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Abstract,

The iproblem to ‘be studied in the present] paper was
previously investigated by A. Eliassen, E. Hoiland, and
B b b1 We Pind  that in general both a discrete and
SifcentInlIou S| isSpeetrum of leigenvalues contribuitelitetthe
golution., When, as in [1], the method of normal modes :is
applied care must be taken not to omit the continuous
spectrum. Here we use the method of Laplace transform to
solve the problem, and demonstrate how we can find the asymp-
f0 0 hehavior for lavee valmes of ¢ {time) of thet pavs

the solution which is due To the continucus' shrectrulm:

This work has been supported by the Royal Norwegian Council

RopESeientiis e and  Tmdustriad Resaarch.






T FeETICY 1Ok,

The problem to be studied in this paper is the one
iuveatipgatad by A, Hllapsen. "B, Helicnd sod B i le fad L8
[1] the method of normal modes is applied to solve the problem.
Hlomll e %- (r = Richardson number) an infinite set of eigen-
values 1s found which in [1] is assumed to form a complete set.
We will show that this assumption 1s not valid.

We use the Laplace transform £to solve the problem. In
general both a discrete and a continuous spectrum of eigen-
values will confribute to the solutien.. Thesegentinl buiibaen
from the continuous spectrum 1s studied for large values of
ftavihabhenbyot nasvas | win %~ andnuOn T ale< %. However the method
uged to study thevasymptotic behavior of the contributlon
from the continuous spectrum may be applied to the cases
r = %- Zhaiol, @ 0 Bl AT

S S vhielme thodie it nornaiitneodessisiappilsiics Swelmiinvalicecase
not to omit the continuous spectrum of elgenvalues. If both
the continuous and the discrete spectrum (when it existe) ape
taken into account, we find that the solutlon obtained by the
method of normal modes is equivalent to the one found by using

the Laplace transform. This equivalence will be demonstrated

in a paper to appear later.
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Il..Formulation of the problem:

The system to be considered is the one studied in [1],
¥ia: 5 horizontal Tlow with.,constang phicar o 0f & FCravliiied;
incompressible and inviscid fluid confined between two rigld
horizontal planes, situated at 2z = %4 {see.fig. 1}. The
velocity field and the density field in our basic motlion are

A 2 assumed to be given by:

Il
Q
G
1l

az (x-component of the velo-
city)

=157
plamit g

N/
bl
O
Il

where o, and P, are congstants.
i B 40N The equations governing this

system, are the hydrodynamié equations for an incompressible,

sy sol g S kaid, [ vile:

p(§%~+ ¥e V)v = - Vp - kpe

(We2) < V-v =0

%% + v.Vp = 0 ,

where k 18 the unit-vector in the z-dlrection, and g 18 the

acceleration due to gravity. We assume the motion to be two-
dimensional, and that it takes place in the xz-plane. Due to
the second equation of (1.2), the pertubation velocity can be

expressed by means of a . stream, funeLion,
LY, ¥ Box Ml m e

where' J1  1s thelunlt vecteruiln The v-g matEl b

in order to filnd the equation for Wixizitiy the egg. fil0)

)

e
are linearized, and P, and p, ‘are eliminated between the first

and the third of egs. (1.2). Taking a_1 as unit time, we

*) Py and p, are il rdESoRdcERGEn N e Sk
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obtain:
3 ¥ isg S
(1.4:) (S‘E+ZSE)VW+IFY—O s
X

wlalETEE e = E%- is the dimensionless Richardson number. We see
a

that, \'r 2.0 when '8 > 0, which correaponds ©o @ gtetioally

stable stratification. As mentioned earlier, the rigid planes

are siltuated at 2z = *1. The boundary conditions are therefore:

a5 g§-= R A

Let the field of vorticity and the field of rate of change of

Yorel.clty be aselgried "at "t = 0, vig:

Yk = F(x,z)
. 6)
(g%-+ zg%)vgwtzo = e

We then have to solve a mixed boundary and initial value problem.

Let us assume that ¥Y(x,z,t) depends on x &=
il
L ) hx,m, b = e
This 1s no restriction, since it is supposed that ¥(x,z,t)
has a Fourier transform with respect to x, and then Y (z,t)
represent s the kth Fourler component.
Introducing ‘edv Wi, 7 I HEEE eds FUHT LR (1, s hfanas 0

we obtain:

2
B (§%-+»ikz)2<g§§-~ kg)w & kgrw =0
Z

.0 W (B 58] 00 Siah gt i g
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where Fk(z) and Gk(z) are the Fourier transforms of

B,z end olz,z )k

1.  Solution to tha prolicem,

Multiplying the differential eq. (1.8) and the boundary
conditions eq. (1.9) by the kernel e P of the Laplace
transform, integrating with'respeet to © between' 04 w=f  @hd

ualng edes [1.10); we obtaln:

2
(2.1) @-+ﬂ@y%£%-1£m7-rﬁﬁz (p + 1kz)F,(2) + G, (z) ,

(2.2) W= @ e e

where V(z,p) =\/‘w(z,t)e—ptdt
0

From eg. (2.1) we obtain:

(2.3) T - 5 o e
(z-¢)
where ' = %g S el T e i% -
F.(z) Gy (2)
2.4 Tzt L 4
(2.4) (2,80 5. T ElLE

Eq. (2.3) together with the boundary conditions is easily

solvedy'" 'We ilvds ¢
A4
V(z,0) = [1(w,t)e(u - ¢, 2 - tau,
%

(2.5)

where:
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8 Gl 5,0 )z nfd 2 WT577557‘

N
~—

CPQ(U—C)(P,](Z— C) u>Z’

F g e gy = m(-1 - E)dlee e sl T

R T S

Il

g1 ~ E)r(z - €) - £(1 L E)elz - &)

il

1 1
(2.8) £(v) = (1kv)20_ (1kv), g(v) = (1kv)®T (ikv) .

Iy and J_, are the Besgel functlons of order v and

(2.0 9wy 1AL = W

o,(z - €), @2(2 - ), flz - t) ‘and iglz = 5 Ao CElG SR
the homogenous equation, corresponding to eq. (2.3).
W(@1,@2) is the Wronskian determinant of @1(2 B o R

@2(2 “d) Tt id teasy B0 show that

(2.10) W(p,,0,) = D(EIW(E,8) ,

where:

(2.11) e = g1 - OIe(-1 - Eherpsil enlloloilost

Witig) = £{z - £)g'{z - £) - ©'(z ~ Clelz = C) = Bhe Heanel
or  tla oft) amd wlzoe £, MSitice g e
there is no first order derivative, W(f,g) = W is a constant
{0

When V(z,t) 1is found, V(z,t) is easily obtained by

inversion.,
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(2.%e)

In the complex p-plane

y(z,t)

1

..6..

yﬁim

= —2??] W(Z,i%)etpdp a5 .2%/ Yp—(z’c)e*ikétdﬁ .

g

1C0+w

_ k[ -iket
T S

i€ -

O

WE%%T {@e(z % C)J[I(u,é)®1(u & e Nd
W

1

+ 9,0z - O)fT(u,L)0p(u ~t)au} .

vd
£y

of all the singularities of

Y must be greater than the real parts

W{z,i%), or equivalent: for k > O

¢ must be greater than the imaglnary parte of all the singu-
o)

In order to evaluate the integral in =lo)-

larities of  V(z,t).
AN
-plane
"R+ico R+ico
= = S 18 4
fS\B 1’."\2 f":1 >
5 (b I Y, 4
(-R-i8)C B{R=15]
Fig. 2

(2.12) we perform an integration
arocund the closed contour . €
shown 1w Pdegll R
many-valued function with branch-
jokenlinlnis Blig Bz il jusme’ e

{z € [-1,1]} , so we have to make

cuts in the complex E-plans. We

choose the cuts as shown in fig. 2. We obtain:

~
(%

iCO+R

(6 i) %%¥%-@(z,c)e_ikctdé= J/.+ d[-+ J/ +\/-t/~+ +u[—+ J[’
s S

iCO—R ABCD Wt

BB M = 3

are the small circles around ¢ = 1, AN

where:

Sys So and s3
1—ip1 1-18

/] = T A

v

1-15 1—ip1

We have analogous expressions for 1 iang iy

Vo 73
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._.7_

Py is the radius of s, , S R L e 4
Since V{(z,t) 1s a many-valued function, the integrals

¥, [ end [ will im sencrsl wmenvanlish
Y Yo 'YB

From Cauchy's residue theorem we have that
kfiwfz,c)e‘ikctdc L e
c

LB 1s the sum of the residues aff the, integrand at dts poles
within ¢, The poles of  Wiz,E) are the zepos i of Bl
From ‘eq. (2.13)we can find V¥(z,t), by letting R.S ===,

and Py - 0

IIL. «The solubion of the £fregucncy eguatl on:

Since the poles of Y(z,t) are the zeros of D(L), 1t 18

of interest to know the solution of the frequency equation

=) Bl ="

This equation is discussed in [1], and we will here only give

fthe results for the cases of interest to us.

1

I’>"4—Z

In thig case the order v ©f the Betse Rl ance s Il d:
L5 ouhesiny, depalnEasy SEE ) ©P) (2.9]. | There s &n lniinite cen
of pegleipenyaines; én oo AL @laly SiEE LS I ILE R (2] (3.1). Moreover
TN s {, > *! when n »*w., There exist infinitely
gany ‘elgenvalues within the regions [-1 ~e,0] and i aeuo

(e > 0), regardless of how small & may be.
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1
O<P<Z.

The order; v 1is real.  There areimolelgenvalues,

e The case 'r >71— .

As pointed out earlier, we can obtain V(z,t) from eq.
(20 135) by letbing  R;8 = = ‘and Plg = 104 T W - o

order that [ and [ shall exlst, we must choose the radii
S S
1 g
04 and p3 in suech a way bthat the clrcles doinob passivhralic

Bleter the seros offyDiclL o i p3 = G s in thils e

Ghen [ and . 0., #lsc [ =0 when gt lLiTEEa S

s, S+ S5
gasy tdshow that [ o Owsgwhen. Bis = «, Theredsso
ABCD
.
fa. 4} Ulget) =1+ 200N —f— f’] "

Y Yo 73

where ZR 18 & sum with infiniCely many Ccime;

n=-o
—ikCnt
o LN PRdTR- = Zantpz(z - Cn)e s where a_ (n kool dae
N=-—oc
N e
given by: a [W" - o, (-1 - Cn)]: e f — 3 du =
sl e )
n
+1- F. (u) G, {(u)
k k
:f{_ + }cp(u—i)du-
T R o
n
ao = (0
e e Ghe solutlon Cotnd du [0
1Ziclolopik

We. wiLlil, first show that. the residue of 5TZT M=l e R o
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il B elrsiol e |

1 1 @2' (‘1 i ﬁl’l>

(412 Res 5TET e = 5
C:Cn (EE>€=C Wg i CP2 (‘1 i Cl’l>
n

We assume that D{L): has on e reo S eliElE S B ie ol
From eqgs. (2.7) we find that D(¢) = @2(- R e @1(1 &
Let us write:

(4.3) Dty 21 Sppli -4 iRy 00e WY CERENES

From eq. (4.3) we obtain:

dD 1[8@2<"1‘C) E aq)1(1“'§):l
ot ot )

From eqs. (2.7) we find:

(4.5) g = -9y (2 - ¢) + BLEL= Loy - gy - XL Ba(p g,

3 ,
(8.6) —% = - 9,' (- £)ne SELEHE] T ER o o

5CPi<Z "C)
where @i(z o e MR- s Mo o < - T e
Z.=.1.1nto,eq. (4:5) and 2 = -1 1into eq. (4.6) and substract.

We then obtain:

dp,(-1 - ¢) 3o, (1 - )
(0.7) B s T (1 - 1) - a1 - £) +

Introducing eq. {4.4) into eq. (4.7 we T a
3D ‘ '
(4.8) sE 440133, Cle- Mai-lnant

When ¢ ={  1s an eigenvalue, then @1(2 . &n) and
@2(2 - Zn) are linearly dependent solutions, since the Wronsklan

W(@1, @2) = D(Cn)w = 0. Then we also have:
(4‘~9) @r(x b Qn)@fg(z i Cn) i CP»](Z 550 Cn)cl)g(x i Cl’l) .

Differentiating eq. (4.9) with Re e els oM ia el e i o0 6 putting
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j X e e ks e el o
& b W { Ry i 1‘_;{\ ?&r = L1 .
£ :

: B L ipe 6. D ernl ! ow.N

Apn : . 4 L i T ey rre

7 fIl P #i % N o
] £ i ok S SRS TS (PR
; | ¢ & he ;
Lhon Sy j e { 2 y o il ___ 2 e ISR B U
0 B % s

f‘.é ,"_-'t | mé !I.‘.“’ 3

e qab ﬁi%ﬁ@ﬂi[;&ﬁﬂ;




o e el e Nalle L L — L el el ottt £

(4.10) i (=1 - £ Jop(1 = £) = 9, (1 = & )op(-1 - &)

But
(
g1 =) = gl-1 = C)erl-1 -8} = 0 @i
(4.1ﬁ< ,
Bal! - 01 = (1 - L) {0} il R

-

Introducing egs. (4.11) inte eq. {2.10], e ebi=in:

(4.12) RN i
. i el

5

1
where it is supposed that @2(—1 - @n) +£ 0 , which means that
@E(Z = Cn) has a simple zeroc at =z = -1.
Combining egs. (4.8) and {(4.12), we obiiin:
2 2
o s e
T8, AR !
C——Cn (Pg('"1 fB Cl’l)

which is equivalent to eq. (4.2).
Differentiating eq. (4.9) with resgpect to = and oulfing

z = -1 , we obtain:

(4,13) 9, {x - £ Yo (-1 = £ 7 = g (-1 RGeS
= g (x-¢ )= ——H S 6
1 n g Cn) = n
Using . ogs« 4.2) aad (4.13), me . find Gt
N=-0 o e
- 27iSR = 3 an@g(z - zn) with a [W - o, (-1 - cn)] =
Nn=-oco

\7? Fk(u) ) Gk(u)
U 3 U o

-1

Tt remaing to prove that
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2
o 12 o @2 (u ) €n>
(4, 14) (W =@ty zru[ 1 Rl
¥ : ol
-1 n
in order to show that - 2m13R 1is the solution found in. [1].
We have that
" 5 r@z(z - Cn)
(4.15)  o5(z - £)) - kKTou(z - £ ) + o 0
n

1
We multiply eq. (4.15) with ®2(z o Cn) and integrate

between -1 and +1. We obtain:

+1 !
2 2 (DAOINGIZA
W ! e
(BT S wn (1 0 - ol Gt gl ot (B
i B e )
bl o 2
= - rk/ < . G ) iy
A (Z 0 CH)
where we have used the boundary conditions @2(1 - in) =
oo (-1 - ) = 0. Egil (4 16) 4 squivelensimod oa, [H g e

go Th, 1 18 pPoved.

n=+o —ikCnt
T, 2. The seplep b an@g(z o Cn)e is uniform
Nn=-c

convergent with respect to =z, and can be differentiated any

time within every closed region O c -1, 1.

R @@ty
Let us first find an upper and a lower bound to Cn. The

elgenvalues satisfy following relation, see [1]:

()
=

LD uln(é 2 j) & [arg Jiu(Kg(C jhelii

e Yl - %— has been used.

jiu 1s an analytic function of the argument, see i

) et jiu<k2<c % 1)2)J=

S sl
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- 12 -

limits when n - *wo, i.e. Cn - #1, and, for all values of n

we may put
(4.18) B, < [arg 3y, (K°(t + 1)?) - arg 34, (P(¢ - D)1 < upy.
Introducing eq. (4.18) into eq. (4.17), we obtain:

n + 1

(4.19) an - Bis-< 1n(z-——-0 <@an - B, , where a =

=13

Let N1 > 0 Dbe chosen so large that on - 61 =G
an - B, > 0 for n > N,. When eq. (4.19) is solved, we

obtain:
an—ﬁ1 an—B2
(4.20) ?—~————i1<l:n<—e-—————i—1-(n>N1)

an—B1 Q.n"ﬁe
e -1 = -1

r Ny > O 1s chosen s0 large that an - 51 < ) 0
(ke el e N2, we find that

an—52 cm—B1
(4.21) e __*1 < <&——F (m<-nw,) .

an—62 om—ﬁ1
e -1 e -1

Let us examine a . Assume that Fk(z) and the 1.order
derivative of Gk(z) are bounded for z ¢ [—1,1]?) We have:

+1

f{ Fk(u) i Gk(u)

AT e (uer )

5o, (u-C, )au = g(1-¢ )Jﬁ f(u Ak

+ e () (u-g) + K5, (w)T(u-g, )} lau -
(4.22)

" F (U-) 1 1
: f<1-én>k/fa¥z;- glu-t,) + i (6 (@' (u-g,) +
it ;

+ k%6, (wglu-t ) lau - 7=l 6 (W - G (-1)oa(-1-2))

*) It 1s not necessary to assume that Gk(z) has a 1. order
derivative for z € [-1,1], see Appendix.
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where we have used that

rcpg(z = Cn)
2

e -t

w;(z - £) - Ko,(z - L1

We observe that the last two integrals in eq. (4.22) exist when

o B, 1.8, €. - &1

n

n -ow, i,e. Cn - 1.

Taking into account eq. (4.22), we find that

e

n ikr W i
Therefore we have:
(4.23) e, | 18 Bamvnl k<t s

/)

If Gk(1) = 0, it follows from eq. (4.22) that

&
as o =1i0Ra oy T b &

n
We also have:

S

B & Al gl

(4.24)|¢2(2—Cn)| < (Cn-1) M & ifloniveveng

Using eq. (4.20), we find:
2 2 1
gl =
n an—52 an—B2 —an+62
e =1 e 1 - e
—an+f.,
But:.d.~ e o 2¢ s forie ne b i

b,

That means:

d Ba . on
(4.25) Lo ) 257? 2

191

Let us first consider the case:

Ia - 0

g

ancdiadal nso),

(21> N1)

Taking into account eqs. (4.23), (4.24) and (4.25), we find that

G el R -
1) avplzt e ™05 ) falleg(a-t,)]
n=p

n=p

B2 00 an

< 2M Moe7§§:e~ §~.=

Y Bg
é?‘
EMIVIO %
2
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where p = max(N N

1 b 5)'

That means:

-1kg b

o0
(4.26) Zanme(z—én)e is uniform convergent for z e [-1,1]
il

It remains to show that the serles in eq. (4.26) can be dif-
fercntiated term by term for every z e Q < {-1,1>. From the
theory of series we know that we can differentiate a convergent

seriesterm by term if the resulting series also 1s uniform

"\92(2 el Cn)
convergent. For every z € Q and all Cn’ +
Lo 05
1@2(2 i gnH
ig and analyticsfunctlon.. Hheralape ( >£ =M, where
e s
n

o+

M, can be taken to be the maximum of fpg(z = Cn)!/(cn - 1)

within the closed reglon {z e Q, {, =€ = 1} in the x{-plane.

@2(2 i Cn)
But ( ;I can be differentiated with respect to 2z any
&y us ldF
g

time within this region, and the derivative is agaln an analytic

function. Therefore:

ol PN o WAL
rshale bt LLE a o G

1A
e
%

55 e e

This relation is equivalent to eq. (4,247, and the proof of
uniform convergence for the series which is obtained by diffe-
rentiating eq. (4.26) term by term, proceed as above.

In conclusion we can therefore say that the series in eq.

(4.26) can be differentiated any time with respect to z e Q.

Next let us consider the case:

n—>—°°; i.e. g - -1
I

From eq. (4{22) we obtain:
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Gk("1) )
a, = - - y Blnce |@2(‘1 Wit ) L e e R
1ketp,, (~1-£ ) i e
2 i
Therefore:
i
(4.27) |anl < Wit = cn)2 fapdall B 0
Alge:

(4428) "lod(2 =€ )} ‘="m_ " roptatn hat e [t S G ST

Taking into account egs.  (4.20), (4,27} and (4,28 e
1 Siket
Fitd that the sepries /5 anmg(z ~ e i

n=-co

o shavel LT o

derivatives are uniform convergent within every closed Eeohion!
Q = <-1,1>. This is proved as above. And so Th. 2 1is proved.
It is to be noted that the series in Th. 2 cannot be
differentiated term by term for all = | In fhe meptan el
This is shown by a simple example:
Let us differentlate the series in Th. 2 with respect to
Z, and let us put 2z = 1, We then obgerve that the seried 1n

1
eq. (4.26) is divergent, since @2(1 il Cn> = -W.

Th 3.  The contribution to V(z,t) from the integrals along

M and Y= is damped out at least as fast as t_1/2 when

& = o

Proof:
il 1=dioo
We have that [ = #f + [ . Let us exanire Che @t g
o ik
1 -j_OO 1 1 100 1
[s Into this integraliwe inbtroduce @ 4 'alven B | B e s 7 08

1
as a new variable. We obtain:
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() Z—1+i'1"]
Pla,)e 2 %%L/é"lkt‘kﬂt WBT%§THT[@2<Z"1+i”) \/-I(v+1—in,1—in)
(4.29) 0 i =24
X @ (v)dv + ¢, (z- 1+1n ‘/HI v+1-4m, 1-1n) e, (v) V],
-14+1in
where

i i
D(1-1n)= g(in)f(1n-2)-r(in)e(in-2) = (kn)? (kn+21k)D, (n)

(4.30)< ¢, (z-1+in)= g(in-2)f(z-1+in) - £(in-2)g(z-1+in)

o5 (z-1+in)= g(in)f(z-1+in) - £(in)g(z-1+1in)

D,(n) 1s a regular function of n except at 7 =0, and 1t

his 'no zers rée” g-c "foful. “We Nave Bhal

(4.%1) !D1(q)l = m{6) »'0 for:m e JU Gl e E

Let us put J[ J[ We then have:

(4.32) sl B ele f +|/|

Using eq. (4.31) we obtain:

L dn ;
b 53 ) L/}- gﬂ\/_ m(c)(kﬂ)ﬂ kn+?ik)§HW1

z-1+1n
clge >dv+cp1j (- )av]
-2+i1in z-1+in

Moreover

(£.34) | J/I P

Let us find the asymptotic behavior of the integral in eq.

(4.3 for lapse ‘'valunes of @ &.

We assume that Fk(z) and Gk(z) are analytic functions
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Gl 2 & [-1,1].*>**) Then the integral
z-1+1

5 I?v + 1 -in, 1 - in)¢1(v)dv e (7w s Bl e o e o N TR

~7+in

Moreover 1n the vieinlty of 5 = O e Hale !

(4.35)

in 1) _l‘_ 1)
X t ; n i jal
I(v+1-1n,1—1n)@2(v)dv=g(1n) an(z)n +1 b " o
z-1+1n n=0 n=0

1
ot
n 2 n
e zdnnj,

n=0 ink=10;

- f(m)[? 3

"here an(z) and cn(z) depend on Fk<z) and Gk(z) and

their derivatives at z,"and b, and d. sdepend ¥4 Fk(z) and

Gy (2)

1l

and their deritveacivies  atl sz

Taking into account egs. (4.30) and.ild.>5), and using

Watson's lemma [3], we find that the integral 4n ‘eq iiiaas]

is of order

do il

veloc

Ay aTe damped out at least as fast as

t~1/2 when & <e . It g fhe terds @it bo and

n eq. (4.35) that contribute to the term of order t~1/2.
1t 1a alsdl egpy td "geel 1hatl’ The 'oDptrlbuel nls' o s

o dreilidian d St e vorriic Byl Te lldi e ol clsihisic onseilis sl o nic
t-1/2

The calculations are carried through only for the integral

along Y4+ But the same result 1g obtalned for the tecral

along yB. T thip ‘ease 'we lintrodice | G, @lvens by @ "<t = d,

SISR

new variable, and proceed as above.

*) T
a5
{GONEL©

€ il o7

*% )

his is of course no necessary condibion 1in order o prove
- Th 6. But with this assumption we can obtailn the asymp-

sapiee S0 o ihy Hheuchne oo B %—, vate Weige bl S RINNGL e AN B
Yo it e 73

1
SR S el @ el < p i

We say that a function d& analylic dn & megion Wi 446° ean be

expanded in a power series.
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-3/2
Th 4. The integral along <y, 18 of order ¢ 3/ when t© — o .

The contribution to the veloelty fleld from thls integral 18

of order t-1/2 .
The contribution to the vorilelts fleld 18 O orier t1/2.
BRooE
2 z-1oo
We have [ = [ %+ [ Yimhewe & ls agsumed to be an
Yo Z-1c0 7
Z—1eo
interlor point of [-1,1]. Let ug eonslder the integral ¥
%

We introduce ns glven by L = 2 - 1n, 28 8 new warlable 1060

thls 1ntegral and obtain:

k -ikzt-knt
P(Z,t) s %FFJ[ 1 il TSl iﬂ {?2 in I(V+Z -in,%~ 1n)
0

~-1=- z+in
(¢.36) .
1-z+1im
x o@,(v)av + ¢, (in) \/i(v+z—in,z—in)@2(v)dv} y
in
where

D(z-in) = g{1-z+in)f(-1-z+in) - £(1-z+in)g(-1-z+in)
(4.37K o,(ind = g(-1-z+ig)flig) - @ aviqielin)

g(1-z+in)f(in) - £(1-z+in)g(in)

Il

s (iﬂ)

In the wlclhnity of 'n. =0  'wWe Naye thal

in o0 ©

el 7
k/i(v+z~in,z-in)®1(v)dv=g(—1—z+in)[jE}Wnnn+n ? x’E}wnnn -
-1-z+iq =0 =0 i
(o) [00] -
i n, -++ n
~ f(—1~z+1n)[i§}1nn +n 2 \}§}1nn |
(4.38) n=0 n=0
1 —Z+Z'LT] o)
n, -%- n
j&(v+z in,z- 1n)@2(v)dv g(1-z+in {‘ggznn +n 2 \}E}an ] -
in ia=(0)

ee] (o o]

Ml g P }ﬂ ot 2+V§Ei n} )
( n)[ J 8ol 10 oM

1ai=(0) =
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where
P
OFk(v+z) Gk(v+z)
e T u/< i f(v)dv ,
-1-z
O (vez) @, (vez)
- pr e ! < Jg (v)dv
RN Tkv 2 e ’
I
-1-z
(4.39) ﬂ
1"ZFK(\HZ) o (v+z)
By = k/k kv kg =—)f(v)av ,
v
0]
1-2
F, (v+z) G, (v+z)
k k
e Toui k/k BT R e g(v)dv ,
. v

where Pf. in front of the dntepral slgn indicates Ehe Tinite
part of the integral, (see [4]).

Moreover

(4.40) B, T

Taking into account eqgs. (4.40), we find that

ab Ll
(mg(im{g(_nzmwz V3b, i - £(-1-z+in)TEY dmnn} y
0 0
(4041} 0 o
: . ~5-V n 34y n
o, (in)g(1-z+in)n Je £ (1-z+1in)n ) don
0 0

ls an sngiytic funetion ol o lmise sl ietnd b ol = 00
Therefore this term in the integral in eq. (4.36) will not

contribute to the asymptotic series for [ , and is of no
i
interest. The term that contributes to the asymptotic seriles

fomw | 4 is bBhe followiceiones
Yo

8

e}
mg(in){ ~1-z+in) E:a £(-1-z+in) c1nnn} +
O

(4.42) o

@1(in){g(1—z+in)‘E}2nn - £(1-2z+&n) cgnnn}

(@]
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We introduce the expression (4042) into the integral 1n eq.
(4.36) and find the asymptotic behavioz for large values of
t, using Watson's lemma. The first term in the asymptotic

gseries is found to be:

L - 1kzt
P E%WTRET-%iTO{[g(—1—z)a1o—f(—1-z)c1o]
£(in) % L3 /24y g(in) o -3/2~v
ot Al S e —-471—I%~+)t ]
x[g( Z)<kn{f92_v o) ( Z)<kn>1 e Tl

(4.43)

# [g(1~2) a1 (1-zda oiliatit )

where T (x) is the Gamma function.

Expression (4.43) is only a part of the first term in the

zZ
asymptotic series for [ . The integral [ contributes with
Yo Z~1 00

an ‘analogous fterm. Thie termiEensiile Toutid, DUt Wwe imic
remember that f(in) and g(in) have branch-point at n = O,
Th 4 follows from expression (4.43), remembering that v I1s

purely imaginary ln this case.

e e cdame 0 % s %-, NG =T 3 i 0N BRC % 4

In seotion ITI 1€ 1s poimted cutiChial There 1p no elgonvalue

in thisg ease. The stream function s therefore glven by:

(5.1) ¥(z,t) = - /-yj-yj.
2 5

Lo

) —1/2-9

B Bhe dntegate VR 0 RS ee o e 0 iond e e
V4 3

when

t o w, 'The contributions to the velocity fleld and vorticity
t—1/2—v.

field Trom these Integrals 'are also of order
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Proof:

We examine the integral in eq. (4.29). D(1 - in) 1is an
analytic function of mn except at n = 0. But D(1 - in)/f(in)
tends to a finite value 4+ 0 when 1 —0. Taking into account
eqe. 430 and (4.35),1w§ £1rid blet the Plrst berm dn the

R (o

asymptotic series for [ 1s given by:
1

-1kt o, (z-1) I ()

i A (in) 1,.-1/2-v
(5.2) = -{b 1 QO 21 B2 RO SR 0
oW g2 ] k—1/2+v oo f<iﬂ)ﬂ2V o _
1
The integral f contributes with an analogous term to the
1-1co
agymptotic serieg for [ . A corresponding result is obtained
V1
for  f S fEnd 80 Th 5 1ls weoiany
3
i Gk(1) = 0 then b, =d_ =0, and the leading term in

the Ssymptetic series will heNeElnichcriomnt emrttniit:

Th 6. The integral [ 1is of order t_9/2+v when € - e,
Y2

The contribution to the veloclby Ficld Feowm Shie inteoral 45 of

order t-1/2+v, and the contribueion $ochcivorslc i vw Tield ot |
order t1/2+v.
FROOT ;

The results follow from expression (4.43%), remembering that

v 18 real and positive in this case.

Conclusion.

In addition to a discrete spectrum of eigenvalues there

exists a continuous spectrum as well, which has to be taken into

Ziceeuiane s Alanls Hs it ellse o phie gREe | be S %, (For @i r<<%

there is no discrete spectrum of eigenvalues.)

For r > 0 we have found that the part of the welocity
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field whileh 13 due to the contilnuous specbrum, tende o 2000,
Therefore the energi associated with the perturbation is
edther fimlte wlBeniny > %) or will tend to zero
o) 0w e %) when | G - s

For r < 0 preliminary investigations have shown that
this part of the weloecligius of order t_1/2+v, and will

therefore become infinite with €.

Concerning the 'vortlieity We Iiave:

s i ol % ng = O(tT/g) wWhen . €a e
for r = %~ ng = O(t1/21n t) h ol
s S %- V2¢= O(t1/2+v) i L

Thelvorticiltvibe come st in By orai e b Bl elie o
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Appendix.

We will show that it 1s not necessary to assume that

Gk(z) has a first order derivative to obtain

&, (1)
L e S when n - o
n ikrW )
(A1) Y
GK<~ 1 )
R : when n - - «
1lkerg, (=1-£ )

~

The following proof 1s suggested by Dr. J.N. Wiisetan

We have:
+1 Fk(u) Gk(u)
Y T
(a2) 0 2 >

We e e

Let us write:

(83) oplz S8u) - (r o apliEdE AL

where |@21(z 5 Cn)l < M «Zew e Deliiii e el s UTiele e

assume that Fk(z) and Gk(z) are hoonded  for =2 [2o1,1].

Moreover Gk(z) 18 apsunied o PeColz inaatis s ate 47

Let e (0 < g <1 heltoipan ol o marhl e

1
1-¢

il 0
-+

+1 GK(U)
oy S ST

1
oll. (e 7t T -1+e
Due to eq. (A%) we have that

M1|Cn4 l 1/2

51/2 @z Sl

(A5) | _““_'"—3§‘T2<U ~ Zn)du!

Moodis.8 conetant dndependent of e and n.

101
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We can find N(g) > 0 so that {cn T 2% Por wid
i N(s).
Then

1-¢
(46) |J(...)1 <mie'/? for n>n(e).
+

&

Let & be given. Since Gk(z) e comblnuols ab ‘3 lz sid] oy

we can choose e(6) so that

(A7) ]Gk(z) & Gk(1)l< R s S R )

We choose € <52. The relation (A?) RCRE s I A R el e @

eq. (A6) we obtain:

o
(48) | f(...>|< M5 for n >N, (s).
~1+€
Also
L ) Lo

(89) I DR MR I AT T T e S S

L—[ (U. -Cn>2 2 n k 1‘[8(U-Cn)2 I 2
Moreover

® (u—@ ) y "
(a10) f-ﬁ—-—-)—g— du = -3 f£<p2<u S e
1-€

1
' 2
0 %{W i @2(1 Sk - %?}/»WQ(H 3 Zn)du ?
1-€

where we have that

* ,]‘

,/@2<U. 9 Cn)dul = M35 t
(A11) % L

l@é(1 el g% e e N1(6>.

\
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Also
-1+
G (u)
k
NN o o)
(a12) 14/ i vl - Grlaul <M
and

(u)
<A15) | L/ Tu—k—-‘_-/:-T cpg(u - Cn)dul = M66 e RuEsa e N1 (5)
W a

Taking into account egs. (A4) - (A13), we obtain from eq. (A2)

TRAT
Gy (1)

- = ————— When n — o,
an 1krW

ILalopder to Anvestlpave a, when n - -», we study the

expression
+1 -1+ 1= 1
Gy (u)
1/2 k 1re

(118) (o412 [ (et Jau = Je 43 j+f f>.

G lal

-1 n - -1+ 1-g

We find that

Gyl =1
(A15) a_ = - S when n - -o,

i
" ikre, (-1-€, )

The proof 1s analogous to that above.
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