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1 INTRODUCTION/BACKGROUND

This thesis has been written based mainly on the work of Henrik Kalisch and Magnar
Bjoerkavég in their article “Wave breaking in Boussinesq models for undular bores” [1] from
2011.

A bore is a fluid phenomenon that can be described in rough terms as a flow of fluid moving
along on top of “another” body of fluid. More formally described by quoting Kalisch and
Bjerkavag in [1] (p. 1570): “In its simplest description, a bore is a transition between two
uniform free-surface flows with different flow depths”. In Figure 1.1 below, a bore with
height a, travelling onto initially undisturbed water with depth h, is shown.
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Figure 1.1 - A travelling bore
From this figure, we can define an important property for bores, the bore strength « = aqy/hy.

The background for the work in [1] was the experimental findings from 1935 by Favre [2],
who studied travelling bores in an outdoor wave tank. Favre observed several interesting
phenomena related to the above mentioned bore strength a. Quoting from Brun in [3] (p. 1):

“As found by Favre (...) by wave tank experiments, the strength of the bore can be
determined by the ratio of the incident water level above the undisturbed water depth to the
undisturbed water depth. Denoting this ratio by a, bores can occur in one of three categories:
If a is less than 0.28 the bore is purely undular, and will feature oscillations downstream of
the bore front. If  is between 0.28 and 0.75 the bore will continue to feature oscillations, but
one or more waves behind the bore front will start to break. If a is greater than 0.75 the bore
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is completely turbulent, and can no longer be described by the standard potential flow
theory.”

In other words, with regards to wave-breaking, Favre found a critical bore strength @ riticar =
0.28, and for @ = a yiticq1> he observed the onset of wave-breaking in waves behind the bore
front.

In [1], Kalisch and Bjerkavag wanted to investigate this value of @¢yiticqr, by using a
Boussinesq system to describe the bore flowing onto undisturbed water, creating a numerical
scheme and simulating the time-evolution of the bore. The efforts of Kalisch and Bjerkavag
resulted in the finding of a critical bore strength & i¢icq; = 0.379.

The main goal of this thesis is to study the onset of wave-breaking in undular bores, by
investigating the value of @it found by Favre and Kalisch/Bjerkavdg. This is done by
simulating numerically the time evolution of an undular bore expressed as an initial/boundary
value problem using the non-linear dispersive Benjamin-Bona-Mahony equation from shallow
water theory, more specificly the form of the BBM-equation (abbreviation used from this
point on) found in [4].

The BBM-equation is a non-linear, third order partial difference equation whose solution
n(x, t) [m] describes the deflection of the free water surface relative to some zero-reference
elevation.

As a numerical simulation of the bore initial/boundary value problem is finished, a numerical
approximative solution for the surface profile n(x, t) is available, and since then the positions
of undulations/waves are known for all times, it is relatively straight-forward to calculate
wave phase speed U [m/s] by simple speed = distance/time reasoning.

The theoretical derivation of the KdV- and BBM-equation found in [4] also includes
equations for the horizontal fluid velocity u [m/s], which it should be emphasized is not
identical to the wave phase speed U. By comparing the velocities U and u at the top of wave-
crests at specific times, and introducing a wave-breaking criterion u > U, the onset of wave-
breaking can then be studied.

The full MATLAB source code for “bbm_solver”, used for simulating the undular bore, is
included in appendix A. The full MATLAB source code of “bbm_error checker”, used for
checking order/convergence speed of the numerical method, is included in appendix B. The
idea is that for anyone interested, it should be possible to copy the entire text/code from the
appendices into a MATLAB script or a script in any other program compatible with the
programming language of MATLAB, and then run the programs.
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2.1 Derivation of the BBM-equation
2.1.1 Summary of the derivation done by Whitham

Chapter 2.1.2 follows and elaborates the steps in Whitham’s formal theoretical derivations in
[4], pages 464-466, leading ultimately to the Korteweg-deVries (KdV) equation and the
BBM-equation.

Whitham’s derivation assumes irrotational and incompressible flow, and viscosity is
neglected. Further, it is based upon the assumption that the velocity potential ¢ (x, z, t), with
unit [m?/s] may be written as an asymptotic expansion in the “parameter” z, that is

[00]

¢ = Zann(x, t) 2.1)

n=0

Substituting this expansion for ¢ into the Laplace equation and applying the bottom boundary
condition ¢, = 0 on z = 0 from the classical surface wave problem, we arrive at a new form
of the expansion for ¢ (x, z, t):

B ® . ZZm ame
= Z(_l) “2m)! axzm (2.2)

m=0

where with regards to the functions f;, (x, t), it is now only dependent on the first function
f = fo(x, t) from the original expansion.

At this point Whitham’s derivation turns to non-dimensionalizing, which is an often used tool
that makes important non-dimensional parameters explicitly present in the equations at hand.
This in turn enables us to determine when different terms in an equation is small, and create
simpler equations which approximate the original equation well under certain (physical)
conditions, by dropping terms in higher order of the above mentioned dimensionless
parameter groups that appears from the scaling between dimensional and non-dimensional
variables. See e.g. [5] for a more detailed explanation of the method of non-dimensionalizing.

The expansion (2.2) above is non-dimensionalized, and we then get an expansion for the non-
dimensional velocity potential @ (%, Z, t). The latter is substituted for @ into the free surface
boundary conditions of the non-dimensional version of the surface wave problem. From this,
and some justified simplication by dropping of terms in higher orders of parameters a and 8
arising from the non-dimensionalizing, we arrive at a variant of the non-dimensional
Boussinesq equations. Then, by specializing to a right-travelling wave, the non-dimensional
KdV-equation is obtained. By re-dimensionalizing the KdV-equation and then doing an
approximation on one of the x-derivatives in the dispersive correction term, we are the finally
at the dimensional BBM-equation as given in [4]:
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+c (1 +El) ¥ =0
Me T Co 2 g Nx o Moxt = (2.3)

where ¢, =/ gh, is the shallow water approximation for the linear surface wave phase speed
[4] [6] with units [m/s], hy is the height of the undisturbed water surface in [m], ¥ is denoted
in [4] as the constant % coh3, and finally the solution of the equation, n = n(x, t), is the
surface deflection in [m].

If we for simplicity set g = 1 and hy = 1, which also implies ¢y = 1, equation (2.3) becomes:

3 1

Ne + Ny + Ermx - gnxxt =0 (2.4)

2.1.2 The derivation in detail

We start out by pointing out that z is measured from the horizontal bottom. Note that we
assume we have potential flow, so the velocity field is given by u = Ve, and further
frictionless flow, so the no-slip bottom boundary condition ¢, = 0 on z = 0 does not apply.
We need to find a solution to the Laplace equation.

Pyx + Pz =0 (2.5)

with the bottom boundary condition ¢, = 0 on z = 0. This boundary condition is the “no
through-flow”’-condition, you cannot have water flowing through the physical bottom, so the
vertical velocity component ¢, = w [m/s] must be equal to zero at the bottom.

Quoting Whitham in [4] (p. 464): “The shallow water theory, with ¢, approximately
independent of z, and the small total depth both suggest an expansion”

¢ = i 2" fn(x, )

Writing out the first terms for the purpose of clarity, we have
o = 2%, t) + 2 (e, ) + 22 f,(x, t) + 23 f5(x, 1) + - (2.6)

and we recognize the shape of an asymptotic expansion, each term in the asymptotic sequence
in z being dominated by the previous term as z — 0.

Substituting the expansion into the Laplace equation, we then have

92 [ 92 (o
ﬁ(Z 2, (x, t)) + @<Z 2 (x, t)> —0

At this point, it is convenient to calculate ¢,, which from the expansion for ¢ will be

@, =0 folx,t) +1-zV1-f(x, ) + 22271 f,(x,t) + -

10
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corresponding to the expansion/sum

[o e}

n=1
which looks like

0, =1 ) +2-z fL,(x,t) +3- 2% f3(x,t) + -

Now, applying the bottom boundary condition ¢, = 0 on z = 0, or ¢,(x,0) = 0, we get
(pz(x, O) = fl(xi t) +2-0- fZ(xl t) +3- 02 - fB(x; t) +:-=0

and all terms after the first one vanish, leaving us with

fl(xi t) = O

We need expressions for ¢,, and ¢,, to put into the Laplace equation. We find ¢,, by
differentiation of equation (2.7) to be

[ee)

Ogz = z n-(m—1)-z"2f,(x1t)

n=1
Writing out the terms of this expression, we have

0, =1-1-1D-2""2 filx,)+2-2-1)- 227 fL,(x, ) +3-3-1) - 272 f3(x,1)

and since the first term (corresponding to n = 1) disappears, we have the expansion

[ee)

G = ) ne(n=1)-2"2 fu(x,0)

n=2

and rearranging the indices to start at n = 0, we get

[o e}

G =) (+2) (1) 2" fry(r,0

n=0

In finding ¢,,, we note that z is a constant when differentiating w.r.t X, and write it as

[oe)

Oux = ) 2" fu D

n=0

Substituting the expansions for ¢,, and ¢, into the Laplace equation then gives

D Dt ) (42 1+ D)2 fraa (6,0 = 0

which can be rewritten as

11
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D Ml O+ (142 (1 D) fraa(6,0] = 0

n=0

Now since the above equation must hold for all z and n, which could obviously be non-zero
and thus give non-zero values of z", we deduce that we must have

D+ (M+2)-(n+ 1) frp(x,t) =0

providing us with a recursive relationship for the f;, (x, t)-functions. Note that we already know
that f; (x,t) = 0, which leads to f;(x,t), = 0 and f;(x,t),, = 0. We want to investigate the
fn(x, t)-functions, and we write out the above equation for a few values of n, starting at n = 0.

fO(x' t)xx

n=0: fo(,On+2-1" fL(xt)=0=f(xt) =— 51

n=1 filt),+3-2 fz(x,t) =0= f5(x,t) =0

fZ (x' t)xx

n=2 f0)nx+4-3 falx,t) =0=fo(x, t) = — 43

1 fO(x:t)xxxx
f4(x,t)=—4_3-(— 21 >

— fO(x: t)xxxx
4-3-2-1

n=3: f306,t)u+54 fs(x,t) =0= fc(x,t) =0

= a. — _ ﬁl(x' t)xx
n=4 f4(xit)xx+6'5' fG(X,t) = 0:>f6(x;t) = —T
— 1 i f 0 (x' t) XXXXXX
fe(X,t)__6_5 (4.3.2.1>
f6(x; t) — fO(x' t)xxxxxx

" 6:54-3-2-1

We notice that all the odd-number functions vanish, and also that all the even-numbered
functions can be written in terms of derivatives of f,(x, t).

Returning to our original expansion for ¢
o= 2% (xt) + 2 f1(x, t) + 22 f,(x, t) + 23 f5(x, t) + -

we write it up again, taking into account that all terms where an odd-numbered function is a
factor vanish

@ = 2% (x,t) + 22, (x,t) + z* fo(x, t) + z°f(x, t) + -+

Now we use the expressions in terms of derivatives of f;(x, t) found for the even-numbered
functions, to get

12
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P fo(%, ) xx 4 fo (%, ©) xxxx 6 fo (X, ) sexexxxx
®= folx,t)+z (_T>+Z <m>+z (—6_5.4_3_2.1>+...

which can be expressed by the general sum

B ® . ZZm ame
= Z(_l) “2m)! axzm (2.2)

m=0

where we have used the simplified notation f,(x,t) = f.

The time has now come to introduce in detail the surface wave problem, a classical fluid
mechanics boundary value problem. In the original dimensional form, it reads

Oxx + @, = 00n 0 < z < hy + 7 (the Laplace equation)
¢, = 0 on z = 0 (bottom boundary condition)

Ne + @ — @, = 0 on z = hy + 1 (first free surface boundary condition)
o+ % |[Vp|? + gz = ghy on z = hy + 1 (second free surface boundary condition)

We will not go into the details of how to derive this problem from actual physical
considerations, but a good explanation of the derivation for the case of linear waves can be
found in e.g. [6], and the problem for non-linear waves is easily found by including non-linear
terms in this derivation .

It is also convenient at this point to introduce two dimensionless parameters used by Whitham
in [4], these are

and

P=%

Note that a denotes the ratio of a typical wave amplitude to the undisturbed water depth,
while § denotes a relationship for the ratio of the undisturbed water depth to a typical
dominant wave length [1] [4]. We also remember the shallow water approximation for the
linear surface wave phase speed, given in [4] and [6] as

Co =+/9ho
with units [m/s].

In the further derivation of the BBM-equation, we need the non-dimensional version of the
surface wave problem, so we continue by doing the non-dimensionalizing.

First, we introduce the relationship between the dimensional and non-dimensional variables.
They are:

x = Ilx

13
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Z = h0Z~

It

t=—

Co

n =af
_glap

QY = co

So X, Z, t, 7 and @ are now are non-dimensional variables. In the above relations, we have
l = characteristic length scale in x — direction [m]

ho = characteristic length scale in z — direction [m]

gla o _ ~[m?
— = characteristic velocity potential e
0

a = characteristic surface displacement (equal to amplitude)[m]

l
— = characteristic time scale [s]

Co

Further, from simple chain rule considerations, we get the following relationships between the
dimensional and the non-dimensional differential operators:

a 10
ox  1ox
o 120
9z h, 0z
Jd ¢y 0
at 1ot

Starting with the Laplace equation, we first rewrite it as

9% rgla® 0% /glad
(9 90) + (9 WP) ~0
0x?\ c¢q 0z%2 \ ¢,

and substituting in the non-dimensional differential operators we have

10 [1 d (glagb) N 10 [1 d (glaq“))]_o
1ozl ox\ c, hodzlhy9z\ ¢, /1

We change the notation for derivatives, and rewrite the above as

Note that the above equation has the units [1/s]. We non-dimensionalize it by multiplying it
by the factor

14
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coh?
gla

which has unit [s], and arrive at
hg _
2 Pz + Qzz =

, we have the non-dimensional Laplace equation
(2.8)

hg
z

And then by f§ =
BPzz + P2z =10

For the bottom boundary condition
¢,=0onz=0

we rewrite to
0 (p)=0
0z ®)=

and substitute for the differential operator and ¢ to get
10 <glagb> _ 0
hodZ\ ¢, /

which has unit [m/s]. Now we non-dimensionalize by multiplying the above equation with the

factor

hoco
gla
with unit [s/m], and we get
¢z=0
Noting further that from the relationship
z = hyZ

we have that z = 0 implies Z = 0, so we then have the non-dimensional bottom boundary

condition
(2.9)

P;=0onz=0

Continuing with the first free surface boundary condition
Net @xllx — @, =00nz=ho +7

we first rewrite for clarity to

9 o 0 9 _ o
a(ﬂ)‘*‘a((ﬂ) a(n)—a(fﬂ)—

And substitute for differential operators and variables to get

15
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10 (glagb) 10 () 10 (gla@)_o
l 19z YV " ho oz -

Changing back the notation for derivatives, and noting and using that
a .
a = —gives a = ah,
ho
we have

ahocy . 1 gla?h3 _  _  gla _
et Pz ———Pz=0
l l Co Co

which has the unit [m/s]. Now we non-dimensionalize by multiplying the above equation by
the term

ahycy
with unit [s/m], to get
_ L gahy o gl*
Mt =5 Psllz =72 " ¢z=0
Co hocy

and then by substituting for ¢, and S by using

hZ
CO zﬂgho andﬁ :l_g

we arrive at

it + a@zijz — Pz =0

|~

We must also find the non-dimensional expression for the z-value at the free surface.
Remembering that in dimensional form, it reads

Z = hO + n
We use the relationship z = hyZ and n = af] to get
hoZ S hO + aﬁ
then dividing this equation by h, and using a = hi, it turns into
0
Z=1+af]
And so we now have the first free surface boundary condition in the non-dimensional version:
e + afsfl —3@; = 0on 2 = 1 + aif 210

Turning now to the second free surface boundary condition

1
@ +51Vpl* + gz = ghoonz = hy +7

16
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We rewrite the equation, expanding the gradient term, evaluating at z = hy + 1 and changing
notation for derivatives to get

2 2
0 1 (0 1 (0
a(fﬂ)‘l'z'(a(fﬂ)) +§'<E(<P)> +gn=0
Now, substituting for differential operators and variables, we have
2 2
co 0 <gla</“)) 1 (10 (glagb) 1 ({10 (glaq“)) 5
2= i == =0
19t o ) 2 \Toz\ ¢, /) T2 \noaz\ g /) T 94

which by simplifying, substituting in ¢, = / gh, and changing the derivative notation back
turns into

gagi + - =— P + - @% +gaij =0

1 ga® . 1 gl?a?
2 hy P22 TR

an equation having the unit [m?/s?], so we nondimensionalize by multiplying the equation
with the term

~ 1 ~2 ~2 ~

Pet S Prtom ¢z +7=0

And finally, by expressing the equation above in terms of the parameters @ and £, we find the
second free surface boundary condition in the non-dimensional version to be

~ ~ 1 o la - ~ ~
i+ @ + Ea¢§+zg<p§=00nz=1+an @11

For the sake of clarity, let us now state the full non-dimensional version of the surface wave
problem:

BPzz + Pz =00n 0 < Z < 1+ aiff (non-dim. Laplace equation)
@z = 0 on Z = 0 (non-dim. bottom boundary condition)
Mg + a@zlz — %(Z)z = 0on Z = 1 + af] (first non-dim. free surface boundary condition)

@% = 0 on Z = 1 + aff (second non-dim. free surface boundary

IR

condition)

Now, we need the non-dimensional version of the expansion (2.2). There are at least two
ways to get this.

The first method is described by Kalisch and Bjerkavag in [1], and it starts with assuming that
the non-dimensional velocity potential @ (X, Z, t) may be written as an asymptotic expansion
in the “parameter” Z, that is

17
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¢= Z Zfa(®,0) (2.12)

Note that this is the non-dimensional version of (2.1). Then (following exactly the same
procedure as we did earlier in this chapter for (2.1), substituting (2.12) into the non-
dimensional Laplace equation (2.8) and applying the non-dimensional bottom boundary
condition (2.9), the non-dimensional version of (2.2) is obtained.

The second method is to just start with (2.2) and non-dimensionalize it. Stating again (2.2) for
clarity

_ i _qpym. E O
(2m)! ox2m (2.13)
m=0

where fy(x, t) = f. Writing out the first few terms of the above expansion

2 Z4- 6

Q= ZOf - 7fxx + ﬁfxxxx - mfxxxxxx + (2.14)

and noting that the dimensional velocity potential ¢ has the unit [m?/s], we observe that for
(2.14) to be homogenous w.r.t units, the function fy(x, t) = f also must have the unit [m?/s],
as z° just has the unit [1]. Knowing this, we introduce the non-dimensional function f =

fo (%, F) through the relationship

glaf
Co

f=

and we are now ready to non-dimensionalize (2.2). As usual, substituting for variables and
differential operators, we get

(2m)! 12m gx?m\ c,

This can be rewritten to

glago gla m 22m (hH)™m 9*mf
Z( D™ oy @ awem

which is non-dimensionalized by multiplying by the factor
Co

gla

and then after recognizing the parameter 8, we find the non-dimensionalized version of (2.2)
to be:

© z2m aZm
= Z(—l)m-Z—-N—f-ﬁm (2.15)

18
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The derivation continues by substituting (2.15) and its derivatives into the free surface
boundary conditions in the non-dimensional Laplace equation (2.8). We write out the first
terms of the series (2.15) as well as its derivatives:

~_~52_~_ Z .z B2 4+ 0(B3
go—f—7 7 ﬁ+ﬁ wazz " Be+ 0(B7) (2.16)
~ a Zz pal Z~4
Pz =Je =5 ;z;z;z'ﬁ‘*‘ﬁ wxezz B2+ 0(B°) (2.17)
. 1 ~
Gz =—Z"fzz" B +E'Z~3 weez B2+ 0(B?) (2.18)
N zt
Ge=fe = fruse B +55 Frxssi B2+ 0(B%) (2.19)

Substituting for @z and @; in the first free surface boundary condition (2.10) of (2.8), we get

iz + a | f; fxxx B+ 0(p? )l t— = |—Z fex B+ = Pfezze - B*+0(B? )]_0
which after a little rearrangement and evaluating at Z = 1 + «afj turns into
i+ afifiz + (1 + aff) fzz — [ (1 + aff)? - frezz +%a(1 + aff)? 'ﬁffiff]ﬁ +0(B*) =0
The second and third terms can be rewritten as
[+ e fe], = afefiz + (1 + aff) fesx
and taking this into the equation, we have

1 -
+[(1+ an)fx [6 (1 + af)® - fezzz + Ea(l + aif)? - ﬁ:?ffff] B

+0(,8 ) =0 (2.20)

Substituting for @z, @5 and P; in the second free surface boundary condition (2.11) of (2.8),
we get

1 [. 22 g
+0(,32)l+ _a[fa?_?' 222'ﬁ+0(,32)l

la
+§E ezt B+ 0(B? )]

which after multiplying out the bracket parenthesis and ordering terms in powers of S turns
into

1 1 - . .
i+ fet+s afx ——Z frse + afefezz — afF]B+0(B*) =0
And by evaluating at Z = 1 + afj we then have
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2 - WAVE BREAKING IN THE BBM-EQUATION

it et s af?— (14 am)?- ezt + afefess — aff|p +0(8*) =0
n i T4z 7 n XXt X xxx XX - (2.21)

Equations (2.20) and (2.21) can be manipulated into several new equations. As a little side-
step: As stated by Whitham in [4], by dropping all terms of O(f) and differentiating (2.21)
with respect to X, we get a non-dimensional version of the shallow water equations:

fie + [(1 + af)W];z = 0

We continue our progress towards the BBM-equation by keeping terms “purely” in O(f), but
dropping all term in O (af) in (2.20) and (2.21).

For (2.20) we get by first using W = f:
_ 1 N3 o 1 9 o o
fie + [(1 + afp) W]z — [g (1 + aff)® - Weez + 505(1 +aif)? - fzWez |8 + 0(*) = 0
Then by expanding the two parentheses inside the square brackets, we get
fie + [(1 + af) W]z
1 1
- I:g (1 + Saﬁ + 3a2ﬁ2 + 0(3773) ' Wfff + Ea(l + Zaﬁ + azﬁz) ' ﬁfwﬁ ,8
+0(pH) =0
and then by dropping all terms in O(aff) we get
o 1
e + [(1 + aMW]z — glgwfff +0(aB,p?) =0 (2.22)
Turning to (2.21), we multiply out the first parenthesis to get
.o 1 1 5 5 - - -
i+ fi+ E“fgzz —5(1 +2af] + @) - [feze + afefezz — afF&|B+0(B?) =0
and we drop all terms in O(8?) and O(af) to have
X 1 1 5
n +ff+§aff —Eﬁfﬂf*‘()(aﬂ;ﬁ )=0

Differentiating the equation w.r.t. X yields

Bfzzzi +0(aB,p?) =0

N =

fiz + fre + afefzz —
and finally by doing the substitution # = f;, we have

~

WE+CXW f+

X

1
5 PWest + 0(ap,p?) =0 (2.23)

x

Equations number (2.22) and (2.23) are, according to Whitham in [4], a variant of the
Boussinesq equations.
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2 - WAVE BREAKING IN THE BBM-EQUATION

Whitham further notes in [4] that W is the first term in the expansion of the non-dimensional
horizontal fluid velocity @z = ii, which is easily verified by using W = f in equation (2.17)
to find

~ ~ ~ ZNZ ~ 2

Px :u:W_IB?'W)Z)Z‘l'O(ﬁ )
It is easily observed from this equation that the non-dimensional horizontal fluid velocity
depends on the elevation Z. Now we want to continue by finding the averaged value of & over
the depth, so we set up an integral based on the following figure:

Z
z=1+afn
Profile of 1t
7
7
=] ?
z=0 , :
w

Figure 2.1 — Non-dimensional horizontal fluid velocity profile

The integral will be
Z=1+a7n
- 1
= ndz
1+ afn
7=0
which when substituting for % reads
Z=14+an
= | L s+ OB d2
“T1taq Wby We t 0F7) d2
7=0

After doing the integration, we have

1
C 1+ai

INg]]

1
[wz = BWee?® + 0(B)
6 #=0

which after doing the evaluation of the bracket parenthesis reads

1
1+ aff

f= [ T — e (14 @) (1 + 20 + a2 + 08
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2 - WAVE BREAKING IN THE BBM-EQUATION

and the by dropping terms in O (af) we find the averaged non-dimensional horizontal fluid
velocity as

_ 1
11=W—gﬁ~ff+0(a,3',32) (2.24)

]|

Now we note that we have an expression for i =
w(@). Rearranging (2.24), we have

(W), but we also need the inverse W =

(2.25)

Which we substitute into (2.25) to find

]|

1 /- 1
w=1i+2f (ﬁff + 2 BWezex + O(Qﬁ;ﬁ2)> +0(ap, B?)
and then by dropping all terms in O (af) and 0(f?) we arrive at the inverse of (2.24):

W=1u+

N -

Bligz + 0(aB, ?) (2.26)
Equations (2.22) and (2.23) are central in the following, so we write them up again together

1
e + (1 + aMWl; — - BWszz + 0(aB,p?) =0 (2.22)

~ ~ ~ ~ 1 A7
Wi + awwyg + 7z — EIBWWE +0(aB,p?) =0 (2.23)

As a little detour, substituting (2.26) for w into (2.22) and (2.23), turning the equations into

et [+ an) - (T4 5| -8 (T+5hTer)  +0(p 7 =0

X

(34 5hee) + (T4 5T (T+5PTer) +— 56 (T4 ¢hTxr)

X XX
=0

+0(aB, B*)
t

and dropping all terms in O(af) and 0(B?) to get
i + [(1 + aff) - @]z + 0(aB, f?) = 0

__ 1 _
ity + 1z — §ﬁﬁmf +0(aB,B>) =0

1l
+
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2 - WAVE BREAKING IN THE BBM-EQUATION

we can use the first of these two equations, rearrange it and drop all terms of O(«, ) to find
iz = —7j; + 0(a, B), which is then substituted into the fiz4;-term of the second equation,
giving us now the set of equations

fir + [(1 + aff) - @]z + 0(aB, f?) =0

1l
4]

- 1
¢ + alilly + 7l + 5 Bz + 0(aB, p*) = 0

which is the non-dimensional version of the Boussinesq equations, introduced by Whitham in
[4], p. 462.

However, in our search for the BBM-equation, we turn again to equations (2.22) and (2.23),
and follow Whitham’s statement that the KdV-equation is derived from (for example) this set
of equations, by specializing to a right-travelling wave.

Neglecting terms of O(a) and O(B) in (2.22) and (2.23), we get a system of PDEs consisting
of the zeroth-order (with respect to parameters @ and [5) equations

(2.27)

(2.28)

Differentiating the first equation w.r.t. £ and the second equation w.r.t. X gives us
ez + Wx = 0
Wsi +zz = 0

and then by subtracting the second one of these from the first one, we have the homogenous

wave equation [7] for 7]. Observe that in equations (2.27) and (2.28) we can also differentiate
the first equation w.r.t. ¥ and the second one w.r.t. £, and then from subtracting the resulting

first equation from the second one, we will get the homogenous wave equation for w. So we

then have the wave equations

The general solutions to these equations are [7] respectively
ED=FE+0D+G6(Xx—-1)
WED=H&E+t)+I(x—-1)

where functions F and H represent a left-travelling wave, while the functions G and I
represent a right-travelling wave. At this point, we want to specialize to right-travelling
waves, so we drop the F- and H-functions from the solutions for 7j and W, so that we now
have

Now, substituting these expressions for 7 and W in equation (2.27) and (2.28) yields
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2 - WAVE BREAKING IN THE BBM-EQUATION

[GE-DIs+[IE-D]z=0
[[E-Dl+[6E-D]z=0
Performing the derivations according to the chain rule will turn this into
GtE-D - (-D+I"(x-D-1=0
r'‘@E-9--D+6*E-90-1=0
and since the derivatives of the outer functions, e.g. G'*(%¥ — £) and I'*(% — ©) does not

depend on whether we differentiate w.r.t X or £, we observe that the only way that the last set
of equations above will hold is if

CER-B)=IE—-F) =J&-F)

So then we have

W= (2.29)

and then by substituting this for W into either of the equations (2.27) and (2.28), it follows that
ﬁf + ﬁ)? =0 (230)

Equation (2.29) is the zeroth order solution for W as a function of 7j with regards to the
parameters a and 5. Now we want to look for a solution that is corrected to the first order of
a and £, on the form

W=7+ ad+ BB+ 0(a? + B2 (2.31)

the new variables A and B being functions of 7] and X¥-derivatives of 7]. Substituting the
proposed form of the solution for i (2.31) into equations (2.22) and (2.23) we have

1
e+ [(1+af) G+ ad + ﬁB)]az—gﬁ(ﬁ‘F aA + BB)zzz + 0(aB,p?) =0

(fi+ aA+ BB)i +a(if+ aA+ BB)-(fj+ aA+ BB); +iiz —%ﬁ(ﬁ+ aA+ BB)zzi
+0(aB,p?) =0

which after some sorting out of terms turn into

1
e + e + @(As + 207) + B (B — 2 7ieas ) + 0@ +F) =0 )3,

. _ 1
e + 7z + a(A¢ + 71fiz) + B (BE - E”ﬁf) +0(a®+p*) =0 (2.33)

From equation (2.30) or any of the two above equations, it follows that 7 = —7jz + O(a, ),
and from this, we can replace all -derivatives in the terms in first order of a and f (and these
terms only!) in the above equation (2.33) by minus the X¥-derivatives. To give an illustration,
we will have for example

BB: =B - (—Bz + 0(a, B))
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BBt = —BBxz + 0(ap, p?)

where the second term on the RHS in the latter equation will just be thrown into the
“O(a? + B?)-sack” as we proceed. After doing the derivative replacement, we have

< o 1

fie + 7z + a(Az + 277z) + B (Bf - gﬂamz) +0(a* + %) =0 (2.32)
L ~ 1. 24 p2
fie + 7z + a(—Az +177z) + B <—B;z + 5%11) +0(a@*+p%) =0 (2.34)

It can easily be verified (by substituting for A and B into the equations) that the two equations
(2.32) and (2.34) above are consistent (equal) if

1. 1
A= —ZTIZ andB = gnff
which gives us the two equations
W= i L aij’ + lﬁ% + 0(a® + B*)
n 4 n 3 Nxzx (2.35)
R U 2 2
Mg + 1z + 5 iz + = Bilzzez + 0(a” + %) =0 (2.36)

The first equation (2.35) is similar to a Riemann invariant, according to Whitham in [4]. It is
also the non-dimensional horizontal fluid velocity at the bottom (Z = 0) for both the KdV-
equation and the BBM-equation. The second equation (2.36) is the non-dimensional version
of the KdV-equation given by Whitham in [4], p. 463.

To be thorough, we will do the steps of the re-dimensionalizing of the KdV-equation here,
using the same relationships between dimensional and non-dimensional variables and
differential operators as we have done earlier. Obviously, this is just doing the steps of the
non-dimensionalizing backwards. Starting out with the non-dimensional KdV-equation

3 1

e + Mz + S afiflz + = Fllzes + 0(a®+p*) =0 (2.36)

we divide the equation by the term

l
coahy

which has the unit [s/m], thus getting a new equation

cohy . coahy . 3coa’hy . coahy
R TR Ly

Bllzzz =0
having the unit [m/s], which is correct. Now by some rearranging and using

h§
z

a
a—h—oandﬁ—

we arrive at
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2 - WAVE BREAKING IN THE BBM-EQUATION
Co 5 3 A\ 1 5 1 5
—-(aMi+co- (1 +—-an) = (aMz+y 5 (@gzz =0
l 2hg l l
and by substituting dimensional variables and differential operators for the non-dimensional
ones, we finally get the KdV-equation as given by Whitham in [4]:

37
Ne + Co (1 + Eh_o) Nx + Yxxx = 0 (2.37)

Now, we recall the relation 7j; = —fjz + O(a, B) which we employed earlier, we can rewrite
this as 7z ® —fjz. Utilizing our dimensional/non-dimensional relationships, we can rewrite to

la(l) la<1>
co Ot\ah, - d0x ahon

l l

Ne = ahg Tx

which is equivalent to

coahy

which still is a dimensionless equation. Now we redimensionalize the above equation by
multiplying with the factor

coahy
l

having the units [m/s], to arrive at a dimensional approximation

Ne = —CoMx

with units [m/s]. The next thing to do is to substitute this approximation for one of the x-
derivatives in the last term of the KdV-equation (2.37), and arrive at last at the end of this
chapter and the BBM-equation as given in [4]:

+c (1 +El) ¥ =0
Ne 0 2 g Nx o Nxxt = (2.3)

As previously described in chapter (2.1.1), we can for simplicity set g = 1 and hy = 1,
implying ¢, = 1, turning equation (2.3) into:

3 1
Me + Mx + 50 = 2 Mxxe = 0 2.4)

which is a simpler form of the BBM-equation.
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2.2 Derivation of the equation for the horizontal fluid velocity

For studying the wave breaking, we will also need an equation for the horizontal fluid
velocity u(x, z, t) [m/s]. We look to equation (2.35), which gives the non-dimensional
horizontal fluid velocity at the bottom (Z = 0):

1

. L, 1
w = 77—1 CZT[2+ §.3779?J?+0(a2+ﬁ2) (2.35)

Differentiating this equation twice w.r.t. X yields

5 1 1
= flzz =5 @iz + 3 Blzzes + 0(a® + 7 (2.38)

Returning to the expression for the non-dimensional horizontal fluid velocity @, given in
equation (2.17) and dropping higher order terms we have

52

~ Z ~
¢f=ﬁ=W—57'Wﬁ+0(ﬁ2)

Substituting expressions in (2.35) and (2.38) for W and for W4 in the equation above, we get

[n—— aff® + ﬁn r+0(@®+p )] ﬁ—
' [ﬁm 5 a(fifiz)z + §ﬁ’72222 +0(a® + ,32)] +0(B?)
the bracket parentheses indicating the substitutions. After some rearrangement and sorting out
of terms in higher orders of the parameters, we have
~ S = 52 = 1 as 2 p2
Pz =U=10—~ aff* + Bizz —E,BZ fizz + 0(aB, a*, B*)

And with a final small rearrangement, to get
~ 1 1 ~2 0 2 p2
U—U_Zm? + IBUNN §_ 2 + (aﬁ,a ;ﬁ ) (239)

the equation for the non-dimensional horizontal fluid velocity # (%, Z, t).

However, we need the dimensional form of the last equation, so once again we have to do a
re-dimensionalization. We use the same relationships for variables and differential operators
as given in chapter 2.1. In addition, we need to introduce a characteristic horizontal fluid
velocity ucy [m/s], as well as the new dimensional/non-dimensional relationship

u= ﬁuCH

We already know u = ¢, and @i = @4, so we can use this to find the correct u-y from the
relation above. Including just the first two terms (the number of terms included is, logically,
irrelevant for finding u.y) of the expansions, we have
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ZZ
U= @y =fr _7fxxx

I
U=¢z= 9?_7'f9?9?9?'ﬁ

Taking the latter and substituting into dimensional variables and differential operators, it reads

7z 2
g (5e) -t (i) -8 e
ox\gla”/) = ox glaf iz 2 0x3 glaf

which by some simplification and changing back to short-hand derivative notation turns into

Co € Co Z

Note that this is still a non-dimensional equation, it is still %! We observe that by multiplying
by the factor

ga
Co

with units [m/s], we are using the relationship u = #iu.y to re-dimensionalize back to

ZZ
U= @y =fx_?f;cxx

obviously then with units [m/s], as wanted. So we have then found that we have

ga

Ucy =
Co

Investigating further, we see that

o e T o o

so we conclude that our characteristic horizontal fluid velocity is

_ga_gaho _a\/gho'vgho_a\/g—h_ac
0 — 0

uCH S aCO

Having all this in place, and also remembering the expressions for parameters a and 8, we do
the substitutions to dimensional variables and differential operators and get

2 2 [ 2]
i) G B

after some steps of tidying up, this becomes

u 1 1 n% h

N 1 z?
Ucy B ahon 4 ahg a Maex 3 Zh(z)
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Now, we substitute u-y = acy, and then multiply the equation by ac, to find

2
U N T S i
ho ' 4h2 **\3 2h2 (2.40)

To get an expression for the horizontal fluid velocity which is consistent with the form of the
BBM-equation given in (2.4), we set g = 1 and h, = 1, resulting in ¢, = 1, to get:

1, 1 z2
u=Tl—ZT7 T Mxx 37 2 (2.41)

Note that by setting z = 0 in (2.40) we will get exactly the same expression for u(z = 0) =
w as we would get from re-dimensionalizing equation (2.35) for the bottom velocity directly,
so this should give us some confidence in our derivations.

Note also that when simulating the physical bore problem, with initial value and boundary
conditions as shown in Figure 4.2, the boundary condition on the RHS of the spatial domain
will ensure that we have far-field surface deflection and horizontal fluid velocity equal to zero
on the right, exactly as in [1].

2.3  The wave breaking criterion and the method to investigate wave breaking

At this point, it is useful to get a little ahead of ourselves and introduce a little sneak-peak into
the results presented in chapter 5. When simulating the bore initial/boundary value problem
with the BBM-equation numerically, the typical observation will be an emerging train of
waves at the right-propagating bore front, in which the number of waves and the wave
amplitudes will increase with time and apparently stabilize at a maximum, the latter in the
case when breaking is not occuring. The leading wave (the right-most wave) will generally
have the highest amplitude (maximum value of 1), and it is at the crest of this leading wave
that we anticipate that wave-breaking will occur, if it does. This is because the phase speed is
approximately the same for all waves in the wave-train, and the horizontal fluid velocity is
dependent on and increasing with the elevation z in the fluid, see eq. (2.40), so it should reach
its maximum value in the domain at the top of the leading wave.

The approximative solution 7(x, t) of the initial/boundary value problem using the BBM-
equation, obtained from the numerical scheme described in chapter 3, will provide us with the
position of the leading wave at all time-steps. From this, we can calculate the phase speed of
the leading wave by a simple velocity = distance/time consideration. This phase speed can be
observed through simulations to be fairly constant with time, this will also be more
thoroughly explained in chapter 5. However, the discrete nature of numerical solving will give
a stuttering graph when trying to plot the phase speed as a function of time, so in order to get
a smoother function, the phase speed is averaged over several time-steps backwards in time to
give U [m/s], which is the value used as the leading wave phase speed in all calculations.

As mentioned above, from equation (2.40) it can be seen that the horizontal fluid velocity u
increases with z, when we remember that 7,., is typically negative at the very top of a wave.
For any x-value directly beneath a wave-crest, the horizontal fluid velocity will have its
highest value when evaluated at the very surface of the wave. From this, it is at the top of the
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leading wave we will find the horizontal fluid velocity of interest, that is equation (2.40) for
u, evaluated at z = hy + n(x, t) for the leading wave.

With this in mind, we will for this study use a similar breaking criterion as the one used by
Kalisch and Bjerkavédg in [1]:

A wave solution n(x, t) of (2.3) travelling with phase speed U starts to break if

1 1 1 (hy +n)?
=y ——_p2 -
Co hO 4h(2) n + hOT’xx (3 Zh(z) >U

(2.42)
If the form (2.4) of the BBM-equation is used, the horizontal fluid velocity is given by (2.41),
and then the breaking criterion (2.42) turns into:

1 1 (1+1n)?
—__n2 - 7
il +7”“<3 2 )~VY (2.43)

It should be stated clearly that in the event that wave-breaking occurs according to the above
criterion, the BBM-equations (2.3) and (2.4) are no longer valid as descriptions of the
physical water surface, as the flow then according to the breaking criterion will feature fluid
particles leaving the wave-shape, and the surface will then no longer satisfy the demands to a
mathematical function, that one and only one function value of n(x, t) should exist for all
points (x, t) in the domain. Note however that we cannot observe wave breaking in the BBM-
equation alone, i.e. without using the breaking criterion. A simulation of the initial/boundary
value problem for the bore using the BBM-equation to describe the free surface will continue
to produce a solution for the surface after the breaking criterion has been met. This is due to a
violation of the kinematic (the first) free surface boundary condition in the surface wave
problem, arising from simplifications in the derivation of the equation. Thus, we must use the
breaking criterion manually to check for wave breaking.

As a side-note, it should also be mentioned that the validity of the BBM-equation could
possibly in some circumstances disappear somewhat before wave-breaking occurs, as the
underlying theory has assumptions on wave-height and the steepness of the wave-profile,
though we will not pursue this issue any further here.

As stressed by Kalisch and Bjerkavég in [1], the goal is to study the onset of wave-breaking,
not to provide a description of breaking waves.
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3.1 Derivation of the analytical solitary wave solution

Like the related KdV-equation, the BBM-equation has two types of possible analytical
solutions: A solitary wave solution and a periodical cnoidal wave solution. We choose here to
focus on the solitary wave solution, as it is the most relevant for the task at hand.

We start out by looking at the BBM-equation (2.4):

3 1
Nt + Ny +§nnx gt = 0

Now, under the assumption that the solitary wave solution is a constant-shape wave travelling
with constant phase speed c, we state that

n(x,t) = &(s) = &(x —ct)
If the above is substituted for 7 in (2.4), the equation turns into

3 1
—Cd' + O S0P + 2P = 0 (3.1)

and we note that we have now transformed the PDE (2.4) into an ODE. We integrate the
above equation once, to arrive at

O+t oB et = K
c 2 6C =

Now, it follows from the definition of the solitary wave that ® and @'’ must go to zero as s
goes towards +oo. That means that the integration constant K is zero, and with a little
rearranging, we get

3 1
1-0)o+ Z(DZ + EC(D” =0 (3.2)

Next, we assume that the solution is on the form

® = A sech?(Bs) (3.3)

where A and B are constants. This means that we have

®' = —2AB tanh(Bs) - sech?(Bs) (3.4)

®" = —2AB? sech*(Bs) + 4AB? sech?(Bs) — 4AB? sech*(Bs) (3.5)

Now, we substitute the above expressions for @ and ®"' into equation (3.2), to find
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2 3 1 2
(1—-¢)-A+ §ABZC - sech?(Bs) + ZAZ —§ABZC —§ABZC -sech*(Bs) =0 (3.6)

where we have collected terms in powers of sech. We observe that the only way the above
expression can be zero, is if both the terms inside the square brackets are zero. From

2
(1—c)-A+§ABzc=0

3 [c—1
B = ’5 / ; (3.7)
3

1 2
2 A2 —ZAB?c —Z4B%c =0
4 3 AP cTgavc

we get

and further, from

using expression (3.7) for B, we find

A=2(c-1) (3.8)

Now, substituting the expressions for A and B into the assumed form (3.3) of the solitary
wave solution, we arrive at

n(x,t) = 2(c — 1) - sech? E ’Czl'(x—ct) (3.9)

where as noted before, c is the phase speed of the solitary wave, and further H = 2(c — 1) is
the height of the solitary wave.

We note also that the form of the solution (3.9) is identical to the one found in [8], where the
solitary wave solution has been found for a BBM-equation with different coefficients,
indicating that we have performed the solution derivation correctly.

32



3 - SOLITARY WAVE SOLUTION OF THE BBM-EQUATION

3.2 Maximum wave height for the solitary wave solution

In [3], a theoretical maximum wave height for solitary wave solutions of the KdV-equation is
found by employing the analytical solitary wave solution and the breaking criterion. Here, we
follow the same procedure to find a maximum wave height for the solitary wave solution of
the BBM-equation.

It is convenient to first rewrite the solitary wave solution in terms of the wave height H. From
H = 2(c — 1) we have

which by substitution into (3.9) gives

n(x,t) = H - sech? \/é ’HL-}-Z (x —ct) (3.10)

Differentiating (3.10) two times wrt. x, we get

3 H
——_72. |Z. [ _.g. . 3.11
Ny 2 ’2 /H+2 H - tanh(...) - sech?(...) (3.11)

6H? 3H?
— . 2 . 2 —
=033 sech(...) - tanh=(...) T+

where for simplicity and compactness, (...) denotes the big parenthesis in (3.10).

-sech*(...) (3.12)

nxx

The solitary wave has a constant shape for all time, meaning that the values of 7, ,, and 7,.,
is the same everywhere in the domain if we follow a given point on the wave-form. Therefore,
we choose for simplicity to evaluate at (x,t) = (0,0), which gives

n(0,0) = H
0.0) - 342
Mex OV = =1

Now, recall the breaking criterion (2.43):

1 1 (1+n)?
_ 2+ - 7 U
n 4” 77xx<3 2 >

Substituting the expressions for 1 and n,, found above into the breaking criterion, as well as
noting that the phase speed of the solitary wave is given by

="
c=V=3

the breaking criterion becomes
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H--H?- ) —+1 3.13
4 H+2 \3 2 27 (3-13)

Collecting all terms on the left hand side and doing some rearranging, we find the fourth order
polynomial

1 3H?2 <1 (1+H)2> H

3 11 1
243 g2 _ 3.14
SHY + - H +5H?=2>0 (3.14)
meaning that solving
3 11 1
P(H)=§H4+TH3+§H2—2=0 (3.15)

should give the maximum theoretical height that a solitary wave can have without wave-
breaking starting to occur.

The derivative P'(H) is positive for all H > 0 and we are looking for a positive value of H,
so the maximum height that we are looking for is the zero in the figure below:

3 T T T T T T T T T

2.5

2

1.5

1

0.5

0 0.1 02 0.3 0.4 0.5 0.6 0.7 08 09 1

Figure 3.1 — The maximum height polynomial and its root

Using a bisection algorithm for root-finding with an error tolerance of 1077, the maximum
height for the solitary wave is found to be

Hyjax = 0.7604389 (3.16)
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4 NUMERICAL STUDY OF THE BBM-EQUATION

4.1 Derivation of the numerical scheme for solving the initial/boundary value
problem for the bore in the BBM-equation

4.1.1 Introduction

The steps in deriving the numerical scheme used for studying the bore initial/boundary value
problem in this thesis are the same as the steps carried out in [1], though here, we will do a
more thorough review.

The starting point is the BBM-equation given in [4], p. 463:

oo (14 51) L =0
Nt 0 2 hO Nx Co Nxxt = (41)
Writing out the parenthesis, we have:
3 ¢o 14
Ne + Colx + Eh_onnx - anxxt =0

. . 3¢ .
And introducing the constants b = Eh_o andd = Cl for convenience, we have:
0 0

Ne + CoNx + bnnx - dnxxt =0

Collecting all terms involving derivatives with respect to t on the left-hand side, factoring out
respectively n; on the LHS and —d,. on the RHS, we have:

b
(1—-dof)n, = —0, (Enn + COn)

Now by multiplying both sides by (1 — dd2)~1, and introducing simplified notation for the
operators A;' = (1 —dd2?)™! and B = —d,we have

N/
ne= A; B (Enn + COn)

providing us with a convenient expression for the time derivative of 7.

In [1], the trapezoidal method is used to advance the numerical solution forward in time. The
trapezoidal rule is introduced in [9], p. 257 as a method of numerical integration based on
simple geometrical considerations and given as

X1 h h3
| rear=3004m- 1@

where h = x; — x, denotes the step length and c is a value between x; and x;. So the
approximation for one step is the 0(h3®) method
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X1 h
[ r@ar= 500+

estimating the area underneath the graph of f(x) from x; to x;. Now by substituting
derivatives of the function (with respect to the independent variable) for the actual function
values in the trapezoidal rule, we can get a method that finds the change in function value
between x, and x; instead of the area under the graph, thus giving us an ODE solver:

(fx(xl) + fe(x0)
2

ﬂm)f@&—f . dx + 0(h%)

Rewriting the above formula in a notation more suitable for the problem at hand, we have

N dt =

At + 0((At)3)
At 2

nn+1 _ nn _ j(n+1)At n—n?ﬂ
n
And rearranging, we find the the 0 (h3®) numerical scheme we want to employ for advancing
the solution forward in time

At
Nt ="+ - + it

Substituting our previously derived expression for 7, into the above equation, as well as
introducing vector notation (in bold), we get

At b b
nn+1 — nn + 7.AElB [(Ennnn + Conn> + <§nn+1nn+1 + Conn+1)] (4.2)

It should be stated that this as this is a numerical method with a local error of O((At)3) for
one step, the method is then 0 ((At)?) according to standard theoretical considerations, when
applied to a domain with more than one step. This is the reason the time-stepping method is
referred to as “second order” in [1], and the method (as derived so far) is actually what is
referred to in [9], p. 260, as the composite trapezoidal method, applied as an ODE solver.

Now looking at the last formula (4.2), the numerical scheme is clearly implicit, as p™*1 is

included in the RHS increment function. As is done in [1], we will make the numerical
scheme explicit by substituting Euler predictions for the §™*1-values in the increment
function in (4.2). From the standard Euler forward (explicit) formula (see for example [9], p.
284), we have

b
N =n"+ At-A;'B (EU”n” + con"> (4.3)
And our numerical scheme after substituting in the Euler predictions is
net = g B i [(2 g o) + G + o
n n 5 A ) nn oh 2 nn oh (4.4)

As is noted in [1], this method is known as Heun’s method (see e.g. [10], p. 483), and it is a
second-order, explicit Runge-Kutta method. This is the method that has been used to advance
the approximate solution of n(x, t) forward in time in the simulations.
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4.1.2 Deriving linear system of equations for Euler predictions n*

Rearranging the equation (4.3) for the Euler predictions, we have

n—-n"
At

b
— -1 _
= 438 (G + com') (45)
And multiplying on both sides by A; = (1 — dd2) , we arrive at

T5E)= agron o)
Ad( AT —ann + com

Writing out the expression above we have

n-n"
At

d 2% 21 b Na N n
- [E'(axn - axn )] = _E'ax(n n )_Coax(n )

Now, we discretize the differential operators with standard central differences formulae for
the operators 32 and 9, , as given in [9], p. 246-247. The example below is given for the
function 1, when we are in position x; of the discretizised spatial grid:

Nji—1— 21+ Njyq

2 —
axn - (Ax)z (46)
T’. — n._
0xn = —’+12ij - 4.7)

Note that the above formulae are both approximations of 0 ((Ax)?).

Substituting (4.6) and (4.7) for the differential operators in (4.5), as well as introducing
indicial notation, we have for 1 <j <N

mi—np d o (mja— 20 4 0j) — (00 — 20} +0fa)

At (Ax)? At
_ _é_ (717+177§l+1 - 777—177?—1) e (77?+1 - 77?—1)
) 2Ax 0 2Ax

And designating the RHS as G"nwe have

= d (=20 4 mje) = (0 20F 4 0f) e
At (Ax)? At : o

At this point, it could be helpful to illustrate with a figure how we are going to solve the
BBM-equation numerically on an (x,t)-grid.
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]
n=0
0 F1 &2 73 4

Figure 4.1 - The discretized (x,t)-domain

In Figure 4.1 we see how the letter j indicates x-positions, and the letter n is the time-step
index. Pink color (j = 0 and j = N+1) indicates the positions on the grid where all values for
the solution variable are known (for all time) from the boundary conditions. The green color
(n = 0) indicates the positions on the grid where all values for the solution variable are known
from the initial conditions, which are given by the function

n(x,0) = %ao(l — tanh(kx — x;)) (4.9)

where k is a parameter controlling the steepness of the initial bore front, and X, is a term used
for translating the initial position of the bore front to the desired point in the spatial interval.

Consequently, it is the “internal” grid points, shown in orange color in the figure and marked
1) — 1i1) for the first three, in which we must use the numerical scheme to calculate for the
solution variable. Here, we have chosen N = 3 as it is the smallest spatial grid discretization
that will give us the opportunity to explain some important points about the calculation, as
will be shown in the following.

Writing out equation (4.8) for the x-indices j = 1, 2 and 3, we have

m-nt d  (o—2ni+mn) - (g —2n +n3)

D Forj =1 ==~ a0 At
__b (gnz—mome) - (12 —mo)
2 2Ax " TT2Mx
i) For j = 2: 12 —nz__d (= 2mp+m3) — (f — 2z +735)
At (Ax)? At
_ b Gznz—nmint) (3 —n7)
-2 20x “©"TToAx
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N3 — N3 da (m;—2n3+n)— ™7 —2n3 +n7)

N For i = 3. _ _
iii) For j At (Ax)? At
__b Guamy —mzmz) - (03 —n2)
2 2Ax o 2Ax

. . n™ gt nm .
where the right-hand sides are ;" ,7,' and 1y , respectively.
Note that this is as system of 3 linear equations with 3 unknowns 17,5 and 13, so it should be
solvable. In general, we will have a linear system of N equations in N unknowns.

Now in order to be able to easily write these equations into a computer program for numerical
solving, it is convenient to have them in vector form. We try to rewrite equations i) — iii)
above as

« . n
o e d [—2 1 o] n =N Ifrl n]l
-1 -2 1| —nd| =
At | Ax)? - At \ 2 (4.10)
R 0 1 -2zl |ns—mn3 L,Bn”J

Writing out the vector equation (4.10), we get

nm-nt d o (=2ni+n) - (=207 +nj _

DR T ()2 At 1

me—nz 4 (- 2nptmy) - (f — 205 +05) _ gn
At (Ax)? At 2

b)

ms—ns _d (p—2n5) —(z —2n5) _ e
At (Ax)? At 3

c)

We observe that on the LHS in a), we are missing the term

_d mp=1g
(Ax)2 At

in order for a) to equal 1), and similarly on the LHS in ¢), we are missing the term

_d m-ng
(Ax)? At

in order for c) to equal iii). This would of course correspond to the addition of the terms above
with a positive sign to the LHS in equations 1) and iii), respectively. So we sort the problem
out by updating the RHS in equations a) and c) by adding the the terms with positive signs:

* n
" Update " d No — No
nn ——n + :
1 ! (Ax)?2 At
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n d ny—ng

" Update n + ]
(Ax)? At

3 > 13

Note that equation b) came out equal to equation ii) directly from the vector equation. In
general, we will always need to do the RHS update explained above for the equations
corresponding to x-grid positions with j-indices 1 and N, the ones next to the boundary grid
point with j-indices 0 and N+1. All “internal” equations (1 <j <N) will come out fine directly
from the vector form. This is just a result of multiplying by the tridiagonal matrix in the
vector form of the equations.

After the updates, we now have the linear system of equations

1 [m—nt d -2 1 07 [m-nt

~ |- |1 -2 1 |m—m:

At | Ax)? - At .

n3— N3 (Ax) 0 1 =2l |nz—n3

rn”_l_ d 773—7761'
Lo@? At 4.11)
LS Sl '
3 T (Ax)2 At

Again referring to Figure 4.1,we note that the values 7, and 1} (the latter will generally be
Nn+1) are Euler predictions at the time t = (n + 1)At, so the Dirichlet boundary conditions at
time t"*! = (n + 1)At, that is (respectively) n;(t"*1) for ng, and n,-(t™*1) for nx.,, must be
substituted in their place.

Similarly, we must also substitute for the values ng and nj (the latter will generally be 1y .,.1)
with the Dirichlet boundary conditions at time t™ = nAt , that is (respectively) n;(t™) for ng,
and 1, (¢™) for 44

Now, having incorporated the boundary conditions, our linear system of equations is

1 ”i_”i d -2 1 0 ”i_”i
s ey 2
_r"n + d ™) ™)
b (ax)? At (4.12)
= rzn"
rn” + d . Ur(t"+1) - nr(tn)
3 7 (ax)? At

Note that we have taken boundary conditions into the equations, but we have still not said
anything about the actual values of the boundary conditions. For the bore problem at hand, we
will assume constant values for all time for 1 at the boundaries, n;(t) = a, (the height of the
bore), and n,-(t) = 0, both measured from the height h of the surface of undisturbed water,
refer to Figure 4.2 below.
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Figure 4.2 — LHS and RHS boundary conditions are constant

Having constant boundary conditions will of course imply that for our problem, we will
always have n;(t"*1) = n,(t") and n,-(¢"*1) = n,.(t"), and so in our case the “update terms”
in the RHS of equations for x-positions with j-indices 1 and N disappears, and then in the
general case, we are left with

n—nr —2 1 0 e e 07
Ny — Ny 1 -2 1 0 - 0
1 : d 0 oo :
At : (Ax)2-At | i~ w0
MN-1 = 1N-1 o - 0 1 -2 1
v —1n L0 - 0 1 -2
x _.n [ ]
n—nN1 ] 177" (4.13)
n:—nz n
* . () .n
77N—*1 7717\{—1 TI\TI]—l
Ny — Ny rn"
- N .
which is the linear system of N equations to be solved for the N unknowns 17,75, ..., ny.
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4.1.3 Deriving linear system of equations for n™*!
Returning now to the numerical scheme in (4.4)

At

nn+1 — nn + A—lB (énnnn +c nn) + <Bn*n* +c 77*)
2 ¢ 2 0 2 0 (4.4)

We will proceed by exactly the same procedure as for the Euler predictions in chapter 4.1.2.
Rearranging the equation above, we have

nn+1_nn 1 1 b e n b . % *
T g A (G o) + (G eor )|
And multiplying on both sides by A; = (1 — dd2) , we arrive at

() < L) G o)
d At =3 27777 CoM 27777 CoM

If we substitute for the operators A; and B, we get

U 2, n+1 2n
Tac ¢ G~ oY)
1 |(b e n b o ‘
= =5 (|3 0" 1™ + code (™) | + | 5+ 017 + o0 (7")

And applying again the central differences formulae (4.6) and (4.7) described in chapter 3.1.2,
as well as rewriting to indicial form, we have for 1 <j <N

gt ondd (-2t ) — () — 20f 4 nja)

At (Ax)? At
Y T 0 B O Y ) AR
2|\ 2 2Ax 0 2Ax (4.14)
+ _é. (77;+177;+1 _ 77;—177;—1) o (7’;+1 - 77;—1)
2 2Ax 0 2Ax

Inside the bracket parenthesis in equation (4.14), we have two expressions in the main round
n" n
T; )

parenthesis. We recognize the first one as i and we designate the second one as ", S0
then we have
oy (2T ) — (n — 20) + )
At (AX)Z At 4.15
_l(rn"_}_rn*) (13
VAV J

Now again as in chapter 3.1.2, choosing N = 3 and writing out equation (4.15) for the x-
indices j =1, 2 and 3, we have
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N Fori=1: Moot _ _d_ (g7 -2ni" i) - —ani+nd) _ 1 "ty
i) For j = 1: At (Ax)? At 2\ 51

ngtt=my d @ =20 403 — (f — 207 + n3)
At (Ax)2 At

= %(rznn + rzn*)

ii) Forj = 2:

nstt=my d o @FT =203 40 — (nF — 205 + 1)
At (Ax)2 At

= %(rgn + rgn*)

As for the equations for the Euler predictions, we want to have the equations above in vector
form to make programming easier. We try to rewrite equations i) — iii) above as

iii) For j = 3:

L [ -t P - Th
At Ax)? - At
77§z+1 — ) * _2 n+1
n 47 (4.16)
=5 rzn” + rzn*
UL

And writing out the vector equation (4.16) above, we get

ittt -nt d 2Pty (=2t +nE) 1o e
- : (r +r )
At (Ax)? At 2\t 1

a)

1 1 1 1
b mptomy d o @ = 2mpt 403t — (0 - 2nz +03) l(rg’" i)
At (Ax)2 At 2
n+1 n d n+1 -2 n+1 n__onn 1 n .
o B8 (nz nygm)—(mz—2n3) 1 (r;, rrd )
At (Ax)2 At 2

And again, precisely as for the equations for the Euler predictions, we observe that in a), we
are missing the term

n+1l _

_ d Mo
(Ax)? At

no

in order for a) to equal 1), and similarly on the LHS in ¢), we are missing the term
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n

N4

n+1l _

_ d N4
(Ax)? At

in order for ¢) to equal iii). As before, this would of course correspond to the addition of the
terms above with a positive sign to the LHS in equations 1) and iii), respectively. So once
again we sort the problem out by updating the RHS in equations a) and c¢) by adding the the
terms with positive signs:

1 n «\ Update 1 n * 7]6”'1 — 7]61
(7 n Z(.n n .
2(1‘1 +n )—>2(r1 +n )+(Ax)2 AL
1 n «\ Update 1 n * 7]2”1 — 7]2
(7 U =(.n n .
2(r3 + 13 )—>2(r3 +1; )+(Ax)2 AL
After the updates, we now have the linear system of equations
mt =y d -2 1 o7 [mT-nt
yvill LA Ll Ealorwnvaerwidl I SR O Rl A 1
At (Ax)? - At
nytt—n% 0 1 =2 3™ —nf
] n e
l(rf’n + rln*) + 2 = To—To
2 ) (Ax) At 4.17)
— =, 2" n*
. (5" +n")
1 n . d r’n+1 _ nn
= n n L4 4
2 (" +n0) + A0z~ At

And we note that the values nit1, n%, ni+1 (generally ni¥t1) and n? (generally nX, ,) are

given by the boundary conditions as follows:

nett = n (™)

no = n (")
i1 =0 (™)

7717\}+1 = nr(tn)

By utilizing the above, our linear system of equations is now

Lt d -2 1 o7 [mT-nt
. nn+1_nn - - 1 -2 1 . nn+1_nn
At nZ‘“ = nZ‘ A I nZ‘“ - nzl
_1 (rn" n rn*) n d . nl(tn+1) - Th(t")_
2 \1 1 (Ax)? At 4.18)
1, n . '
= E (Tzn + Tzn )
I d ") —n.(t")
= (,m n r r
2 (" +7") + (Ax)? At
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But as before, the bore problem with constant boundary conditions 1;(t) = a, and ,.(t) =
0 will imply n, (¢™*1) = n,(t"™) and n,.(t"*1) = n,.(t™) for all times, so that the “update
terms” in the RHS of equations for x-positions with j-indices 1 and N disappears, and then in
the general case, we are left with

[T =] —2 1 0 - e 0
nn+1 _ T’n 1 -2 1 0 0
1 2 : 2 d 0 :
At : (Ax)?-At | ¢ 0
NS = MN-1 0o - 0 1 -2 1
| 7717\11+1 — R | L 0 N s -
— nn n* -
[ —np ) ot (4.19)
nytt—ng 7"27] + rzn
: 1 :
1_ 2 n .
MVl — MN-1 oy T,
Lyt =y nt o,
Ly Ty
which is the linear system of N equations to be solved for the N unknowns n**1,n3*1, ...,
nlr\ll-l-l'

4.1.4 Rearranging linear systems of equations for programming purposes

For solving the linear system of equations introduced in chapters 4.1.2 and 4.1.3, Matlabs
built-in “backslash-solver” for linear systems of equations has been employed. This is not an
“inexpensive” solver in terms of calculation costs, for example, it utilizes matrix invertion.
More inexpensive solvers could have been used, e.g. a Gaussian elimination algorithm. But
for the numerical simulations of the problem at hand, the “backslash-solver” has worked well.
Also, the actual solving of linear systems of equations is not the main focus of this thesis,
making the “backslash-solver” an easy and acceptable choice.

To use the “backslash-solver”, the system of equations must be provided for Matlab in the
form Ax = b, which the software then solves for vector x. We must therefore rearrange the
systems of equations to this form.

Starting with equations (4.13) for the Euler predictions n*

- nn
U —2 1 0 - - O [ m-n n

s =15 1 -2 1 0 -~ O m-n r

1 : d 0 : : _ :
At 5 (Ax)2-At L i o~ w0 : L
MN-1 — MN-1 o - 0 1 =2 1| [7v-1— N1 7"1\7—1

* n * n

v —Mn L0 e 001 =24 L ny—ny | "

N

we name the tridiagonal matrix T, and rewrite to a more compact form:

1 n
- . ¥ _ g . . * _ ) = 97
L . a7 A T-m"—n") =r
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After a little rearrangement, and recognizing that for the identity matrix I, we have I - x = x

for any vector x, we have

1 ; d T = g 4 1 d -
ac T T aozoae T T TR Tz e !
Factoring out n*on the LHS and naming the RHS b;, we have

1 d
Tn" = b,

At (Ax)? - At (4.20)
and even more compactly by taking the entire matrix in the bracket parenthesis as A
An” = b, (4.21)
and we now have the correct form to give as input for Matlab.
For the linear system of equations (4.19) for p"*?
T =t ] —2 1 0 e 0[]
ngtt —ng L -2 1 0 - 0 nf—ng
1 : d 0 : :
At : (Ax)?-At | ¢ 0 :
MNS1 — N1 0 - 0 1 -2 1| [of -7k~
Lyt =y -0 e 001 =20 Lt -y
_ rlnn + rln* -
UL
r1\71—11 + r1\117i1
|y 41y
Again, we name the tridiagonal matrix as T, and rearrange into a more compact form
1 d 1, . .
. ntl_pny . .T. n+l _ any — — (47 n
a T = =y T @ = =5 (7 )
After some rearranging and once again employing the identity matrix I, we arrive at
d 1 1 d
— gl .T.pntl = 77”+ n* +— gt . T.p"
AR 7w ey At I CUIR A R vl Bk vvo oy vakiL
Factoring out §™*1 on the LHS and naming the RHS b,, we have
1 d
. I _ . T n+1 — b
At T (A2 At ]’7 2 (4.22)

And recognizing that the matrix inside the square brackets is the same as we had for the Euler
prediction equations, we have

Antt = b, (4.23)
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which is the form that Matlab needs.

4.1.5 Summary

To sum up, we state the “recipe” for solving the bore initial value/boundary condition
problem for the BBM-equation numerically, by using the linear systems of equations
introduced in this chapter:

(Starting at time t = 0 and time-step index n = 0)

1) Solve equation (4.21) Ap* = b, for n".
2) Solve equation (4.23) Ap™*1 = b, for ™1,
3) Repeat steps 1) and 2) for the desired number of time-steps.

4.2  The bore front/leading wave propagation velocity

As mentioned in chapter 2, after having solved the BBM-equation numerically with the
method described in chapter 4, we know the approximative solution of n(x, t) in all of the
domain, which means we know where the leading wave is located for all times, with the
accuracy given by the numerical scheme. We can then calculate U by the simple reasoning

Distance travelled

Time elapsed

At this point, some notes about the phase speed U in a discrete model like this one could be
mentioned:

We can never observe any momentanous phase speed U. If we for a moment disregard the
possibility of calculating the average phase speed U over several time-steps, we can only
logically calculate the average speed U of the leading wave during one single time-step. Of
course, as the time-step At approaches zero, any single-time-step average speed approaches a
momentanous phase speed U for the leading wave.

As noted in chapter 2.3, the bore-front/leading wave crest propagation speed U [m/s] will
typically be fairly constant, but calculating U from every single time-step and then trying to
plot U(t) will result in a stuttering graph due to the discrete nature of the numerical scheme.

To solve this “problem”, we calculate the average of the propagation speed over a number of
previous (or future) time steps, and then designate this calculated value as our bore-
front/leading wave propagation speed at the current time step.

Of course, if the “true” value of U varies a lot over short time periods, it would be a bad idea to
take the average over a large number of previous (or future) time-steps and then assigning the
calculated U to the current time-step. However, we do expect from theory and previous works
that U is anticipated to be fairly constant over time, which we also will see in chapter 5. We

47



4 - NUMERICAL STUDY OF THE BBM-EQUATION

conclude from this that the averaging of U in our calculations is “safe”, and will provide a good
approximation of the true value of the leading wave phase speed.

The formula for U at the time nAt that is used in the Matlab simulation program is equivalent
to

x position(nAt) — x position[(n — s)At]
sAt

U(nAt) =

where s is the number of time-steps backward in time that we want to average over to find U.

Of course, the manual averaging of the propagation speed over s steps requires that we
actually have taken s steps before the averaging calculations are initiated, so also built into the
Matlab program is code doing a logical checked to ensure that this is taken care of.

After the above described “main” averaging has been carried out, there might still be small
stuttering part on the plot of the time series U(t). Therefore, Matlabs built-in smooth-function,
which is a moving-average calculation, has been applied on top of this.

Several checks on the calculation of the phase speed U has been done, using the simple
method of looking directly at the solution 7(x, t) and observing the distance travelled by the
leading wave between two arbitrary time-steps, and then comparing this to the distance given
by multiplying an approximate average of the phase speed from the time series U(t) by the
time difference between the time steps. This shows that the calculation method for the phase
speed U is seemingly very accurate.

4.3  Discretization of the equation for the horizontal fluid velocity

Recall equation (2.40) from chapter 2.2
B 1 1, +h 1 z?
T R T T gz T3 2

The equation for the horizontal fluid velocity u(x, z, t). In order to implement this into a
computer program, we need to discretize the term 7,,. Using the central differences formula
for the second derivative as given in chapter 3.1.2:

Nji—1— 21+ Ny
(Ax)? (4.6)

o%n =
we get that the expression for the horizontal velocity profile for any chosen x-position on the
spatial grid, with index j, will be

1 1 Nj-a—2'Mj+nj4 (1 27
. ——n24+ph 2 J v (2
Ry a2t T (8x)? 3 212

W= cor (4.24)

where u; = u; (n (0, Z) since the x-position is chosen.
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4 - NUMERICAL STUDY OF THE BBM-EQUATION

Remember also from chapter 2.3 that the horizontal fluid velocity of importance will be found
at the very top (z = hy + 1(x, t)) of the leading wave. If, at a given time, the center of the
leading wave is located at the x-grid position with index j, and we denote by 7; the height of
the leading wave from the top of the undisturbed surface, then the expression for the
horizontal fluid velocity at the top of the leading wave will be

2
1 1 Mioa=2m+700 (1 (ko +17)
(4.25)

Y 37 2K

— | —h., - .2 ho -
1= 0 g T gz T o (Ax)?

If we choose coefficients g = 1 and hy = 1, giving ¢, = 1, eq. (4.25) turns into

2
1 nja=2:m+n (1 (1+7))
_p24 UL e T 4.26
Mgt (Ax)? 3 2 (4.26)

As for the time series of the leading wave phase velocity, some stuttering in the graph of the
time series for u(t) may be observed when calculated as described above, although to a much
smaller extent than for the phase speed. Therefore, Matlabs built-in smooth function, a
moving-average calculation, has been applied to smooth out the curve of the horizontal fluid
velocity u(t).

4.4 Summary of numerical study

The numerical study of the wave-breaking is best described by a brief summary of chapters
4.1 -4.3:

1) The bore initial/boundary condition problem with the BBM-equation is solved by the
methods of chapter 4.1.

2) As the approximative solution of n(x, t) becomes gradually available, the bore
front/leading wave phase speed U is calculated at all time-steps as described in chapter
4.2.

3) The horizontal fluid velocity u(x, z = hy + 1, t) at the top of the leading wave is
calculated for each time-step as shown in chapter 4.3.

4) For each time-step, u is compared to U. If we have u > U at any time-step, we assume
wave-breaking is starting to occur at that time-step.

4.5 Numerical considerations

4.5.1 Check of order/convergence speed

A convergence study has been done to confirm that the numerical scheme does indeed show
second order convergence speed. The error is given by the L?-error defined as:
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N

_ (L _ (4.27)
Error N1 maxZ|nJ n(jAx, nAt)|

Like in [1], we choose a spatial domain [0, L] where L = 150. We set Ax = L/2% and At =
Ax, and increase the exponent k to half the steplengths. The results are shown in the figure
below:

k Error Ratio
11 1.81E-03

12 3.64E-04 4.96
13 8.03E-05 4.53
14 1.87E-05 4.29
15 4.52E-06 4.15
16 1.08E-06 4.19

Figure 4.3 — Results of convergence study for numerical scheme

We observe from Figure 4.3 that the error reduces by a factor of four when the spatial and
temporal step sizes are halved, and conclude from this that the numerical scheme shows
second order accuracy.

Note that the Matlab program “bbm_error checker” used for the convergence study is
included in Appendix B.

4.5.2 Stability considerations

Ideally, a formal stability analysis for the numerical scheme should have been done.
Unfortunately, the time was not there to do this during the current work, other tasks being
prioritized.

However, a practical demonstration of stability has been conducted. The assumption
regarding stability is as usual for an explicit scheme for a PDE that

Atmax,sl:able = f(Ax) (4.28)

That is: The maximum stable temporal step-length At is dependent upon the chosen spatial
step-length Ax, and so to ensure stability, for a chosen Ax we must choose for the simulations

At < Atmax,stable (4-29)
A series of simulations has been run, where the spatial step-length Ax has been kept constant

while the time-step At has been gradually decreased. The results are presented in the figure
below:
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Casel Ax [m] At [s] Atfix
0.04 0.01 l,l'r-’-'l
Ulm/s]  ulm/s] ngelm] Mg x-pos. [m]
t=205 1.236 0.608 0.474 81.58
t=40s 1.263 0.723 0.526 106.60
Case 2 Ax [m] At [s] Atfhx
0.04 0.001 1f4D

U [m/s] u [m/s] nmax[m] Mmax %-POS5. [rn]

t=20s 1.236 0.609 0.474 81.58
t=40s 1.265 0.723 0.526 106.60
Case 3 Ax [m] At [s] Atfix

0.04 0.0005 1/80

Ulm/s]  ulm/s] ngpalm] nNpex-pos. [m]

t=20s 1.236 0.609 0.474 81.60
t=40s 1.264 0.723 0.526 106.60
Cased A [m] At [s] Atfix

0.04 0.00025 1/160

Ulm/s]  ulm/s] Ngelm] Ngsx-pos. [m]
t=20s 1.236 0.609 0.475 81.58
t=40s 1.263 0.723 0.526 106.65
Case 5 Ax [m] At [s] Atfix

0.04 0.0002 1/200

Ulm/s]  ulm/s] ngulm]l npe,x-pos. [m]
t=20s 1.236 0.609 0.475 81.58
t=40s 1.263 0.723 0.526 106.65

Figure 4.4 - Practical demonstration of stability for numerical scheme. Here L = 150 m, hop= 1 m and
ao= 0.3 m has been used, using a simulation time of tua = 42 s for all runs.

We observe that the measured data are practically identical for all cases, and conclude from
this that the highest time-step At = 0.01 combined with Ax = 0.04 is within the stability
region of the numerical scheme.
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5.1 The form of the BBM-equation used in simulations

In the simulations the form (2.4) of the BBM-equation has been used, where we have set g =
1 and hy = 1, also implying ¢, = 1, ref. below:

3 1

Ne + Ny +§7777x - gnxxt =0

This has been done to be able to compare simulation results with the theoretical findings in
chapter 3, where the same form of the equation was used for simplicity. Note however that the
numerical simulation model allows for other choices of g and h,, in equation (2.3).

5.2 General observations from simulations
5.2.1 Appearance of wave train with increasing number of waves with time

During a simulation run, the initial wave profile will always transform into a train of waves,
travelling to the right, as shown in Figure 5.1 below. During a run, new waves will
continuously form at the back of the wave train, so that the total number of waves is
continuously increasing.

[§%]

-
o

i

-

E OS5

=
o

Eta(x) [m] at time: 30 seconds, n =3000

Eta(x) [m] at time: 0 seconds (initial surface profile)

=}
(=]
[=]

50 100 150 0 50 100 150
x [m] X [m]

Figure 5.1 - Initial profile transforming into a right-travelling train of waves

5.2.2 Amplitudes increase with time and position to the right in wave train

The amplitudes of the waves in the wave train increase with both time (up to a certain point)
and position to the right in the wave train, so the leading wave (the right-most) generally have
the highest amplitude. An example of this is shown in Figure 5.2 below.
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151

) [m] at time: 30 seconds, n =3000
o

0.5 1 = 0.5

Eta(x) [m] at time: 12 seconds, n =1200

Eta(

x [m] x[m]
Figure 5.2 - Amplitudes of waves increase with time and to the right in the wave train

5.2.3 Amplitudes stabilize at a maximum and limit horizontal fluid velocity

As time passes during a simulation, giving that the bore strength « is such that wave breaking
does not occur, the amplitude of the leading wave (which is the largest overall amplitude)
stabilizes towards a maximum. An example is shown in Figure 5.3 below.

X102
Y: 1.547

e

051

X:76.68
Y: 1.526

1]

05

Eta(x) [m] at time: 40 seconds, n =4000
Eta(x) [] at time: 60 seconds, n =6000

0 50 100 150 ] 50 100 150
x [m] x [m]

Figure 5.3 - Maximum amplitude stabilizing

By studying time series of the maximum amplitude versus the calculated horizontal fluid
velocity at the top of the leading wave, one easily observes that the horizontal fluid velocity
apparently is bounded by the amplitude of the wave, which should not come as any surprise
when studying equations (4.24), (4.25) and (4.26), which clearly show the dependence of the
horizontal fluid velocity on the elevation z.

Below is an example of time series for the maximum amplitude eta [m] (left) and the
horizontal fluid velocity u [m/s] at the top of the leading wave for a simulation run (right).
Observe how closely the (dotted) graph of u follows the graph of the maximum amplitude eta.
Note also the calculated leading wave phase speed U [m/s] which as mentioned in chapters 2
and 4 is fairly constant. Further, U is also larger than u for all times in this series, showing
that there is no wave-breaking occurring in this simulation run.
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Figure 5.4 - Horizontal fluid velocity dependence on maximum wave amplitude

From the above, we can note an observation: If the horizontal fluid velocity u evaluated at the
top of the leading wave has not exceeded the phase speed U of the leading wave before the
leading wave reaches its maximum amplitude, then no wave-breaking will occur.

5.2.4 Wave-breaking is observed to depend on chosen value of alpha

As expected, the value @ = a,/h, clearly influences whether wave-breaking is observed
during a simulation. After some simulation runs with the finished program, it quickly became
clear that there is some kind of wave-breaking threshold for a-values in the area of
approximately 0.39-0.40. This will be elaborated in chapter 5.3. In the figure below, two
simulation runs are shown, differing only in the value for a,. In the left plot, a, is set to 0.35
m, while for the right we have a, set to 0.45. With hy = 1 m in both cases, this corresponds of
course to a = 0.35 and a = 0.45, respectively. As has been noted earlier in chapter 2.3, after
wave-breaking occurs, the the BBM-equation (2.3) is no longer valid as a description of the
physical water surface.
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|
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Figure 5.5 - Two simulation runs, with no wave-breaking and wave-breaking. To the left: Alpha =
0.35, no wave-breaking is observed. To the right: Alpha = 0.45, wave-breaking occurs after around 20
seconds.
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5.3 Observed critical alpha for wave-breaking

The value of a piticq; for which the onset of wave-breaking is observed for @ > . iticqr Was
found by Favre in [2] to be 0.28, by Kalisch/Bjerkavédg in [1] to be 0.379, by Brun in [3] to be
0.358, and finally by Kalisch/Brun to be 0.3238 in [11].

In [3], Brun chooses to start out with the value a ., iticq; = 0.28 found by Favre, and to
gradually increase the bore strength to find @ ,j¢icq; for the KdV-system. However, during the
work on this report, it quickly became clear from simulation runs that a possible @ ticq; 1N
this case would be somewhat higher than 0.28. Therefore the starting point in the search for
Acriticar Was set to a = 0.39.

In [3], the choice is also made to use a combination of temporal step-length At and a
maximum number of time steps which results in a final time of 120 seconds for the simulation
runs, on the grounds of keeping the accumulating error from becoming too big. Although this
seems somewhat arbitrary, for the ease of comparison a final time of 120 seconds for
simulation runs was chosen also in the current work. Note that allowing a longer time period
for simulation would most likely result in a slightly lower value for a .y iticai-

Using step-lengths Ax = 0.04 and At = 0.01, the case with hy = 1 m and ay = 0.39 m giving
the desired starting value of @ = 0.39 was chosen as the starting point for investigation. The
figure below shows that no wave-breaking was found for this case.

2 T T T T T T T T T T

phase spead U

18+ — — — horizontal fluid velocity u

161

141

121 e

1ir -~

0.8

0.6

0.4r

0.2r

U and u (evaluated at top of leading wave-crest) [m/s]
",

0 ; ; ; . . . . . . .
10 20 30 40 50 G0 70 80 90 100 110 120
Time, t[s]

Figure 5.6 — Starting point alpha = 0.39 in the search for critical alpha. No wave-breaking observed
for this case.
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Running several simulations, increasing a, and thereby also a between each run, the general
value-range of a for the appearance of wave-breaking was identified. Applying an increment
of 0.001 for a, in this area, the onset of wave-breaking was first observed for @ = 0.399, as
shown in the figure below.
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Figure 5.7 — Critical alpha for wave-breaking. Wave breaking occuring for alpha = 0.399

The main finding in the current work is then a critical bore-strength a i¢icar = 0.399 for the
onset of wave-breaking in the initial/boundary value bore-problem with the BBM-equation.

It is about twice the experimental value found by Favre in [2], but we must keep in mind that
Favre did his experiments in an outdoor wave tank, where all kinds of real-world physical
effects would have affected the results. The critical value for a found in the current work does
not differ much from values found in other theoretical works, especially it should be noted
how close the value found here is to the value & piticqr = 0.379 obtained by
Kalisch/Bjerkavag in [1].

5.4 Bore strength a versus maximum wave height and breaking times

By running simulations with bore strength a higher than the found critical value, we can
observe the dependence of the maximum achieved wave height and the time of wave breaking
during a simulation, upon the bore strength a. Using the same calculation method as before, a
number of simulations have been run until breaking is occurring, and then the height of the
leading wave at that point as well as the time of breaking has been noted. The data is
presented in the following figures.
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Figure 5.8 - Maximum wave height at breaking point as a function of bore strength alpha
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Figure 5.9 - Breaking time as a function of bore strength alpha

We observe that a higher bore strength will result in a higher achieved maximum wave height,
as well as shorter times before breaking occurs.

Interesting to note here is the apparent connection to the result found for the theoretical
maximum wave height of the solitary wave found in chapter 3.2, that is

57



5-RESULTS

Hyax = 0.7604389

For simulations with bore strength a close to the critical value @ piticar = 0.399, it seems that
the maximum wave height at the time of breaking will approach this value. This result is
similar to what was found in [3], and we expect also here that allowing for a longer time
period in the search for the critical value of alpha could give a slightly lower &¢riticais
resulting in a wave height even closer to the theoretical maximum at the point of breaking.

In [3], theoretical work given in [4] is used to explain this result. The idea is that over time,
the leading wave of the bore will approach a solitary wave. In [1], the authors point to a
general taking in the literature in which it is assumed that bore of the undular type will
transform into a train of solitary waves in models where viscosity is not included. The results
of the current work do indeed point strongly in this direction. From simulations using the bore
strength @ criricar = 0.399, it can be seen that at the point of wave-breaking we do not only
have a leading wave height very close to the theoretical maximum, but we also have a phase
speed for the leading wave that comes very close to the speed obtained by inserting the
maximum wave height into the wave height-phase speed relation given by eq. (3.9).

Apparently, the bore strength @ piricar = 0.399 represents a sort of threshold, for which higher
values of «a results in the breaking of waves before solitary waves have had the time to fully
develop.
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6 CONCLUSIONS AND FURTHER WORK

The travelling bore is a physical fluid phenomenon described in a simplified way as a fluid
flow moving along on top of another body of fluid beneath.

In the 1930s, experimental studies of the travelling bore were conducted in an outdoor wave
tank by Favre [2]. He found that the physical property bore strength, given as & = ay/hg, the
ratio of the height of the incoming water flow to the height of the undisturbed water, had an
important impact on the onset of wave-breaking for waves in the bore. Most relevant for the
current work, he found that a bore strength of @ yjticq; = 0.28 constituted a threshold for
wave-breaking, for which higher values of @ would result in the occurrence of wave-breaking
in otherwise purely undular bores.

Several theoretical studies [1] [3] [11] have been done to investigate the experimental results
found by Favre. Using a Boussinesq system to model the surface waves, Kalisch and
Bjerkavag [1] found the wave-breaking threshold to be &y iticq; = 0.379. Brun used the KdV
equation and found an @ pjticqr = 0.358 in [3], and also with the KdV equation Kalisch and
Brun found @ piticq; =0.3238 in [11].

In the current work, the BBM equation as given in [4] has been used to model the surface
waves in the bore.

Based on the work in [1], a second order numerical scheme using finite differences for spatial
discretization and Heuns method for time-stepping has been developed. Using appropriate
boundary conditions, the numerical scheme has been used to solve the initial/boundary value
problem for an approximative solution of the surface profile n(x, t). A study on convergence
speed confirms that the numerical scheme displays second order behaviour, and a practical
demonstration of stability for commonly used spatial and temporal step-size combinations has
been done.

After the solution of 7(x,t) is available, the phase speed U of the leading wave can be found
from simple calculations, as its position is then known for all time. Then, by calculating the
horizontal fluid velocity u at the top of the leading wave, the onset of wave-breaking has been
investigating using the breaking criterion u > U.

The threshold for the onset of wave-breaking has in the current work been found to be
Acriticar = 0.399. This somewhat higher than the value found by Favre, but it corresponds
well to the values found in other theoretical works. However, it should be noted that Favre
conducted his experiments in an outdoor wave tank where all kinds of real world physical
effects surely influenced the result, while the current work involves a theoretical model with a
lot of simplifications.

The results also indicate that for bore-strengths in the area of the critical value, the leading
wave seems to develop into a solitary wave with a maximum height close to the theoretical
maximum value found by using the breaking criterion on the analytical solitary wave solution.
Seemingly, the critical value of a represents an upper threshold where for lower bore-
strengths the undular bore develops into a train of solitary waves, while for higher bore-
strengths wave breaking occurs before this can happen.
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There are several possible actions to take which may result in a better match between
theoretical and experimental results. In [12] the effect of an imposed background vorticity on
a flow described by the KdV equation is investigated, showing a clear influence on wave
breaking. Another option could be to use higher order Boussinesq systems to describe the
surface waves more accurately, e.g. one of the systems described in [13].

With the above in mind, it would be interesting to see the results of possible further work
which could include studies with more advanced theoretical models where physical effects are
accounted for. Another task for future study could be to look more closely at the difference in
the results found in the current work for wave breaking in the BBM equation and the results
found for the related KdV equation in [3].

60



APPENDIX A — SOURCE CODE FOR BBM_SOLVER

o\

BBM Solver

Program to solve the BBM equation (as given in "Linear and nonlinear
waves" by G.B Whitham, p. 463) numerically with Heuns method for
time-stepping, applied to the physical problem of a bore with height a0
flowing over undisturbed water with height hO.

o\

o

o° oo

The program also calculates the bore front speed/speed of the

leading wave, U [m/s], which is calculated from the approximative
solution for eta(x,t), and also calculates the horizontal fluid velocity
u(x, z = h0 + eta max, t) [m/s] at the top of the leading wave-crest at
all time-steps, to be able to observe the onset of wave breaking
according to the breaking criterion u > U.

o 0P o° o° oe

o

o

Output:

i) Approximative solution of the surface profile eta(x,t) on an
(x,t)-grid (so dimensions are 1 spatial + 1 temporal) for all
time-steps.

ii) Calculated values of bore front/leading wave-crest
phase speed U [m/s] for all time steps.

iii) Calculated values of horizontal fluid wvelocity
u(x, z = h0 + eta max, t) [m/s] at the top of the leading wave-crest
for all time steps.

o° oo

o oP

o 0o oe

o\

o\

Results displayed in plots:
1) Surface-profile eta(x) for a user-controlled set of t-values
ii) Horizontal fluid velocity profile underneath leading wave-crest
for a user-controlled set of t-values.
iii) Time series of U and u in the same plot for visual control
of eventual onset of wave-breaking.
iv) Time series of eta max, the maximum wave-height in the domain

o oP

o oo oe

o\

o\

o\

NB! Remember to clear the memory between each run of the program

o

Use command "close all" to close all figures from a simulation

o

The program contains a lot of "greened-out" code pieces used during the
development of the program, they are intentionally left in the program.
They can be useful in many ways, e.g. if you want the value of a variable
printed to the screen at a certain time/point in the program

o° oo

o\

o\

Elaborate explanations of code pieces are intentionally left in the
program, hopefully to easy the use of the program for any new users.

o\

o\

Last review/update of code: 20.12.18

o\

o\

MISCELLANOUS

o\

[o)

clear % Clearing workspace, freeing up system memory

[o)

tic % Starts timer for program run
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o° 0o oo

o\

Below: Set plot outline color to white, as it works better when copying
plots into documents. Code from
https://www.mathworks.com/help/matlab/creating plots/
default-property-values.html, checked 18.10.18, 11:32

set (groot, 'defaultFigureColor', 'w")

oo

oo

INPUT PARAMETERS

o\

a0 = 0.399;
ho = 1;
L = 300;

n_max 13000;

Il
=
~

kappa

U avg steps =

smooth span U

smooth span u

oo

oo

oo

oo

oo

o° oP

oo

o° P o° o° o° o°

oo

100;

= 501;

501;

Height of bore (ABOVE undisturbed water depth) [m]
Undisturbed water depth [m]

Length of spatial domain (in x-direction) [m]
Recommended to set this to an even number

oo

Divisor controlling the starting position of the
bore-front in the spatial interval. bore start pos = 2
corresponds to bore-front initial position in the
middle of the spatial interval

o° oo

o\

The desired maximum number of steps to take forward in
time (Preferably this number should be divisible by
rem-control number for plots of surface profile)

Controls steepness of the initial surface profile in the
transition from a0 to O.

Higher value = steeper bore front slope, and vice versa
Note: Changing this value will affect the result for the
approximative solution of eta(x,t) somewhat, but will
apparently not have an effect on the occurence of
wave-breaking depending on alpha = a0/h0

o\

Averaging to smooth out "main" stuttering in the graph
of the time series U(t) for the leading wave

phase speed U [m/s]. U avg steps is the number

of time steps to average leading wave phase speed U
[m/s] over. U must be averaged in order to get a smooth
curve U(t), as it will be "stuttering" when calculated
over individual time steps, due to the discrete grid.
NB! Set U avg steps = 1 to calculate U over individual
time-steps

o° 0O o o° o° 0P o°

o\

oo

Secondary smoothing of the graph of the time series
U(t) for the leading wave-crest phase speed U [m/s].
Sets the span of the moving average calculation
employed in Matlabs "smooth"-function, see Matlab
documentation for details

o o° oe

oo

oo

Smoothing of the graph of the time series of
the horizontal fluid velocity u [m/s] evaluated
at the top of the leading wave.

oo

oo

oo

CONSTANTS GIVEN BY INPUT PARAMETERS

o\
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g =1; % Gravitational acceleration [m/ (s"2)]
cO0 = sgrt(g*h0); % Phase speed for linear surface waves in the
% shallow water approximation [m/s].
% See Whitham p. 454/KCD eq. (8.49) p. 362
gamma = (1/6)*c0*(h0"2); % Constant given in eq. (13.94),
% Whitham p. 462 [m"3/s]
b = (3/2)*(c0/h0); % Constant for simplification
d = gamma/c0; % Constant for simplification

o\

o\

SPATIAL AND TEMPORAL STEP SIZES,

X-VECTOR

o

% NB!

% delta x = = 0.04

As per 20.12.

18: LARGEST KNOWN stable delta x and delta t:

delta t = delta x/4 = 0.01

% UPDATE here if larger stable step-sizes are found

o\

delta x = 0.04;

sdelta x =

delta t = 0.01;

N = (L/delta x) -

zeros (N+2,1) ;

for j
x(j) =
end

L/ (2°k) ;

1;

= l:length(x)
(j-1) *delta x;

o\

Steplength in spatial direction (x-dir.)

NB! Choose delta x so that L is divisible

by delta x (required for an integer number of
uniform steps delta x to exactly fill all of L)
Easily checked by L/delta x in command window

o° o° oe

o\

o

Alternate formula for spatial steplength.
Note that this method ENSURES that

L is divisible by delta x, as then we have
L/delta x = 27k, which is always an integer

o° oP

o\

Temporal steplength (timestep)

o\

o\

The number of "internal" spatial grid points.
Controls the "inner" size of vectors and the
size of matrices,

which will be N and N x N, respectively
Follows logically, and also from

delta x = L/(2"k) set equal delta x = L/ (1+N)
Note that x 1 and x r come in addition,

so the total number of grid points

on the spatial domain is N + 2

o P o 0° o° od° o°

o

o©

(N+2) x 1 vector x sized to hold all
(all spatial grid points)

Creates a
x-points

o

o

Updates vector x with the correct
x-values for the grid points

o
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o\

o

ETA-VECTOR

o

eta = zeros (N+2,1); % Creates a (N+2 x 1) vector sized to hold
eta-values for all x-points

o

ETA STAR-VECTOR

Creates a N x 1 vector sized to hold eta star-values for all
"internal" x-points (excluding x 1 and x r).

eta star values are the Euler predictions (when at the current time
t = n*delta t) for the eta-values at time t = (n+l)*delta t

o° oo

o\

o

eta star = zeros(N+2,1);

eta_star(l) = a0; % First element of eta star vector should be
eta star; % the LHS boundary condition for eta

o\

o

ETA (N+1)-VECTOR

o©

o

Creates a N x 1 vector sized to hold eta n plus l-values for all
"internal" x-points (excluding x 1 and x r).
eta n plus 1 values are the new solution points (when at the current

o

o° oo

time t = n*delta t) for the eta-values at time t = (n+l)*delta t
eta n plus 1 = zeros(N+2,1);
eta n plus 1(1) = a0; First element of eta n plus 1 vector should

<
o
o
°

eta n plus_1; be the LHS boundary condition for eta

o° oo

ETA STORAGE-MATRIX

o\

o\

Creates a matrix to save all eta-values for all time steps

One column in eta storage will contain all eta values for a given
time-step. The first column vector represents eta(x,0), the initial
surface profile

o oP

o

eta storage = zeros(N+2, n max+l);

o\

Below: Taking LHS boundary conditions into eta storage matrix for all
time. The RHS boundary condition is already O from the creation of the
matrix.

o

o

for i = 1:n max+l
eta storage(l,1i) = a0;
$eta storage (N+2,1i) = 0;
end

eta storage;

%[m,n] = size(eta storage)
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o\

o\

TRIDIAGONAL MATRIX T

o©

o oo

o

Code from

o° oo

found 02.10.18, 19:20

@)
|

= sparse(l:N,1:N,-2*ones(1,N),N,N);
sparse(2:N,1:N-1,ones(1,N-1),N,N);
S = E+D+E’';

=
Il

Constructing tridiagonal matrix T to be used in calculations of matrix A
Using sparse matrix to save memory during simulations.

www.mathworks.com/help/matlab/math/constructing-sparse-matrices.html

% Constructing matrix A to be used in the calculation of linear systems of
% equations with solutions respectively eta star vector and "eta (n+l1)"

% vector

% Note: A should be a tridiagonal matrix, as it is a summation of a

diagonal matrix I and a tridiagonal matrix T.
sparse, as both I and T are created as sparse.

It should also be

% Note that using sparse matrices is crucial for simulation speed!
% For a certain reference problem used for testing, this step reduced

Q

% simulation time usage by 97 %

o

I = sparse(l:N,1:N,ones(1,N),N,N);

o\

Below: Creating matrix A (N x N).

Below: Creating sparse identity matrix with dimensions (N x N)

A = (l1/delta t)*I - (d/(((delta_x)"2)*delta t))*T;

o° oo

B1-VECTOR

o\

o\

bl = zeros(N,1); RHS vector (N x 1) in
A*eta star calc = Dbl,

which is to be solved

o\

o©

the
the
for

system of equations
system
eta star calc (Euler pred.)

o\

o

B2-VECTOR

o©

o

b2 = zeros(N,1); RHS vector (N x 1) in
A*eta n plus 1 calc =

which is to be solved

o° oo
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o\

o

TIME OVERVIEW-VECTOR

o

t overview = zeros(n max+l,1); % Creating a vector containing all
time values for control purposes

o

ETA MAX STORAGE-VECTOR

o©

o° oo

eta max storage = zeros(n max+1l,1); Creating a vector for storing the
maximum value of eta for each

% time step

o° oo

o\

o\

ETA MAX X-INDEX STORAGE-VECTOR

o©

o\

Creating a vector for storing the x-index for the maximum value
of eta for each time step

o

eta max x index storage = zeros(n max+l,1);

o\

o

ETA MAX X-POSITION STORAGE-VECTOR

o©

o

o

Creating a vector meant to store the x-position for the maximum value
of eta for each time step

eta max x position storage = zeros(n max+1,1);

o\

o

U STORAGE-VECTOR

o©

o

Vector to hold calculated (with averaging) bore front/leading wave-crest
% velocities U for all time steps

U storage = zeros(n max+1,1);

U STORAGE SMOOTHED-VECTOR

o©

o° oo

Vector to hold calculated values (with averaging AND smoothing) for
bore front/leading wave-crest velocities U for all time steps

o
°
o
°

U storage smoothed = zeros(n max+1l,1);

u_eta max STORAGE-VECTOR

o©

o° oo

Vector to hold calculated horizontal fluid velocity u(x,z,t)
evaluated at x = x(eta max), z = h0O + eta max, t = n*delta t,
for all time steps.

o° oo

o\
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[o)

% Note that the wave breaking criterion is u > U.

u eta max storage = zeros(n max+l,1);

o©

u_eta max STORAGE SMOOTHED-VECTOR (OK! Checked 30.11.18)

o° oo

o\

Vector to hold calculated values (with smoothing) for horizontal fluid
velocity u(x,z,t) evaluated at x = x(eta max), z = h0 + eta max,
t = n*delta t, for all time steps

o\

o\

u_eta max storage smoothed = zeros(n max+1,1);

o\

o\

ADVANCING SOLUTION VECTOR ETA FORWARD IN TIME

o©

n = 0; % Time step index initially at zero

[o)

t = 0; % Time initially at zero

o\

Below: Updates vector eta to hold the initial condition/
% initial surface profile eta(x,0).

for 3 = 1:(N+2)
eta(j) = 0.5%a0* (1 - tanh(kappa* (x(j)-(L/b_start pos))));
end

o\

NB! Note that L/2 above places the borefront at t = 0 (initially) in the
middle of the spatial interval [0,L]. This can be adjusted as desired
with input parameter b start pos.

o

o

o

Note that we are currently letting the initial condition function control
the value of eta for the LHS and RHS grid points at t = 0, which could
possibly have been "overridden"/set to a0 and 0, respectively. Code

a few lines below to implement this, if desired.

o

o° oo

eta;

Below: Storing the initial (at n=0 / t=0) maximum value of eta(x,t=0)
as well as the index of the maximum eta value in the eta vector.

As this index is the same for the max eta value in the eta vector and
the corresponding x-value in the x vector, we use this to find the
x-position of the maximum eta value for all time steps.

Note that this is really not interesting at this point,

it is at a later time, when a front wave (which will have the

maximum eta value) has appeared, that we need the

x-positions of this front wave at different times, to calculate

the phase speed U [m/s] for the bore front

0° P ° o° o© o° oo o°

o\

o

[eta max storage(n+l), eta max x index storage(n+l)] = max(eta);
eta max x position storage(n+l) = x(eta max x index storage(n+l));

[o)

% Below: Plotting initial surface profile eta(x,0)

67



APPENDIX A — SOURCE CODE FOR BBM_SOLVER

figure
plot (x,eta + hO, '-black');
hold on
plot (x,ones (size(x)) * hO,'--black'); % Plot undisturbed water height hO
xlabel ('x [m]");
ylabel (['Eta(x) [m] at time: ' num2str(t)
' seconds (initial surface profile)']);
x1im ([0 LJ)
y1im ([0 ((a0 + hO)+1)1])
hold off

[o)

% Below: Creating (N x 1) vector r eta n to be used in calculations

r_eta n = zeros(N,1);

o)

% Below: Creating (N x 1) vector r eta star to be used in calculations
r eta star = zeros(N,1);

% Below: While-loop advancing solution forward in time starts here!

while n < n_max % Running calculations until desired maximum number
of time steps is reached

o

o\

Below: Adding current time for storage in time overview vector.

% Note that as we start at n = 0, the first element in time overview
% vector to be updated is element 1, where we store t = 0.
t overview(n+l) = t;

o\

Below: Storing surface profiles eta(x,t) in the eta storage matrix
for all time steps.

We only need to update "internal" values, first and last

elements are the BCs a0 and 0 for all time.

The first run of the while loop (for n = 0) will store the

initial surface profile eta(x,0) as the first column vector

in the eta storage matrix.

o 0P o o°

o\

o

for i = 2:N+1
eta storage (i, (nt+l)) = eta(i);
end

o

Below: Calculating current r eta n vector, which is a function of
the current eta vector, as well as spatial steplength delta x
and the constants b and c0

o° oo

for j = 2:N+1 $ Starting at j=2 due to Matlab array indexing method
r eta n(j-1) =

-(b/2) * (((eta(3+1))"2 -
(eta(j-1))"2)/(2*xdelta x)) ...
- cO0*((eta(j+1l) - eta(j-1))/(2*delta x));
end
r eta n;

o\

Below: Creating (N x 1) vector eta calc to use in linear system of
equations, as the vector dimensions must be (N x 1) when solving
% the linear system

o
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eta calc = eta;

eta_calc(l) = [1;
eta calc(length(eta calc)) = [];
seta;

seta calc;

o\

Below: Creating (N x 1) vector eta star calc to use in linear system
of equations, as the vector dimensions must be (N x 1) when solving
the linear system.

o

o

eta star calc = zeros(N,1);

% Below: Calculating/updating bl vector

bl = r eta n + (1/delta t)*eta calc - (d/((delta x"2)*delta t))
* T * eta calc;

$bl;

% Below: Solving linear system of equations for Euler prediction
% vector eta star calc

eta star calc = A\bl;

o\

Below: Adding current "internal" eta star values from vector

eta star calc to eta star vector

First and last elements of eta star, corresponding to indices i=1
and 1=N+2 respectively, remains the boundary conditions: a0 and 0

o° oP

o

for i = 2:N+1
eta star(i) = eta star calc(i-1);
end

seta star calc;
%length (eta star calc);
seta;

seta star;
%length (eta star);

o\

Below: Calculating current r eta star vector, which is a function of
the current eta star vector, as well as spatial steplength delta x
% and the constants b and c0

o

for j = 2:N+1 $ Starting at j=2 due to Matlab array indexing method
(

r eta star(j-1) = -(b/2) * (((eta_star(j+l))"2 -
(eta_star(j-1))"2)/(2*delta _x))...
- c0*((eta_star(j+l) - eta star(j-1))/(2*delta x));

end

[o)

% Below: Calculating/updating b2 vector

b2 = (1/2)*(r_eta n + r eta star) + (l/delta t)*eta calc -
(d/ ((delta x"2)*delta t)) * T * eta calc;
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o\

Below: Creating (N x 1) vector eta n plus 1 calc to use in linear
system of equations, as the vector dimensions must be (N x 1) when
solving the linear system.

o

o

eta n plus 1 calc = zeros(N,1);

o

Below: Solving linear system of equations for eta n plus 1 calc
vector, the solution for the surface profile one step forward
in time

o

o

eta n plus 1 calc = A\b2;

o

Below: Adding current "internal" eta n plus 1 values from vector

eta n plus 1 calc to eta n plus 1 vector

First and last elements of eta n plus 1, corresponding to indices i=1
and i=N+2 respectively, remains the boundary conditions: a0 and 0

o° oo

o\

for 1 = 2:N+1

eta n plus 1(i) = eta n plus 1 calc(i-1);
end
Seta; % Approx. solution for eta(x,t) at current time t

oo

seta n plus 1; Approx. sol. for eta(x,t+delta t) at time t + delta t

o\

n=n+1 Updating time step number for next run of while-loop
t = n*delta t; % Updating the time for the next run of the while-loop

eta = eta n plus _1; % Updating eta vector to be ready to repeat
% while-loop for next time step

o\

Below: Storing the current maximum value of eta(x,t)

as well as the index of the maximum eta value in the eta vector.

As this index is the same for the max eta value in the eta vector and
the corresponding x-value in the x vector, we use this to find the
x-position of the maximum eta value for all time steps.

At the time when a front wave (which will have the maximum eta wvalue)
has appeared, we need the x-positions of this front wave at different
times, to calculate the phase speed U [m/s] for the bore front

o° P o© o° o° o

o

[eta max storage(n+l), eta max x index storage(n+l)] = max(eta);

o

Below: The max (vector) function in matlab will pick the first
(leftmost) element in the vector, if there are more than one maximum
value in the vector! In the start of the simulation, this can
typically result in the max(eta)-code part picking the very first
element in eta-vector, with index 1, as the maximum. This is because
the initial surface profile has a constant value a0 as the

maximum eta-value at its left part, so there are many max values.
This will result in an error message further down in the code, as the
code for calculating the horizontal velocity profile below the
maximum eta-value employs finite differences for the second order
derivative, and will then try to pick element 0 from the eta-vector,
which will not work since matlab starts indexing at element 1.

Note that this little code piece is only used if the maximum eta
value actually has index value 1 in the eta-vector, so it will

have no effect on the when we are actually interested in the max
eta-value, that is after many time steps, when a leading wave-crest
has formed.

o 0o oe

o oo

o oo oP

o oo

o oo oP

o oP

o
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%eta max x index storage (n+l);
if eta max x index storage(n+l) == 1
eta max x index storage(n+l) = eta max x index storage(n+l) + 1;
end
%eta max x index storage (n+l);

eta max x position storage(n+l) = x(eta max x index storage(n+l));

%eta max storage (n+l);
%max (eta) ;

o\

Below: Calculating bore front/leading wave-crest speed U [m/s]
from a simple "v = s/t" formula.

o\

o\

Note that by calculating over individual time steps, the U-value we
find is actually the AVERAGE bore front speed
between two time index values

o

o

o

U avg steps is the number of time-steps to average U over. This
takes care of the main "stuttering" in the graph of U(t), but it
still has to be smoothed using Matlabs "smooth"-function, which is
a moving average filter.

o

o° oo

if n >= U _avg_steps
U = (eta max x position storage(n+l)...
- eta max x position storage((n+l)-U_avg steps))...
/(U_avg_steps*delta t);

% Below: Storing current value of U [m/s] in the U storage vector

U storage(n+l) = U;

o\

Below: U storage smoothed vector is updated in every time-step,
and will eventually serve as the values used for the leading
wave-crest phase speed U [m/s] in the calculations

o\

o

U storage smoothed = smooth(U_storage, smooth span U);
end

o\

Below: Creating a vector of z-values, at which the horizontal fluid
velocity u [m/s] "on the vertical line" below the maximum eta-value
will be calculated, thus enabling us to plot a profile of the
horizontal fluid velocity at different depths below the maximum
eta-value.

o

o° oo

o\

delta z = (h0 + max(eta))/10;
z = zeros(11l,1);

for 1 = 1:11

z(1i) = (i-1)*delta z;
end
$z;
u profile = zeros(11,1);
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o\

Below: Using the equation for u(x,z,t) to calculate the profile for
the horizontal fluid velocity. Using discretized equation

derived from Whitham, p. 465.

Note that u is actually only implicitly dependent on x and t,
through eta(x,t).

o° o oe

o

o

As expected, the equation below produces a horizontal

fluid velocity profile below the leading wave-crest

that is quadratically dependent/proportional

to z, and the horizontal fluid velocity always increases with z
and reaches its maximum value for z = hO + eta max (at the top of
the leading wave-crest).

o° oo

o oP

o

for 1 = 1:11

u profile(i) = cO0*((1/h0)*max(eta) - ...
((1/(4*(h072)))* ((max(eta))”"2))
+ (hO*(((eta((eta max x index storage(n+l))-1))
- 2*max (eta)
+ (eta((eta max x index storage(n+l))+1)))/(delta x"2)))*
((1/3) - ((z(1))"2)/(2*(h0"2))));

end
smax (u_profile);

% Below: Storing the horizontal fluid speed evaluated
at z = h0O + eta max for each time step

o

u eta max storage(n+l) = max(u profile);

o

Below: u _eta max storage smoothed vector is updated in every
time-step, and will eventually serve in the calculations as
the values used for the horizontal fluid velocity u [m/s]

at top of the leading wave

o

o° oo

u_eta max storage smoothed = smooth(u eta max storage, smooth span u);

%u_profile;

o

Below: Plotting the surface profile eta(x,n*delta t).

As we are typically advancing the solution forward in time by

very small time steps, we won't see much difference in the profile
from one time step to the next, so the logical if-check below makes
sure there is a bigger time interval between each plot.

Currently set to plot for every xx-th time step, by checking if the
time-step index number n can be divided by xx, this can of course
be modified as desired.

o 0P o° o° o°

o° oo

Also plotting the horizontal fluid velocity profile beneath
the leading wave-crest (the maximum eta-value) for each xx-th time
step.

o° oo

o\

$if n > 175

if rem(n,8000) == 0
figure
plot (x,eta + hO, '-black'); % Plotting surface profile eta(x,t)
hold on
plot (x,ones(size(x)) * hO,'--black") % Plotting water height hO
hold off
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x1im ([0 LJ)

ylim ([0 ((a0 + h0)+1)1])

xlabel ("x [m]");

ylabel (['Eta(x) [m] at time: ' num2str(t)
' seconds, n =' num2str(n)]);

hold off

$Z;

o

u profile;
smax (u_profile);

figure

plot (u profile,z,'-black'); % Plotting the u(z) velocity profile

hold on

x1im ([0 57)

y1lim ([0 ((h0O + max(eta))+0.5)1)

xlabel (['Horizontal fluid velocity u(z) [m/s] beneath max. eta'...
, 10," at time: ' num2str(t) ' seconds, n =' num2str(n)]);

ylabel ('0 < z [m] < h0 + eta max');

hold off

end
end % End of while loop and all calculations for current time step

o

Below: We need to store the LAST calculated eta vector,

that is eta(x, n max*delta t) to the eta storage matrix, as we don't
go through the while-loop after eta(x, n max*delta t) has been
calculated.

o° oo

o\

o\

We only need to update "internal" values, first and last elements are
the boundary conditions a0 and 0 for all time

o\

o\

The eta storage matrix should now contain the approximative solution
of eta(x,t) for all timesteps.

o\

for 1 = 2:N+1
eta storage (i, (n+l)) = eta(i);
end

%eta storage;

[o)

% Below: Wave-breaking criterion check for leading wave-crest:

for i = 2:n max+l
if u _eta max storage smoothed(i) > U _storage smoothed(i)
&& abs (U_storage smoothed(n max+l) - U storage smoothed(i)) < 0.2
disp(['Wave breaking starting to occur at '
numZ2str ((i-1)*delta t) ' seconds, n = ' num2str(i-1)

', verify by visual control of plot'l])
break
end
end

o

Below: Adding final time as last element of t overview vector
Need to do it here as we are not going through the while-loop
after t has been updated with the value for the final time

o

o

t overview(length(t overview)) = t;
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Final surface profile eta(x,t)

o\

eta;

o

max (eta) ; The maximum value of eta at the final time

t overview; % Vector containing overview of all time values

eta max storage; % Vector containing overview of the maximum values of eta
% for all time steps

eta max x index storage; % Vector containing overview of the x-vector index
% for the maximum value of eta for each time step

eta max x position storage; % Vector containing overview of the x position
for the maximum value of eta for each time
step

o° oo

Vector containing calculated bore front/leading wave-crest
speed U [m/s] for all time steps (after first averaging)

U storage;

o
°
o
°

Vector containing calculated bore front/leading wave
speed U [m/s] for all time steps (after first
% averaging AND smoothing)

U storage smoothed;

o° oo

o\

Vector containing the horisontal fluid
velocity u(x,z,t) evaluated at
z = h0O + eta max for each time step.

u_eta max storage smoothed;

o\

o

o\

Below: TEST vector only. Smoothing U-storage data to get a smooth graph
for time series U(t). See Matlab documentation for explanation.

NB! This vector should be equal to final U storage smoothed vector, do
a difference check on the vector pair and verify that the resulting
vector is zeros.

o 0o oe

o\

U storage smoothed test = smooth (U storage,smooth span U);

Below: TEST vector only. Smoothing u-storage data to get a smooth graph
for time series u(t). See Matlab documentation for explanation.

NB! This vector should be equal to final u_ storage smoothed vector, do
a difference check on the vector pair and verify that the resulting
vector is zeros.

o 0P o© o°

o

u_eta max storage smoothed test = smooth(u eta max storage,smooth span u);

o\

Below: Plotting the averaged and smoothed leading wave phase speed [m/s],
and plotting u(x,z = hO + eta max,t) [m/s], the horizontal fluid velocity
evaluted at z = h0 + eta max and x = x(eta max) for each time step

Also possibility for plot of "test"-smoothed leading wave speed U [m/s]

o

o° oo

figure

plot (t_overview, U storage smoothed, '-black'");

hold on

$plot (t _overview, U storage smoothed test,'-red');

plot (t overview, u eta max storage smoothed, '--black'");

legend ('phase speed U', 'horizontal fluid wvelocity u');
x1im ([0 delta t*n max])

ylim ([0 2])

xlabel ('Time, t [s]');
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ylabel ('U and u (evaluated at top of leading wave-crest) [m/s]');
hold off

% Below: Plotting the maximum horizontal fluid velocity
u(x,z = h0 + eta max,t) [m/s] as a function of eta max

o

figure
plot (eta max storage, u eta max storage smoothed, '-black'");
hold on

$plot (t _overview, u eta max storage, '--black');
x1im ([0 max (eta max storage)])

ylim ([0 57])

xlabel ('"Eta max [m]");

ylabel ('u eta max [m/s]');

hold off

o

o\

Possibility also for plotting u(x,z = h0 + eta max,t) [m/s],
the horizontal fluid velocity evaluted at z = h0 + eta max
and x = x(eta max) for each time step.

o\

o

figure

plot (t overview, eta max storage, '-black');
hold on

$plot (t _overview, u eta max storage, '--black');

x1im ([0 delta t*n max])
ylim ([0 0.8])

xlabel ('Time, t [s]');
ylabel ([ '"Maximum eta [m]']);
hold off

o

o\

first visible, by the criterion that there should be a local maximum

o\

o\

from simulations always the observed start of the development of the
leading wave-crest.

o

for j = 2:n max
[pks, pks index] = findpeaks(eta storage (1:N+2,]));
if pks(length(pks)) < a0 && pks(length(pks)) > a0/2
disp(['Leading wave-crest first visible after '

num2str (t_overview(j)) ' seconds, n = ' num2str(j-1)])
disp(['Leading wave-crest first visible height (eta) '
num2str (pks (length (pks)),15) ' meters'])
break
end
end
n % Displays final time step index value
t % Displays final value of the time
delta x % Displays spatial step size/spacing
delta t % Displays temporal step size

eta max x position storage(n+l) % Displays the x-position of the leading
wave-crest/bore front at the final
time-step

o

o
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Below: Plotting a time-series for the height eta max of the leading wave

Below: Code for finding the approx. time where the leading wave-crest is

(a bump) in the surface profile, with eta < a0, as this is by experience
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max (eta) % The maximum value of eta at the final time
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o\

BBM error checker

Program to solve the BBM equation (as given in "Linear and nonlinear
waves" by G.B Whitham, p. 463) numerically with Heuns method for
time-stepping, applied to the physical problem of a bore with height a0
flowing over undisturbed water with height hO.

Also checks the L2-error of the numerical scheme against an analytical
solitary wave solution.

o\

o 0P o o°

o

o\

Note: Simulations with different step-lengths should be run to the
same final time when checking for the L2-error!

o

o\

Output:

i) Approximative solution of the surface profile eta(x,t) on an
(x,t)-grid (so dimensions are 1 spatial + 1 temporal) for all
time-steps.

ii) L2-error of the numerical scheme

o

o

o° oo

o\

Results displayed in plots:
1) Surface-profile eta(x) for a user-controlled set of t-values
ii) Time series of eta max, the maximum wave-height in the domain

o\

o\

o\

o\

NB! Remember to clear the memory between each run of the program

o

Use command "close all" to close all figures from a simulation

o

The program contains a lot of "greened-out" code pieces used during the
development of the program, they are intentionally left in the program.
They can be useful in many ways, e.g. if you want the value of a variable
printed to the screen at a certain time/point in the program

o° oo

o\

o\

Elaborate explanations of code pieces are intentionally left in the
program, hopefully to easy the use of the program for any new users.

o\

o\

Last review/update of code: 20.12.18

o\

o\

MISCELLANOUS

o©

[o)

clear % Clearing workspace, freeing up system memory

[o)

tic % Starts timer for program run

o\

Below: Set plot outline color to white, as it works better when copying
plots into documents. Code from
https://www.mathworks.com/help/matlab/creating plots/
default-property-values.html, checked 18.10.18, 11:32

o° oo

o

set (groot, 'defaultFigureColor', 'w')
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o\

o

INPUT PARAMETERS

o

a0 = 0.5; % Height of solitary wave (ABOVE undisturbed water depth) [m]
% NOTE: The phase speed of the solitary wave is given
% by ¢ = al0/2 + 1 [m/s]

ho = 1; % Undisturbed water depth [m]

L = 150; % Length of spatial domain (in x-direction) [m]

o

Recommended to set this to an even number

o

s _start pos = 7.5; Divisor controlling the starting position of the
solitary wave in the spatial interval. s _start pos = 2
corresponds to solitary wave initial position in the

middle of the spatial interval

o° oP

o\

n max = 1000; % The desired maximum number of steps to take forward in
% time (Preferably this number should be divisible by
% rem-control number for plots of surface profile)
kappa = 1; % Controls steepness of the initial surface profile in the

o

transition from a0 to O.

Higher value = steeper bore front slope, and vice versa
Note: Changing this value will affect the result for the
approximative solution of eta(x,t) somewhat, but will
apparently not have an effect on the occurence of
wave-breaking depending on alpha = a0/h0

o 0P o© o°

o

CONSTANTS GIVEN BY INPUT PARAMETERS

o©

o

o©

(a0/2) + 1;

o

Q
Il

Phase speed of solitary wave [m/s]

o

g =1; Gravitational acceleration [m/ (s"2)]

o\

cO0 = sqgrt(g*h0) ; Phase speed for linear surface waves in the shallow
water approximation [m/s].

See Whitham p. 454/KCD eq. (8.49) p. 362

o©

o

o

gamma = (1/6)*c0* (h0"2); Constant given in eq. (13.94),

Whitham p. 462 [m"3/s]

o

b = (3/2)*(c0/h0) ;

o

Constant for simplification

o©

d = gamma/c0; Constant for simplification

o\

% SPATIAL AND TEMPORAL STEP SIZES, X-VECTOR

o©

% NB! As per 20.12.18: LARGEST KNOWN stable delta x and delta t:
% delta x = = 0.04 delta t = delta x/4 = 0.01

[o)

% UPDATE here if larger stable step-sizes are found
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o\

k = 11; % Parameter used for controlling step-sizes in
% order-verification runs for the numerical scheme
delta x = L/ (2%k); % Alternate formula for spatial steplength, used

o

for order-verification runs for the numerical
scheme. Note that this method ENSURES that
L is divisible by delta x, as then we have
L/delta x = 27k, which is always an integer

o©

o° oo

o

delta t = delta x; Controls the temporal steplength (timestep)

N = (L/delta x) - 1; % The number of "internal" spatial grid points.
% Controls the "inner" size of vectors and the
% size of matrices, which will be N and N x N,
% respectively. Follows logically, and also from
% delta x = L/(2"k) set equal to delta x = L/ (1+N)
% Note that x 1 and x r come in addition,
% so the total number of grid points
% on the spatial domain is N + 2

x = zeros (N+2,1);

for j = l:length(x) % N+2 % Updates vector x with the correct

x(J) = (J-1)*delta_x; % x-values for the grid points

end

X7

% ETA-VECTOR

eta = zeros (N+2,1); % Creates a (N+2 x 1) vector sized to hold

% eta-values for all x-points

o\

o\

ETA STAR-VECTOR

o©

o

Creates a N x 1 vector sized to hold eta star-values for all
"internal" x-points (excluding x 1 and x r).
eta star values are the Euler predictions (when at the current time

o

o° oo

t = n*delta_t) for the eta-values at time t = (n+l)*delta t
eta star = zeros(N+2,1);
eta star(l) = 0; First element of eta star vector should be

o3
o
o
o

eta star; the LHS boundary condition for eta

ETA (N+1)-VECTOR

o° oo

o\

o\

Creates a N x 1 vector sized to hold eta n plus l-values for all
"internal" x-points (excluding x 1 and x r).
eta n plus 1 values are the new solution points (when at the current

o\

o\
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% time t = n*delta t) for the eta-values at time t = (n+l)*delta t
eta n plus 1 = zeros(N+2,1);

eta n plus _1(1) = 0; % First element of eta n plus 1 vector should
eta n plus_1; % be the LHS boundary condition for eta

o\

o\

ETA STORAGE-MATRIX

o©

o\

Creates a matrix to save all eta-values for all time steps

One column in eta storage will contain all eta values for a given
time-step. The first column vector represents eta(x,0), the initial
surface profile

o

o° oo

eta storage = zeros(N+2, n max+l);

o

Below: Taking LHS boundary conditions into eta storage matrix for all
time. Note that since we are now simulating a solitary wave, we want
both the LHS and RHS boundary conditions to be 0.

The RHS boundary condition is already 0 from the creation of the matrix.

o° oo

o\

for i = 1:n max+l
eta storage(l,i) = 0;
%eta storage (N+2,1) = 0;

end
eta storage;

%[m,n] = size(eta_ storage)

o\

o\

TRIDIAGONAL MATRIX T

o

o

Constructing tridiagonal matrix T to be used in calculations of matrix A
Using sparse matrix to save memory during simulations

Code from
www.mathworks.com/help/matlab/math/constructing-sparse-matrices.html
found 02.10.18, 19:20

o 0o oe

o\

@)
|

= sparse (1:N
sparse (2:N,
S = E+D+E';

,1:N,-2*ones (1,N),N,N);
1:N-1,ones(1,N-1),N,N);

=
Il

o\

o\

A-MATRIX

o\

o\

Constructing matrix A to be used in the calculation of linear systems of
equations with solutions respectively eta star vector and "eta (n+1)"
vector

Note: A should be a tridiagonal matrix, as it is a summation of a

o oe

o
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o\

diagonal matrix I and a tridiagonal matrix T.
sparse, as both I and T are created as sparse.

o

o° oo

o

°

o\

simulation time usage by 97

Below:

o\

Creating sparse identity matrix with dimensions

It should also be

Note that using sparse matrices is crucial for simulation speed!
For a certain reference problem used for testing,

this step reduced

(N x N)

I = sparse(l:N,1:N,1*ones(l,N),N,N);

% Below: Creating matrix A (N x N).

A = (l1/delta t)*I - (d/(((delta x)"2)*delta t))*T;

% B1-VECTOR

bl = zeros(N,1); % RHS vector (N x 1) in the system of equations
% A*eta star calc = bl, the system
% which is to be solved for eta star calc (Euler pred.)

% B2-VECTOR

b2 = zeros(N,1); % RHS vector (N x 1) in the system of equations
% A*eta n plus 1 calc = b2, the system
% which is to be solved for eta n plus 1 calc

o\

o

TIME OVERVIEW-VECTOR

o©

t overview zeros (n_max+1,1); % Creating a

values for

o3
o

vector containing all time
control purposes

o

ETA MAX STORAGE-VECTOR

o° oo

eta max storage

zeros (n_max+1,1);

o° oo

o\

time step

Creating a vector for storing the
maximum value of eta for each

o\

o\

ETA MAX X-INDEX

STORAGE-VECTOR

o©

o\

reating a vector for storing the x-index for

C
of eta for each time step

o

eta max x index storage = zeros(n max+l,1);

the maximum value

o\

o

ETA MAX X-POSITION STORAGE-VECTOR

o©
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% Creating a vector meant to store the x-position for the maximum value
of eta for each time step

o

eta max x position storage = zeros(n max+1,1);

o\

o

ERROR SUM STORAGE-VECTOR

o©

o)

% Creating storage vector to be used in calculations of the L2-error

error sum storage = zeros(n max+1l,1);

o\

o\

ADVANCING SOLUTION VECTOR ETA FORWARD IN TIME

o

n = 0; % Time step index initially at zero
t = 0; % Time initially at zero

o\

Below: Updates vector eta to hold the initial condition/
initial surface profile eta(x,0). Note that input parameter
s _start pos is used to control the initial position of the
solitary wave in the spatial interval.

o oP

o

for j = 1: (N+2) %
eta(j) = a0* (sech((sgqrt(3/2))*...
(sgrt(al0/(a0+2)))*(x(j) - c*t - L/s_start pos)))"2;
end

o\

Note that we are currently letting the initial condition function control
the value of eta for the LHS and RHS grid points at t = 0, which could
possibly have been "overridden"/set to a0 and 0, respectively. Code

a few lines below to implement this, if desired.

o° oP

o

eta;
% Below: Creating variables to be used for L2-error calculations.

error_sum = 0;

for 3 = 2:(N+1)

error = (abs(eta(j) - al0*(sech((sqrt(3/2))...
* (sgrt(al0/ (a0+2)))*(x(j) - c*t - L/s_start pos)))"2))"2;
€rror sum = error sum + error;

end

error_ sum;

% Below: Storing the error for n = 0, t = 0. This should be zero, check
% by running "error sum storage(l)" in command window.
error sum storage(n+l) = error sum;

o\

Below: Storing the initial (at n=0 / t=0) maximum value of eta (x,t=0)
as well as the index of the maximum eta value in the eta vector.
As this index is the same for the max eta value in the eta vector and

o

o
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o\

the corresponding x-value in the x vector, we use this to find the
x-position of the maximum eta value for all time steps.

o

[eta max storage(n+l), eta max x index storage(n+l)] = max(eta);

eta max x position storage(n+l) = x(eta max x index storage(n+l));

[o)

% Below: Plotting initial surface profile eta(x,0)

figure
plot(x,eta + hO,'-black');
hold on
plot(x,ones(size(x)) * hO,'--black'); % Plot undisturbed water height hO
xlabel ('"x [m]");
ylabel (['Eta(x) [m] at time: ' num2str(t)...
' seconds (initial surface profile)']);
x1im ([0 L1J)
y1lim ([0 h0+a0+0.2])
hold off

o)

% Below: Creating (N x 1) vector r eta n to be used in calculations

r eta n = zeros(N,1);

% Below: Creating (N x 1) vector r eta star to be used in calculations
r eta star = zeros(N,1);

% Below: While-loop advancing solution forward in time starts here!

while n < n max % Running calculations until maximum desired number
% of time steps is reached

Below: Adding current time for storage in time overview vector.

o° oo

Note that as we start at n = 0, the first element in time overview
% vector to be updated is element 1, where we store t = 0.
t _overview(n+l) = t;

o\

Below: Storing surface profiles eta(x,t) in the eta storage matrix
for all time steps.

We only need to update "internal" wvalues, first and last

elements are the BCs a0 and 0 for all time.

The first run of the while loop (for n = 0) will store the

initial surface profile eta(x,0) as the first column vector

in the eta storage matrix.

o° o° oe

o° oo

o\

for 1 = 2:N+1
eta storage (i, (n+l)) = eta(i);
end

o\

Below: Calculating current r eta n vector, which is a function of
the current eta vector, as well as spatial steplength delta x
% and the constants b and cO

o\

for j = 2:N+1 $ Starting at j=2 due to Matlab array indexing method
r eta n(j-1) = -(b/2) * (((eta(j+1l))"2 -
(eta(j-1))"2)/(2*delta x)) ...

83



APPENDIX B - SOURCE CODE FOR BBM _ERROR_CHECKER

- cO0*((eta(j+1l) - eta(j-1))/(2*delta x));
end

r eta n;

o\

Below: Creating (N x 1) vector eta calc to use in linear system of
equations, as the vector dimensions must be (N x 1) when solving
% the linear system

o

eta calc = eta;

eta_calc(l) = [];
eta calc(length(eta calc)) = [];
seta;

seta calc;

o

Below: Creating (N x 1) vector eta star calc to use in linear system
of equations, as the vector dimensions must be (N x 1) when solving
the linear system.

o

o

eta star calc = zeros(N,1);

% Below: Calculating/updating bl vector

bl = r eta n + (1/delta t)*eta calc - (d/((delta x"2)*delta t))
* T * eta calc;

$bl;

% Below: Solving linear system of equations for Euler prediction
% vector eta star calc

eta star calc = A\bl;

o\

Below: Adding current "internal" eta star values from vector

eta star calc to eta star vector

First and last elements of eta star, corresponding to indices i=1l
and 1=N+2 respectively, remains the boundary conditions: a0 and 0

o oP

o

for i = 2:N+1
eta star(i) = eta star calc(i-1);
end

seta star calc;

%length (eta_star calc);
seta;

%eta star;
%length (eta star);

o

Below: Calculating current r eta star vector, which is a function of
the current eta star vector, as well as spatial steplength delta x
% and the constants b and cO

o

for j = 2:N+1 $ Starting at j=2 due to Matlab array indexing method
r eta star(j-1) = -(b/2) * (((eta_star(j+l))"2 -
(eta_star(j-1))"2)/(2*delta x))...
- cO0*((eta_star(j+l) - eta star(j-1))/(2*delta x));
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end

[o)

% Below: Calculating/updating b2 vector

b2 = (1/2)*(r_eta n + r eta star) + (l/delta t)*eta calc -
(d/ ((delta x"2)*delta t)) * T * eta calc;

$b2;

o\

Below: Creating (N x 1) vector eta n plus 1 calc to use in linear
system of equations, as the vector dimensions must be (N x 1) when
solving the linear system.

o\

o\

eta n plus 1 calc = zeros(N,1);

o\

Below: Solving linear system of equations for eta n plus_ 1 calc
vector, the solution for the surface profile one step forward
in time

o\

o

eta n plus 1 calc = A\b2;

o\

Below: Adding current "internal" eta n plus 1 values from vector

eta n plus 1 calc to eta n plus 1 vector

First and last elements of eta n plus 1, corresponding to indices 1i=1
and 1=N+2 respectively, remains the boundary conditions: a0 and 0

o oP

o

for 1 = 2:N+1

eta n plus 1(i) = eta n plus 1 calc(i-1);
end
Seta; Approx. solution for eta(x,t) at current time t

o° oo

%eta n plus 1; Approx. sol. for eta(x,t+delta t) at time t + delta t

n=n+1;
= n*delta t;

Updating time step number for next run of while-loop
Updating the time for the next run of the while-loop

o° oo

o+
|

eta = eta n plus 1; % Updating eta vector to be ready to repeat
% while-loop for next time step

error_sum = 0; % Resetting error sum before calculation

for § = 2: (N+1)

error = (abs(eta(j) - a0* (sech((sqrt(3/2))...
*(sqrt(a0/(a0+2)))*(x(J) - c*t - L/s_start pos)))"2))"2;
error sum = error_sum + error;

end
o

% Below: Storing the calculated error sum for the current time step.

error_ sum storage(n+l) = error sum;

o\

Below: Storing the current maximum value of eta(x,t)

as well as the index of the maximum eta value in the eta vector.

As this index is the same for the max eta value in the eta vector and
the corresponding x-value in the x vector, we use this to find the
x-position of the maximum eta value for all time steps.

o° o oe

o

[eta max storage(n+l), eta max x index storage(n+l)] = max(eta);

&5



APPENDIX B - SOURCE CODE FOR BBM _ERROR_CHECKER

o\

Below: The max (vector) function in matlab will pick the first
(leftmost) element in the vector, if there are more than one maximum
value in the vector! In the start of the simulation, this can
typically result in the max(eta)-code part picking the very first
element in eta-vector, with index 1, as the maximum. This is because
the initial surface profile has a constant value a0 as the

maximum eta-value at its left part, so there are many max values.
This will result in an error message further down in the code, as the
code for calculating the horizontal velocity profile below the

o oP

o oo oP

o oP

o

maximum eta-value employs finite
derivative, and will then try to
which will not work since matlab
Note that this little code piece

o° oo

o\

o

differences for the second order
pick element 0 from the eta-vector,
starts indexing at element 1.

is only used if the maximum eta

o

value actually has index value 1 in the eta-vector, so it will

have no effect on the when we are actually interested in the max
eta-value, that is after many time steps, when a leading wave-crest
has formed.

o° oo

o\

%eta max x index storage (n+l);

if eta max x index storage(nt+l) == 1
eta max x index storage(n+l) = eta max x index storage(n+l) + 1;

end
%eta max x index storage (n+l);

eta max x position storage(n+l) = x(eta max x index storage(n+l));
%eta max storage (n+l);
$max (eta) ;

Below: Plotting the surface profile eta(x,n*delta t).

As we are typically advancing the solution forward in time by

very small time steps, we won't see much difference in the profile
from one time step to the next, so the logical if-check below makes
sure there is a bigger time interval between each plot.

Currently set to plot for every xx-th time step, by checking if the
time-step index number n can be divided by xx, this can of course
be modified as desired.

o° oo

o oP

o oo oP

o\

o\

Also plotting the horizontal fluid velocity profile beneath
the leading wave-crest (the maximum eta-value) for each xx-th time
step.

o\

o

%if n > 175

if rem(n,100) == 0
%$hold on
figure
plot(x,eta + hO, '-black'); %
hold on
plot (x,ones(size (x))
hold off
x1im ([0 L1J)
y1im ([0 h0+a0+0.27])
xlabel ('x [m]");
ylabel (['Eta(x) [m] at time: ' num2str(t)

' seconds, n num2str(n)]);

Plotting surface profile eta(x,t)

* h0,'--black') % Plotting water height hO

hold off
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end

o)

end % End of while loop and all calculations for current time step

figure

plot(x,eta + hO,'-black'"); % Plotting surface profile eta(x,t)

hold on

plot (x,ones (size(x)) * hO,'--black") % Plotting water height hO

hold off

x1im ([0 LJ)

y1lim ([0 h0+a0+0.2])

xlabel ('x [m]");

ylabel (['Eta(x) [m] at time: ' num2str(t) ' seconds, n =' num2str(n)]);
hold off

o\

Below: We need to store the LAST calculated eta vector,

that is eta(x, n max*delta t) to the eta storage matrix, as we don't
go through the while-loop after eta(x, n max*delta t) has been
calculated.

o

o° oo

We only need to update "internal" values, first and last elements are
the boundary conditions a0 and 0 for all time

o° oo

The eta storage matrix should now contain the approximative solution
of eta(x,t) for all timesteps.

o° oo

for 1 = 2:N+1
eta storage (i, (n+l)) = eta(i);
end

%eta storage;

o\

Below: Adding final time as last element of t overview vector
Need to do it here as we are not going through the while-loop
after t has been updated with the value for the final time

o\

o\

t _overview(length(t overview)) = t;

o\

eta; Final surface profile eta(x,t)

o

max (eta) ; The maximum value of eta at the final time

o

t overview; Vector containing overview of all time values
eta max storage; % Vector containing overview of the maximum values of eta
% for all time steps

eta max x index storage; % Vector containing overview of the x-vector index
% for the maximum value of eta for each time step

eta max x position storage; % Vector containing overview of the x position
for the maximum value of eta for each time
step

o° oo

o)

% Below: Calculating the L2-error:

L2 error = ((1/(N+1l))* (max(error sum storage)))”(1/2); % N+1 subintervals!
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o\

Below: Plotting a time-series for the height eta max of the leading
wave-crest. This should logically be a horizontal line when we
are simulating a solitary wave

o\

o

plot (t_overview, eta max storage, '-black');

hold on

x1im ([0 delta t*n max])

ylim ([0 27])

xlabel ('Time, t [s]");

ylabel ([ 'Maximum eta [m] as a function of time]']);
hold off

n % Displays final time step index value

t % Displays final value of the time

delta x % Displays spatial step size/spacing
delta t % Displays temporal step size

eta max x position storage(n+l) % Displays the x-position of the leading
wave-crest/bore front at the final
time-step

o oo

max (eta) % The maximum value of eta at the final time
L2 error % The L2-error

toc % Stops timer for program run
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