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Abstract.

In the present paper we investigate the sheeleallTimy O
plane Ccuette flow of a homogeneous, incompressible and
inviscid fluid. We show how we can find an asymptotic series
for the stream function at large values of t (time), and

demonstrate the connection between Cases results [1] and

QuRs.
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Ini e paper on inviscid plane Couette flow, K.M. Case [1]
investigated the asymptotic behavior of the Kis C OMpoREnNTHe
the velocity. His treatment of the question of stabllity ds
not satisfactory. He assigned certain initial vorticities

and studied the asymptotic behavior at a fixed point in the

fluid. Therefore he cannot be sure whether there is convective
ingtability o not.

In this work an symptotic series for the stream REELiien
is found, showing how it depends on the initial VAShZ AL LT
We find that the stream function vanishes as t~2 within a
filuid particle mcving with veloelty  =z.

At the end of section VI the connection between Case's

results and ours is shown.
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IT. Formulation of the problem.

The system to be considered is the Tollowling: a horizon-

zZ
F tal flow of a homogeneous,
=T and
incompressibleVinviscid fluid,

? X confined between two rigid

planes, sdtuslbed at & = £ 1,

Fig. 1 (see fig. 1). The equations
governing this system, are the hydrodynamic equations for

motion in the gravity field, viz.:

v
Plsy + 3 W G ol
N

Wy =0,

where k 1is the unit-vector in the ZradirecEion,
With appropriate choice of velocity units, the basic motion

in plane Couette flow is given bys

(2.2) NP Rt il ke

The perturbation velocity can be written as:
(2.3} ¥y s E G s

where Jj 1is the unit vector in y-direction, and L
is the stream function.
Linearizing the first of egs. (2.1), eliminating the

pressure, and using egs. (2.2) and (2.3), we obtain:
£, A0 a2
(2.4) <at S BX V'V =0

The boundary conditions to be imposed on eq. (2.4), are
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QTy
e

(2.5) (Ryial k= Dhpslih tsl il Ty .

Let the vorticity field be assigned at t = 0 .
2

(2B VoWl sz, OF SN, 27

Integrating eq. (2.4), we obtain:

(297) VQY(x,z,t) Y- O, R

which shows that the vorticity is conserved within the fluid
particle moving with velocity VOX —

We assume that  depends on x as:

(2.8) ¥y 8,5) =z, t) S E,

where V(z,t) 1is the k'® Fourier component.

With this assumption egs. (2.4), (2.5) and (2.6) become:

(2.9) <§% + ikz)(éig - k2)¢ =0,
(2.10) plagsl =il et gl
2,
(2'11) (i—é ¥ kg)\ut_o“ Fk(Z) 9
allioe

where F(x,z) = Fk(z)e ¥

From eq. (2.7), we obtain:
(2.12) (= = &k

which is the equation solved by Case [1]. From his solution
he tried to find the behavior of W(z,t) at large values

of —&t+— But his treatment is not satisfactory, because he
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assigned certain initial vorticities and studied the time-
dependence at a fixed point (x,2z) in the fluid. Therefore
he cannot be sure whether there is convective inetability or
not. In the Appendix it is shown how we can find the asymp-
totic behavior of V{(z,t), using the theory in [2]. Here

we will demonstrate another method, which can be used in order

to find the asymptotic behavior of Y (z,t).

s Polutien to the problei,

In eq. (2.9) we use the Laplace transformation to
obtain:

2 2) Fk(z)

d - —_
iy (;;5 T o i

where

=
= I
%8
=
N
o+
)
o+
=
C.f.

EQ. (31) is essily solved. ‘We find:

-4 V(z,t) = 51nhk(z - 1>\/\1k(u _)Ey sinhk(u + 1)du

1
\ Fy (u)
) 81nhk&z + 1)\/ﬁlk(u = ¢y sinhk(u - 1)du ,

where W =W (sinhk(z + 1} , sinhk(z - 1)) = keinhdk  1s the
Wronskian for sinhk(z + 1) and sinhk(z - 1).

We observe that
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(3-3) @(1)C) i \E<~1JC) =0 ,

consistent with our boundary conditions. When V(z,t)

is found, V(z,t) 1is easily obtained by inversion:
1€ +oo
e 2

CoRdnl e 6 )= [sinhk(z-1) flk s1nhk(u+1) du
T -

P, (u)
+ sinhk(z+1) fm—f sinhk (u-1)duldt
Z

In eq. (3.4) we can change the order of integration, and

then obtain the solution of eq. (2.12), given by eq. (A1).

In this type of problems this 1s in general not possible.
Generally V(z,t) will be written in the form of eq. N
Here we will show how we can find the asymptotic behavior

of this function directly from the representation in eq, (F.4).

In order to evaluate the integral in eq. {3.4) 'me will

perform an integration around the contour (O shown in
4 L-plane i - SRS -l R
E(-R, ;) A(R, o) integrand has singu-
m.-a.j(fi, ;ZT-\iQ :51}5 I larities ab £ = 1,z =100
5 Therefore we have to
i R V4 make cuts in the com-
plex €-plane, as shown.
D(R,8) B(R,8) Using Caushy's residue
e 2

theorem, since the

integrand has no poles within the contour C, we obtain:

(.5 gl R

%) o S ABDEsis s
7—;( (Z) L3 assumed to be @na [/1‘4, 74“’ i <oy Z' 7' J
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i PI pt
where! fi=" "L T . We have analogous expressions for the
Y, |48 1-ip1
Igteprals ) and o T A e e integrals
Yo 3 5, 8, 55
around the small circles S, S5 and s3 s surrounding
£ =1,z,-1, It is easy to show that [ , / and [ - 0 when
BTy 55
the radii p, (1 = 1,2,3) of the circles tend to zero.
Also | -0, when R,8 »o& .
ABDE
Therefore:
&
(5.6) ¥(z,8) = = <[ [,
Yy Yo Vs
1 1l = dles
where now [ =) + [ . We have analogous expressions for
y1 fi=dies
IRRE s K e
Wé 73

IV. The asymptotic behavior of the integralg along y1 and

when t - ®
X3

1 1~dieo
We have [ =/ + [ . Let us examine the integral
Y, 1=de0 1
1=1c0
] . Into this integral we introduce N, given by
1
£ =1 -1in, as a new variable. We then obtain:
i z-1+§n( il
___ik [ _-ikt-knt,. . X A s i
(4.1) P(z,t) = EWWer [sinhk(z 1)d/‘ 5 sinhk (v+2-1in)dv
0 ~24in
in
) FK(V+1—in)
+ sinhk(z + 1)K/ﬁ e sinhk(v - in)dv]dn.
= I

The first term in eq. (4.1) will be canceled b dibe
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i
corréesponding term in the integral [... In the wicinity of
il alle

N'= 0 cthel last term can be wrltten as:
AE (v+1-1n) & Aty 2V
(4.2) f i ginhk (v —' 17 dvy =Zann + Lmann .
z=1+4+in =0 =0

(00}

The term E;annn 1s of no interest for the same reason as
n=0

above. bn 1s easily found, by differentiating eq. (4.2)~,

snesilietimioTESSE e ndiitolizienol BRIl cs it

(4.3) b= W

We are now in a position to find the first term in the

asymptotic series for [ . Using Watsons lemma [3], we fing
Y
that the first tewrm. 13 given by

0

(4.14) - gﬁ; e—lktb1sinhk(z + 1)[\/\e—nktnlnﬂdﬂ
00
n F, (1)
-nkt y At einhie(s + 31 ~1k%
+f sLoianang LI e e ;
0 K
where we have used that 1Inn Iz a many-valued function
@ .

Taking into account eq. (4.4), we can write:

*\
) We assume that Fk(z) is an analytic Funcidon of rzel=1, 11,
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(1.5) f= OB simnk(z 4 1) o1kt

. Sl 2,
k2t2 sinh2k

e T T Roo
vy

An analogous expression is found for the integral along 73'

We find:

i A R 1 T { i
(4.6) \/\= kg 5 Slng?éigk 1) L S ; when t - o
kit

V. The asymptotic behavior of the integral along VE‘ when

L W P
‘ Z Zjanlico
We have [ =[] + [ . Let us examine the integral
Vo Zi=n00 B8
AN
/. Into this integral we introduce - e e N s

Z

as a new variable. We obtain:

[oe]

s lT]
' il & F, (v+z-in)
(5.1) P(z,t) = -517%@ lthfe BNt g [sinhk (z-1) f( k . %
0 ~1-2+in
12430
Fk(v+z—in)
sinhk(v+z+1—in)}dv+sinhk(z+1)Jf T sinhk(v+z-1-in)dv]

in

A0 the vivinitywf W =0 we have:

r~

lan(v+z—in) = = - i
Jf g 51nhk(v+z+1—1n)dv==§:a1nn +“nn§:b1nn
={=2+1% n=0 n=0
42 18
V=gl . A
By v+z-11) -‘ b 9
JF———;g;~——slnhk(V+z—1—1n)dv==§;a2nn +1nn}jb2nn .
! n=0 n=0
The first terms in egs.(5.2) are of no interest, since they
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will be canceled by the corresponding terms in the integral
&

{0 s Ben mgiiTing WHLCH Gndh
7, =100
shatel dlenpeiliones - f) = (@, wre el

sy o DLPEEFenT iab i Sae (5,20

A F (z)
by = };K sinhk(z + 1)
o e
(5.3) o o e SE[ iR <ol - othe S I M
; il
by = = —§E- g ilnbie (st

Folz)
(5.%) { by, =1 —a%[ ?k gimhkfe = A

N

Using Watéonglemma, and taking into account egs. (5.3) and

(5.4), we obtain:

0 o0 0
ik -ikzt -knt % ‘

(B2 5) f= ey [fe T1nnt 2b1nnn +Zb2nnn}dn
72 0 1= =0

(ee]

-knt ; ‘ n '
+\/\e (1nm + 2W1)[§;b1nn -FEngnnn}dn}

0 =) n=0
S et
=—‘}*2("°é—elk2t+ , When t - «
k™t

VI. Some comments.,

Taking into account egs. (3.6), (4.5), (4.6) and (5.5),

we obtain:
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(O e, t) = = il o-ikzt | Fy (1) sinhk(z+1) _-ikt
k2t2 k2t2 sinh2k
B

e ek 5 ’
k sinhk(z-1) elkt+

k2t2 sinh?k i

From eq. (6.1) we find that the velocity in the x-direction
is damped as % Witen 1 el

Differentiating eq. (6.1) twice with WSRO e Z e WE
obtain:

2 y
o0, Kl = Hleodh
522 — Fk<z)e L

consigtent with eq.  (2.92),

We observe that if Fk(z) 18 agslgned in Buch's way ‘that
Fk(z) and all its derivatives are equal to zero at z = * 1,
then there is no contribution from the integrals along 7

nd ;

an yB

As to the question of stability of the system, the

inkegral [ is:of the greatest interest, sinece it is only

7
2
this integral which contributes to the leadifie term in ithe
2
asymptotic series for %g and %—%
2
[ *)
Let us assume FK(T) = Fk(—1) =0 . Then from
**)

eq, (6.1), we obtain by inversion:

(6.2) Tl ) = "2”'2) t
i

where

)

**)

This is analogous to the situation studied by Case.

We interpret V(z,t) and Fk(z) as the Fourier trans-
fTovmg of JV(x,z,t) and F{x, z).
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52
(6:3) F(x,z) = VR Gz, z)
3%

Integrating eq. (6.3), we obtain:

(6.4) G(x,z) =g/‘dxk/\F(X,z)dx 4 C1(z)x s Cg(z) i

where C1 and 62 are functions of 2.  enlyv, =and
q(T) = C1(—1) = 0 , so that the boundary conditions eq. (2.5)
are satisfied, The Pourler transform of  Clx,2) exisis in
the meaning of Fourier transform of a generalised Funetion,
see [2].

Let us in conclusion show the connection between Case's
results and ours. We consider the two cases:

1o |

. /ﬂF(x,z)dx

=200}

< o wvddesdthe Cobal pnlsidalanemnt bod o

associated with the perturbation, is
finite.
-+-00
g k/\F(X,Z)dX = ® , i.e. the total initizl lvorticity

associated with the perturbation, is

TLANE L IALITIE:

Case 1I.
For the integral to exist |F(x,z)| must tend to zero

at least as fast as |x| &

(@ > 1) when |x|] - ® . Then
. = 'C1(Z)Xl when |x| = e ., And this together
with eq. (6.2) shows us that the perturbation at any fixed

point (x,z) in the fluid is damped as % when t -
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Case IT.

It is assumed that [F(x,z)| tends

[x] ™ (0 <a < 1) when |[x| »» . From

obEailnt

—o+2

|G(x,2)| is of order |[x| when

Iotroducing this intbleg H6.20 e thogd

point in the fluid the perturbation will vanish as t

when t —

These are the results of Case.
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Appendix,

We will show how we can use Theorem 19 in (20 hor' s
the asymptotic behavior of VY(z,t) in this simple case.

The solution of eq. (2.12) is given by:

z
(A1) ¥(z,t) = Sinhkéz - il\/ka(u)sinhk(u § e
=)

i
i 51nhk£z + 1)k/ka(u)sinhk(u - 1)e_lkutdu :
Z

The integrals in eq. (A1) can be written in the following way,
by means of the Heaviside unit function:

(.
\/ka(u)sinhk(u o e
=1
+ o0
=/\Fk(u)sinhk(u FadEitn % 8l - yle T RUE
(a2) < i

3

Fk(u)sinhk(u = ye

NL\_;

A ©3)

=L/\Fk(u)sinhk(u % WY o Ty z)e_ikutdu

N hade e}

The integrand in the first integral in (A2) has singularities

11— B T i TG 1 Supposing Fk(z) to be analytic

at every point =z e [-1,1],we may write:
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Il

Fk(u)sinhk(u i kFK(~1)(u i g A

Il
1
5

aliat Spaleilnalioy @i |

Il

(A3) € Fk(u)sinhk(u + 1) Fk(z)sinhk(z Mg

+

g%[FK(u)sinhk(u g iéu L e

)
u

S AN vielniny o e o

The integrand in the second integral in (A2) has singularities

af W= 2 oaad w = 1 A8 abowe . We may write:

#

Fk(u)sinhk(u ol I Fk(z)sinhk(z =000

ﬁ%[Fk(u)sinhk(u frl 4

-+

O R
u=z

Il
N

(Ak4) 4 in-wdednity of ) 1

Fk(u)sinhk(u .

Il

ka(1)(u el Al

Il

i yieanaty of i
Let us puty
F1(u) = ka(-T)(u e A YR

Fg(u):=[Fk(z)sinhk(z+1)-+§%{Fk(z)sinhk(z+1)}(u—z)]H(z—u),

(A5) <

FB(u)==[Fk(z)sinhk(z—1)4—5%[Fk(z)sinhk(z-1)}(u—z)]H(u~z),

\Fq(u) = ka(U(u = AIE(% “.m)

Using Theorem 19 in [2] with N = 2, we find:
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Z 2
L/jFk(u)sinhk(u+1)e—ikutdu.=:§:F.T.[Fm(u)} + 0 11 =0
-1 m=1 |1t ]
4 when fktl S HCO
A6
(86) 1 | ;
/1Fk(u)sinhk(u—1)e'lkutdu.==E:F.T.{Fm(u)} U o 11 .
L when !ktf FICONEe
where
[ i :
F.T.(F, (u)) =k/\ka(-1)(u © OAVE R g e TR
(-1) S |kt
= el () , When e
k e
Al B (2 )einhifz i
F.T.[Fg(u)} = e 1kzn{ .« TRE
0 f
SE[FK(Z>SlnhK(Z+1)}
A ; h [kt] = e .
(A7) < + k2t2 } when
i) o B8 )sdnhklz = 1)
F.T {Fz(u)} o lthJ k e
O .
F hk(z-1)]
S k<zi:i2 < A} > when |kt| ->w
-ikt
BLR T} = R () e L e i
! k~#

In order to obtain expressions (A7), we have used Table 1
on page 43 in [2]. We are now in a position to determine
the asymptotic behavior of v(z;%) for laree yalues of 4.

Taking into account egs. (A1), (A6) and (A7), we find:






P (z) el 4 P (1) sinhk(z + 1) _-ikt

+ .
Kot k2t2 sinh2k

P R g ;
k sinhk(z 1) oo

k2t2 sinh2k

which is equivalent to eq. (6.1).
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