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1. INTRODUCTION AND BACKGROUND TO THE PROBLEM

e e T T T T P P P P B & &1
ZE===========S=====S==S=SsS:SsS=S = EE S === C === =SS =SS=S=S=S=SSSSSS=S===S==S=sSssSs====
CES =S === =-=S=S=S=S=SS=SSSS=SSSSsSsSSss===-= = =

1.1 The Verigin problem

Several models with varying degree of complexity have been
proposed for describing two-phase immiscible displacement in a
homogeneous porous reservoir. Commonly these models are based on the
assumption that both involved fluids may be treated as incompressible.
OQur object will be to describe the pressure distribution when water is
injected into an oil reservoir with only one well present, and in this
situation, the fluid compressibility can not be neglected. A simple
mathematical model including effects of compressibility was introduced
by Verigin [1,2], assuming the reservoir to consist of two distinct

fluid zones separated by a moving discontinuity in fluid saturation:

dp, _ N0 op
atw o ar(r arw) QG I rf
g0 .14 dp
ato B ar(r 5;0) rf S ik 4 re
Initial conditions: pw = po =0
be -
1 5 —
(1.1) .
Boundary conditions: lim ( r%ﬁw ) = =lqitt)
r >0
lim ( rggo J =40

E =0
e
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Free-boundary conditions:

(1.1cont) p = p

W o

2 g, o
dr, §  @r f
" dr op

o 5 dtf il T

All variables and parameters are dimensionless as defined on p.67. pw

and p is the pressure in the inner water zone and in the outer oil
o

zone respectively. rf is the position of the free boundary, i.e. the

water front.

The model describes a piston-like displacement; the effects of
capillary pressure, relative permeability variation and gravity are
neglected. In addition, a line-source assumption is used. The last
of the three free-boundary conditions is only valid if the connate
water is immobile. The model contains three parameters, the mobility
ratio M, the diffusivity ratio n, and the Peclet number €. For water
injection into an o0il reservoir, M and n are both of order 1-10, € is

of order 0.001-0.01

Problems characterized by the given free-boundary conditions are
usually called Verigin problems. These are similar to the class of
Stefan problems, where the value of the dependent variable is
specified on the free boundary [2]. In contrast to this class, the
Verigin problems always involve diffusion in at least two zones. The
last free-boundary condition given 1s common for both classes of
problems and is called the Stefan condition. In the Verigin problem,

this can be replaced by the following condition, which does not

contain r{ explicitly:

2
(51:.2) ggw - g%o = g1 - M) [ ggw Ji = I

Verigin studies constant-rate injection into an infinite
reservoir (re = o ,g=1), and by wusing the Boltzmann's trans-
formation he is able to give exact solutions both for linear and

cylindrical geometry. In the cylindrical case, the solution is given
by
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{193 - Ee Eif- + ) gRdgr < rf
= Vi(r, t)
3, o510y
M A . r2
po =N E-e Ei(- i?r) rf CRT G oo

g = ri/t is a constant determined from the Stefan condition:

(1.4) Qs = 2Es8XDPL(= I%—)

The fact that ri/t is constant will be referred to as “constant
speed”, in spite of the fact that the front speed is actually
decreasing with time. When eg/n << 1, g = 2¢ and rf < rc, where rC is
the radius of incompressibility defined in Appendix 1. That is, the
inner zone behaves as incompressible except from the first few seconds
where also the line-source assumption is invalid. The logarithmic

approximation to the exponential integral can be wused and the

expression for pw simplifies to

Inl e aates T Loy

3
el = 2 s 2 - 2 1n(2¢)
X
{15250 = o g gk p
rf f

Y

N M c€e

& ane L

pf is the pressure at the water front and is seen to be a constant,

proportional to M.

A three-zone Verigin problem with linear geometry was studied by
Rubinstein [2]. Both Green's functions and a quasi-stationary method
were used. Rubinstein also applied Green's functions to an 1inverse

two-zone Verigin problem [2,31]. In the inverse problem, the front
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speed is given and the objective is to determine the initial pressure
distribution. Kamynin [4,5] used Green's functions to prove the
existence of a solution to a linear two-zone Verigin problem where the

diffusivities were general functions of space and time.

The similarity with the Stefan problems 1is already mentioned.
The huge literature existing on this class of free-boundary problems
is reviewed by Rubinstein [2] and Muehlbauer & Sunderland [6]. Only a
few exact solutions exist and also few general solution techniques.
This report shows how three of the techniques originally developed for
the Stefan problem can be applied to the Verigin problem. Chapter 2
demonstrates the use of Green's functions for a finite cylindrical
reservoir. In Chapter 3, eigenfunctions are used both for linear and
cylindrical geometry. These chapters are of mathematical nature and
can be skipped by readers with primary interest in well-test
applications. Problems encountered in injection well testing, as
effects of an initial water bank, change of rates etc., are handled in
Chapter 4 by a quasi-stationary method originally developed by
Leibenzon [2]. The analytical results thus found are compared with

results from a numerical simulator in Chapter 5.

1.2 Analysis of water injection tests

A water-injection pressure test in an o0il reservoir can be run on
several stages in the lifetime of a well. A general objective 1is to
estimate characteristic fluid mobilities and wellbore parameters.
Beside of this, the purpose of the tests and the conditions under
which they are run can vary considerably. No single mathematical
model exists that can describe this plurality, and unfortunately the
distinction between different testing conditions is not always clear

in the 1literature. One could roughly group the tests into the

following categories:
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1) Tests in exploration wells: An important aim is to estimate maximum
injection pressure/rate without fracturing the reservoir. This is

done by using step-rate injection tests [7,8].

2) Tests in developed fields where the pressure 1is above the
saturation pressure: Estimation of the position of the fluid front,
residual o0il and average reservoir pressure are important

objectives.

3) Tests in devloped fields where the pressure is below the saturation
pressure: Three different phases, water, oil and gas, coexist 1in
the reservoir and have to be taken into account in a theoretical

model.

4) Tests in watered-out areas: Theory for one-phase tests can be

employed.

A general description of a water-injection test scheme can be found in
Ref.[9]. Ideally, a test includes a period of constant-rate injection
and a falloff period during which the well is closed. Ref.[8] gives a

general introduction to well testing.

Among the first to describe the transient history of an
injection well is Muskat [10], modelling a situation where a free gas
phase exists in the reservoir. He assumes that the reservoir can be
divided into three distinct zones; a water bank close to the well, an
0il bank ahead of this, and an outer zone uninfluenced by the
injection. The zones are separated by discontinuities in the fluid
saturations, and these are moving according to the condition of
material balance. Also included in the model is an assumption that
the water and the oil banks can be treated as incompressible. Using
Darcy's law, Muskat gives an expression connecting wellbore pressure
and injection rate which can be used both for constant rate and

constant injection pressure.

The three-zone model was also used by Hazebroek et al. [11] who
included the effects of compressibility, together with skin and
afterflow. The discontinuity between the outer two zones was treated
as stationary. Independently, the authors refound the solution

already presented by Verigin [1], is spite of differences in the basic
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model. Based on this solution, the authors were able to derive an
expression for the pressure during falloff, using Laplace transform.
Unfortunately, the Muskat-type of analysis technique that developes
from the theory has only restricted applicability. To determine the

mobility of water, M and n must be known.

During 1950-1965 several attempts using known theory for one-
phase testing were tried for analysing tests in water-injection wells
[12,13,:14,151% These attempts had no stringent mathematical
foundation, and there were little discussion on the validity of the
assumptions involved. Some of the authors, though, report deviation
between real data and single-phase theory [12]. One-phase models have
also been wused as basis for studying special topics connected with
injection tests, as effects of fractures [16,17] and changing wellbore

storage [18].

Based on results from theory describing in-situ combustion,
Morse and Ott [19] claimed that plotting falloff pressure in a MDH or
Horner plot will produce two straight lines that both can be used for
analysis. The slope of the first of these lines 1is proportional to
the inverse of the mobility of water, the slope of the latter
proportional to the inverse of the mobility of oil. This statment was
confirmed when comparing well-test data with results from core

analysis.

Kazemi et al. [20,21] used a numerical simulator to test the
validity of the theory developed by Morse and Ott. The simulator was
based on equations describing the three-zone model used by Hazebroek
et al., but was also able to handle equations for a two-zone model, as
giivent ings Eqis (i i The Stefan condition was replaced by the

following expression, as if the water zone behaved as incompressible:

(1.6) T A= e

Only the solution for the falloff period was solved numerically,- the
Verigin solution was used for the injection period. The authors
conclude that the first straight falloff 1line can be wused for
estimating water mobility if the discontinuity is not too close to the
well. The second part will only give the oil mobility directly if the
compressibility ratio is close to 1, but the authors present a general

correlation between slope ratio, mobility ratio and compressiblity
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ratio. Kazemi et al. also studied methods for estimating the position

of the fluid front.

The discontinuities between the different fluid zones are a
consequence of neglecting the influence of capillary pressure and
variations in relative permeability. Sosa, Raghavan and Limon [22]
present a numerical model where variations in relative permeability
are included. They restrict their study to compressibility ratios
equal to 1 and to reservoirs with no free gas, but are not able to
find any general correlation between 0il mobility and the last part of
the falloff curve. In their work, though, it 1is difficult to
distinguish between boundary effects and effects from the relative

permeability variations.

Several authors have considered effects of a difference in
temperature between injection and reservoir fluids, and numerical
simulators capable of handling non-isothermal effects have been
created. Among these authors, Weinstein 23 et heSlon: VAo n e
concerned with problems related to two-phase well testing. His
simulator includes variations in relative permeability, but since M =
0.05 in the given examples, the water front is essentially piston-
like. In spite of the fact that the compressibility ratio is not
equal to 1, Weinstein finds that the second part of the falloff curve
reflects the mobility of the (hot) oil directly, thus in conflict with

the results of Kazemi et al.

In two recent papers [24,25], Woodward and Thambynayagam present
an analytical approach to the two-zone model, based on Laplace
transform. Both infinite and bounded reservoirs are studied, and
effects of partial penetration and heat transmission are 1included.
Analytically, they find that the last part of the falloff curve
reflects the oil mobility directly. Comparison between their
analytical results and simulated data is very good. When using the
Laplace transform, the authors neglect the time dependency of the
front position in the transformation, but it is not clearified why
this is valid. In addition, the validity of Eq.(1.6), which is wused

both for infinite and finite reservoirs, is not obvious.
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The main part of the literature in the field concentrates on
describing the falloff period, this because of problems connected with
keeping a constant rate during injection. Obviously, discrepancies
exist between different descriptions of this period. Much of the work
is based on results from numerical simulators, and unfortunately,
these results can be hard to evaluate or generalize because of lack of
information about the input parameters. The author of this report has
found very few descriptions of injection tests in the literature where
the data given is sufficient to evaluate basic parameters as M, n and
€ [21,23,24,26]1. Results from studies of two-zone models will be
further discussed in Chapter 4 and 5 with background in results from

the quasi-stationary method.






2. REDUCTION TO A SET OF INTEGRAL EQUATIONS WITH HELP OF GREEN'S
FUNCTIONS

Green's functions are one of the commonly used tools to study
existence and uniqueness of solutions to free-boundary problems. The
mefhod is analogues to the use of double-layer potentials for elliptic
equations; the free-boundary problem is reduced to a set of integral
equations which can be wused as a basis for further analytical or
numerical treatment. Details of the method «can be found in

Refs.[28,29,30].

Let p be a solution of the heat equation
Llpl] = o, defined over a finite domain D
contained in RS x [ O,t1 ) Let R(t")
be the cross section of D and the plane

t = t', and let 0D be the surface of D.

e ®@ o2 @lr,el ;u,tu) is a fundamental
solution to the heat equation, then p is

formally given by

t
s, & [f [ @ o(;o,to) qu dt0
0 R(to)

(2.1)
vl 6Y,p - pY, 6 - pth }-ds,
9D 0

Vu is the gradient operator with respect to the coordinates (Iﬁ'tu)'

Under the integral sign, p is a function of ;0 and tu. dVU is a
volume element on R(to), and dgu is a surface element on 9dD. If R(to)
1s varying with to, the last integral can generally not be made equal
to zero, even if p(t0 = 0) =0 and G is chosen as the Green's function
for the problem. An arbitrary fundamental solution can be wused 1in

Eq.(2.1), for instance the Green's function for 2-dimensional free



5 #ﬂhi*auwi Foen a!!a ‘W finidudonr s 88 g dul
0 mdemod 0‘3&13" ﬁ im “ﬂ.ﬁm .0 Y !tlf

BRCTT Y ml !; % s mtma
whada Dﬂf‘bﬂﬂ [ *0 nedEvas sants o ed
Yo aaEeuE wAY el 86 el b T2 = 9 o

B A S L Iet U BT Sy s
T mu”o.lmmp Feed sdd od sekdiuloe. ‘ :
| LA o eevi whlewre?

e e : P .‘ 1 i |
'”’ .'&-'“ »"113,1!"’ 8§ 1 i3, 08
R LA

«,lol_v@‘v ﬂn!t } l & :
a8

k m m ot #m-aﬂ LEF auamno fowibatg Wl B ¥
b - - g T MJ;M 50k .nch Langedint el ubnil
n w“ ay M Boudive & uk B IR LR B dnemeis smuloy
Asapy m ot Fou wilsvenby ass Lsxgeded S2al was g} A% griviey %
) ‘-'mﬁ D MI d’ a.m L8 Bie € = {0 = ‘nq L7 neve 0TS of ,lw-{!-
" W' M nn mm w mzsw M mwm |




10

space. In polar coordinates this is given by

2 2
1 Tt T 2rr0 cos(8 Bu)

o A ey AT Z 0
(2.2) ik san(t-t,) ek an(t-t)) }

b 4
The notation G = G(n=1) will be used in the following.

When the line-source assumption is wused, the well has to be
included as a source term in the differential equation for the water
zone. For constant-rate injection q = 1, and the source term is given

by
(§28831) o = 2wql(t)é(x) = 2wd(r)

5 is the Dirac delta function. As shown in Fig.1, the domain for the
Verigin problem in Eqs.(1.1) is divided in two sub-domains, D1 and Dz'
separated by a surface of revolution K. This surface is generated by
the curve y = rf(to) = e Each of the two sub-domains must be

f0
treated separatly when constructing the Green's solution.

Fig.1: Integration domain for the Verigin problem

Utilizing symmetry, boundary and initial conditions, the solution of
the Verigin problem can be written as
= I

p = 2w G SRt

(o | 0) dtu
(2.4)

J‘ { G i G - Ge -dS
ot Vup p Vv p }
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R
0
K
(2.4cont)
x
ds and ds are
-0 0
b 4
d§0 =
ds0 =
(2.5)
n =
dgu =

pw and po are bot

(2.6) v

Consequently, G ¢

b 4
- DOVOG CER
90

surface elements on K and 9D,

redeodt0 gru

2 1/2
ESISe S ]

r dé
f0 0

fo O

2 =1/2 :
(1 +r ) [ e = ir e ]
f0 T

an be integrated with respect to 00:

2w
] 6 d8
0 0
2 2w
e el TRiLe r0 hx idoD rrocos(ﬂ-ﬂo)
Lwn(t-to) 4n(t—t0) 0 Zn(t-to)
(28 NTs)
IS ___:EQ___] 2 2
- 0 2n(t-tn) axo - T ksl T }
Zn(t-to) 4n(t-to)
H E(r,tlru,tn)
The given integral is found for instance in Ref.[50].
instantaneous cylindrical heat source. Again, define E*

Using Egs.(2.5) -

(2.7), €Eqs.(2.4) can be written as

respectively:

1

de

0

11

E i1s an

E(n=1).
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2
T
t S| e e
dn(t-t_)
p (r.t) = | g dt,
” 0 2n(t-t )
0
t
Jop JE
K g { roE'E?: ToPw 3r, } Ay
Tl
t
+ g { pwE } rforfodtu
Yo “+a
(f2:581)
t b 4
oE * Jp
po(r.t) = I { TPy 37 - rOE 3:° } dtu
0 0 B
0 fO
t b 4
- g { py E } TeoTegdty
Yo" 0
t x
oE
- J{rp =1} dt
0 0 o aru 0
r =r
0 e

The right hand sides of these equations contain several unknown
variables; the front speed and the values of the dependent variables
and their gradients on the boundaries. Equations for these can be
found from the boundary conditions, but it must then be assumed that
all the integrands have continious derivatives with respect to r, such

that differentiation under the integral sign is legal:

r expl- ———Ii——— ]
3 t P enlt-t )
Efw el 2 2 e
0 4 (t-t))
t 2
3E dp A
(2.9 3E )
) i g { Ts ar ar: Ts 3rdr  Pw } dto
o Vag
t
oE ;
g g {p, 3! TeaTe0%%
Ir =r
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For simplicity, define
= ot = P at
a(t) pw(rf ) o(rf )
op 1 dp
b(t) = 5eW (rf.t) =N aro (rf.t)
(2.10)
= it
c (i) po(re )
T = t
d(t) rf( )
When used under the integral sign, a,b and c are functions of tﬂ. IEF
nothing else is specified, d is a function of tU Assuming that
Egs.(2.8) and (2.9) are satisfied on the boundaries, the boundary

conditions give the following integral equations for the unknowns

and c:

a(t)

{214

b(t)

a,b

2
d (t)
gkl = Immm———— ]
[ tn(t tu) dto
0 2n(t-t )
0
t
+ [ { Eb - agg- d dtu
(] e e
rlad(t)
t
+ [ { aE } dd’ dt,
0 r =d
ra=di (Gl
2
t d(t) expl- ngég%—7 ]
za s | { 0 dt,
: an? (t-t_)?
0
t 2
9E 9°E
+ g { 3P ararua } d dt,
r,=d
e =dit)
t
A0 i | agE } dd'dt
' 0
0
ra=d
r =d(t)
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t a X %
c{(Gt0) M= [ ag;- - E Mb 1} o] (o]i
0 0 Tipe
0
=T
e
t *
(2.11cont) - [ { aE } dd’ dt0
0 r0=d
T
e
t %
J0E
- I Ad Cg;' } re dt
0 0 .
e P
Toe
e

The set is closed using the integrated Stefan condition

t

(F2081121) clo8 =@ b
0

0
After solving the system of integral equations together with the
appropriate initial conditions, the wellbore pressure can be found by
setting r=r 1in Eq.(2.8). The equations could easily be extended to

w

include effects of a finite wellbore radius, but this would involve

the wellbore pressure as an additional unknown.

It could be discussed whether the given system of integral
equations really represents a simplification of the original
problem. The equations, which are of Volterra type, are highly
coupled. This type of equations are usually amenable to numerical
treatment, but the system is probably too complicated to represent a
basis for constructing (approximate) analytical solutions. The main
advantage of the method is probably that it can be wused to prove
existence and uniqueness of a solution to the problem. The proof must
show both that the system of integral equations is equivalent to the
original problem, and that this system has a unique solution. This

could be done in a way outlined by Rubinstein L2005  but S wa T 1S h e it
out here.
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3. USE OF EIGENFUNCTIONS

Eigenfunctions were first used to solve Stefan problems by
V.G.Melamed [31,32,2], studying a problem with linear geometry and
constant diffusivities. I.V.Fryazinov [33] generalized the method to
include general time- and space-dependent diffusivities. The set of
partial differential equations 1s reduced to a countable system of
ordinary differential equations which have to be solved numerically.
To construct the eigenfunctions, the method relies on the fact that
the value of the dependent variable is known on the free boundary 1in
the Stefan problems. This value is not given in the Verigin problems,
but this chapter shows how to extend the method of Melamed to this
type of problems. The trigonometric functions are more easily handled
than the eigenfunctions involved 1in cylindrical geometry, and the
extension of the method will first be demonstrated on a problem with

linear geometry.

3.1 Linear geometry

Given the linear Verigin problem

2
d )
-Bw = N __;w 0 < x < xf
ot ox
2
) 9
«Bo = ——Eo xf CENER CIR]
ot O
(3.1) |
Initial conditions: pw(x,o) = f(x) 0 < x ¢ xf(O) =
po(x.O) = f(x) x0< x < 1
Boundary conditions: %ﬁw {0 t) = =tqgi(it)

p°(1,t) P f(1)

X

0
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(3.1cont) pw = po
Free-boundary conditions: ¥l 4= xf
- NENeE I R TR A
x" M T T

Note that a constant-pressure outer boundary is chosen here. Introduce

p (t) = p (xf,t) as a new unknown variable, and assume that the
£ w

dependent variables can be written as

pw(x,t) sl q(t)(xf- x) + n§1An(t)«pn(E)
X-Xf oo
po(x,t) = pf + T—j—;— (pe - pf) B Bn(t)wn(o)
+ n=1
(%) 2]
S b
§ = X
0 < xf <o
FOAE SN
1 - xf

The first terms represent the solution of the analogue problem where
the effects of compressibilities are neglected, and the terms are
included to make the boundary conditions for the eigenfunctions
homogeneous. It will further be assumed that the infinite series can
be differentiated and integrated term by term. The eigenfunctions wn

and wn have the general form

wn(x.t) an51n(AnE) + bncos(AnE)

{13237

wn(x,t) cnsln(uno) + dncos(una)

The coefficients an - dn are determined from the boundary conditions:

o] Y

(O,t) = = 0 2> a = 0 )
A"

X xf n
» y i & ol
wn(xf.t) = bncos An =0 =) An = (n 2)n
(3.4) bn = 1 =12 N
'bn(1,t) = dn =iet)
¢n(xf't) = ¢ sin o= 10 => u, = nm )
c =1
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Substituting Egs.(3.2)-(3.4) 1into the partial differential equations
in Egs.(3.1) yields the following system of ordinary differential

equations:
% ' X x;
Pe * ax. - q (x - xf) + L { Ancos(AnE) + AnAn e 51n(AnE) }
n=1 fof
™3 Ai
= - nn§1 ;5 Ancos(AnE)
B f
(3.5)
% A o xf(1 - x) ( X )
1 - x pf (1 - x )2 pe o
f i
o x;(1 - x) :
S S T | Bn51n(unc) + Bnun -———————;—cos(uno) }
n=1 (1 - x_.)
i
2 2
Mo .
oo E B sin(p o)
2 n n
n=1 (1 - xf)

Now multiply the first of these equations by 2cos(AmE) and then
integrate with respect to £ from 0 to 1. The second equation 1is
multiplied with Zsin(umo) and integrated with respect to o in an equal
manner. The following countable set of ordinary differential

equations is obtained:

Az o
Al + T A = PR e T A
m 2 m 1 in n
X n=1
f
(3.6) M=l 2
UZ o
’ m =
o * L YR T
(RI= xf) n=1

m
4 2 =il) - ; ,
B § 3 x { g taxe ta'x, }
m
370}
m X'
) 2(-1) f ,
& o SEEs, P, Rl o)
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The coefficients rin are given by

in

(¥350))

=
[

2n— 2

The Stefan condition gives the following equation for the front speed:

o A
(3.9) x' = e{q-I —(-1"a 1
it X n
n=1 e
The system is closed using Eq.(3.2) in the conjugation condition on
the front:

M, N n
(3105 p - p_ =-—x({1-x)4+ L[ (-1)pu68B
€ f

The appropriate initial conditions to be imposed on this set of
ordinary differential equations are constructed by using Eqs.(3.2)

together with the given initial conditions:

() TR BT R ¢ x0
f(xo) + q(O)(x0 - x) +n€1An(0)wn(Eu) =)
(SIR1R1E)
x0< XL a1
flx ) +, 2= (o -+‘(x)}+;B(0)lb(o) = fix)
0 1 - x e 0 n N &go
0 n=1
where
(3.12) o . e
EU X 00 1 - x
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Again, multiplying the equations with 2cos(AmEu) and Zsin(umoo)

respectively and integrating, one finds for m = 1,2,...

1

Am(O) =542 g f(on) cos(AmEo) dEu
2 m 2q(0)x
+ —x ('1) 'f(xa) = ——)‘2——0
i m
1
(3.13) Bm(O) = g gl 00(1-x0) * % ) cos(umco) dc0
2 m 2
T (TR (R = = D)
Um 0 Um e
xf(ﬂ) z x0
Df(O) = f(xo)

The system of ordinary equations can now be solved numerically by
truncating the infinite series after a finite number of terms. The
numerical integration of the equations involve several problems that

just will be pointed out here:

1) The oscillating series involved in the equations will generally

converge very slowly. This is illustrated by putting f(x) = 0 and

q(t) = 1. Combining Eqs.(3.13) and (3.9) then gives
o0 n+1
: L B (-1)
xf(o) = e {i §1 N }
(3.14) o o
= BAg @A LgEN= % AT CEGHATE) RN =)

The series representing arctg(1) need more than 500 terms to reach 3
significant digits. It is obvious that the oscillating series have to
be truncated carefully to obtain a reasonable result, and that special

convergence-acceleration methods are necessary.

2) The ordinary differential equations will generally be very stiff,
representing a quick damping of the coefficients Am and Bm. This 1is a
consequence of the fact that the liquids behave as incompressible

after a short time. Special numerical methods capable of handling

stiff systems must be used.
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3.2 Cylindrical geometry

Now return to the cylindrical Verigin problem given in Eqs.(1.1), but
assume a finite wellbore radius rw. Write the solution of the problem
as infinite series of eigenfunctions, and assume that these can be

differentiated and integrated term by term:

0
B = Pe - q 1ln o L An(t)wn(E)
f n=1
a5,
p0 wie + n§1Bn(t)¢n(a)
(\37515)) -
r -rT
E:
re rw
r <r L
A e w i e
e
s s
e f

The general form of the cylindrical eigenfunctions is

wn(E) anJo(unE) + bnYu(mnE)

(3.16)

Vn(o) ano(Bna) + dnYo(Bno)

These functions have singularities for r = rw and r = re, and it is
generally not possible to satisfy boundary conditions at such points.
To determine the coefficients and eigenvalues, the exact condition
must be replaced with a restriction that the solution is finite in the
singularities. This would have been the case if a constant-pressure
outer boundary had been used, but for the present case where a no-flux
condition 1is specified on the outer boundary, all the boundary

conditions can be satisfied by choosing the eigenfunctions as

wn(E) = Ja(unE)
(B PAT) Yn(a) = JO(Bno) Mt = NEe2 e
Ju(un) = 0 un = Bn

Now insert Eqs.(3.15) and (3.17) into the partial differential

equations as for the linear geometry. Multiply these equations with
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22) (a z)/J?(u ) where 2z is § and o respectively, and then integrate
0 m m

with respect to z from 0 to 1. The orthogonality properties of the

Bessel functions then vyield the following system of ordinary

differential equations:

ufn -
Aé o 2 Am a q1 e r1nAn
(SN} n=1
f w
ME=ER1 2
(3.18) 2
u L]
1] m -
Bm £ 2 Bm B L Ton’n
(r - r.) n=1
f
where now
q '-(p'+q-r-i+q'lnr 2
1 f rf f umJ1(um)
2q’ .
* ey g EJ (o E) Inlr  + Bz~ r 17 .dE
1'%
q =R zpf
- a J, (a )
mi m
2 o 1
e tei' s o, s . f f BC ) BT e E) aE
in 2 b e 0 m 1" n
J. (a ) f w 0
i m
TR ] (R B B (R )
. n : [ w 1| n 0 n i
(rf - rw) 0 rw + (rf - rw)E
2a r; 1 2
T = { - J 0°) (d 0)J,(a o) do
2n Jf(u ) re rf 0 0 m 1 'n
m
I g (g (aia)
1
% - i f 0 m N do. 1
(re- rF) 0 re - (re - rf)o

When m # n, the first integral in rin (i=1,2) can be found by using

the following integral, given by Ref.[50]:
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1) xJu(ux)Jo(Bx) o

(320

1
(ﬂz - uz) [BxJo(ux)J1(Bx) - uxJo(Bx)J1(ux)]

a and B is arbitrary parameters, a # B. Differentiating both sides

with respect to B gives

2
- x Ja(ux)J1(Bx) dx =

1 2
(3.21) ipPeed by [szJo(ux)Jo(Bx) v a3 (ax) I (8x)]

- ZB(H2 - uz) [BxJo(ax)J1(Bx) - axJ1(ux)J0(Bx)]

Putting a = um, B = un, and using the definition of ui, the following

result is obtained:

1 a
2 m
(3.22) J x Jﬂ(umX)Jl(an) = LU J,(un)J1(um) m#n
0 a -«
m n

When m = n, the integral is found by the simple substitution

u = xJ (o x)
1 n

1

2 1 2
(t372131) I xJ (@ x)J, (@ x) dx = — 3. (a )
. 0 n 1 'n 20 1 n
n

No explicit expressions have been found for rest of the integrals
involved in the computation of the coefficients rin and qi.
Consequently, in a numerical solution these integrals will have to be
calculated numerically. Since this calculation must be done in each
time step, it is obvious that the numerical solution will demand an

insurmountable amount of work.

The Stefan condition now gives

(3.24) r = .8
f

For the 1linear case, the coupling between the coefficients An and 8
n
was given through the equation for the front pressure, Eq.(3.10), an

equation derived from the conjugation condition. For the present
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problem this condition only gives a relationship between infinite

series involving these coefficients:

o a AT o QeiB Ty
AL inkf niRNEE
(13525 Mg + M L == ) (& o I SR G B
T TS V] B Jain
n=1 f w n=1 e i

The difference between the two cases is not due to the difference 1in
geometry, but rather to the difference in boundary conditions. A
similar summed form as Eq.(3.21) would have been found for the linear
case 1if a closed outer boundary had been chosen. This form makes the
numerical solution much more complicated than in cases where p1c are

explicitly given, as in Eq.(3.10).

In the assumed form of the solution, Eqs.(3.15), terms had to be
included to make the -eigenfunctions satisfy homogeneous boundary
conditions. These terms are of course not unique, several choices are
possible. A form of the solution which could eliminate the problem
with the summed form of the conjugation condition can be sought. If
such a solution form exists, however, it will probably involve more

integrals which cannot be calculated analytically.
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4. A QUASI-STATIONARY METHOD

et e e, .S ... SR .. e e e e e e e e e e e S e s e eSS S S S SS==S=S==========Z=========

4.1 Discussion of the method

A quasi-stationary method for solution of free-boundary problems
was introduced by Leibenzon [34]. It has not been possible to
identify the details of his work, a study of the molten centre of the
earth. The method is, however, reviewed by Rubinstein [2] together
with several applications. Among the problems the method is applied
to, are crystallization of a melt, dissolution of a gas bubble 1in

liquid, and a three-zone Verigin problem with linear geometry.
The quasi-stationary method is based on the following algorithm:

1) Solve the associate problem with a stationary boundary between the
zones. Let the solution of this problem be ui = ui(r,t;y) where

r =y is the position of the stationary boundary.

2) Use the solution ui in the Stefan condition to construct an
explicit equation for ¢(t), which 1is an approximation to the
position of the moving boundary:

: du
(4.1) o - € a—r1(g,t;o)

3) Substitute vy = p(t) into u; and use this as an approximation for
the solution to the free-boundary problem:
pw(r,t) 2 u1(r,t;g(t))

(4.2)
po(r,t) £ u2(r.t;g(t))

No criterium which can be wused for testing the validity of the
algorithm has been found in the literature. After comparing results
produced by the method with numerical solutions, Rubinstein states

that the method “gives a qualitatively correct result, although
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quantitatively it contains errors.”

Eqs.(4.1) and (4.2) clearly show that a basic assumption in the
method is that the movement of the front does not change the gradients
compared to the problem with stationary front. Only the time

dependency of the two solutions is unequal:

%gw 2 [ 351 ]
=
(4.3)
ggo 2 [ ggz ]
Ve ()

Both pw(r,t) and u1(r,t:y) are solutions of the same diffusion

equation, and consequently

S e doe - [ ;
L[pw] Gk at r ar(rar) } R T
L[u1(r.t;o(t))]
(4.4)
, . Ou
SR P [u1(r.t;y)] } + o' { 5—1(r,t;y) }
y=gl(t) y y=pl(t)

= o'{ get(r.t;y) } it

y=p(t)

Obviously, the approximation pw(r,t) x u1(r.t;g) is only valid if the
term o(r,t) can be neglected in the diffusion equation for the free-
boundary problem. If the solution to the problem with stationary
boundaries can be found, all the variables needed to calculate ¢ are
known. However, there is still a problem with what criterium to use
when deciding whether or not the term really can be neglected. No
general criterium has been found, but it will be shown later how o can

be used to predict the validity of the results in the case studied.

The Verigin problem involves at least two time scales; the first
is a fast scale corresponding to diffusion, t1 - t, the second a
slower connected to the moving front, t2 - et. A multiple scale
singular perturbation technique should thus be adequate for studying
the problem, but it is not clear how this technique can be applied. A
comparison between the Verigin solution and the associate u; shows a

significant difference in the numerical values of the two solutions,



i

vl!nswubunoa bﬂl .ﬂoijsupi

”H_ : .- ' 6 n « ) A
L { B LR Sl }ow it eld e

(HE i ab 0 "
(o) 1

l i@;! 11!g% g { Tlesdnd ul J ) = {L
t*‘ww S By : m:qw .
I |
: {s.9n. % { 1v;t‘1::j% F'g =
? , B [a¥gey | :

ang »%i‘bi{ivrglna B4 ln{f,xrgu . (J.?l“q poifsmtxorgas  add .gipueivdo.;
“#oth @il YOV moilsupe nolsuitib efil nl befasigen ed YRR IR
1wnnoias$¢ AW welidosq el o3 netduies and 1 .msldetn g1abnugdf
;!15 L Oatlualta o3 bebsen avideirsy #A3 LIs  Dovst 64 08D seia6DAod
e od POLI0ERS Fedw 83iw meldotg ¢ Ilidé al esedd Yoy ewsH .rwuﬁﬂ .

A A o .MUsaviihu oy n£§ wilio* myed e4d don - e . Infddedw  gnibiaeb’ nete A
SRR i Maqa'm wod zedsl mwsia e Lllw 3% Svd et oaed asd muliadity nggnlkr'
hiiln&o weny wd? ns sifunen odd Yo witbilsv edd Priberg oF beie ?‘:,

5

;v. i o E e

:5‘ b "-.3**1’ witd u'!ﬂ'vi ll*ﬂ v!i !»iot s seviownl meldoiy maul!ﬁ” wd!
Bl DO e ,3' -  AeAsURVEY 02 ghlbnogssTioy elede Jast & i
7?; R Ollaﬂ Oinimlul A JQ " s# .Jno!¥ pakvom sad §3 -Belasancd vxoualg}f

-f‘f“ e lﬂtvaﬂl 208 steupsbs o8 rudd blwordn Bupindset nelisdseives Taiutnll »
AT Lk bomms wd nen mwkmbcs .m wo u-.na Foa 2k 31 Jud  weiderq efd o

i3

‘>;\:_ cwonn l” sisivcens ons inu nobdules’ ni.ltov Iﬂluﬂ.ﬂitli-ﬂﬂiiil.!la
!moitum owd ul: fnunlr.!» ua;im sﬁ wiz Gone’

ad




21

the effect of the moving front is not merely a small perturbation of

the stationary-front solution.

This chapter applies the quasi-stationary method to several
problems encountered in injection well testing. A quasi-stationary
approach will also be applied for estimating the validity of the
different expressions developed for the wellbore pressure, 1i.e.
validity limits will be constructed using the results in Appendix 2,
replacing the parameter y with an approximation of the water-front
position. Following the given algorithm, one first has to solve the
associate problem with stationary boundaries. The next two sections

will discuss this problem in detail.

4.2 An infinite reservoir with a lateral discontinuity in mobility

and diffusivity.

Now return to the problem given in Eqs.(1.1) and let re = e, If
in addition, the Stefan condition and the time dependency of r. are
dropped, the equations decribe the pressure in an infinite reservoir
with a stationary discontinuity in mobility and diffusivity. Let r = vy
be the position of the discontinuity, and let u1 and u2 be the

solution in the inner and the outer zone respectively.

The described problem is encountered when testing a reservoir
with a lateral change in permeability, fluid properties etc. as
discussed by several papers in the petroleum literature. An exact
analytical solution is given by Hurst [35] together with a simple
approximate solution valid for large time, both solutions restricted
to the case M = n. Based on this work and a paper by Larkin [36],
Bixel and van Poollen [37] generalize the solutions to cases where

M # n. The derivation of the solutions can be reviewed briefly in the

following way:
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Let Gﬁ(r;z) be the Laplace transform of the solution, where z 1is
i
the Laplace variable. Solving the transformed equations with the

associate boundary conditions, u, are found to be
3

(Jf yIK (JZy) - AT (F V1K (JZy) s
o n 0 M 0 n 1 z
T (j—\y) . — r = Iutjﬁ r)
z[1 (Jﬁ vIK (JZy) -M-IO(Ja yIK, /2y

(4,5}

u = n KV

% 3/2 . /T z i

z v I1(E y)KO(ny) +——MI0(‘[;y)K1 (i

The inversion integral for Laplace transform can be used to give

ST
4M ey gt e
B s 3 o L
Ty 0 S M + N
1 1
S8 MY (sr) - M I (sr)
! P i L, 1 Wl 2
2 W .2 e
1 1
(4.6)
M Sy SV
M1 = fF]_J (fﬁ).]u(sy) = Jo(m)31(5y)
R Y
N1 = J1(fﬁ)Y0(sy) /— (sy)

The approximate solution is found by expanding the modified Bessel

functions in Eqgs.(4.5) for small values of the arguments:

z
Ku(f%-r) ) (j_‘y) (ny)

1 Z z

=

(ST}
Ku(fEr)

Z

&

=
5l

These expressions can be inverted according to the table of Laplace
transforms in Appendix &. Using an asymptotic property of the Laplace

transform [38], the result is valid for large values of t:

(4.8) u

&
1

5L e . M
e peatiin i o YA e Y] i :
1 5 an Ant) + 2El( 4nt) 2E1( T =0 e 1w g )
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M_. i
(4.8cont) u x = 2El(— IE)

The approximate solution has a form very similiar to the Verigin
salution Eq. (1035 The time dependency of the two solutions is,

however, quite different, as can be seen from figure 2.

Eginait

Comparison between the Verigin

solution ( dottet line ) and U.

MU= N =

G B e

T = ) y = 500
2

t = 2¢

0 y /

-+ et ——=; S =
{ .E+O3 l.é+04 1 .E+0S {.E+08 (.E+07 {.E+08 {.E+CS

t

1097 y2 >> max(4t,4nt), the last two exponential integrals in the
expression for U can be neglected. 1In additition, if r2 < nrcz, where
rc is the the radius of incompressibility defined in Appendix 1, the

first exponential integral can be approximated by a logarithm:

1
(4.9) Ulr,t;y) = Eln( — 8 ) uh(r,nt)

Note that the condition used to derive this contradicts the one used
to derive g, U, and it is consequently not obvious that u, ® U
2 2 2 2 h . ; .
When max( r ,y ,ny ) < nrc , the logarithmic approximation can
be used for all the three terms:

=

£ M
(4.10) Jlwaw) s iy L + linS =Sy Z’ln(ée )
r y

N

Both Egs. (4.9) and (4.10) describe a stable situation where constant-

pressure “fronts” are moving outwards in the reservoir with constant
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speed. (Remember that the expression “constant speed” involves
cylindrical decay, as stated in the Introduction.) Between these

imaginary fronts and the well, the liquid behaves as incompressible.

The relationship between the exact ui and the approximate
solutions has been 1investigated for r = 1, the details are shown in
Appendix 2. The exact solution was represented by a numerical solution
based on the Stehfest algorithm [39]. The conclusions from the

comparison are as follows:

1) It is not possible to tabulate the exact solution as a function of

t, M and n alone, as done by Satman et al. [40]. In addition, the
y

value of v has to be given, as is clearly seen from the approximate

expressions.

2) The maximum error in the approximate solution U can be quite large,
especially for small values of n together with large values of M, say
n<1and M > 5. The absolute error is unigely determined by ty' M
and n. The relative error in addition depends on the absolute value

of y, decreasing with increasing value of vy.

3) For small values of t, u1 can be approximated both by uh and U,
despite the fact that E€Eq.(4.8) was derived as an asymptotic
expression. For most values of M and n, the error in u1 x U 1is mainly
localized in the ty—interval (1/10n,25). When t is small, u1 " is
the better approximation, generally valid for ty < w/10n. The error
in the expression on the right hand side of Eq.(4.10), compared to the
exact solution, can be both smaller and larger than the error in %
depending on M and n. As a general rule, the lower limit ty =RN2i5 Wil

be used also for the validity of this approximation.

The 1limits given for the validity of the different approximate
expressions are based on the concepts of drainage radius and radius of
incompressibility, defined in Appendix 1. For most values of M and n,
the error was found to be 1less than 1% within the given 1limits.
However, larger error may exist also within these bounds, for instance
when n < 1 together with M > 5. It must be emphasized that they
should only be wused as a rough rule of thumb and not as basis for

estimating the position of the discontinuity.
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4.3 A finite reservoir with a lateral discontinuity in mobility

and diffusivity

An analytical solution describing a finite reservoir with a
lateral discontinuity is given by Carter [41] for the case M = n.
Again, the Laplace transform was used to construct the solution. In
Ref.[42]1, Odeh claims to have found this solution independently of the
work of Carter. Hopkinson et al. [49] give an approximate solution
valid for large time and general values of the parameters, but as
parts of their manuscript is written by hand, details in this solution

is not clear.

Appendix 3 shows how to generalize Carter’'s solution to cases
where the value of M differs from n. The solution has a complicated
form, containing an infinite series of residues. An approximate
solution, valid for 1large values of t, can be found as the term
corresponding to the residue in 2z = 0, where 2z 1s the Laplace
variable. This solution is probably identical to the one presented by
Hopkinson et al. The residue in 2z = 0 1is given by Eqgs.(A3.7) -

(A3.9), and yields for the pressure in the water zone:

2Mt y
(4.11) PR (CTRRRE RS . Gl s dlp =
1 *2 r
g
2 2
M M
P g VI T AR e SR O L A
13 2n T 2 2n r
e e e
2 2 4
2 M v y M M
& e n gy e o e el T T e B e
n T 5 2n r 4n r n 4
e e e e
The factor C is defined as
1 M 4
(4.12) L TN
C n T3
e

The product Mt in the first term of Eq.(4.11) is somewhat misleading,

the factor M only being a consequence of the scaling of the variables.
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Returning to the physical variables, this term vill have the form
CT/cuRe2 corresponding to usual depletion as in the homogeneous case.
As the time dependency is isolated to this term, the inner zone only
appears as a constant skin in the solution. If the values of M and 1
not differ too much and in addition y/re SOt hen TG Al Eaind

Eq.(4.11) may be further simplified:

3 (SErstiive) © il 1 / bl AL . L
. , ; z T + n i e n el = Gy
ddet u1 o 4 2 ic P 4
e e
e

In this <case, the equation shows that the inner zone behaves as

incompressible, just as in the infinite-acting period.

An approximate solution similiar to Eq.(4.8) can also be
constructed for a finite reservoir. First define the function w by

the following equation:

— 1 Z 1 2 CM 2CM
b.14 = - ’— e {— &) re
( ) w zKU( : ) ZKU( i y) + 5 Ka( zy) + P K1(ere)

Z T
e

Using the expansion of the modified Bessel functions for small values

of the argument, it is possible to show that

P - M 2 M 2
(4.15) u = WER SRS (i = SRR S R R j;) 1
1 ZI2in 2 2T
e e
Z 2 4
C &M y yhie o y My 1 M
+ — [ =(M-n)(=—) 1ln —+ —(M-1)(—) - —(— - - - - —
- : n : . i 5 = ) 4ﬂ(r ) {(M-1) + (M n)(1+n)} 7
0
+ 0(z )

Remember that u has a double pole in z = 0. Hence, if terms of order
higher than 1/z° are neglected, G; * w for small z. The asymptotic
property of the Laplace transform gives u1 * w valid for large t,
where w is the inverse transform of w. From the table of Laplace

transforms in Appendix 4, it follows that
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2 2
B L ] Lty
= - —Fi(- —— + —Ei(- —

# 2 ant 2 ant

2 2
(4.16) : : 2
AP i — i MRS
= - = + - - = + —— axpl- —
P 2 & bt 2 N Lt r2 i Lt
e

For small values of t, where the last two terms can be neglected, this
expression differs from U defined in Eq.(4#.8) by the factor C. For

large t, Eq.(4.16) can be simplified further to

2Mt

(4.17) i G s e H g Xiry MC ln-!
T T

r e
e

This should be compared with the approximate solutions in Eqgs.(4.11)
and (4.13). All the expressions show the same time dependency, but

differs in constant values.

For M = n =1 Eq.(4.16) reduces to an approximate solution for
a finite homogeneous reservoir first given by Horner [43] who derived

the expression from physical arguments.

A systematic analysis of the error in approximate solutions for
a finite reservoir must include variation in three parameters; M, n
and y/re and will consequently be rather laborious. When C = 1,
Eq.(4.16) behaves approximatly as the solution U in the infinite-
acting period, the error of which was investigated in Appendix 2. For
large values of t, the absolute error in the approximate expressions
Eqs.(4.13) and (4.17) are constant and can be found by comparing with

the asymptotic solution, Eq.(4.11).
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4.4 Injection into an infinite reservoir.

With basis in the solutions found in Secs. 4.2 and 4.3, we are
now capable of proceeding with the second and third step in the quasi-
stationary method. In the next sections, this will be done for
different problems encountered in injection well testing. To test the
the validity of the method, it will first be applied to injection into
an infinite reservoir, where the exact Verigin solution, Eq.(1.3), 1is

known.

To describe the pressure 1in an infinite reservoir with a
stationary discontinuity, the solution U(r,t;y) given in Eq.(4.8) will
be used. Substituting this into Eq.(4.1) yields the following equation

for an approximation of the front speed:

; au
Q0 = = ({othio)
or

(4.18)
2

g
= g exp(- —)
4nt
Comparing this equation with Eq.(1.4) found by Verigin, it is seen

that Eq.(4.18) 1is exact, although it is not imposed here that g must
have the form Qz =n gitis

An approximate solution for the pressure in the water zone is

now constructed as pw = Ulr,t;/gt):
1 1 M

P18 . Ui 6sdgE] = - SEil- =% v <fil- o} & CEY e 2
2 t 2 3 2 &

This expression differs from the Verigin solution only by an
exponential factor. When € 1s small, this factor is approximatly

equal to 1, and the solutions are identical.
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It was found in Sec. 4.2 that the expression U(1,t;y) can be
used for the wellbore pressure in a reservoir with a stationary

2
discontinuity 1if ty > 25. Since now ty = t/rf %z 1/2¢, the use can be

defended for oil/water where € 1is of order 0.01-0.001. EE
increases, both the error 1in u1(r,t;Jgt) IR (SNt iGTEN MG d Rt hle

difference between the Verigin solution and the solution found through

the quasi-stationary method will grow.

Knowing g and u1 =z U, 1t is now possible to calculate o defined

in Eq.(4.4):

Hax0
Lt Ofweaml) 1 80 @ =0lw,G39) ]
oy
y=pl(t)

Q
]

(4.20)
1 g 9
= — [ exp(- =) - M exp(-—) 1
2t i 4
Obviously, a tends to zero as t increases. Also U(r,t;y) is only an
approximate solution of the equation L[u1] = 0, and applying the

diffusivity operator to U gives

2 2
1 y y
(4.21) L [U(r,t;y)] = - — [ exp(- —) - M exp(-—) ]
. At R &nt H 4t
When vy = rf, the right hand side 1is equal to o, except for the

opposite sign. Consequently, the quasi-stationary method does not
seem to introduce larger error than already introduced by using the
approximation LI U. Without knowledge of the Verigin solution, one
should in this manner still have been able to predict the successful

result of the quasi-stationary method when the Peclet number € is

small.

The previous discussion can be used to enlighten some results
presented by H.J.Ramey in Ref.[44]. In this paper, Ramey used a
solution for an infinite reservoir with a lateral discontinuity to
study a finite homogenous reservoir. A no-flow boundary was modelled
by 1letting the mobility in the outer region, AO, tend to zero and a
constant-pressure boundary by letting Ao tend to infinity. Starting
with the Verigin solution, Ramey found approximate solutions valid
both in the transient and (semi-)stationary period. For the no-flux
case, this solution is equal to Eqi (AR TI6 ) R Wi E R MIE =S n = ST h e

calculations included two limiting operations: one involving Au and a

second involving the front speed. In the Verigin solution, the moving
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boundary was replaced by a stationary, i.e. the front speed was put
equal to zero, but it is not clear from Ramey's work why this could be
done. Obviously, Ramey is doing the opposite of what is done in the
quasi-stationary method, and the successful result is due to the close
relationship between the Verigin solution and the solution for the

problem with a stationary boundary.

For the constant-pressure case, the solution could just as well
have been found starting with the approximate solution U instead of
the Verigin solution. The no-flux case is somewhat more complicated,
as will be described below. In both cases, the time variable t should

be rescaled using the properties in the inner zone before the 1limit

operation on AO.

Starting from the Verigin solution, Ramey retains the
exponential factor in this solution, a factor not present in U. For
the no-flux case, this factor turns out to be critical in the limit
operation Au—+'0, and the desired result can not be derived from U.
A closer 1look at the restriction imposed on the time scale in the
derivation of U also reveals that this solution is not valid when Ao
tends to zero. U is an asymptotic expression, and in the derivation it
was assumed that the arguments of the modified Bessel functions 1in
Eq.(4.5) were small. Remembering that rescaling the time causes a
rescaling of the Laplace variable z, it is easy to shown that this

assumption is not justified as Ao-% 0.

For both types of boundary conditions, the limit operation on Ao
may be carried through on the rescaled equivalent of the exact Laplace
transform, Eq.(4.5), instead of wusing the Verigin solution or the
solution U. The limit thus found is, however, just the transform of
the exact solution; the pressure in a finite homogeneous reservoir.
The expression can be simplified and then inverted to give the desired

solution in the same manner as the solution w was derived in Sec.4.3.
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425 Injection into a infinite reservoir with an initial water bank.

Now let rf(O) = r0 > 0, i.e. the reservoir has an initial water
bank. The solution U can still be used as basis for the quasi-
stationary method, and consequently, the approximation for the front
speed is still given by Eq.(4.18). This equation was found to be

exact when rf(O) = 0, but a priori nothing is known about the validity

in the present case.

Let the function ¢ be defined by the following equation:
(4.22) OCIN= ro2 + olt)
Inserted into the front-speed equation, Eq.(4.18), this gives

(4.23) ge’ = ¢ exp[-‘IU— - i‘-!—t-)]

&Nt ént
Assume the variation in ¢ with t to be of order €. For small values
of t, such that é4nt << rg, Eq.(4.22) and Eq.(4.23) may be consistently
approximated by p = r0 and ¢' = 0 respectively. Further, the quasi-
stationary method gives for the pressure in the wellbore:

1
(4.24) p % U(1.t;ru) x - EEi(_ —l—)

The exponential integrals with arguments containing r_ have been
neglected as a consequence of the assumption &nt << rs. Eqri(iar2ies)
simply describes the situation before the 0il zone outside the water
bank is "felt" in the wellbore pressure. The pressure response in the
reservoir has not yet accelerated the front between the water and oil.
Based on the results found in Appendix 2, an upper 1limit for the

validity of Eq.(4.24) is given by the concept of drainage radius:

2 2
(4.25) R (CS) =Rt () =
d n A nt/w r0

2
0

g+9t.9

Now assume that t is large enough to neglect r_/4nt compared to

p/4nt. If o is assumed to have the form 92 = p and g being

0



LA

.bcs: :ﬂcnn:q .n: nt

B e

uwsrasmx td& :uwﬂo ﬁmuq? ak uaiﬁi@n li«xia u-ﬁud B . lol s nauq-tscwu

(e E9EUEe EHIWEELEY oA v benlieh o4 9 noldinut ¥ Fel

t R % s

‘AOWED AR 0BT &) @ JpelrEans Desqe-2n01) ofd adal teszeeal r'“ﬁ

s
{3le ¥ : .
{ e --“«-- - 1 . =) 5 ] -
SHs = Qaxy 9 9 {ES.0)

seulsy. Llreme ‘pod.. .3 74b%0 Yo ¥4 0) 3 diiw ¢ ni nolisleav sl équsaA
yidawdeounos wd vem (88 30 .93 bax {88.4).p3 .21 59 3nd 3sdi dave 3 Yo
~Eauug s iandavy . isvisasgeet G ¢ g knd gt " 9 v raﬂ.Mixozdua

iptadiloy sid nk eTvsesig wdT F0T cevin boddec 160 LIaRE N

¢ L ™
fomst W) 3Pl gk W 5w 148497
Ipd 5 ! 7 .

ﬂnﬁn‘iwsd o prZmE oy niuﬁuu@1a Asie  slmupesal 1xiamenoars eff
iili.ii.ﬁa 31 » S nnxfumm;mn PhE o eomRUDeENnDs & as batasigen
Tedew nl# attt:nﬂ 0ﬁﬁ& 11« NS areted noiteuiic eM2 rpediizoesb  ylamas
W2 i deRogaer atwacatg SAT MTeRoA SrodLisw Wik AL “$LeYT e1 dand
«Iid‘ﬁﬁt Wiﬂbﬂ‘iﬂi S as ﬁpﬂi! ais Bedssolerse ey ton e Tioviveel
“vn## 1#* !1h1£ Tsa0e- Be 18 Ribheagh nk bovey eiluzer eni no besst

*uulhci iapntsib Vo jgesnoa el vd nevig 2l (#5.4).9p3 Yo yiibilsy '

e 1 e ' i g g
L RS S Nt RO e 5 s wAapbt = ( 28) ;.32 &as.an,
: ; i ) S b i Y



38

constants, a sufficient condition for this is that rg << gt. Remember
that g is of order €, hence t generally must be very large to satisfy
this condition. The constant g can be determined from Eq.(4.18);
neglecting terms with argument Qslt one finds that g must satisfy
Eq.(1.4). Consequently, g = 2e for small values of €, and the
wellbore pressure is given by the following equation, identical to
Eq.(4.19):

(4.26) p = U(1,t;e) = U(1,t;/gt)
w

Again terms with argument oglt have been neglected in the last
approximation. For large values of time, the equations for the front
speed and for the wellbore pressure are thus both found to be

independent of whether an initial water bank is present or not.

As a lower limit for the validity of Eq.(%#.26), the value given

by Zete = 25r§ is proposed:

2
1528, 5% T
0

(4.27) &
B

The values given for the validity of the different approximations will
be further discussed 1in Chapter 5, with background in the numerical

simulations.

4.6 Use of superposition to describe pressure during falloff

The quasi-stationary method may be applied directly to derive an
expression for the pressure during falloff. However, an important
problem in the modelling of the falloff period has been the use of the
principle of superposition, and the use of this will be discussed

before the quasi-stationary method is applied to a general change in

rate in the next section.
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The principle of superposition is strictly valid only if the
problem is linear. This will again be the case only if the water
front 1s assumed to halt immediately at shut-in. The problem is then
to find expressions that can be used to construct the total solution.
Due to the <close relationship between the Verigin solution and the
solution for a reservoir with a stationary discontinuity, such
expressions are now readily found. The basic assumption that the the
water front is stationary after shut-in will be discussed in the next

section by using the Stefan condition.

Only falloff in an infinite reservoir will be studied. Let the

well be closed at time t = t and let the front position at this time
s

be vy = rf(ts) x JZets. The pressure during falloff can be described

as a superposition of the solutions to the following problems:

1) Find the pressure in an infinite reservoir with a stationary
discontinuity at r = y. Reservoir fluid is injected with rate q = 1
from time At = t - ts = 0, and the pressure distribution at At = 0 1is

given by the Verigin solution V(r,ts).

2) Find the pressure in an infinite reservoir with a stationary
discontinuity at r = y. Fluid is produced with rate (-gq) from time

At = 0, and the pressure distribution at At = 0 is identical zero.

Both these problems are purely mathematical and do only involve
one fluid; the reservoir fluid. An approximate solution to the first
problem is given by U(r,t;y), this because U(r.ts:y) % V(r,t ) when ¢

s

is small. The solution of the second problem can be approximated by

- U(r,At;y). The principle of superposition then gives:
pw(1,At) U (TR 0Tt =S | [ (ST ATE o et
s S
et

2 [ 1 1
(4.28) sl SR m e DEY (B RSO

2 n 2 2N & 2

et et
BN LR R
2 4nAt 2 2nAt 2 2ALE

For all practical applications, the logarithmic approximation can be

used for the first four exponential integrals:
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1 M 1 =
p 2= (1 - M)lny - -1n(nAt) + -1nt + -(M - 1)1ln(4e )
w Z 2 2
(4.29) " =
i ST
7 onat 2 20t

If At 1is small, the effect of the discontinuity is not important in
the solution to problem 2), and the two last exponential integrals can

be neglected:

1 M 1 -
p z (1 - M)lny - -1n(nAt) + -1nt + -(M - 1)in(4e Y)
w 2 2 2

(4.30)

1 M 1 s
T M o =T R e S LaE . e P n s )
2 333 Eat 2

The last expression is found using the MDH-approximation t = ts. Note
that the first equation does not contain the Horner-time At/t, but

rather an argument of the form At/tH

SR min[rc(nAt). rc(At)]. the logarithmic approximation can

be used for all the terms. This gives an equation on the Horner-form:
(4.31) p x -ln —
w

From Sec.4.2 we know that an intermediate region in ty exists
where the error in the approximate solution U can be quite large, but
this error region does not influence the solution of problem 1)
because ty % t/Zt»:ts D25 For problem 2), the error must be taken

into account, and the error in Eq.(4.28) may be large in the Aty
interval (1/10n,25).
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6.7 Changes 1in rate

Let the dimensionless rate q(t) be given by the equation

1 QIFCENE G t1

"

(4.32) qlt)

For a general value of q1, the water front will continue to move also
after the rate has changed. Hence, the problem is non-linear, and the

principle of superposition is a priori not valid.

Returning to the problem with a stationary discontinuity, this
problem is 1linear, and the pressure response following a change in

rate can be described using the solution U and superposition:
(4.33) u 2N (e ti= ) S = Aq UGS A T V) ot

Inserting Eq.(4.33) into Eq.(4.1) vyields the following approximate

equation for the front speed:

2 2
(4.34) e e = ¢€{ exp(—-JL) + Aq expl(- o4
4Nt

4nAt
Approximate solutions of this equation can be found by splitting the
analysis into two time regions, as for the initial water bank case.
First, assume that At is small enough to neglect the last exponential
term in Eq.(4.34). The equation then takes the same form as for
constant injection into an infinite reservoir, and the solution can be
approximated by QZ * 2et. Remember that € is scaled using the first
rate, hence the water front continues to move with the same speed as

before the change of rate. The pressure response following the change

has not yet reached the moving front.

Once again, the pressure is determined by replacing y with g,
now 1in Eq.(4.33). By neglecting the terms with argument QZ/At, the

equation for the pressure in the wellbore is given by
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R

p = BT e 2t} £ AG uh(1,nAt)

(4.35)

6 =i

A M A -
2 %lnt + ESln(nAt) + ——%——1 In(4e ) + 1n(2¢g)

A general upper limit for the validity of Eq.(4.35) is given by

4.36 (nAt ) = J2¢t
( ) rd n A € 1

We then search a solution valid for large t. Again, assume that
¢ has the asymptotic form 92 = QS + gt, where 90 and g are constants.
If t -t = At 1is 1large enough to neglect the terms with arguments

let or (gs + gt )/At, Ea.(4.34) gives
9
(6.37) g = 2e(1 + Aglexpl(- :—-) %  2eq
Defining e1 = eq1, the wellbore pressure derived from Eq.(4.33) 1is

pw x U(t.t;f2s1t) + Aq U(1,At;f2€1f)

(4.38)
-

&

1 Aq Mq - q
-lnt + —1nAt + —11ln(4e ) + (1 - M)ln(2¢ )
2 2 2 2 1

Following the same arguments as for an initial water bank, an estimate
of the lower limit for the validity of this equation is found from the

equation 251AtB = 25(2€t1):

(4.39) B q, # 0

Eqs.(4.32)-(4.37) are also valid for falloff where Aq = -1. The
arguments following Eq.(4.34) show that the assumption of an immediate
halting of the water front at shut-in hardly can be justified, and the
principle of superposition is consequently pot valid for falloff.

Sec.4.6 showed that this principle could be used to produce

mathematical expressions for falloff pressure, but as the basic

assumption in this section is incorrect, these expressions are
generally invalid.
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Inserting Agq = -1 into EqQ.(4.35) gives an expression for the
early-time falloff pressure with the usual Horner argument At/t. An
estimate of the validity of this equation is still given by Eq.(4.36),
but note that Kazemi et al. [21] give a more detailed listing of AtA
for different values of M, n and rf.

For 1large values of At, the water front has halted, and y in
Eq.(4.33) should be replaced by the approximate stationary value
f?Ef:. This gives a late-time approximation identical to Eq.(4.31)
with a lower limit of validity given by

(4.40) At = 50¢t = 50¢t
B 1 s

In connection with <changes in rate, it is usual to define an

“equivalent drawdown time", te' by
(4.41) q1lnt = 1lnt + Aq lnAt Gl £
e

Introducing te in Eqs.(4.35) and (4.38), the expressions describing a

change in rate can be written as

q Aq +A - 1-M met
p = —11lnt + —1lnn + A In(4e Y) + —— 1n(2¢) At ¢ —1
w 2 e 2 2 5N
(4.42)
q - 25 1@
P = S1[ 1nt + M Lln(ée ') + (1-M)ln(2c. ) ] . SR THE A Y
w 2 e 1 q

Note that the last expression is identical to a logarithmic

approximation of q1V(1,te), using the Peclet number 51
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4.8 Injection into a finite cylindrical reservoir.

When injecting into an infinite reservoir, only the
compressibility in the outer zone is significant. Consequently, it is
likely that the outer boundary of a finite cylindrical reservoir will
start influencing the wellbore pressure at a time given by the radius

of drainage concept, using 0il parameters:

(4.463) 7 s = — ¢
eia 10 ©

This value has been confirmed by numerical simulations. The front

position at time teia is given approximately by

2 TE 2
(4.44) T3 ) x 2et = —IT
f,elia ela 5 e

According to Eq.(4.44), the water bank is still only occupying a small
part of the total volume at the end of the infinite-acting period.

Hence, it is to be expected that the compressibility in the outer zone

is dominating also after the boundary is felt.

Several approximate expressions are given 1in Sec.4.3 for
describing the pressure in a finite reservoir with a stationary
discontinuity, and these may all be used as a basis for the quasi-
stationary method. The most exact expression is given by the
asymptotic solution in Eq.(4.11) and inserting this into the front
speed equation, Eqg.(4.1), gives
(4.45) - IR x S gy

neMm-med e
o
e

This equation is separable, and the solution is given implicitly by

2 2

2
(4.46) G (s—) 1 exp{- (1 - g)(g—) } = expi- Zentre_}
r

e e

The value of the arguments in the exponential functions are small even

for values of t following the end of the infinite-acting period.
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Retaining two terms only 1in an expansion of these functions yields

92 % 2c¢t, as for the infinite-acting period.

If the approximation ¢ = rf is correct, the water front

continues to move with constant speed also after the outer boundary 1is
felt in the wellbore pressure. The liquid in the inner zone still

behaves as incompressible, only the compressibility in the large outer

zone 1is significant.

Following the third step in the quasi-stationary method, the

wellbore pressure can be constructed as

(4.47) p % u1(1,t;J2€t)
w

where u1 is given in Eq.(4.11). From Eq.(4.44) it follows that the
constant C is approximatly equal to 1 also for a certain time after
the end of the infinite-acting period. The simplified expression,

Eq.(4.13), can thus be used for u1

2Mt

S
(4.48) p 3 R (TR (2 e BRI M i = ZH
e

]

The 1influence of the moving front 1is less important than in the

infinite-acting period.

An expression that could be used both before and after the
boundary is felt is found by using the approximate solution w given in
Eq.(4.16). Obviously, also this approach gives the solution 92 x 2¢et
when inserted in the front-speed equation. Further, the pressure

during injection is given by

p z w(1,t;/2¢et)

w

1 1 1 € 1 €
(4.49) * - -Ei(- —) + =-Ei(- —) - -Ei(- —)
2 ént 2 2n 2 2

2 2

T
] e 2Mt
ZogElis == o == Gals =)

2 4t 2
e



A AL : : '. W B! i . S ..‘

i g 4 2 g

O iﬁ‘!’i::.r';*tw@é ‘c ﬂ'u.a.l |

g ww; awnm sk Ih‘ enﬁf mﬂ WARE AL e8 b nevig 5 tu" i-id&—-.
— i | =

TeihE tmi# nk;;xwa: b peh uiin ¥ 8% Levgs % 3unluatqqs $t 3 tnadanoy
‘nnraaﬂqul boitiiumis anT  Sadren Eﬂk##ﬂ*e?kﬂi?ﬂi ofd %o bhe N3

‘u 1o%- beed o Sudd nex  1EY. 4093

i ' RS
Mesi-  ERAW » (2aSiadlin 5 7] 5 ot " 9 RT3
fu; & o 4 S W f
' ®

srid ol asdd Insitoand eeel ol fa01Y pnivem ¢ﬂ$ o wonsul¥nl ed¥

b1;1&q pnifas~u2inital

3

PRY  Tedve nﬁ?"aio?wd fdod © besy. ed blunﬁ faid molseotgnRe BA

L ﬁwviﬁ W noidu;ma'saihigﬂyqag ol palay yd bover i 2ieY i yisbaucd

- 33% = *n nn;:ulqi oAt sevig Hasotqes sidd ezls ylewolvadG {@1.8).p3
“¢znztu:n nﬂﬂ q&pﬁtjyﬂ .aoxsqﬁni ﬁﬂﬂim-tﬁywﬁ g3  ni  bBeiadBnl - ASHW

i o . e 'i . S N yi nevig ai neidseint pnizub

v

(ISt tiw » g )
; w



46

Again, the approximation C = 1 is used. For small t, this equation
behaves as the Verigin solution. For large t, it differs from the

asymptotic expression Eq.(4.48) by the constant 3M/4.

The validity of the results may be tested by calculating the
term o defined in Eq.(4.4). For all the approximate solutions, it is
found that o contains a term proportional to t, and hence it must be
expected that the error in the approximations also will increase with
time. Still, one can hope that a time interval exists close to teia
where the error can be neglected and this has partly been verified by
comparing the solutions with results from numerical simulations, as
will be shown 1in the next section. The result, however, depends
critically on the values of the parameters M, n and €, and a more

thorough investigation 1s needed to <clearify the validity of the

different expressions.

4.9 Comments to papers by Woodward and Thambynayagam, Refs.[24,25]

In Ref.[24] Woodward and Thambynayagam study constant-rate
injection into an infinite reservoir and apply the Laplace transform
directly to the system of partial differential equations in Egs.(1.1).
The Stefan condition is replaced with the approximation Eq.(1.6). The
authors thus rederive the exact Verigin solution and claim that this
can be made valid also when a initial water bank is present by
replacing ri x 2et with ri ] rg 2 et

When the Laplace transform is applied directly to the Verigin
problem, a problem arises about how to handle the movement of the
front. In an exact treatment, the time dependency of the front
position has to be transformed as well as the time dependency of the

pressure, but as long as rf i1s an implicit variable in the problem, no
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straightforward way to do this exists. In Ref.[24] this problem 1is

handled by the following algorithm:

1) Transform the equations and boundary conditions, but neglect the

time dependency of rf in the transformation.

2) The undetermined constants in the general solution of the
transformed differential equations 1is found by applying the
boundary conditions of the moving-front problem. rf is explicitly

given, and g = ri/t is assumed to be a constant.

3) The resulting expression is then inverted using standard rules for

the Laplace transform.

The authors seem to neglect that this is an approximation method, and
the validity of the method is not discussed. The analogy with the
quasi-stationary method is, however, obvious. In the latter method,
the wundetermined constants are found by applying the boundary
conditions of the problem with a stationary front, and the front speed
is determined as a part of the algorithm. These differences are
small, however, and should only produce minor discrepancies between
solutions produced by the algorithms. It is believed that the quasi-
stationary algorithm provides a better wunderstanding of the

assumptions inherented in the methods.

The transformed problem for an infinite reservoir 1is in

Ref.[24] solved by searching for a solution of the form

- Z
(4.50) p = B(z)[ A(g) + K (fj\r) ]

w 0 Jn
The wexact solution, however, has a form given in Eq.(4.5), and
Eq.(4.50) only gives an approximation to the solution. This

approximation is based on the same assumptions as were used when
deriving U in Sec.4.2, a fact which explaines why the two methods

produce similar results.

Based on their algorithm, Woodward and Thambynayagam also
present an expression for falloff pressure. This expression is based
on an assumption that g is constant during the whole falloff period,
an assumption that cannot be justified from the Stefan condition.

For small values of At, however, they find an approximate expression
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identical to Eq.(4.35). Surprisingly, their late-time approximation is
also identical to Eq.(4.31), which was derived assuming the front to
be stationary. The movement of the front does not influence the

solution for large At.

Woodward and Thambynayagam claim that their expression for
falloff also can be found by using the principle of superposition.
This 1is only partially correct; adding Verigin solutions with
different arguments does not reflect superposition, as these are

solutions of non-linear problems.

Ref.[25] includes a study of a finite reservoir. ghipils | sitaylel
assumed to be «constant, an assumption that now can be verified from
the results in Sec.4.8. For large values of injection time, the
author finds an expression identical to a late-time approximation of

Eq.(4.49).
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%) NUMERICAL SIMULATION OF WATER INJECTION TESTS

To verify the analytical results developed in Chapter 4, a
large number of injection tests, covering a wide range of reservoir
parameters, have been simulated. This chapter only shows results
created with four different sets of fluid and reservoir properties,
denoted Set 1-4, as these were found to be characteristic for all the
simulations. These four sets are based on reservoir and fluid

properties from the North Sea. All the expressions given in this

chapter are written using field units, the time T in hours. Pw will

here be used to denote the pressure in the wellbore.

The simulations were performed with a three phase, two
dimensional, black-o0il simulator named TODVARS, developed at Rogaland
Research Institute [27]. Based on a more detailed model of the
physical situation, TODVARS solves a system of partial differential
equations different from the Verigin problem. Both effects of gravity
and capillary pressure as well as variations in relative
permeabilities are accounted for by the simulator, together with
effects of pressure on the oil viscosity. Hence, discrepancies
between analytical and numerical results may be caused both by the
simplifications inherent 1in the Verigin model and by the

approximations used when constructing the analytical solutions.

TODVARS does not include effects of variation in temperature in

the reservoir.

A total number of 240 grid blocks is allowed in the simulator,
with a maximum of 93 in radial direction. First, several test-runs
were made keeping reservoir and fluid properties constant, but varying
the number of grid blocks between 1x93, 1x30 and 8x30. For all the
four sets of input parameters, the wellbore pressure was found to
differ with a maximum of § psi after 500 hours of injection. The

outer boundary was chosen so as not to influence the pressure in the

wellbore during this period.
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The data sets were then run with and without the force of
gravity included. Still wusing an injection time of 500 hours, the
difference in wellbore pressure was found to be of same order as that
due to varying number of grid blocks. Hence, it was decided to run
all the simulations without gravity included and with a maximum number

of grid blocks in radial direction.

All basic input parameters used in the simulations are listed in
Appendix 5. The values specific for each simulation, as rate and
radius of outer boundary, are listed together with the figures in this
chapter. Note that the values of absolute permeability and injection
rates are very large, but the dimensionless parameters have values

typical for water injection into an o0il reservoir:

Set M n €

1 1.05 1o 1 0.0013
2 1.58 1573 U003
3 2.11 720 &l 0.0013
4 IESl6 3.46 0.0013

The value of € is based on an injection rate of 7000 Stb/d, which is
used in most of the examples shown. The four sets of parameters are
identical except for the mobility of water, i.e. viscosity and

relative permeability of water.

Fig.3 shows the pressure in the wellbore when injecting with
constant rate Q into a small finite reservoir. In all the
simulations, Eq.(4.43) was found to be a very good estimate of the end

of the infinite-acting period. In field units, this estimate is given
by

{§5F1H) 17 = 1190.0

Including a skin factor S, the Verigin solution gives for the pressure
in the wellbore
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The following notation is used

162.6 Qu
L LA T LW,
m = ;
w hkk
w
(S5RE30)
162.6 Qu
o
m = 3 ;
0 hkk
o

Note that there is two possibilities of defining the dimensionless
skin factor, as either water or o0il parameters may be used in the
scaling. From the Verigin solution and the early-time falloff
approximation, the present definition is the natural, but no unique
definition exists in the literature. 1In the simulations, the input

value of S is always equal to zero.

The Verigin solution as well as the analytical expressions
developed in Chapter & have been used to analyse simulated wellbore
pressure by wusing a root-mean-square method for data fitting. The
straight-line segments that could be used for analysis where chosen by
using the validity estimates given for the different expressions.
Generally, the test analysis provided very good estimates of water
mobility, but a small artificial skin factor of order W, 2=,5,  Tipos
is demonstated in Fig.4, showing a comparison between the Verigin
solution and the simulated result using Set 3. The results from the
investigation of the effects of varying the number of grid blocks
indicate that a large part of the artificial skin may be due to errors

in the numerical solution.

To determine the skin factor in a test analysis, the oil
mobility has to be known, and the value of S turns out to be very
sensitive to the value of Ao used. Above bubble-point pressure the

variation in o0il viscosity with pressure is small, but the temperature
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dependency 1is significant. The initial value uO(Pi) has been used in
the present analysis, causing only a minor part of the artificial
skin. In a real field application, however, thermal effects may be

severe in the skin analysis.

The simulated wellbore pressure following the end of the

infinite-acting period is plotted in Fig.5, and Figs.6-9 show the

absolute difference between the approximate expressions
Eqs.(4.47)-(4.49) and the simulated result. Oscillations in the

numerical solution is clearly visible. The analytical expressions are
reasonable accurate in a time period following the end of the
infinite-acting period, but as expected from the results in Sec.4.8,
the error is 1increasing with time. In almost all the cases
investigated, Eq.(4.49) was found to be the best approximation. The
magnitude and functional form of the error have been found to vary
considerably with the input parameters, but the general validity of

the approximate expressions has not been investigated.

Injection into an infinite reservoir with an initial water bank
is shown in Fig.10. The vertical lines show the estimates for the

limits of the straight-line segments as given by Egs.(4.25) and

(4.27). 1In field units, these limits are given by
2
U c R
w o
i = 1190.0 -
A kk
w
(5.¢4)
2
ph(1 - S =R ST )RR
T = 1335.3 RS
B Q

The time needed for the pressure to pass from the first straight line
2

to the second, TB - TA' is proportional to RO . the square of the
initial position of the water front.
The effects of a change in rate is illustrated in Fig.11, the

vertical 1lines showing the 1limits of the straight-line segments as

given by Eqs.(4.36) and (4.39). If the rate is changed from Q0 to 01

at time T1, these limits are written
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1 QR
2weT 0 wwi
AT = 1 = 88.7 i 1
A 10n RS RS = 5 hkk
or wcC w
{558
AT = 25 —0-T

The time needed for the pressure to "stabilize" after a change in rate
is generally very long, of order 25 times the time at which the rate
was changed. Hence, it is very important to keep a constant rate as

long as possible before falloff.

The falloff pressure caused by a short injection time of
To¢.15 Ts,= 50 hours is plotted in Fig.12. The estimate of the end of
the first straight 1line, given by ATA in Eq.(5.5), shows that the
response from the water zone in these tests is the order of seconds,
i.e. it would be impossible to determine water mobility from an
analysis of these tests. The equation for the first straight line 1is

found from Eq.(4.35) putting Aq = -1 and T = Ts:

kk '

W
(853968) = M N [GE ] ANTERET A 1Fcy ey 3. =.3.23 + 0.87S 1]
w S w Py c R

PS is the wellbore pressure at shut-in. The second straight line is

given by Eq.(4.31), resulting in

AT
P -mlg —
w s o] DA
s

-
n

hkk'
o]
bl 1) =r¥m [ Mg S+ Rl g Fammesnen M3 203 8 S E0RE7S
w s Py c R
00w
1 Qu c
0 0
A (BT M) s R T
s { =S =5S hkk'
or wce o]

The estimate for the lower limit of the validity of this equation 1is

given by Eq.(4.40) or in field units:
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1 Qu ¢ T
00 s

= 50T = 7061 j v
(5.8) ATB Flg § asghmeg o hkk
or wcC (o]

The injection time used in the simulation resulting in Figs.13 and 14,
T = 2850 hours, was chosen on the basis of the first equation 1in
E:s.(5.5) to give a first straight falloff 1line lasting for
approximatly 20 minutes. This equation has been found to give a

reasonable estimate of the end of the first line.

All the plots of falloff pressure show that the estimate given
by Eq.(5.8) is too pessimistic. This result is typical for all the
simulations, but still it has been found that the time needed for the
second straight line to develop may be very long, and a significant
error may be introduced if too early data points are analysed. Once
again it must be emphasized that the given limits were chosen as a
rough rule of thumb, valid for a large range of values for the
parameters and the front position. The results given in Table 2,
Appendix 2, for M =n =2 and y = 500, indicates that the general
value tyB = 25, chosen as basis for the analysis, is too pessimistic
in the present case. In a general situation where more exact
estimates of tyB are needed, an analysis equal to the one resulting in
Table 2, Appendix 2, must be carried through for the actual parameter

region.

Both the analytical and numerical results developed for falloff
confirm the theory first presented by Morse and Ott [19]; the shut-in
pressure developes two straight lines that both can be wused for
analysis. However, it must be empasized that effects of variations in
relative permeabilities are not included in the present analytical
model and that the simulated well-test examples have relatively short
injection periods. In addition, the reservoir is assumed to be

infinite-acting both during injection and falloff.

In Ref.[20], Kazemi et al. states that the second straight
falloff line can be used for analysing the o0il parameters directly
only if n = 1 and, in addition, Rf/Re < 0.1. From Eq.(4.44) it is
seen that the latter condition is always satisfied in the infinite-
acting period. Continuing the work, Kazemi et al. in Ref.[21] give a
general correlation between the ratio of the slopes of the straight

lines and the parameters M and n. The results are based on a
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numerical simulator which wuses the Verigin solution to describe the
injection period, but solves the falloff period by finite differences.
Hence, the reservoir 1is assumed to be infinite-acting during the
injection period, whereas a finite outer boundary is specified during
falloff: This is only correct if consistent values between injection
time and radius of outer boundary is used; the injection time must at
least be less than the time Teia given by Eq.(5.1). The reason why
Kazemi et al. find that the second line cannot be wused for analysis
directly 1is probably that their numerical result is influenced by
boundary effects, but unfortunately, insufficient information is given
about the input parameters used to confirm this. It must be
concluded, however, that the correlation they present generally is
incorrect. When boundary effects are present during falloff, the
eventual development of a second straight line will depend on all the

three parameters M, n and rf(ts)/re

The numerical simulations show that the analytical results
developed 1in Chapter 4 provides an accurate foundation for well-test
analysis. The theory shows that several factors make it essential to
design and carry through a field test very carefully, for instance are
effects of changes in rate much more severe than in usual one-phase
testing. When analysis of both oil and water properties is desired
from falloff, the injection time is essential; it must be long enough
to produce a sufficient number of data points on the first straight
line, but as short as possible to minimise the time period before the
second straight line starts developing. Theoretically, the mobilities
can be estimated with high degree of accuracy whereas the skin factor

may be more difficult to determine exactly.
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Fig.3 :

Semilogarithmic plott of
well pressure when injecting
into a finite reservoir.

Q = 7000 Stb/d
R, = 2000 ft
T = 9,57 hrs

............ Set 2
------ Set 3
Set 4

Fig.4 :

Pw (psi)

Comparison between simulated
solution and the Verigin solution
(dotted line) for Set 3.

Q = 7000 sStb/d

R, = 2000 ft

Fig.5 :

P, (psi)

As Fig.3, but linear plot.
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Fig.6 :

I ! Absolute difference between
- simulated result and approx.
solutions for injection into
a finite reservoir.

Input parameters from Set 1.

Q = 7000 stb/d
R, = 72000 Tt

Eq. (4.47)

R ST el SO T 00 T Eq. (4.48)

s 100 200 00 A0 oyl Dal S o Eq. (4.49)

T (hrs)
: . A 1l 7L E
1
it 4 As Fig.6, but input

] i =1 parameters from Set 2.
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Fig.8 :

As Fig.6, but input
parameters from Set ge

ABS DIFF (psi)

Rlga91
As Fig.6, but input
parameters from Set 4.

ABS DIFF (psi)
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Well pressure when injecting
into a reservoir with an
initial waterbank.

Reservoir parameters from Set 3.
L. 40000 ft
Ry 93.I5H £t
=3
Ty ™ 90T
Tg = 644 hrs
Flgedl ¢ .

Well pressure following

a cange in rate.

Reservoir
Re =
Qg =
Qly 1=

Tl =
ATA’
ATB =

Lo ®

o =

parameters from Set 3.

30000 ft
5000 Stb/d
7000 Stb/d
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Fig.12 : =
N
Horner-plot of falloff pressure. oF
R, = 20000 ft
(P 50 hrs
Set 1
---------- Set 2
----- Set 3
Set 4
~
Fig.13 : )
A
A
Horner-plot of falloff pressure. o3

Reservoir parameters from Set 3.

By w 30000 ft

Ta = 2850 hrs

AT, = 0.33 hrs

ATg = 61.3 hrs
=
Fig.1l4 : 2
As Fig.l4, but MDH-plot. o
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6. SUMMARY AND CONCLUSIONS

The Verigin problem, describing two-phase immiscible displacement
in a homogeneous porous medium, has been investigated. Separately,
three different methods originally developed for the Stefan problem
have been applied to the problem. From the study of these methods,

the following conclusions can be drawn:

1) Green's functions may be used to reduce the original problem to a
system of integral equations. This system can be further used to
prove existence and uniqueness of solutions to the original
problem, but 1is probably too complicated for constructing simple

approximate solutions.

2) By introducing the pressure at the water front as a new unknown
variable, the method of eigenfunctions may be generalized to
Verigin problems. The method reduces the original problem to a
countable number of coupled ordinary differential equations which
have to be solved numerically. The complexity of this system
depends heavily on the outer boundary condition used, and in all
cases, the equations are very stiff. For cylindrical geometry,
the coefficients in the ordinary equations contain integrals which

it has not been possible to calculate analytically.

3) The quasi-stationary method is an approximate method, but no
general way of testing its validity has been found. For the actual
problem, however, the validity has been investigated by
substituting the produced solutions into the diffusion equation.
When the Peclet number is small, the method 1is found to produce
accurate results for infinite reservoirs. For finite reservoirs,
the method gives reasonable results in a time period following the
end of the infinite-acting period, but the error introduced is

increasing with time.
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As basis for the quasi-stationary method, one-phase displacement in
a reservoir with a stationary discontinuity has been investigated.
The error in three approximate solutions for infinite reservoirs have
been studied by representing the exact solution by a numerical
inversion of the Laplace transform. Estimates of the validity of the
different solutions are proposed. Further, exact and approximate
solutions are developed for finite reservoirs, valid for all values of

mobility and diffusivity ratios.

Different problems encountered in well-test analysis have been
investigated by using the quasi-stationary method. The main results

from this study are:

1) During injection the =zone occupied by the injected fluid usually
behaves as incompressible. When the reservoir is infinite, the
pressure at the water front is constant and proportional to the

mobility ratio.

2) Approximate analytical expressions describing effects of an initial
water bank and a general change in rate, respectively, have been
given, together with limits on their validity. These expressions
have been confirmed by simulations of injection well tests and can

be used in well-test analysis with a high degree of accuracy.

3) When injecting into an infinite reservoir with an initial water
bank, the wellbore pressure developes two straight line segments
with equal slopes. The approximations describing these segments
are independent of the initial position of the water bank, and the
late-time approximation is identical as if no initial water bank

was present.

k) Except from a shut-in, a change in rate yields two straight line
segments with identical slopes when wellbore pressure 1is plotted

against "equivalent drawdown time”.

5) Plotting falloff pressure in an infinite reservoir against Horner
time produces two straight lines reflecting the two fluid =zones.
Assuming the water front to halt immediately at shut-in and using
superposition gives an incorrect expression for the early-time

falloff pressure. However, a correct expression can be found using
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the quasi-stationary method. The late-time falloff pressure is not
influenced by whether a stationary or moving water front is

assumed.

6) Expressions are presented for injection into a finite cylindrical
reservoir. By comparing with simulations, these have been found to
be reasonable accurate in a time period after the end of the
infinite-acting period. The error 1is, however, increasing with
time, and the general validity of the expressions has not been

investigated.

The quasi-stationary method provides a very good method for
studying general problems in injection well testing. The method can
easily be extended to problems not treated here, such as injection

into a reservoir with a vertical fault.
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LIST OF VARIABLES AND SYMBOLS

The variables r, t, pw and po are all scaled variables as defined 1in
the following 1list. The corresponding dimensional variables are

written as capital letters, R, T etc.

The Laplace transform of a function f(t) is denoted by Flz).

c Total compressibility

© Dimensionless factor defined
s T (A )

e , e Unit vectors in r and t directions

ERN= E(r,tlro,to) Cylindrical heat source
defined in Eq.(2.7)

1
Ei(- x ) = - | ;exp(— s) ds Exponential integral function
b
g =t T/t
f
6 = G(L’tllﬁ'tu) Green's function for 2-dimensional

free space defined in Eq.(2.2)

h Height of reservoir
IR = /= Imaginary unit
k Absolute permeability
k; End-point value of rel. permeability
L= é— ai 9-(ra-- ) Diffusivit &
ot r dr odr Cluadis i

End-point mobility ratio

x x
- i -
= I k ~
o






68

2whkk'
w d y
DR i e (R P I P ) Dimensionless pressure
X Q(0)p X i
w
P. Initial pressure
i
g = Qf{t)/a0) Dimensionless wellbore rate
Q Wellbore rate
r = R/R Dimensionless radius
w
FO =BT Radius of incompressibility
G
rd = JATRE /5 Radius of drainage
R Wellbore radius
w
S Residual oil saturation
or
S " Connate water saturation
w
kk' : ) .
" 0 s Dimensionless time based on
s 7
Py C R wellbore radius
0O oW
tA' tB Lower and upper limits for the
validity of approx. expressions
ts Injection time
kk' . : :
G —___Q_E’ Dimensionless time based on the
y qucDY position of a stationary discontinuity
ui = ui(r,t;y) =R T Exact solution for a reservoir with
a stationary discontinuity
1 bt -y ,
uh = éln( ;T e ) Approx. solution for a
homogeneous infinite reservoir
U= T 9] Approx. solution for an infinite

reservoir with a stationary
discontinuity, conf. Eq.(4.8)

Ve =R SV (B t) Verigin solution, conf. Eq.(1.3)






Approx. solution for a finite
reservoir with a stationary
difsic oM nUNEVIRNG o N E R (e RRTIGH)

Dimensionless position of a
stationary discontinuity

Euler's constant

Peclet number

Diffusivity

Diffusivity ratio

Mobility

Viscosity

Approx. water-front position

Error term defined in Eq.(4.4)

W W (IR GEAve)
y Y/R
w
Y QI 7iT 2 S
Q(0)u c
1 oo
€ ;
A= EISY =S hkk
or wC o
kk'
X
nx Py C
X
n c
w 0
n = M e
n (
o w
kk'
X
A
X 3
X
1]
X
o (8]
o Gilliw , 18
Subscripts:
b bubble point
e external boundary
elia = end of infinite-acting period
37 water front
o @Al
s shut-in
w water
X 0il or water

619
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APPENDIX 1. DRAINAGE RADIUS AND RADIUS OF INCOMPRESSIBILITY.

The pressure response in an infinite reservoir during one-phase
injection or production can be characterised by two radii, both
functions of time. The drainage radius, denoted rd, is a measure of
how far into the reservoir the pressure response has reached. The
term “"radius of incompressibility”, rc, will be used here to describe
an outer bound for the zone around the well where the total

compressibility is negligible.

rd and rc do not represent physical discontinuities or
boundaries, and consequently there is some arbitrariness in their
definition, which 1is reflected in the 1literature. The following

definition will be addopted here for the radius of incompressibility:

2
(A1.1) T = 0.04 t
c

EonSri= r. the error in the approximation Ei(- r2/4t) x ln(r2/4t) Y
is about 0.251.

Some confusion exists about the term “"radius of drainage”, and
two different types of definitions are used in the literature. The
first defines rd as the position where the value of the pressure
change or fluid flow is below a certain limit, say 17 of the wellbore
value [45]. This gives a definition where rd2 is of order 9t. The
second type of definition is is concerned with the area influencing
the pressure in the wellbore, or rather with the time passing before a
discontinuity in the reservoir is sensed in the wellbore pressure.
That is, if a discontinuity of some sort exists in the position r = vy,
this should be visible in the wellbore pressure at a time given by

rd(t) = y.

Whereas the first definition of drainage radius only involves
the propagation speed of the pressure response out in the reservoir,
the second also involves a response back to the well. The latter

definition is perhaps the most adequate in well testing, often
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referred to as "radius of investigation”. Following Earlougher [E8N
the following expression will be used:

2 10
(A1.2) r =

d m
rd(t) = re defines the end of the infinite-acting period for a finite

cylindrical reservoir. For r = rd, the pressure change in an infinite

homogeneous reservoir has been found to be about 47 of the wellbore

value.
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APPENDIX 2: COMPARISON BETWEEN THE EXACT AND APPROXIMATE SOLUTIONS
FOR AN INFINITE RESERVOIR WITH A LATERAL DISCONTINUITY
IN MOBILITY AND DIFFUSIVITY

The pressure distribution in a reservoir with a stationary
discontinuity in M and n may be described exactly by Eqgs.(4.6) or
approximatly by Egs.(4.8), (4.9) and (4.10). The error in the
approximate solution U(1,t;y), defined in Eq.(4.8), has previously
been investigated by Bixel and van Poollen [37] with basis in a finite
difference solution of the partial differential equations describing
the problem. When n = 1, good agreement between the solutions 1is

found; when n # 1, "the comparisons are usually less favourable".

Bixel and van Poollen give an upper limit ty = tyA for the
Vel litiEv e 36 a (a R - This 1limit is also estimated by Odeh [421],
together with a lower limit, ty = tyB' for the validity of the late
time approximation Eq.(4.10). The investigation of Odeh is based on
an analytical solution for a finite reservoir, but the value of tyA is
of course common both for finite and infinite reservoirs. No exact
mathematical definition is given for any of these 1limits. Earlougher

[81] uses the concept of drainage radius to define t A’ Jirier

rd(tyA) = y. From the definition of this concept, this is only known

to be correct if the mobility in the outer zone is zero, confer

Appendix 1. Comparison between the different values given for t A and
v

t are listed below:

vB
nt t:
yA yB
Odeh B G e 1S5 e/
Dl ST et s g5 AR
Bixel and van Poollen All M and n : 0.25 not given
Drainage radius concept Acmn= 0. /10 —

0
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The main reason for trying to estimate these limits has been to

support a basis for calculating the position of the discontinuity.

The relationship between the exact and approximate solutions was
investigated for M and n in the interval [0.5,10] and vy ranging from
100 to 5000. The exact solution was represented by a numerical
inversion of the Laplace transform in Eg.(4.5), following the Stehfest
algorithm [39]. The modified Bessel functions involved were calculated
by subroutines from the NAG library [46], but asymptotic expressions
had to be used for large values of the arguments. Also the exponential

integral was calculated by a NAG subroutine.

When M = n =1, the exact analytical solution is easily
calculated, and the numerical inversion was found to produce 5-6
significant digits. In addition, the inverted solution was compared
with results tabulated by Satman et al [40]. These results were also
based on the Stehfest algorithm, but unfortunately the authors forget
to specify their values of n and y. In the comparison, the value of n
was assumed to be 1, but the results in Table 1 show that the solution
can not be determined uniquely by ty, M and n; the actual value of vy

has to be known. This could also be seen from the approximate

expressions.

The absolute and relative errors in the approximate solutions

are defined in a usual manner:

ABISTERRICEEIVI N |u1(1.t;y) - Approx. sol.(1,t;y)]|
(A2.1)
ABS ERR
REESERR(TE: = e
v u (1,t:y)

Figs.A1-A3 show relative error in U(1,t;y) versus t for different
values of M, n and y. For a given M and n, the maximum value of the
relative error decreases for increasing value of y whereas the values
of the absolute error were found to be independent of vy. The
functional form of the error shown in Exg A2e i s typi callt  when ' int Ti's
slightly 1less than M. Keeping M fixed and increasing n, the left
maximum will increase and the right decrease until only one maximum is

visible. If n is decreased, the left maximum will decrease and the

right increase.
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As can be seen from Figs.A1-A3, the error in U(1,t;y) 1is mainly
localized in a restricted region in ty. Defining this region as the
interval where the error exceeds 1%, the limits of the interval were
found to vary considerably with the values of the parameters M, n and
y. Table 2 shows some results based on this definition. In almost all
the investigated cases, though, the error was found to be below 17
outside the ty—interval (1/10n,25). These 1limits are shown by the
vertical lines in the figures. As a consequence of the generality 1in
the definition of this interval, the error can be negligible also for

large parts inside the interval for certain values of M, n and y.

The maximum value of the relative error is plotted as function
of M and n in Figs.A4 and A5. Note that the values can be large even
when n = 1. The highest maximum values occur for smal values of n

together with large values of M.

Figs.A6-A8 show a comparison between the error in all
approximate solutions. The approximation u1 £ uh is generally valid
for a longer time than PR U. No such generality is found for the
long-time approximation Eq.(4.10). Again using a 17Z-defintion for the
validity-bounds of Egs.(4.9)-(4.10), these limits of the error region
were found to vary considerably with M, n and vy. Based on the
concepts of drainage radius and radius of incompressibility defined in
Appendix 1, the limiting values ntyA = w/10 and tyB = 25 will be
chosen to give a rough rule of thumb for the validity of these
expressions. It must be emphasized that a certain arbitrariness

exsists in these definitions, and the values should not be used for

estimating the position of the discontinuity.
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y SoL. M=1 M=2 M=5 M=10
? Ref.[40] 5.7023 5.7027 5Nz 083 SENUDSAT
100 Auth. 4.0935 4.0939 4.0944 4&.0946
500 Auth. 5.7029 5.7038 5.7038 5.7040
Table 1: Comparison between own solution (Auth.) and tabulated

values from Satman et al. [40] for ty = 0.16
In own solution, n = 1.

1 error for nt = Limits for 1 1 error,
u lower: upper:

M n w/10, =5, W U5, nt t

y y
Vo 8.0 289 2.4 1542 0.1 5kt
2.0 2.0 1l od 1 U5 g2 0.7
5] (0 e 8 112 1] 0.5 0.2 3.6
S0 10.0 205 1.8 0.6 0.2 1705
8.0 OFNTe5 217. 21 10. 0.07 39.
0 75 8.0 0.9 0.4 x 0.3 5o
2,0 2t 0.1 x x 5 289
ol 72 7 0.2 0.1 x a5 2
Sl 10.0 x x x 15 21l 5
8.0 075 0.6 0.2 x 0.05 39

Table 2:

Some results from the error analysis for U (upper section) and
for the logarithmic expressions EqQs.(4.9)-(4.10) (lower section).

* = error less than 0.17%.
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APPENDIX 3. SOLUTION FOR A FINITE RESERVOIR WITH A LATERAL
DISCONTINUITY IN MOBILITY AND DIFFUSIVITY

A finite reservoir with a stationary discontinuity in mobility
and diffusivity can be described by Egs.(1.1), leaving out the Stefan
condition. Note that the no-flux condition is wused as an outer
boundary condition. Let rf = y be the position of the stationary
discontinuity. To separate the current problem from the one defined
intEgs. (#o1), let u1 and u2 be the dependent variables instead of pw
and po. In the following, the Laplace transform will be used to solve
the problem, thus generalizing a solution for the case M = n first

given by Carter [41].

Let G;(z,r) be the Laplace transform of ui(t,r). Transforming

the equations and the boundary conditions in Eqgs.(1.1) produces a

system of ordinary differential equations which can be solved to give

- ) 1 g A
u1 = = (x1) o A IU (x1)
u LI R
u 2 =
. e , le u(xz) + K1(c)Io(x2)}
yz A
A3. =
( 1) A K1(a){ Ko(b)I1(C) + K1(C)Iu(b) }
iy
. K0 (a){ K1 (b) I1 (c) - K1 {fcl) I1 (b) }
A a= I1(a){ Ko(b)I1(C) + K1(C)Io(b) }
i)
+ " Iu (a){ K1 (b) I1 {fc)i= K' (e I1 (o) i

The arguments a.b,c,x1 and x2 are defined by
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F
=iy
n

alz) =
blz) = JZy
(A3.2) clz) = f?re
2
x (z) = = ir
1 n
xz(z) = J=

The modified Bessel functions of second kind have a branch cut along
the negative real axis. The expressions for U;, however, are
analytical for all values of the Laplace variable z, except for a
double pole in z = 0 and simple poles in the zeroes of the term A.
These zeroes will be named Zk' ( k =.1,2,... ), and are situated along
the negative real z-axis. The proof of these statements will be
omitted here, but the consequence is that the inversion integral can
be used together with the residue theorem to give the solution as an

infinite series of residues:

(A3.3) u, = Res[ wu.e ] + I Res[ u.e ] s

First, the residues in 2z = 0 will be calculated. This is a

double pole, and the residues are given by

Ee—

W
L |
N
|
@®
d
H

"

— 2zt
(A3.4) Res[ u_ e
1 z=0 dt i z=0

The expression on the right hand side is most easily found by
expanding ui for small values of z. Using expansions for the modified
Bessel functions given for instance by Ref.[47], these result in the

following expressions:

(A3.5) g, = sy
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