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ON THE UNIQUENESS AND AND EXISTENCE OF
ENTROPY SOLUTIONS OF WEAKLY COUPLED SYSTEMS
OF NONLINEAR DEGENERATE PARABOLIC EQUATIONS

H. HOLDEN, K. H. KARLSEN, AND N. H. RISEBRO

ABSTRACT. We prove uniqueness and existence of entropy solutions for the Cauchy problem of
weakly coupled systems of nonlinear degenerate parabolic equations. The uniqueness proof is an
adaption of Kruzkov’s “doubling of variables” proof. We prove existence of an entropy solution
by demonstrating that the Engquist—Osher finite difference scheme is convergent and that any
limit function satisfies the entropy condition. The convergence proof is based on deriving a
series of a priori estimates and using a general LP compactness criterion. We also present a
numerical example motivated by biodegradation in porous media.

1. INTRODUCTION

In this paper we will prove uniqueness and existence of entropy solutions for weakly coupled
systems of nonlinear (strongly) degenerate parabolic equations the form

(1.1) uf + div F*(u®) = AA® () + g"(U), () € W0ap, 8= 1L 0a g /K,
Here
Ui =i (i et
Fr(u*) = (Ff(u"), .., F (),
iR e

for some T positive. The system (1.1) can more compactly be written as
(1.2) Us +divF(U) = AAU) + G(U),
when we introduce

O =R e

Al =N ool A

GW) = (g"W),...,g%(U)).
We will consider the Cauchy problem for the weakly coupled system (1.1); i.e., we require that
kay U= =00e DHRERE Frib =R RA)!

We assume that the nonlinear (convection and diffusion) flux functions satisfy the general

conditions
(14) F* € Lipoc(R;R?), F*(0) =0, A" € Lipioc(R), A" nondecreasing with A"(0) =0,
where k = 1, ..., K. In addition, we assume that

(1.5) G € Lipioo(R¥;R%), G(0) =0.
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2 HOLDEN, KARLSEN, AND RISEBRO

This class of nonlinear partial differential equations includes several important equations as
special cases. When g~ vanishes identically for all «, the equation (1.1) becomes K scalar partial
differential equations. In particular, the single conservation law

ug + div f(u) =0,
is a ‘simple’ special case of (1.1). The regularized conservation law
ue + div f(u) = Au
is another equation within the class analyzed here. Included is also the heat equation
(1.6) ur = Au,
the porous medium equation
= A mim 2 s

the two-phase reservoir flow equation

2 ): = (Aw)ss Alu) = /“ v(1 — v)dv,

U
as well as the nonlinear strongly degenerate convection-diffusion equation arising the recent theory
of sedimentation-consolidation processes (see [7]):

ut + V- f(u) = AD(u), D' = Q.

Weakly coupled arise in relaxation regularizations of conservation laws, where one studies a
linear system of equations of the type
W = \/auz = —.g(U,U),
v + Vav, = g(u,v).
If u is a scalar, then a is a positive number. Furthermore, weakly coupled systems also arise
in mathematical models of biodegradation, see Cirpka et al. [13], and the numerical example in
Section 5.
Due to the nonlinearity, the mixed hyperbolic-parabolic problem (1.1)—(1.3) will in general
possess shock wave solutions, a feature that may reflect the physical phenomenon of breaking of

waves. This is well-known in the context of conservation laws. Consequently, due td this loss of
regularity, it is necessary to work with weak solutions. A function u* is called a weak solution if

B O Y WA )e L
u® satisfies (1.1) in the sense of distributions, and u”*(t) — u§ in L' as ¢ | 0.
However, weak solutions are in general not uniquely determined by their data. We will here

consider weak solutions that satisfy a so-called Kruzkov type entropy condition (such solutions
are called entropy solutions):

) |u® — k| + div[sign(u”® — k) (F*(u®) — F*(k))]

i A Ay Ak [ <sign (it — k) g B0 ini DT ) ¢ wifonall ke R
For a precise statement of the definition of an entropy solution, see Section 2. For pure hyperbolic
equations, the entropy condition (2.1) was introduced by Kruzkov [32] and Vol'pert [41]. For
degenerate parabolic equations, it must be attributed to Vol'pert and Hudjaev [42]. The well-

posedness of the entropy solution framework for weakly coupled system of degenerate parabolic
equations is the content of the following theorem, which is the main contribution of this paper:

Ut+(

Theorem 1.1. Assume that the conditions in (1.4) and (1.5) hold. Then there exists a unique
entropy solution of the Cauchy problem (1.1), (1.3).

We remark that existence and uniqueness of entropy solutions for weakly coupled system of
first order hyperbolic equations have been proved by Natalini and Hanouzet [34] and Rohde [38].
The existence assertion of Theorem 1.1 follows from the results in Section 4. As was done by
Evje and Karlsen [20] and Karlsen and Risebro in [28] for scalar equations, existence of an entropy
solution is here proved by establishing convergence of suitable finite difference approximations.
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We mention that for the existence proof one can replace the difference approximations used in
this paper by proper adoptions of the numerical approximations studied in [19, 24, 4] or the
vanishing viscosity method [42]. For a partial overview of numerical methods for entropy solutions
of nonlinear degenerate parabolic equations, we refer to [18].

We now continue with more details about the convergence proof. Let A > 0 and At > 0 denote
the spatial and temporal discretization parameters, respectively. We then let u?"" denote the finite
difference approximation of u*(ih,nAt). In the one-dimensional case. the explicit finite difference

scheme takes the form
ur_ﬁ,n—}—l L LT 5 ;
(18) B D (FEO () - DeA (™) =gt (U7), m=1 K,

where D_ and D are the usual backward and forward difference operators, respectively. In (1.8),
F~EO denotes the Engquist-Osher numerical flux function [17] defined by

1 dF*= (r)

FPBEO(y o) = %(F"(u) e — —/u dr e

2

We refer to Section 4 for precise statements in the multi-dimensional case.

The convergence proof is based on deriving uniform L*°, L', and BV bounds on the approximate
solution ws, where up = up(z,t) denotes a piecewise constant interpolation of {ul'}, . These
bounds are readily obtained by exploiting that the difference operator on the left-hand side of the
equality sign in (1.8) is L* contractive, so that the standard estimates from hyperbolic conservation
laws apply. Equipped with the BV bound, we use the difference scheme itself and Kruzkov’s
interpolation lemma [31] to show that ua; is uniformly L' continuous in time. Kolmogorov’s
compactness criterion then immediately gives L{ . convergence (along a subsequence) of {ux},
to a function u € L! N L™ N C([0,T]; L) such that u(t) — we in L' as ¢t | 0. To ensure that
the limit u is the (unique) entropy solution, we first prove that the difference scheme satisfies a
so-called discrete entropy inequality and hence it follows, by standard arguments that the entropy
condition (1.7) holds true for the limit u. Finally, by an energy type argument we obtain that
A(uy) converges (along a subsequence) to A(u) in L% and V A(u) € L*. For other papers dealing
with numerical schemes for weakly coupled systems, see [39, 36] (and the references therein).

The uniqueness assertion of Theorem 1.1 follows from the results in Section 3. The uniqueness
proof is an adaption of the celebrated “doubling of variables” proof due to Kruzkov [32] for first
order equations along with an extension to second order equations by Carrillo [9]. To put the
second order case in a proper perspective, let us illustrate Kruzkov’s “doubling” device on the
simple heat equation (1.6).

At stake is the integral inequality (from which uniqueness readily follows!)

(1.9) lv—uly —Alv—u| <0 in D'(II7),

where v = v(z, t),u = u(z,t) are two entropy solutions of the heat equation (1.6).
Following Kruzkov [32] closely, we use the entropy inequalities for v = v(z,t) and u = u(y, s)
to derive

(1.10) /(|v _ | (B + 8) b+ v — u| (Ag + A) ¢> dt dz dsdy > 0,

where ¢ = ¢(z,t,y,s) is a test function on II7 x II7. Following the guidelines in [32] once more,
a clever choice of test function is

B tEr S T =8
5 =
d)(zv 3y’s) "/J( 2 bl 2 )wp< 2 b 2 )1

where 1) is again a test function and w, is an approximate delta function with smoothing radius
@ > 0.
With this choice, we have

(8 +0s) ¢ = [(0: + 05) ¥ (22, H2) ] w, (554, 154)

lFormally, one takes a test function that is constant in space and equals the characteristic function on the time
interval [0,t]. This yields ||u(t) — v(t)]| < |luo — voll-
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so that the singular (as p | 0) term cancels out. However, with the second order operator B dE Ay
we run into problems since there only holds that (see Section 3)

(L1 (Ae+2V: Vy+A,) ¢ = [(A: +2Va - Vy+A) ¥ (532, 52) ] w, (557, 55°)
With ¢ = ¢ (22, %) and w, = w, (5¢ £2£) (1.10) then takes the form

2 i)

(l.12) /<|v —ul (B +85) U+ v —u| (As + 2V Vy+4,y) w)wp dt dz dsdy > RHS,
where the singular (as p | 0) right-hand side is given by

IRIBLS = 2/|v —u|V, -V, ¢dtdrdsdy = —Q/Vzv - Vy usign' (v — u) ¢ dt dz ds dy.

The question emerges how to get rid of the RHS term. At this stage, one should recall that the
“entropy dissipation” term has been thrown away in the course of deriving the entropy inequality
(1.7). At least formally, the classical derivation of the entropy condition (see, e.g., Vol'pert and
Hudjaev [42]) would actually produce a right-hand side of (1.10) of the form

(1.13) /(|Vzv|2+ )Vyu|2> sign’ (v — u)¢ dt dz ds dy.
We see now that if this term is added to RHS, the result is

RES = /|V;r v—Vy u]z sign'(v — u)¢ dt dz ds dy,

The advantage with this term is that RHS has a definite sign and can therefore be thrown away.
The above argument can be made rigorous by working with a “smooth” approximation of sign(-),
see Section 3. Although the proof of uniqueness for general second order equations (and weakly
coupled systems of such) is more technical, the basic ideas are still those illustrated here on the
heat equation.

To finish the story, we follow again [32] when making the change of variables z = (z — y)/2,
r=(t—-s)/2and % = (z+y)/2,t = (t + 5)/2, which turns (1.12) into the elegant form

(1.14) /(|v — gy + v — 1l Aid))wp(z,r) df dz dr dz > 0.

Sending p | 0 in (1.14), we get (1.9) since ¥ was an arbitrary test function.

As we have seen, at least from point of view of carrying out the Kruzkov proof for second
order equations, there seems to be a term missing in the entropy condition (for the heat equation
the form of this term is hinted in (1.13)). Here a major breakthrough was found recently by
Carrillo [9], who exploited the assumption V A(u) € L? to “test” the governing equation against
sign(A(u) — A(c)), a trick that eventually produced the “entropy dissipation” term needed for the
Kruzkov proof to work. In our context, Carrillo’s trick is carried out in the proof of Lemma 3.1
herein. In [9], scalar equations with f = f(u), A = A(u) were studied. Adopting the ideas in [9],
uniqueness results for more general scalar equations with z,t dependent coefficients were proved
recently by Karlsen and Risebro [29] and Karlsen and Ohlberger [27]. In this paper, we follow
rather closely the presentation in [29]. To make the paper self-contained, we have chosen to give
rather detailed proofs, although parts of the proofs are similar to those in [9, 29].

It is worthwhile pointing out that different from [9], we work here with all the derivatives on
the test functions ([9] keeps one derivative on the diffusion function) and we exploit fully identity
(1.11). We feel that this slightly simplifies the uniqueness proof. There is also a similarity here
with the uniqueness proof for viscosity solutions of degenerate second order equations [26].

For some other related papers dealing with the Kruzkov’s “doubling” device in the context of
second order (scalar) equations of the type studied herein, see (the list is certainly incomplete)
[3.580 37,710 40, 14.-5,16,35,,33:24 893 00 221 H1 2

Before ending this discussion about uniqueness, we would like to draw special attention to the
paper by Chen and DiBenedetto [11] (see also Chen and Perthame [12]) cited in the above list,
which roughly speaking includes the “entropy dissipation” term into their very definition of an
entropy solution. This is thus another way of circumventing the problem with extending Kruzkov’s
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uniqueness proof to second order equations. However, from the point of view of establishing
existence (i.e., convergence of approximate solutions), this method is less satisfactory since it is a
more involved process to pass to the limit of approximate solutions in an entropy inequality that
includes the “entropy dissipation” term than in the standard one (1.7).

2. DEFINITIONS AND PRELIMINARIES

Recall that a function 7: R — R is called an entropy function if it is convex and C?. For

k=1,...,K, a vector-valued function ¢* = (¢,...,q5): R = R% is called an entropy fluz if it
satisfies the compatibility conditions

dg” i

() = ' () ()
For k = 1,...,K, a function r*: R — R is called a diffusion entropy fluz if it satisfies the

compatibility conditions
dr* A
“CE(U) =n'(u) w (u).

For k € R, the function n(u) = |u — k| is called a Kruzkov entropy function. The associated
functions

¢"(u) = sign(u — E)(F*(u) = F*(k)),  r"(u) = |4"(v) - 4%(k)|
are called the Kruzkov entropy fluzes. Observe that r*(u) = sign(u — k)(A"(u) — A®(k)). We can
now state the following definition of an entropy solution.

Definition 2.1 (Entropy Solution). A vector-valued function U = (u!,...,uf): Iz — R¥ i
called an entropy solution of the Cauchy problem (1.1),(1.3) if for all kK = 1 LG

(@) w e L1l n L3 (e)n C oA R )
@y dE (e b ([0 0] LR,
(3) For all entropy functions 7: R — R and corresponding entropy fluxes ¢*, "~

n(u")e + div g™ (u®) — Ar®(u®) < 7'(u®)g*(U) in D'(lr);
that is, for any non-negative test function ¢(z,t) € C§°(Ilr)

(2.1) // Vo + ¢~ (u") - Vo +r"(u )A(b dtd$> // U)o dtdz.

(@ For ey ball B = { v e A Sl
(252) / |u®(z,t) — ui(z)|de — 0 essentially as ¢ | 0+.

We recall that it is equivalent to require that (2.1) holds for the Kruzkov entropies: for any
k € R and any non-negative test function ¢(z,t) € Cg°(Il7),

/ (|u*~ — klgy + sign(u® — k) [F*(u®) — FX(k)] - V ¢ + | A% (u®) — A%(K)| A¢> dt dz

//51gn g~ (U)odtdz.

It is well-known that (2.3) in particular implies that U is a weak solution, that is,

//(uﬁ(bt-%Fﬂ(uK) V 6+ A% Ap) didr = - // S WL
It

(2.3)

for any ¢ € C§°(IIr). We shall need the following five technical lemmas to prove existence of an
entropy solution.
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Lemma 2.2 (Crandall and Tartar [16]). Let (Q, u1) be a measure space and let D C LY(Q). Assume
that if u and v are in D, then also uV v is in D. Let T be a map D — D such that

/T(u)du:/udﬂ, u € D.
Q Q

Then the following statements, valid for all u and v in D, are equivalent:
(e hen w0
(2) fQ((T(U> =) 0) dp < fQ((U —v)V 0) du.
3) Jo!T () = T()| du < [qlu—v| dy.

Let u: II7 — R be a function such that u(-,t) € L' (R%) for all t € (0,T). By a modulus of
continuity, we mean a nondecreasing continuous function v: [0,00) — [0, c0) such that v(0) = 0.
We say that u has v as a spatial modulus of continuity if

(2.5) sup /Rd lu(z + y,t) — u(z,t)| dz < v(r;u),

ly|<r

(where v may depend on t). We also say that u has w as a temporal modulus of continuity if there
is a modulus of continuity w(-;u) such that for each 7 € (0,T),

(2.6) sup /Rd lu(z,t + s) — u(z,t)| dz < w(T;u), te (0,7 —7).

0<s<T

Lemma 2.3 (L' compactness lemma). Let {un},-, be a sequence of functions defined on Ilp and
assume that we have that:

(1) There exists a constant C > 0, independent of h, such that
H’U‘h("t)“Ll(Rd) = Ca |luh("t)”L°°(Rd) < C, te (O,T)~
(2) There ezists a spatial modulus of continuity v, independent of h, such that
llun(- +y,t) — un( )l ey < v(lylsun), € R, t€ (0,T);
(3) There exists a temporal modulus of continuity w, independent of h,
H’U,h(', Uy T) i uh('7t)HL1(Rd) = w(T; Uh), 7l (OvT) and t € (07T ~ T)'

Then {un})sq is compact in the strong topology of Ll .(Ilr). Moreover, any limit point of {un};<q
belongs to L*(Ilp) N L*®(II7) N C([0, T); LY (RY)).

Lemma 2.4 (L? compactness lemma). Let {ux},, be a sequence of functions defined on Ilp and
assume that we have that:

(1) There exists a constant Cy > 0, independent of h, such that
LG O
(2) There ezists a constant Ca > 0, independent of h, such that
lun(-+9,) —un(s 2@z < Calyl, y € R%
(3) There exists a constant C3 > 0, independent of h, such that v
llun (- +7) = wn(, Mzzraxor—r)) < CavVT, e, d).

Then {un},~ is compact in the strong topology of Lf, .(IlT). Moreover, any limit point of Ul o
belongs to L*([0,T); H(RY)).

Lemma 2.5 (Kruzkov [31]). Let u(z,t) be a bounded measurable function defined on Ilr. For
t € (0,T) assume that u possesses a spatial modulus of continuity

@) /Rd lu(z +e,t) —u(z,t)| de < v(le|;u),
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where v does not depend on t. Suppose that for any ¢ € C(R?) and any t1,t2 € (0,T),

/Rd (u (z,t2) — u (2, 1)) p(z) dz| < ConstT< Z ca|JD‘*¢|!Lm<Rd)> ol

lo|<m

(2.8)

where o denotes a multi-indez, and c, are constants not depending on ¢ or t. Then for any
Uil I E (O,T) and all e > 0

[a|<m

(2.9) /Rd lu(z,t2) —u(z,t1)| dz < C | |ta — t4] Z % + I/(U;E)> :

3. UNIQUENESS OF ENTROPY SOLUTION

In this section, we prove uniqueness of the entropy solution. Let
i s e e o)
and define the function (A")—l : I*,L*] - R by
(A4%) 7 (r) = mm{g € [-M*=, M¥] | A%(€) = r}.
Notice that this is a lower semicontinuous function and denote by E* the set
ok {r € [1*, L% [ (A%) ™" is discontinuous at r}.

Furthermore, for £ > 0,

-1> 55 )
Signs(é) = 6/65 —E = 5 <¢g,
1 £ 2 E

To be able to carry out Kruzkov’s uniqueness proof in our second order context, we need the
following version of an important lemma of Carrillo [9].

Lemma 3.1 (Entropy Dissipation Term). Let u”* be the kth component of an entropy weak solution
of (1.1), (1.3). Then, for any non-negative ¢ € C§°(Il7) and k € R such that A®(k) ¢ E*,

//(}u” — k|Or¢ + sign(u™ — k) [F"(u") - F"(k)] -Vo+ |A%(u”) — A% (k)] Agi)) dt dz
Iz

r
M 1e | K00 6Y |2 i gm! B L Al il . K K(TTY 4
(3.1) —lslﬁ)l// |V A% (u )! sign, (A% (u”) — A®(k))¢ dt dz //sxgn(u k)g® (U)o dtdz
7 Ir
- liﬂ%l // ]VA"(U") 2¢dtdz - // sign(u” — k)g" (U)o dt dz.
€ &
| A= (u~)—A=(k)|<e Or

Proof. In what follows, we define u(t) = ugp for t < 0 and w(t) = 0 for ¢t > T. Throughout this
proof, one should keep in mind that

(3.2) V |A®(u®) — A% (k)| = sign(u” — k) V A" (u") a.e. on IIr.

An entropy solution is also a weak solution, and an integration by parts in the weak formulation
yields

(3.3) Réy + [Fr(ur) = V A*(w™)] -V ¢) dt dz = — ~(U)¢ dt dz,
iZ;/(U u u ) a8 h/}/g T

for any ¢ € C§°(Ily). In view of (1.4), (1.5), and Definition 2.1, there exists a constant such that

//({FK(uN) 'VA"(UR)] 'V¢+g”(U)¢> i
il
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= COHSt(HUKHM(HT) + | VAN(UK)”Lz(HT))HQSHL?([O,T];Hl(Rd))-

This bound implies that (3.3) holds for all ¢ € H!(II1).
For € > 0 and ¢ € C$°(Il7), introduce the functions

Az k) = / sign, (A"(€) — A®(k))dE,  ¥f (u”) = sign (A% (u") — A"(K))o.
k
We claim that
(3.4) / (A?(u"; k)¢ + [F*(u®) — V AR (u”)] - wa dt @l = // U)yf dtdz.
I
To show (3.4), for € > 0, we introduce the time-regularized test functlon

t+At
WEalie o) = At/ V5 (z, ) ds.

Observe that 9= € L2([0, T]; H1(R)) and ¢4t € H'(Il7), i.e.,, $>" is indeed an admissible test
function in the weak formulation of (1.1). Consequently, (3.3) reads

// (GrAY), + [Frus) — V A5 ()] -ng"m> e // G U)BES dt da.
j i

Furthermore

// (™) dtda:—/ W“J”At) Vet gy gy

(z,t) —u”
/ / il Y= dtdz.
Since Af is a convex function, we have

(825) AF (29 k) — A%(z15k) > (22 — z1) sign (4%(z1) — A%(k)), g & 1R%
In view of (3.5) and the definition of ¢, we have, for a.e. (z,t) € IIr,

—(u"(z,t) — u™(z,t — At))Pf < —(ANuS k) = A (1 (3,6 ~ Al); k))o.
Using this inequality we get

// ) dtdz < - /A "(z,1); )—Z\;(u e e

E o(z,t + At) — ¢(z,t)
/A( k N dtdz

— // AL (u”; k)¢y dtdz as At | 0.

Keeping in mind that 52t = ¢¢ in L?([0,T]); H*(R)) as At ] 0, it hence follows that

A% (R k) gy + [Fr(us) — V AS(u)] - VgF ) dtdz > — [ [ g"(U)y* dtdz
] + ]-v4r) /s

which is one half of (3.4). To prove the opposxte mequality, one proceeds exactly as before using
the time-regularized test function *4%(z,t) = =7 ft A ¥°(2,8) ds and the inequality

— (W (z, t+ At) — uS(z, ) PF > —(AS(uS(, ¢ + At); k) — AX(u(z,1);K)) ¢

This concludes the proof of our claim (3.4).
Let ¢,k be as stated in the lemma. Then one can easily check that, as e | 0,

A (u; k) = |u® — k| ae. in 7.
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Moreover, we have |A%(u”; k)| < |u” — k|, so by Lebesgue’s dominated convergence theorem

liﬁ)l //A?(u";k)at(bdtda: = // |u”™ — k|Orp dt dz.
HT HT

Furthermore,

el0

lim// F'” ") (k)—'\‘/A"(u")>~V1jJ§dtdx
—hm// F*(u") — Fr(k) = V A" (u "‘)) - Vsign, (A" (u") — A®(k))¢p dtdz
+hm//31g'1 (A" (u ())(F"( k) — F~(k)—\7AK(u~')).\7¢>dtdx

= lim // signl (A% (u*) — A% (k)) (F=(u") = F*(k)) - V A" (u")g dt do
G

-~

I

-hm//lVA'”(u l sign. (A" (u”) — A"(k))¢ dt dz

+11m//51gn (A" (u) — A% (k ))(F”( o F“(k)—VA”(u")) .V $dtda.

Iy

Regarding I; we have

1] = |lim // i (/AW siga (r — A%(k)) (F*((4%) 7 (r) = F~((4")7} (4" (k) dr> b dt de

ad 1%1// (/A% signl (r — 4% (k) (F*((4%) () ~F~((AK)—1(A~(k)>)>dr> s

1
< Clim -
el0 €

(44'*)‘1(r) = (AN)'—l(An(k))l dr =0,
|r— A= (k)| <e

since A%(k) ¢ E*. Here C is some constant that depends on the Lipschitz constant of F* and ¢.
Furthermore, we have

o — hm//SIgn (A% (u AS(K)) (F*(u®) — F*(k) — V A®(u®)) - V ¢ dt dz
//51gnu — k) (F*(u®) = F*(k) - VA*(u")) - V ¢ dt dz.

In addition

ln // sign, (A*(u") — A*(k))g* (V)¢ dt dz = // N g
It IIr

Consequently, sending ¢ | 0 in (3.4) and then doing an integration by parts (keeping (3.2) in
mind), we obtain the desired equality (3.1).
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Remark 3.2. In the proof of Lemma 3.1, we have in effect proved the following “weak” chain rule
(see, e.g., [2, 9, 37]):

_/OT<8tu,signE(A(u)—A(k))¢> dt:I!T/ </kusign5(A(§)—A(k))d§> 8, dt da,

for every non-negative function ¢ € C§° with ¢|t—¢ = ¢|t= = 0.
We are now ready to prove the following theorem:

Theorem 3.3 (Uniqueness). Assume that (1.4) and (1.5) hold. Let V,U be two entropy weak
solutions of (1.1), (1.3) with initial data Vo, Uy, respectively. Then for a.e. t € [@, ar);

(3.6) /Rd|V(z,t) - U(z,t)| dz < VK exp(KHGHL;p t) /Rd\vo(z) ~ Up(z)] dz.
In particular, there exists at most one entropy weak solution of the Cauchy problem (1.1), (1.3).
Proof. Let ¢ € C*°(Ilp x Ir), ¢ >0, ¢ = ¢(z,t,y,s), and
V = Viz,t) = (vi(z,1),...,v5(z,1)), U=U(y,s) = (ul(y,s),...,v5(y,s)).
Let us introduce the “hyperbolic” sets
£5 = {(@,1) e Tir | 4"(w"(s,1)) € B},
£x = {(v,9) €Tz | A*(u"(y, %)) € E~}.
For later use, observe that
sign(v™ — u”) = sign(4*(v") — A®(u")) ae. in [(II7 \ &) x Ir] U g x (Hr \ gl

el W A (@) = 0 2z, T 2 anel 'V, A% () = 0 aue i 25
From the entropy condition (2.3) for v* = v*(z,t) with k = u”*(y, s), we have

@1 = [[ (1" = wlor + signo” —u)[FPr(w) = F*(w)] - Va6
Ir
+ A" (V") = A" (u")| Az(jn) dbdnis // sign(v™ — u®)g" (V)¢ dt dz.
IIr
Applying Lemma 3.1 with k replaced by u”, we have for all (y,s) € £
- //(iv" — u”|¢; + sign(v™ — u”) [FN(UN) - F“(u")] -Vz o
IIr
(3.8) + AR (") — A% (u")] Azqﬁ) dt dr
= —liﬁ} //|VI A"(v")]2 sign. (A" (v™) — A" (u"))pdt dz
I

+ sign(v® — u") g™~ (V)p dt dz.
/

By integrating over the additional variables (y,s) in (3.7) and (3.8) as well as using Lebesgue’s
dominated convergence theorem, we find

Vi ////(]UK _.urc|¢t +sign(v" _UK)[FN(UK,) . F"(u")] b
M7 xIr

+ AR (v") — AR (") A,¢) dt dz ds dy
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o /// <|”K — u®|¢y; + sign(v”® — u™) [F5(v*) — F*(u")] - Ve ¢

Erx Tl

4 AR (vr) — AR ()] Az(b) dt dz ds dy

//// (’1," — u®|@; + sign(v” — UN)[FN(,UK) - Fn(uﬁﬂ e

(e SRl

¥ AR (0") = A% (u®)] Aqu) dt dz ds dy

< // —-hm//'V A% (v ' sign. (A" (v"™) N(u"))gzbdtdz) dsdy
HT\ES
+ //// sign(v™® — u”)g™~(V)pdtdz dsdy

HT XHT

= —lim //// V4 A%(o%)| sign! (A" (") — A™(u")) dt de ds dy

(ILp\ &5 )X Tl

+ / / / / sign(v* — ut)g" (V)¢ dt de ds dy

HT XHT

(3.9) = - hﬁ)l //// ¥ A”(v")]2 sign. (A" (v") — A" (u"))¢ dt dz ds dy

(Do \EF) X (TIT\EY)

b / / / / sign(v" — u*)g" (V)¢ dt dz ds dy.

HT XHT

Similarly, we derive the inequality
— ////(W” —v"|¢s + sign(v”™ — u“)[F"(’U") - F’“(u“)] -V, ¢
HTXHT
+ AR (0") — A%(u")| qus) dt dz ds dy
(8.1 < —lim //// W, A"‘(u")}2 sign. (A" (u") — A®(v"))¢dt dz ds dy.

el0
(M \EX) X (TIT\EY)

+ //// sign(u® — v™) g™ (U)o dt dz ds dy.

HT XHT
By adding (3.9) and (3.10), we get

- //// v® —u”| (8 + 0s) ¢ +sign(v”™ —u )[F"( "“)—F"(u")]-(vmﬁ-vy)qb

UT XHT

4 AR (") = A5(w)| (Ap + By) ¢) dt dz ds dy

< —lim //// ‘V A® (v ’ +|Vy A" (u (u")] >sign'E(A’°(v”) — A(u"))o dtdz ds dy

:LO
(HT\E X(HT\g

+ [[[[ signter = u)(o"v) ") drdw sy

HT XHT

i)

We now use (3.11) to prove that for any non-negative test function ¢(z,t) € Cg°(Ilr),



12 HOLDEN, KARLSEN, AND RISEBRO

(B.12)
// [0 — gy + sign(v® — uS) [FR(") = F=@®)] -V + |45 (") = A%(u")|Ag) dt d

< / / sign(v® — u®) (g"(V) — g™(U)) ¢ dt dz,
I

wihiere Wt = oF (Gt o = et g —ob LR
Following Kruzkov [32] we introduce a non-negative function ¢ € C§°, satlsfvmg §(a) = 6(—0),
8(c) = 0 for |o| > 1, and [ 6(c)do = 1. For p > 0 and t € R, let §,(t) = 26(%). For p> 0 and

e R et wyl@) = ;5([))...;6(0). We take ¢ = ¢(z,t,y,s) € CF° (HTXHT) to be

(3.13) ¢(z,t,y,s>=w<x‘;y,t?)wﬂ (I;y)ép (t;S>,

where ¢ = ¥(z,t) € C¢°(Ilr) is another non-negative test function. Observe that

t_ ok —_—
(aL = 85>6p ( 2 S> = 0, V:t+y u)p <E—2—y> = O, AZywp (l'_2_y> = O,

where we have introduced the operators

Ve 5= Vi o Yo AL =R I, N 8.

After tedious but straightforward computations, we find that
(B: + 8) $(x, 1.y, 5) = [(B + ) ¥ (34, 5] w,
(3.14) Vory $(,8,9,8) = [Vary ¥ (55, 52)] w, (55¥)
Azy¢(I,t,y,$) = [AWJT?U (m t+5):| wﬂ (Z_EE) 69 <_2_) s

Inserting (3.13) into (3.11) and then using (3.14), we get

(B515)
e = fra
//// txme Ivtay)s)"r-{conv(z yas)+IdifF(x?tayas))w0 <x2y> 60( 28> dtd:z:dsdy
Ilr xIIp
—%-liﬁ)l //// |V A% (v I +|Vy A% (u)] )sign’E(A"(U“) — A*(u"))o dt dz ds dy
(I \EF) X (IIT\EF)
//// (z,t,y, s) dt dz ds dy < //// ~ L@ty (x;y> 5, (t;5> dt dz ds dy,
HTXHT
where
i I (o K T+ Uar &
T, t,9,9) = 14°(0@,0) = A% )] Aut 2,55 )
Ty (3,t,7,5) = 2|A"(v"(z, 1)) — A" (u"(y,5))| Va - Vy ¢(, 3,9, 9),

= +y t+
Itime(z7t>yvs) = ‘Un(zvt) P un(y53)| (at ar 85)1’0 (I 2 y7 —2£> A

T:onv(m7tay7 S) = Sign(vn(:E)t) % un(y7 S))

x [Fr"(,0) = F*u*(y, )] - Vers ¥ (zgyt;> :

Tsour(x 4y, ) o sign(v"(w,t) i uK(yaS))

« [0 (V@) - " Ul )] (

AW e
2D j
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Observe that repeated integration by parts gives

- ////T:y(r,t,y,s)dtd.rdsdy

HT XHT

= “E{E} //// (/ sign, (A"(€) —AK(UK))df) Ve Vyodtdzdsdy

HT XHT

= Timn //// 2V, A(v"®) -V, A% (u®) sign, (A" (v™) — A®(u"))¢ dt dz ds dy

€10
HT XHT

=t //// 2V, AF(vF) - Vy A(u”) sign’. (A" (0") — A%(u"))¢ dt dz ds dy.
(W \E X (7 \E5)
Now since

Ve A%(0%)[F = 2V, AR(") - Vy A5(wF) + |V, A5’ = |V, A%(0") = v, 45(wf)[* 2 0,
it follows from (3.15) that
(3.16)

g t_
HTXHT
kg a t
£ //// I oml ot el, <§—2—y> dp <—2—S> dtdz dsdy.

HT XHT

Let us introduce the change of variables

GE) {_t+s % = 1 S
2 !) i 2 ) 2 ) 2 bl

=
which maps II7 x Il into

0 =R%xR?x {(f,r)

B <Rt iR OSE—TST}.

As usual with this change of variables, see e.g. [32],

Tt U tar 8 S R
Gr0)w (L) ~ula D, Ve dlatyn) = Vv
But in addition it has the wonderful property of completely diagonalizing the operator Agy:

Buyt (THL55) = ssuia

Keeping in mind that
= ar g, Y= =%, L=UrT, §8=1=7,

we may now write (3.16) as

(87) //// Gt S ) —Igig(i,f,z,’r))wp(z)(sp(r) di d# dr dz
//// sour ‘I t: z,T Lup(Z)ép(T) dt'd.'f deZ,

ISaldd,z0m) = | Atut(@ +2,t47)) - A" (Z - 2, - T))} Az(E, 1),
(2,1,2,7) = ["(& + z,t + 7) —u"(E - 2,t — 7)|(E, 1),
o e = il Z,t+ 1) —uE— z,t— 7))

x [Fr@s(@ +2,+7) = Fr(w"(& - 2, = 7)) - Vz (2, D),
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Itz ) = ienlwl(@ s z,i+7)—u@ - 2,t—7))
x [ (V (@ + 2,8+ 7)) = " (U@ = 2,7 - m)]|o(@.D).

After the work of Kruzkov [32], it is a routine exercise to use Lebesgue’s differentiation theorem
to pass to the limit in (3.17) as p | O to obtain (3.12) (with ¢ rather than ?).
Equipped with (3.12), we can now conclude the proof of the theorem. Pick two (arbitrary
but fixed) Lebesgue points t1,t2 € (0,T) of [[v*(-,t) — u*(-,t)l|py(gay, & = 1,..., K. For any
€ (0,min(t;,T — t2)), let

Ve R Hu<t>=/_ 5,(€) de.

Notice that x/,(t) = 6,(t — t1) — 8, (t — t2). Pick a function ¢ € Cso(R%) such that

e
W)‘{o, ol > 2,

and 0 < ¢ < 1 when 1 < |z] < 2. Let ¢,(z) = (%), for r > 1. We then take the test function ¢
n (3.12) to be of the form

(3.18) o(x,t,y,8) = Xu(t)or(z).

Since v, u”* € LY(IlT), we obviously have
// (sign(v“ — ) [Fr(v") — F*(u")] - V pr + |45 (") — A% (u"))| A%) dt dz =5 0.
i

Consequently, sending r 1 oo in (3.12) yields

(3.19) / [vF(z,t) — u"(z,t)| x,,(t) dt dz < |g” |L1pZ//|U (i) = (z,1)| x» (t) dt dz.

Eln

Summing (3.19) over k we find

K
(3.20) Z/ v (z,t) — u*(z,t)| x,, (t) dtdz < C'Z//h}"(w,t) —u™(z,t)| xv () dt dz,
=1 00

nln

where C := K max, (!g"|Lip). Sending v | 0 in (3.20), we get
K
Z/ [v™(z,t2) — u®(z,12)| dz
k=1 R
15 to K A
< Z/ v (z, t1) — u®(z, )] dm+C/ Z/ [v*(z,t) — u*(z,t)| dz | dt
| SR t o R

An application of Gronwall’s inequality now gives

Z/ (z,t9) — u®(z,t2)| dz < exp(Cl(t2 — 1)) Z/ |v®(z,t1) — u*(z,t1)| dz.

—>exp (Cta) Z/ [vf(=,0) —ut(z, 0} dz.

By using the inequality Y, |[v® — u*| < VK||V — U|| and since t; is an arbitrary Lebesgue point,
the theorem is proved. O
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Remark 3.4. We note that proof of Theorem 3.3 is slightly different from the corresponding proof
in [9]. We here work with the term

|A% (%) = A%(u")| (A0 + Ay9)
and exploits fully the identity
(&2 Ad(z—y)+2V,-Vy®(z—y)+ 48,2z —-y) =0,
which holds for any (smooth) function ®: R — R. In [9], the author works instead with the term
sign(v”™ — u®) (VT AP s Vg @ = oy A (W) « gb) y
and exploits eventually the usual “Kruzkov identity”
Ve ®(z—y)+V, &z —-y) =0.

The interested reader is hereby invited to have a look at Ishii’s paper [26] to see how the identity
(3.21) (implicitly) plays a central role in the uniqueness proof for viscosity solutions of degenerate
second order partial differential equations.

Remark 3.5. Following [29] and [27], one can prove that Theorem 3.3 holds for more general
systems of the type

WA == oty S (s 1 ) = Az(Kﬂ(z,t)A"(u”)) + g%(z,t,U), A

where F*, K* A", ¢* satisfy the same assumptions as in [29, 27]. In particular, K* is a diagonal
matrix that needs to be bounded away from zero a.e.

4. EXISTENCE OF ENTROPY SOLUTION

In this section, we prove existence of an entropy solution by establishing convergence of certain
finite difference approximations. To this end, we shall assume that ug belongs to LERAmBY (R
and has compact support, the latter implies that all subsequent sums over I are finite. Further-
more, we shall assume that F and A are C*. These additional assumptions on ug, F, A will be
removed towards the end of this section (see the proof of Theorem 4.9).

Let I = (fiy0-0900) E Z? be a multi-index and let e; € Z? the multi-index with with zeros
everywhere except for a 1 at the ith place. Selecting a mesh size h > 0, a time step At > 0, and
integer N such that NAt = T, the value of our finite difference approximation of u* at the point
(@) = (AR, witle I & 74 and =00 N, will be'denatedibytur “orte =il 1000 K

Sometimes we write UJ' for the vector (u}’n, O ,uf‘"). To simplify the notation, we introduce
the (backward and forward) finite difference operators
1L 1
Rt Lo K, ) K, K,n K,n ol A
I TR _Z<u1 =) bR —E<u1+e‘,—u[ 5 Al

As already mentioned in the introduction, we shall analyze the Engquist-Osher (generalized
upwind) scheme. For a scalar flux function F{*(u), the associated Engquist-Osher numerical flux
function [17] can be written as

dFr

x,EO N
(4.1) i) o

(R + Frw) -3 [

<r>] e

(NN

which is Lipschitz (actually C*) in both variables with (common) Lipschitz constant |F{*| ;,. We
may write

(4.2) ErPu,u) = FET () &5 (v),
where (recall that F(0) = 0)

Frt () = /o(di G0l BT /o iAo
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Remark 4.1. For a monotone flux function F, the Engquist-Osher flux reduces to the upwind
B @

F5BOy, v) = Ff(u) e 4 e S ) — R Lty
The Engquist-Osher finite difference scheme now takes the form
W
ay U Z Di,- (FEBO (w50, ) — DoA™ (™) = 0" (UF),
K=l

Letting A = éh—t zhal 1 = %}, we assume hereafter that the following CFL condition holds:

d

(4.4) UL — Z

=1

i

N e

oo

S “ dA*

For later use, we note that we may write the finite difference scheme (4.3) as

il o “1 + ZD (Fr=° (™ wifs,) - Disd® @f™) =0, s=1,....K,
(4.5)
aE e A (T e L B
Sometimes we will write U for the vector (ﬂ}‘",. T ").
The approximate solution Uy = (u}, . ..,uL) is then defined as
(4.6) Uz, ) = O o (@, 10) € 307 5% e e )5

where x; denotes the set
(4.7) X]Z{Z‘ERdlh(ij—l/Q)S.rj<h(ij+1/2),j=1,‘..,d}, T )
We initialize the scheme by setting

(4.8) = ﬁ/Uo(z) dot h—d/Uo(:c) dz.
XTI XI

Our first lemma provides uniform L', L>°, BV estimates for Up.
Lemma 4.2. There ezists a constant C, independent of h, such that t € (0,T)
HUh(‘vt)”Ll(Rd) < C, ||Uh(',t)”Loo(Rd) < C, ‘(jh('at”BV(Rd) = @

Proof. First note that we can write @™ = S*(u*"; I), where S*: L'(Z%) — L'(Z?) maps the
sequence u™™ = {u}""}; according to the formula

d
Stur ="~ AtZ ) s (Ff’EO (g P A (u?”))

i=1 ,
An easy exercise will reveal that the CFL condition (4.4) implies that S*(:) is a monotone
function of all its arguments. Since the difference approximation has compact support, we get
Y SEw™I) = 3 up™. Since S* is monotone and obviously commutes with spatial transla-
tions, it follows from Lemma 2.2 that

(4.9) HUN -H“L1 < Jusm

(24) L1 (za) -

For a grid function u = {uz}, we recall that the L? norms are defined as

ullgogey =D lwrl”, p<oo,  lullpe(ze) = suplurl.
i
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Furthermore, using a standard argument, the inequality (4.9) is also valid with L'(Z¢) replaced
by L>(Z%). For completeness we repeat the argument here in the case d = 1. Rewriting (4.5) and
using (4.2) we find

iR T o (el o R (L BTzl
+ p(AR(uER) + AR (UE) — 245 (™)
(1 — pdA5 — pdA%, = MEPT + MFP 7 )up™

(4.10) + (pdAT + MFP ) uf™ + (pdAf,, — MEP T )ufl.
Here the quantities dA%, d4’}+1, de’i denote derivatives of A¥ and F®¥ respectively, evaluated

at points between u}™" and u7y, using the mean value theorem. Applying the CFL condition (4.4)
we see that

—~K,n+1
iy

< (1 — pdAf — pdA5 — MFF™ + MdFPT) [up™|

+ (BdAS + XdFPT) Wbl | + (udAf,, — AdF7 ) July
(4.11) < HUK'nHLoo(zd)-
Thus we have shown

(4.12) [[z=*

Leo(Z4) < HUK’nHLm(Zd)-
Using (4.5) (4.9) and summing over k = 1,..., K, we get

ZHunn+IHL 2z < <1+K max (|g |Llp At)ZHu "l Lr(zey s w= 1,c9,

.....

K K
ZHUMHLF z4) < (1+K max (|g [Llp At) E ”“N“u(zd)v
=

K= 4,.,

Sexp(é’tn)Z!iu"’onu(zd), =0 N, = L,69,

k=1

for some constant C independent h.

Similarly, an application of Lemma 2.2 gives >, ’H'I"”H T ”'H‘ =omals = Henee,
from (4.5) and after summing over k = 1,..., K, we get
Z}:lu“”—ul_e{}<exp< ) e =0
=il I
This concludes the proof of the lemma. 0

The next lemma shows that Up(-,t) is L' Holder continuous in time.

Lemma 4.3. There exists a constant C, independent of h, such that
NURCt+7) = Un(5 )l pymey < 0T 7€ (0,T) andt € (0,T — 7).

Proof. Let ¢ = ¢(z) be a C§°(R?) function and set ¢; = ¢(z;). From (4.3) we get

hdz¢ <hn+1 m) (hdzz}¢1D FhEo( ; ;fe)‘

i =it
B,
d
+ bS5 Dy brDi s AR (uf™) + 1Y |org” (U,")) At
I =i I

Bz BE
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Equipped with Lemma 4.2, we get the following estimates:

|By| < Qmax ( ) Ak hdZZID | £ C1 1l pon oy »
=
d K,
|B2| < max ( ) rnangzﬁz | Lo () hdZZID aur| £Cs m?XHszi Lo (me) >

s =1
15

1Bs] < l1¢lleomey D (19%10ip b 3 ™) < s 16ll sy »
k=i I

for some constant C;,Co, C3 that are independent of h. From these estimates it now follows that

(4.13) WY (™ ™) o < Ca (116l = ey + max 16, ol
I
for some constant Cy that is independent of h.
Regarding uf, we have
l/ (45 (@, tas1) = uf(a, tn) ) $(a) do
Rd
(4.14) = hdz ( ?rﬂ—l o u?,n) ¢1 i Z 1 (]5I| o
I I

4

where y; is defined in (4.7). Let us estimate the additional error term I4. Using the finite difference
scheme (4.3) and Lemma 4.2, we can do this as we did for B;, Bs, Bs:

d
Ly R
il

< max||¢z HLOO(Rd <hd+1ZZ’D F‘N ,EO /c,-n7 [+e )‘ +hdZZlD +A»< )]

e =i s —

d
+hdZZ1Di,+A“ s i L+hd+121g I) At < Cs max ||¢y,

T

K,n+1 K\
ur’ =y

1] < max||6,|

Le=(r4) B,

for some constant C that is independent of h.
From this estimate as well as (4.14) and (4.13), we get

| (260 ) = i ) )

< Cﬁ(“d’”[,oo(nd) T miaXHd):ciHLoc(Rd))At, Cs := Cq + C5.

(4.15)

Let 7,t be as in the lemma. Using (4.15), it is not difficult to show that

| (wrte+m) ~ 0 ote)

for some constant C7 that is independent of h. In view of (4.16), the lemma now follows from an
application of Lemma 2.5. ]

(4.16)

< Cr (119l e ey + max 0zl e () ) 7

The next lemma provides us with a uniform L? space translation estimate for A* (Uy).
Lemma 4.4. There exists a constant C, independent of h, such that

(417) e o = S e =0l T e R
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Proof. We shall derive a discrete energy estimate. Multiplying (4.3) by At heuf", summing over
n, I, and then doing summation by parts in I, we find that

: hd Kn(u';.n-f»l nn>+AthdZZ nnD FK,EO( n,n ’;_:e)

i el =1k

d
+Ath?> "> Di jup Dy AS (up™) Athdzu”” ~(UP) =

el =

(4.18)

Observe that we can write

2 2
L) K,n+1 W 1 K,n+1 K,m\2 K,n+1 K,m
ur’ <“1 = Uy ) i <<“1 ) Al (“J =Y > > )

Assuming (without loss of generality) that max, dA®(u)/du > 0 and since dA~/du > 0, we also

have
1

max, L (u)

2 <,
(DHA" (u?’")) S s A

From these observations, we get from (4.18) that

(4.19)
ma;ztd;d o ;g(DHAK (u;,n)\)z
= PR IR 1)
—Ath?y Zd: ek s il e g R Z wprg"
el =1L
() - ) R D )
~Athty Zd: N e (i e W e Gl )
Dol =l il
<G+ %iz; (u?'”+1 - u?’">2 + 2mnafx e )| At b Z; il WEr ST
=y i

K
= it D i
k=1 n,l

hd 41 7 2
< o Z (u?’n —ulp ) + Cs,
Tl

for constants C, C, that are independent of h. To derive the last two inequalities, we used that
the finite difference solution is uniformly bounded in the L!, L°°, BV norms.

From (4.3) and the inequality (3-7_, @il = o e (a;)? for any integer 7 > 1, we find that

%(u?‘"“—u?'n) <CdAtQZ( F'“EO [ ?Jr"e)y

—
(4.20)

+ Cy AP Ed: (Diva (u;’">>2 +Ca A8 (" o)
i=1 r———e ———
N Bs
B:
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for some constant Cy that is independent of h but it depends on d (the number of spatial dimen-
sions). In view of (the hyperbolic part of) (4.4) and Lemma 4.2, we have that

hd sz d KEO K, K,
7231 < Amax 7 (u) max]u "|Ath ZZ'D . I u;y ’“H—e,)’
Tl iy & el =
dFy d
< max u}" | max | —L-(u) AR O . ST e,
i o n, i=1

for some constant Cs that is independent of h. Similarly, in view of (the parabolic part of) (4.4)
and the L', L> bounds in Lemma 4.2, we have that

h e e . S
ZBg < — max —— (u )ngfifx|u1’ |AthdZZ|Di,+A (i

Mdl =1L
K

dA
< 2ud
< 2pd(max -

()) max|u |Athd2|u i €.

Finally, we have l’—l,; ZH’I B3i =(©.
Summing up, from (4.20) and the uniform bounds just obtained for By, Bs, B3, we have

hd K,n+1 nn2
e - U = Oy

Tl

for some constant Cg that is independent of h. Plugging this estimate into (4.18), we finally get

(4.21) Athdzz( L “L))2 2o

el =1l

for some constant C7 that is independent of h.
Let us now derive (4.17) from (4.21). First note that for z € xy, then £ +y € xj- for some
multi-index J%, and @ = 1,..., ¢, with £ depending only on d. Hence we have

// A" F(z+y,t) — A" (up (x,t)))zdtd:c

(4.29) =AY [ (4 g v t) - AN (™)) da

nd X1

= Atz he Z ch (A" gy A (u “’"))2,

a=1

for some weights {ca}a 1 C [0,1] with E 1 Ca = 1, see Figure 1 for an illustration when d = 2.

We set ]2 = o = and K2 — (] ,...,Jf‘ 1,0,...,0). Using this notation, we can now write
¢l e
K K, K,m\ __ 3 ’
A" (uil) — A" (up™) = Z Z (A" (u’;:K?+(j+1)e.'> g (“;:K,.wjef))

=1 j=1

gl di =i

— 1 Z DJ‘,+AK (U1+Ka+_76 )
=1 j=1

By the Cauchy-Schwarz inequality

d JE=1

(4 (3) - - )’ Z;J“ k> Sl TG

g=il  g=il
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XY= ]Xﬁ
+ L
// o e

o

FiGure 1. Hlustration of the set x; +y when d = 2, which here intersects x e,
a=1,2,3,4. We choose each weight c, as co = |xg= (X1 + )|/ Ixx + vl

=
A 9

e
< dmax |J¥ = 1| r* Z Z (Dj,+A" <u?fk'f'+j€z)> ]

Using (4.21) we find

=

t

d
“(422)" < dmax |JF — 1] Ath*2 Y e 0D

2
K K,n
< itA (“1+Kg+jej)>
a—1 il =k

2 d
§d<max|jf—1|h> At h? ZZ( i+A4" (up ))2508 lyl*,
e e

where the constant Cg does not depend on y or h and we have used that max; o Uf’ == 1‘ o < [o)-
This concludes the proof of (4.17). O

M"f’

1

Remark 4.5. Tt is possible to derive Lemma 4.4 without using BV regularity of the approximate
solution, see [28] and also [1, 10, 22, 25, 30].

The next lemma provides us with a uniform L? time translation estimate for A (Uh).

Lemma 4.6. There exists a constant C, independent of h, such that
(4.23) |A® (Un(,- + el (Un(, '))HL2(Rdx(0,T_T)) = Cﬁ? e ay

Proof. We will use the space estimate (4.21) and the finite difference scheme (4.3) to show that
A" (uf) is also L? continuous in time. For ¢ € o tnta ), U T SRRt fortsome g,
o = 1,2, and mo = m; + 1. Furthermore meAt < 7+ At. Using this notation we have that

/ (4% bzt + 7)) — 47 (u;(z,t))) i

(4.24)

2
Z Athd Z( ;,mn) — A" (u}c,n))Q’

n,J

for some weights ci, co € [0, 1] satisfying ¢; +c2 = 1. Now
(AK ( Ama)___Ah( nn))

< max 22 () (4% (up™me) — 4% ™)) (w5 - ™)

u U
n+me—1

co(a gy - ar s S (wm -

m=n

2
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n+mag—1 d

__( K(hn+mg) Ah( nn) Z ZD FhEO K‘Tﬂ’ ;:;)

m=n e
~—

Biva (@ h)
WA=l @

+ (A" (upmrme) - A" (wp™)) At Z ZD Lk

—

Bgya(n,f)
n+mae—1
<An ( K, n+ma) A (ullc,n)>At Z g;c (U}—n) :
83,0(11,1)
Using Lemma 4.2 (as before), we get the uniform bound
(4.25) Ath?) "B a(n, I)| +|Bsa(n, I)| < Car,

ol

where (s is independent of h and we have used that (mg — 1)At < 7.
Regarding B, ,, we use summation by parts to obtain

AT =l
S Batn D= =at 3% 33D () Dy ™)
i =1 =1
Ntma—1
R Z ZZD1+A“(U Bl 2B ™
=n s =
A d
< 7 (e Z<Z (D (™))" + <1+A~<”>>2>
=1
n+m,,-1 i d
(BB o e
m=n JL =

where we have used the identity ab < 1 (a?

+ b2 ) for all a,b € R. Now that we have used the
scheme to get rid of all time differences we use (4.2

1) to conclude that
(4.26) Ath® > |Baa(n,I)] < Csr,
el
for some constant C3 independent of At. Now (4.24), (4.25) and (4.26) closes the proof of (4.23).
O

Remark 4.7. Observe that if we went directly via Lemmas 4.2 and 4.3 (interpolating between L*
and L), then we would have obtained the (not optimal) estimate

IAUa(ot +7)) = AUnCt)llpamey < CT5,  t€(0,T),
for some constant that is independent of A.

We next show that the finite difference scheme satisfies a discrete entropy condition. Let
7: R — R be an entropy function. In this case the associated Engquist—Osher (numerical) entropy

etigs i (o) = (qf P e EO) is defined by (see, e.g., Kroner [30, p. 184])

K

a2 g Fown = [re(Grevo)as [ro(Eon)d  i=1..a

The next lemma provides us with a cell entropy inequality for the Engquist—-Osher scheme (4.3).
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Lemma 4.8. For any entropy function n: R — R and corresponding entropy fluzes g

n (un,71+l> -7 (un,n) al
{ 4 2 BON( 5y
~ R D)
=1

(4.28) :
B el (U?”H) RN R A
1l

Proof. Assume for the moment that the following inequality holds:

n (5™) 065"
A

) d ” _ 4 d
(4.29) + Z Di,—q?’EO (u'}’",u'}fe]) = Z 12V D S )
= =

Then using (4.5) and convexity of the entropy function 7, it follows that

(4.30) 0 (ﬂ'}’““) > (u;’”“) = (up™th) Atg (UF).

Combining (4.29) and (4.30), we get the desired cell entropy inequality (4.28).

It remains to prove (4.29). The proof is based on a monotonicity property ensured by the CFL
condition. We refer to Kroner [30] for a similar proof in the context of hyperbolic conservation
laws. For k = 1,..., K, define the function H*: R?*? - R by

;fed)

d
—Kk,n+1 5 ,EO 5 , <, EO - Sy
:n(u'jn*)—n(u?n)—%/\z(qf s Wit ) — g0 (s =)
a1

K KN K, Ky
JEl (“I—el’u1+e1’-"7“1~ed7“

d

+ uZ(r" (ur e A e (“?fe,»)):
a=i

where

d
Tl SR ) x,EO (Al ok i x,EO K,M K,n
& Sy _)‘_S_ (Fi (u™ uiYe,) = Fi (w2, v ))
=it

d
wa S (A" W) - 248 ™) + 4% ().
=l

Observe that

HE (el e lhy o 10s
Furthermore, using a first order Taylor expansion along with the CFL condition (4.4) and convexity
of n, it is not hard to check that

0H" (u';’",...,fg,...,u?’") >0, & <’U'I£’n. =S ]
C%HN(’u,;’n,...,&,...,u?’n) <0, & >u';’n, =Nl

From this we conclude that H is a non-positive function and hence (4.29) follows. O
We now have the necessary tools to prove our main result of this section.

Theorem 4.9 (Existence). Assume that (1.4) and (1.5) hold. There exists an entropy solution
of the Cauchy problem (1.1), (1.3). Furthermore, the entropy solution can be comstructed as the
limit of a sequence of finite difference approzimations.

Proof. Let us first treat the case where uo belongs to L' (R?)NL>®(R?) NBV (R%) and has compact
support. Furthermore, we assume that F, A are C!. In view of the h uniform estimates in Lemmas
4.2 and 4.3, Lemma 2.3 tells us that the sequence {uf},., is compact in Ll (IIt). Moreover,
any limit point of this sequence satisfies (1) and (4) in Definition 2.1. Using Lemma 4.8 and
standard arguments analogous to the ones used to prove the classical Lax—Wendroff theorem, we
eventually conclude that any limit point of {uf},, satisfies the entropy condition (2.1). In view
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of Lemma 4.17, Lemma 4.6, and since A®(uf) obviously belongs to L*(IIz), Lemma 2.4 tells us
that the sequence {A* (uf)}, - is compact in L% (II7). Moreover, any limit point of this sequence
satisfies (3) in Definition (2.1).

To treat the general case where ug only belongs to L'(R%) N L>=(R?), we use the L* stability
result in Theorem 3.3 along with an approximation procedure. This argument is classical and it
is thus omitted, see instead Crandall and Majda [15], for example. Similarly, the case that F, A
are merely Lipschitz continuous can be treated by approximating F, A with C! functions Fy, Ay
and noting that all previous estimates are robust with respect to sending £ 1 oc. O

5. A NUMERICAL EXAMPLE

As an illustration of the ideas set forth in this paper, we consider a simplified model of biodegra-
dation of a contaminant in a porous medium. Assume that a contaminant (e.g., oil) is injected into
a porous medium containing water with dissolved oxygen. The contaminant reacts with oxygen to
some third component, which we assume does not influence the model. We also assume that the
oxygen is passively advected along with the flow, and that it dissolves equally well in the water
and the contaminant. To be precise, we study the following model

ut +v -V (f(u) = eAu+ g(u,c),

(5.1) et viani(cli=eAc k- glu, ).

Here, u denotes the concentration of the contaminant, and c the concentration of the oxygen. The
velocity field v is given by

e r; ) {rl =(z - 0.1,y — 0.5),

_|r_1| H’ ro = (z— 1,y — 0.5).

The flux function f(u) is given as

u2

{ =
) u? + (1 —u)?’
and the source term g models the reaction by Monod kinetics via
uc
5.2 @) =K g K = 85
5 9(v, ) (0.2 4+ u)(0.2+¢)
Finally, we set ¢ = 0.25. We consider this model in the rectangle (z,y) € [0,1]x[0,0.5]. To compute
numerical approximations we use a straightforward modification of the Engquist—Osher scheme
(4.3), using Neumann boundary conditions. We remark that this model is strongly inspired by a
similar model in [36]. In Figure 2 we show the velocity field v and the setup for our computations.
The “inlet” is at the point (0.1,0.25) and is modeled by setting

e
0 otherwise,

u(.r,y, O) = {

where

e {(x,y) 1 (z = 0.1)2 + (y — 0.25)? < 0.025 } .

Furthermore, we also set u(z, y,t) = 1 for (x,y) € D. The initial “oxygen” saturation is everywhere
1, i.e., ¢(z,y,0) = 1. We used Az = Ay = 1/100 for our simulation. In Figure 3 we show the
saturation u at t = 0.4 if K = 0 in (5.2), i.e., we have a scalar conservation law. Compare this
with Figure 4 where we show the approximate solution of (5.1) at t = 0.4. In Figure 5 we show
the corresponding c variable. It is not difficult to see the effect of the coupling of the equations.
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