,15]. The effect of
this decrease is also visible in the polarization results. The
� polarization was evaluated at earlier freeze-out time, t =
2.5 + 1.7 fm/c = 4.2 fm/c for the FAIR U+U reaction. See
Fig. 9

The y component and the modulus of the polarization vector
�(p) have very similar structure and magnitude, although the
y component points in the negative y direction as the angular
momentum vector from the initial shear flow. This indicates
that the other, x and z, components are of the order of 1% only
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FIG. 5. The first (top) and second (bottom) term of the z

component of the � polarization for momentum vectors in the
transverse, [px,py], plane at pz = 0, for the FAIR U+U reaction
at

√
sNN = 8.0 GeV.

at moderate momenta where the y component and the modulus
are of the order of 5%–6%. At the “corners,” at high |py | and
high |px |, the contribution of the x and z components of �(p)
are approaching that of the y component, so that the modulus is
larger than the y component, by 4%–5%. Still the contribution
of these second term components is clearly smaller than the
classical vorticity component.

It is important to mention the role of the initial condition.
The second term, the relativistic modification, develops during
the expansion of the system and is not very sensitive to the
initial state. This is shown by the fact that the structure of the
x component of polarization, 	2x in the dominant Fig. 4(b),
is very similar to Fig. 14(b) of Ref. [25]. At the same time
here the initial shear and classical vorticity are present in the
initial state with strong stopping and dominance of the Yang-
Mills field [6,7], while in Ref. [25] this is not present. As a
consequence the final polarization estimates in the y direction
are different in the two models.

054907-4

��� �����	
����



� POLARIZATION IN PERIPHERAL . . . PHYSICAL REVIEW C 94, 054907 (2016)

-20%

-20%

4%4%

-12%

-12%
-8%

-8%

0%0%

-4 -2 0 2 4
-4

-2

0

2

4(a)
2Πy(px,py)

P y(G
eV

/c
)

Px(GeV/c)

-5%

-5%

3%3% 0%0%

-3%

-3%

-4 -2 0 2 4
-4

-2

0

2

4(b)
2Π0y(px,py)

P
y(G

eV
/c

)

Px(GeV/c)
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reaction at

√
sNN = 8.0 GeV. The top figure is in the calculation

frame, while the bottom figure is boosted to the frame of the
� [18].
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figure is in the frame of the �.

III. TOTAL � POLARIZATION INTEGRATED OVER
MOMENTUM SPACE

Because the experimental results for � polarization are
averaged polarizations over the � momentum, we evaluated
the average of the y component of the polarization 〈	0y〉p. We
integrated the y component of the obtained polarization 	0y

over the momentum space as follows:

〈	0y〉p =
∫

dp dx 	0y(p,x) nF (x,p)∫
dp dx nF (x,p)

=
∫

dp 	0y(p) nF (p)∫
dp nF (p)

. (3)

For Au+Au collisions at NICA energy (9.3 GeV/A), the
avarged y component of polarization is 1.82%, at freeze-out
time 2.5 + 4.75 fm/c, while for the U+U collisions at FAIR
energy (8 GeV/A) at the same time, the value is 1.85%, a
bit larger. As some papers [18,26] had pointed out, the �

polarization scales with xF = 2p/
√

s, thus the � polarization
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FIG. 9. The y component (top) and the modulus (bottom) of the
� polarization for momentum vectors in the transverse, [px,py],
plane at pz = 0, for the FAIR U+U reaction at

√
sNN = 8 GeV at the

earlier freeze-out time of t = 4.2 fm/c. The figure is in the frame of
the �.

should increase with decreasing energy, which is also, more
or less, being confirmed by our results. We also evaluated the
average polarization for U+U collisions at 8 GeV/A energy at
an earlier time 2.5+1.7 fm/c, and the obtained value is about
2.02%, showing that the average polarization is decreasing
with freeze-out time.

It is important to mention that if vorticity and polarization
are dominated by the expansion and not by the initial shear
flow then the vorticity is symmetric (see Fig. 13 of Ref. [25]),
and the polarization also as shown in Fig. 4(b), and similarly
in Fig. 14(b) of Ref. [25]. Because of the symmetry of the
polarization in the ± directions these polarizations average
out to zero. This applies to the y directed polarization in the
model initial state of Ref. [25] also. The result that the present
model yields to a net average polarization, 	0y , in the negative
y direction, is because of the strong shear flow and vorticity in
the initial state.

The vorticity induced by the initial orbital angular mo-
mentum will eventually give rise to nonvanishing local and

global polarization, which is aligned with the initial angular
momentum [12,13,27–31]. As Eq. (4.4) in Ref. [12] shows, the
quark polarization rate is sensitive to the viscosity η/s. This
equation also indicates that the modulus of quark polarization
is inversely proportional with the center-of-mass energy. On
the other hand, this equation is based on the one-dimensional
Bjorken assumption, i.e., the transverse expansion was not
considered, while in our model the spherical expansion is
manifested in the second term, and obviously influences the
final polarization significantly.

Previous experimental results, e.g., Au+Au collisions at
62.4 and 200 GeV in RHIC, have shown global polariza-
tion [32], with large error bars. We have to point out that
these experiments had a centrality percentage of 0%–80% in
RHIC, which dilutes the obtained polarization values after
averaging. Also the azimuth averaged values are much smaller
than values for given azimuthal ranges as shown in Fig. 8.
Furthermore Fig. 2 in Ref. [28] and Fig. 3 in Ref. [33]
have shown a centrality region of nontrivial initial angular
momentum, which drops drastically above 50% and below
20% centrality percentage. Because the polarization originates
from initial angular momentum, it is better to measure the
polarization effect in the 20%–50% centrality percentage
range. The centrality percentage value used in our model
is 30%, which gives us the peak value of initial angular
momentum.

For the correct determination of the momentum space
dependence of � polarization, we have to know the reaction
plane and the center of mass (c.m.) of the participant system
in a peripheral heavy ion reaction. The event by event
(EbE) determination of the longitudinal c.m. of participants
could be measured by the forward backward asymmetry
of the particles in the zero degree calorimeters (ZDCs). In
colliders only single neutrons are measured in the ZDCs,
so one has to extrapolate from these to the total spectator
momenta. This method to detect the EbE c.m. was proposed in
Refs. [1,34].

At collider experiments, e.g., the LHC-ALICE or RHIC-
STAR, this determination was not performed up to now,
with the argument [35] that nuclear multifragmentation may
also lead to fluctuation of single neutron hits in ZDCs, and
therefore c.m. frame would have been determined inaccu-
rately. However, at FAIR’s fixed target experiments, it is
possible to detect all the fragments from multifragmenta-
tion of spectators, thus the c.m. frame can be determined
accurately.

Because the experimental measurement of global � polar-
ization is conducted around a different azimuthal angle, it is
crucial to accurately define the EbE c.m. frame. In symmetric
collider experiments, the c.m. frame de facto fluctuates around
the actual c.m. frame. The fixed target FAIR setup can get rid
of this uncertainty perfectly. The compressed byronic matter
(CBM) experiments will be able to measure the polarization
effects at SIS-100 and SIS-300 with millions times higher
intensity and event rate, up to six order of magnitude than at
the RHIC Beam Energy Scan program.

The higher multiplicity thus allows for the high resolution
measurement of the momentum space dependence of the �
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polarization, which can be decisive to determine the dominant
polarization mechanism.

IV. SUMMARY

We have explored � polarization as an observable signal
for the vorticity created in peripheral heavy ion collisions.
The studies were performed within a (3 + 1D) hydrodynamic
simulation for U+U collisions at FAIR energies (∼√

sNN =
8 GeV). We predicted a sizable polarization signature in
the emitted � hyperons that can directly signal the initial

vorticity. The predictions can be explored at the NICA and
FAIR facilities in the near future.

Note added in proof. The field is in rapid development,
which is indicated by several recent publications [36–39].
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With a Yang-Mills flux-tube initial state and a high-resolution (3+1)D particle-in-cell relativistic (PICR)
hydrodynamics simulation, we calculate the � polarization for different energies. The origination of polarization
in high energy collisions is discussed, and we find linear impact parameter dependence of the global � polarization.
Furthermore, the global � polarization in our model decreases very quickly in the low energy domain, and the
decline curve fits well the recent results of Beam Energy Scan (BES) program launched by the STAR Collaboration
at the Relativistic Heavy Ion Collider (RHIC). The time evolution of polarization is also discussed.

DOI: 10.1103/PhysRevC.95.031901

Introduction. The nontrivial polarization effect in high
energy collisions, since it was first observed in Fermilab
with both polarized and unpolarized incident beams [1,2],
has been raising people’s interest. The � hyperon is well
suited to measure the polarization because through the decay
�0 → p + π− with proton carrying the spin information,
the � becomes its own spin analyzer. Afterwards, more
experimental research was launched continuously, including
nucleon collisions and heavy ion collisions [3–9]. Theoretical
studies have also been under way synchronously with the
experiments [10–19].

These experiments have observed that (1) the � polarization
is perpendicular to the reaction plane and (2) increases with
the �’s transverse momentum (pT ) and its Feynman x,
taken to be xF = pL/

√
s [4,5,7]. However, no significant

evidence was found to indicate the energy dependence of
the hyperon polarization, which we will discuss in this Rapid
Communication.

The � polarization in experiments was measured through
the angular distribution of emitted protons in �’s rest frame:

dN

dcosθ
= (1 + αP cosθ )/4π, (1)

where θ is the angle between the proton momenta pp and the
�’s spin S�, P is the polarization amplitude, and the decay
parameter α is taken to be 0.647 ± 0.013 [1,8]. To perform
the measurement and calculation, it is crucial to determine the
reaction plane (RP) and center of mass (c.m.) of the participant
system. Recently it was pointed out that in collider experiments
the c.m. frame determination might not be accurate enough due
to the nuclear fragmentation effects, while the early fixed target
experiments can get rid of this issue [20].

From these experiments, theorists have suggested that the
hyperon polarization originates from the initial substantial
angular momentum, L, in noncentral collisions, since the
global polarization aligns with the orbital angular momentum.
The initial angular momentum is dependent on impact pa-
rameter, or centrality percentage, taking a shape of quadratic
function that peaks around 9% centrality percentage, as shown
in Refs. [21,22]. In the RHIC’s Au+Au collisions at 62.4 and
200 GeV, no centrality dependence of the global hyperon polar-
ization was analyzed [23], due to the insignificant polarization.

Recently, stronger polarization signal was observed in RHIC’s
Beam Energy Scan (BES) program in the energy region below
100 GeV [24]. Therefore, in this Rapid Communication we
will explore this issue again.

During past decades, two different perspectives were
developed for the transition mechanism from initial angular
momentum to the final state hyperon polarization, i.e., the
hydrodynamical perspective and partonic kinetic perspective.
From the partonic micro-perspective, the initial angular mo-
mentum is transferred to the partons through the interaction of
spin-orbit coupling in viscous QGP [11], and then the global
polarized quarks are recombined into hadrons, in which the
Thomas precession of the quark spin was applied [25].

In the hydro- and thermodynamical description, the initial
angular momentum is manifested in a longitudinal velocity
shear, which, with small shear viscosity, results into a rotating
system with substantial vorticity and even Kelvin-Helmholtz
instability [26]. Assuming local equilibrium at freeze-out
and equipartition of the spin degree of freedom, Ref. [15]
put forward a polarization 3-vector for spin-1/2 particles
and antiparticles based on the generalization of Cooper-Frye
formula for particles with spin.

It was recently pointed out that the detailed balance of
Cooper-Frye formula on freeze-out (FO) hypersurface requires
a nonvanishing polarization in fluid before FO [27]. However,
the absence of pre-FO polarization should not significantly
effect the polarization calculation based on Ref. [15]. One
can calculate that, the spin of each baryon is L = h̄/2 ≈
98.5 MeV fm/c. As the polarization is between 1 and 10%
at different beam energies in the RHIC BES program, this
gives L ≈ 1–10 MeV fm/c for the angular momentum carried
by one baryon. On the other hand the total angular momentum
is around [28]: L = 1.05 × 104 h̄ = 205.8 × 104 MeV fm/c.
This is distributed among a few hundred baryons in semipe-
ripheral reactions at not too high energies, i.e., very few
antibaryons, which gives an angular momentum per baryon:
L ≈ 104 MeV fm/c. This is 3 to 4 orders of magnitude bigger
than the spin angular momentum carried by one baryon in the
vortical flow. Therefore, even if 1–10% of spins are already
polarized before FO, carrying only one per mil of the total
angular momentum, they will neither effectively impact the
fluid dynamical evolution, nor significantly change the detailed
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balance during FO process, thus keeping the validity of the
polarization 3-vector in Ref. [15].

References [17,18] applied this polarization 3-vector to
relativistic heavy ion collisions to explore the momentum
space distribution of � polarization. However, the previously
neglected second term of the polarization formula, which
reflects the effect of system expansion, turned out to be not
negligible. In this Rapid Communication, we will compute the
complete � polarization, including both the first and second
terms, for the Au+Au collisions in the same energy domain
as the RHIC BES program.

� polarization in hydrodynamic model. The initial state
we used here could naturally generate a longitudinal velocity
shear [29,30], which leads to the hyperon polarization after
the hydrodynamical evolution, simulated by a high-resolution
computational fluid dynamic (CFD) calculation using the
relativistic particle-in-cell (PICR) method. This initial state
assumed a Yang-Mills field string tension between Lorentz
contracted streaks after impact, and conserved the angular
momentum both locally and globally. Both in the initial state
and subsequent CFD simulation, the frequently used bag
model equation of state (EoS) was applied: P = c2

0e
2 − 4

3B,
with constant c2

0 = 1
3 and a fixed bag constant B [29–31].

The energy density takes the form e = αT 4 + βT 2 + γ + B,
where α, β, γ are constants arising from the degeneracy factors
for (anti)quarks and gluons. At freeze-out (FO) stage, the major
part of FO hypersurface is assumed to be timelike, which
entails small changes between the pre-FO and post-FO state,
and thus the ideal gas phase space distribution can be applied
[18,32].

The spatial part of polarization 3-vector for (anti) hyperon
with mass m reads as [17–19]

�(p) = h̄ε

8m

∫
d�λp

λ nF (∇ × β)∫
d�λpλ nF

+ h̄p
8m

×
∫

d�λp
λ nF (∂tβ + ∇β0)∫
d�λpλ nF

, (2)

where βμ(x) = (β0,β) = [1/T (x)]uμ(x) is the inverse tem-
perature four-vector field, and nF (x,p) is the Fermi-Jüttner
distribution of the �, that is 1/(eβ(x)·p−ξ (x) + 1), being ξ (x) =
μ(x)/T (x) with μ being the �’s chemical potential and p its
four-momentum. d�λ is the freeze-out hypersurface element,
for t = const. freeze-out, d�λp

λ → dV ε, where ε = p0 is
the �’s energy.

Here the first term reflects the classical vorticity effect
(∇ × β), and the second term arises from the expansion
effect (∂tβ) and relativistic modification (∇β0). Noticing that
the convention of 	(p) is normalized to 50%, i.e., Eq. (1),
the value should be multiplied by 2 to keep in line with
the polarization anisotropy in experimental studies, where
the upper limit is 100%. This is unlike the previous studies
[13,17–19]. Besides, Eq. (2) is calculated in the center-of-mass
(c.m.) frame, and one can Lorentz boost it into �’s rest frame
by the following formula:

�0( p) = �(p) − p
p0(p0 + m)

�(p) · p. (3)

2%2%

-4%

-4%

-0% -0%

-3%

-3%

-4 -2 0 2 4
-4

-2

0

2

4
2Π0y(px,py)

P y(G
eV

/c
)

Px(GeV/c)

(a)

6%

6%6%

6%5%

5%

2% 2%

4%

4%

3%3%

-4 -2 0 2 4
-4

-2

0

2

4(b)
|2Π0(px,py)|

P y(G
eV

/c
)

Px(GeV/c)

FIG. 1. The y component (top) and the modulus (bottom) of the �

polarization for momentum vectors in the transverse, [px,py], plane
at pz = 0, for the Au+Au reaction at

√
sNN = 11.5 GeV. The figure is

in the frame of the �. The impact parameter b = 0.7bm = 0.7 × 2R,
where R is the radius of Au and bm = 2R is the maximum value of b.
The freeze-out time is 6.25 = (2.5 + 4.75) fm/c, including 2.5 fm/c
for initial state and 4.75 fm/c for hydroevolution.

The three components of the polarization 3-vectors,
2�(px,py) [or 2�0(px,py)], have different significance. As
we pointed out in our earlier paper [19], the x and y

components of polarization, 2	x and 2	x , in transverse
momentum space [px,py] are rather trivial and form a
symmetric dipole structure, which results in vanishing global
polarization along the x and y direction in the participant c.m.
frame. Meanwhile, as expected, the −y directed polarization,
aligned with the initial angular momentum, dominates the
modulus of polarization 3-vector, 2|�0( px, py)|. Figure 1
shows the dominant y component and the modulus of �

polarization, in Au-Au collisions at 11.5 GeV. One can see
that the top and bottom figures have similar structures and
magnitudes, which indicates a trivial influence of the x and y

components on the global polarization.
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FIG. 2. The linear dependence of global polarization, 2〈	0y〉p , as
a function of impact parameter ratio b0 at 11.5, 27.0, and 62.4 GeV.

Since the −y directed global � polarization in experimental
results is averaged polarization over the �’s momentum
space, we evaluated the average of the y component of the
polarization 〈	0y〉p. We integrated the y component of the
obtained polarization, 	0y , over the momentum space as
follows:

〈	0y〉p =
∫

dp dx 	0y(p,x) nF (x,p)∫
dp dx nF (x,p)

=
∫

dp 	0y(p) nF (p)∫
dp nF (p)

(4)

to calculate the global polarization. The word global means
averaging over phase space [x, p]. Besides, we replace the
〈	0y〉p with −〈	0y〉p, since in experiments the angular
momentum’s direction, i.e., negative y direction, is the
conventional direction for global polarization.

Results and discussion. According to the alignment of
polarization and the system’s angular momentum, theorists
suggested attributing the polarization to the initial orbital
angular momentum arising in noncentral collisions. Refer-
ences [21,22] have analytically deduced and schematically
displayed the initial angular momentum in the reaction region
as a function of impact parameter b, taking the form of
quadratic function, which roughly peaks at b = 0.25bm or
0.3bm. If the angular momentum is translated into polarization
without any other significant perturbative mechanism, one
should also observe the polarization’s dependence on impact
parameter. In other words, the initial angular momentum of
the participant system is initiated by the inequality of local
nuclear density in the transverse plane, and this inequality is
dependent on the impact parameter. Thus the initial impact
parameter dependence of the late-state polarization should in
principle be observed.

Figure 2 shows the global polarization of Au+Au collisions
as a function of ratio of impact parameter b to Au’s nuclear
radius R, i.e., b0 = b/2R. One could see that the polarization at
different energies indeed approximately takes a linear increase
with the increase of impact parameter, except for 62.4 GeV,
due to the vanishing polarization signals at relatively central
collisions. This linear dependence clearly indicates that the

polarization in our model arises from the initial angular mo-
mentum. However, the polarization’s linear dependence on b

is somewhat different from the angular momentum’s quadratic
dependence on b. This is because the angular momentum L is
an extensive quantity dependent on the system’s mass, while
the polarization 	 is an intensive quantity.

An earlier � global polarization measurement by the STAR
Collaboration in Au+Au collisions at 62.4 and 200 GeV had
observed an insignificant indication of centrality dependence,
due to the occurrence of negative polarization, as well as
large error bars [9,33]. The result of opposite directed global
polarization at different centralities would be weird, if we
assume that polarization comes from the angular momentum.
Besides, no experimental � polarization measurements before
the present ones had observed the opposite-pointing direction
of global � polarization [1–6]. This might be because of
the inappropriate choice of momentum space. However, from
Figs. 5 and 7 in Refs. [9,33] one could still see that the
polarization signal becomes stronger at larger centrality, while
at small centrality percentage (below 40%) the signal is weak
and vanishing. Similar behavior occurs in our simulation
results for 62.4 GeV; specifically the polarization value also
vanishes when the centrality percentage goes below 20% and
increases as the centrality increases.

The recently reported global � polarization observation in
STAR’s BES I program has shown a positive signal for both �

and �̄, and thus it is promising to eliminate the disturbing
opposite polarization direction that occurred in previous
experiments [1–6], and this confirms our predictions. Besides,
the RHIC’s Event Plane Detector (EPD), on upgrading for
future BES II with higher EP resolution, will provide a better
chance to determine the issue of centrality dependence of
� polarization [34]. With experimental c.m. identification
one could also verify the momentum dependence of the
polarization as shown in Fig. 1.

The � polarization increases with its Feynman xF =
pL/

√
s, as well as transverse momentum pT , had been

observed in experiments and can be partly attributed to the

10 100
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
4.0
4.5
5.0

PICR model
 Λ  in STAR
 Λ  in STAR

2<
Π

0y
> 

(%
)

√s(GeV)

FIG. 3. The global polarization, 2〈	0y〉p , in our PICR hydro-
model (red circle) and STAR BES experiments (green triangle), at
energies

√
s of 11.5, 14.5, 19.6, 27.0, 39.0, 62.4, and 200 GeV. The

experimental data were extracted from Ref. [24], with solid triangle
for � and hollow triangle for �̄, dropping the error bars.
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FIG. 4. The time evolution of global polarization, 2〈	0y〉p , for
energy

√
s = 11.5, 27, and 62.4 GeV.

ss̄ pair production mechanism. It was also predicated that
the polarization should also depend on the collision energy√

s, although early experiments did not find evident signals
to confirm this [4,5,7]. Recently with an exploration to low
energy domain between 7.7 and 27.0 GeV, the RHIC BES I
program had successfully observed the energy dependence
of � polarization with a higher EP resolution and better
background extraction.

Using the PICR hydrodynamical model, we calculated the
global � polarization at the following energies: 11.5, 14.5,
19.6, 27, 39, 62.4, and 200 GeV, and plotted them with red
round symbols in Fig. 3. The impact parameter is b0 = 0.7, i.e.,
the centrality is c = 49%. For comparison the data of � and
�̄ polarization from STAR (RHIC) were inserted into Fig. 3
with blue triangle symbols. One could see that our model fits
fairly well the experimental data. Although the experimental �̄
polarization is larger than the � polarization, it will not change
the averaged polarization very much, because the production
ratio of �̄ to � is very small in high energy collisions [35].

Figure 3 clearly shows that � polarization is dependent
on collision energy; it drops very quickly with increasing
energy from 11.4 to 62.4 GeV and tends to saturate after
62.4 GeV. From a thermodynamical perspective, the polar-
ization decreases with energy, and this can be attributed to
the higher temperature in higher energy collisions. The drastic

thermal motion of particles will decrease the quark polarization
rate, which according to Ref. [11] is inversely proportional to
the collision energy. On the other hand, simulating results
by a multi-phase transport (AMPT) model has shown that
the averaged classical vorticity decreases with the collision
energy [36,37], which, of course, leads to the decline of global
� polarization.

It is also interesting to take a glance on the time evolution
of � polarization, shown in Fig. 4. In this figure, the �

polarization increases slowly at an early stage and then falls
down very quickly. The negative polarization values that occur
at 62.4 GeV after 10 fm/c demonstrate the loss of validity of
the hydrodynamical model at late stages of system expansion,
due to the large surface to volume ratio. Besides, at early
stages, no �s are produced, so the climbing segment of the
curves before 4 fm/c is not observable.

Summary and conclusions. With a Yang-Mills field ini-
tial state and a high resolution (3+1)D Particle-in-Cell
Relativistic (PICR) hydrodynamics simulation, we calculate
the � polarization for different low energies and different
impact parameters. The polarization in high energy collisions
originates from initial angular momentum or the inequality
of local density between projectile and target, and both of
them are sensitive to the impact parameter. Thus, we plotted
the global polarization as a function of impact parameter b

and a linear dependence on b was observed. We hope that
after upgrading the Event Plane Detector, the STAR will
provide higher resolution EP determination and centrality, to
determine precisely the centrality dependence of global �

polarization.
Furthermore, the global � polarization in our model

decreases very quickly in the low energy domain, and the
decline curve fits very well with the recent results of Beam
Energy Scan (BES) program launched by STAR (RHIC). This
is a very exciting new result, which indicates the significance
of thermal vorticity and system expansion.

Finally, the time evolution of � polarization shows the
limitation of hydrodynamical model at later stage of system
expansion.
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Λ polarization in an exact fluid dynamical

model for heavy-ion collisions

Yilong Xie∗

Department of Physics and Technology,
University of Bergen, Allegaten 55, 5007 Bergen, Norway

Abstract

Λ polarization is calculated in an exact analytical, rotating model
based on parameters from a high resolution (3+1)D Particle-in-Cell
Relativistic hydrodynamics calculation. The polarization is attributed
to effects from thermal vorticity and for the first time the effects of the
radial and axial acceleration are also studied separately.

At finite impact parameters, the initial state (IS) has non-vanishing
angular momentum. Early studies neglected effects arising from the non-
vanishing angular momentum, but interest increased recently. With the
development of hydrodynamic modeling, rotation and its consequences were
studied as well.

Thermal vorticity arises from the inverse temperature field in heavy ion
collisions, and due to the non-vanishing angular momentum and shear in
the initial stages. We look at polarization in effects arising from thermal
vorticity in an exact rotating model [1], corresponding to an appropriate
time-period of the collision based on a (3+1)D fluid dynamical model

Conventionally, [x, z]-plane is the reaction plane, with y being the axis
of rotation. Then the initial angular momentum points into the negative
y-direction, with an absolute value of approximately 1.45 · 104h̄.
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Following [2], the polarization arises from the thermal velocity field,
βμ(x) = uμ(x)/T (x), due to equipartition between vorticity and spin as

Πμ(p) = h̄εμσρτ
pτ

8m

∫
dΣλp

λnF (x, p)(1− nF (x, p))∂
ρβσ∫

dΣλpλnF (x, p)
. (1)

where εμρστ is the completely antisymmetric Levi-Civita symbol, nF the
Fermi-Jüttner distribution for spin-1/2 particles, (1−nF ) is the Pauli block-
ing factor and p is the four-momentum of the Λ.

The Λ polarization is determined by measuring the angular distribution
of the decay protons in the Λ’s rest frame. By Lorentz boosting the polariza-
tion vector, Π(p), in the participant frame, one can obtain the polarization
vector Π0(p) in Λ’s rest frame:

Π0(p) = Π(p)− p

p0(p0 +m)
Π(p) · p , (2)

where (p0,p) is the Λ four-momentum and m its mass.
As the Λ is transversely polarized, Πμpμ = 0, one can confine himself to

the spatial part of Πμ. The simplified spatial part of polarization vector is:

Π(p) = Π1(p) +Π2(p)

=
h̄ε

8m

∫
dV nF (x, p) (∇× β)∫

dV nF (x, p)

+
h̄p

8m
×

∫
dV nF (x, p) (∂tβ +∇β0)∫

dV nF (x, p)
. (3)

Using the vorticity evaluated in [3], for the non-relativistic Exact model,
we deduced the analytical solution for the Λ polarization:

Π(p) =
h̄

8mT

[
pyc9
c3
√
c4

M−1, 1
2

M− 1
2
,0

ex +
(
2εω − |px|c9

c3
√
c4

×
M−1, 1

2

M− 1
2
,0

)
ey

+
( |px|c7c1

2c2
− pyc8

c3
√
c4

M−1, 1
2

M− 1
2
,0

)
ez

]
, (4)

where ci (i = 1−9) are parameters in terms of scaling variables andMμ,ν(z),
is the Whittaker function, the confluent hypergeometric function [1].

As seen in eq. (4), the polarization consists of two terms, Π1(p) and
Π2(p), which arise from local vorticity (∇× β) and expansion (∂tβ). One
can see from Fig. 1, that the second term in the polarization is of comparable
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magnitude to the term arising from local vorticity. In a previous calculation
[4], the p dependence of nF , was considered negligible in the integral, and
the time derivative and gradient terms were also assumed to be smaller. The
present calculation shows that in general these terms are not negligible.

Figure 1: (color online) The two terms of Λ polarization Π1(p) (left panel), Π2(p)
(right panel) in the participant frame at time t = 0.5 fm/c after the equilibration
of the rotation, in the Exact model. Based on Ref. [1].

The Λ polarization is measured via the angular distribution of the decay
protons in the Λ’s rest frame, as shown in Eq. (2). The resulting distribution
is shown in Fig. 2. The structure of Π0y(p) is similar to the one obtained
in [4], but it reaches 12% at high px values, greater than 9% in Ref. [4], due to
the contribution of the ”second”, ∂tβ term. These new studies indicate that
the dynamics of the expansion may also lead to non-negligible contribution
to the observable polarization.

Recently the vorticity and polarization were also studied in another fluid
dynamical model [5], where the initial shear flow is neglected. This results in
negligible thermal vorticity (Figs. 3 and 13 of Ref. [5]), and consequently a
negligible polarization from the vorticity, i.e. from the ”first term” discussed
here. On the other hand, there is qualitative agreement between Fig. 12
of Ref. [5] and this work in the sense that only the y-directed (i.e. [x, z] or
[x, η]) component of the vorticity leads to an overall average net polarization.
This arises in both models from the initial angular momentum and points
into the −y-direction. In Ref. [5] this arises as a consequence of viscous
evolution of the initial, vorticity-less flow, while in our Exact model it is
present in the initial state.
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Figure 2: (color online) The radial, x, and axial, y, components of Λ-polarization,
Π0(p), in the Λ’s rest frame. Both plots are asymmetric due to the Lorentz boost
to the Λ rest frame. From [1].

In this work we analyzed and compared the two terms, and the Exact
model. Including both rotation, expansion, and vorticity arising from both
effects. This study indicates that the assumptions regarding the initial state
are influencing the predictions on the observed vorticity.
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