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Abstract

When we apply the Richtmyer procedure [8] to solve a system of
parabolic differential equations which describe the propagation of a finite
amplitude sound beam, the initial conditions and the boundary condi-
tions may cause unphysical effects. In this paper we explain why these
unwanted effects arise, and we describe how we may approximate the ini-
tial and boundary conditions in order to make the Richtmyer procedure
applicable. In earlier papers[1,9,6,4] the fully implicit method has been
applied to solve the described system of equations. The performances of
the two methods are compared in a numerical experiment.
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1 Introduction

In several papers [1,9,6] systems of coupled partial differential equations of the
form

1é)
;" = —c(n,0)a, — k(n,0)V2b, +ili(n,0,a,b)
o
b T ) (1)
8(: = —c(n,o0)b, + k(n,a’)Vﬁan + tly(n,0,a,b)

where V2 = (g’—:; + -;—%), a=(ay,...am), b = (b1,...,bm) and m the number

of harmonics retained in the numerical solution, have been used to describe
the propagation of nonlinear sound beams generated by circular pistons. The
first terms on the right hand side are due to absorbtion, the second terms to
diffraction and the last terms to nonlinearity.

In the case of moderate or weak nonlinearity, the diffraction terms have to be
integrated with greatest care, and therefore we will pay special attention to how
these terms should be integrated. Zhileikin [10] applied the Richtmyer procedure
[8] to integrate these terms while Aanonsen used a fully implicit method. The
source in [10] is Gaussian while the source in [1] is a piston.

In this paper we discuss two problems that may arise when we apply the
Richtmyer procedure to solve (1). In sec.2 we discuss the problem that arises
when we have a piston source. The problem is explained for in [4], and here
we describe a way to get around it. We also discuss the problems that arise
because we have to use a finite range of & and therefore to introduce unphysical
boundary conditions.

The use of the Richtmyer procedure together with new approximations of
the itial conditions in the case of a source piston we believe is a efficient
way of integrating the diffraction terms if also the boundary conditions are
approximated with care. In sec.3 we compare this method with the method

described in [1].
2 The initial and boundary conditions

If we simplify (1) bearing in mind that the diffraction terms are the important
terms, we get the problem studied by Richtmyer
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ov &%w

8t~ 022
G 0<z<1,t>0 (2)
Bt - 8z

The initial conditions are given by v(z,0) = vo(z) and w(z, 0) = we(z). The
boundary conditions are v(0,t) = fo(?),v(1,t) = fi(t), w(0,t) = go(t), w(1,t) =
¢1(t). We introduce some notation used by Fairweather and Gourlay [3]

v 0 -1
o) Sliasin,) @
Equation (2) may then be rewritten

N 9%Q

e A 4

ot Ox? (4)
A rectangular network of points with mesh sizes h and k in the x and ¢ directions
respectively, where Nh = 1 is superimposed on the region 0 < z < 1,¢ > 0. The
values of Q(z,t) at the mesh points =ih,t = jk(i =0,1,...,N;j=0,1,...) are
given by Q; ;. The methods we consider may then be written

(1= A A 41 = (T 4+ (1= NrA82)%; i=1,..,N -1 (5)

where r=k/h?, I is the 2 * 2 unit matrix and 62 is the usual central difference
operator 1n the x-direction.

For A = 1/2 we get the Richtmyer procedure and for A = 1 we get the fully
implicit method. In [4] we show that the eigenvectors of the solution matrices
for both methods are

isin(sw/N)
+sin(sw/N)
Vii | 5 : §=1,2,..N—1 (6)
isin((N — 1)s7/N)
+sin((N — 1)s7/N)

The eigenvahies of the solution matrix for the fully implicit method are

1 + 4risin®(sm/2N)
o= 5 = )21 ey NI 7
e 16r2sini(sm/2N) st | @

The corresponding eigenvalues for the Richtmyer procedure are
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_ 1§ 2risin®(sw/2N)
HEs = T3 9risin?(s7/2N)

SRl (8)

It is well known, see [2], that when a step function is approximated by a finite
Fourier series, Gibbs oscillations do appear. When we have a piston source and
a solution matrix with eigenvectors (6), Gibbs oscillations will also appear in
the numerical solution.

The eigenvalues of the fully implicit method are all inside the unit circle. The
eigenvalues of the higher harmonic eigenvectors are small in magnitude, and the
contribution of these eigenvectors to the numerical solution will therefore scon
be damped, and after some steps the Gibbs oscillations will disappear from the
numerical solution. If the step sizes used in t direction are small, the lower and
moderate harmonics are only to a small extent damped, and this explains why
the fully implicit method for small step sizes has produced solutions of (1) that
have proved to be in good agreement with physical experiments. However, as
we shall see in sec. 4, if we increase the step size, much energy is lost and the
side lobes in the beam patterns gradually disappear.

The eigenvalues when we apply the Richtmyer procedure, all lie on the unit
circle, and therefore as shown in [4] the Gibbs oscillations are maintained in the
numerical solution.

Thus both methods considered suffer from severe defects in the case of a
piston source. In this paper we try to remove the Gibbs oscillations in the
initial data before we start solving the system of differential equations by using
a filter. We may then apply the Richtmyer procedure without further loss of
energy. The filtering achieved with the fully implicit method has already proved
to give satisfactory solutions of (1) for small step sizes, and it was therefore
natural to make a filter that simulated the filtering achieved by going some
steps with this method.

When we complicate (2) by introducing cylindrical coordinates, we get the
equation

ov d*w 1 810)

ot ‘8r?  z oz

. n 0<z< znar,t 20 9)
dw fo Bt s M LG 1

w- aEtray)

To find a general expression for the eigenvectors and corresponding eigenvalues
of the solution matrices for this problem is very difficult. It is therefore difficult
to predict the exact filtering achieved by using the fully implicit method on
problem (9). However, the most important terms on the left hand side of (9)
are the second order terms. Therefore, it is reasonable to base a subroutine for
simulating the filtering achieved by the fully implicit method, on the expressions
(6) and (7). The subroutine is listed in Appendix A.
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The test problem used in the numerical experiments to be described is

da 5 1
—2 = —pusna, — ——=V2b
I e 4M1+ﬂ2£"+
m
1""”2(1 +o Z(a" SPrp Z (bpap_n — apbp_n)]
p=n+1
n=1,..,8 (10
b, "
%‘ —PabsN” b + (1 oo )2 V_x;an"f‘
n 1 iy =
Prnongi 3 21+ 0) § Z: — an-pap) — p;l(apap—n + bpbp—n)]

The initial conditions when we use the fully implicit method, are given by

( = sin(z?) when 0<z <1

Sl (e 0 e =t a8

LN ok os(@f) ahen 05w al]

(I’U_0)~{ 0 when 1< 2<8
(11)

(0] &5 1 S = 2 iy (e)
e = 0 = 0

When we apply the Richtmyer procedure, the initial conditions given by (11) are
filtered with the subroutine in Appendix A. (Except where otherwise stated.)
The boundary conditions when we use the fully implicit method are

ol = )] = 0
o 25 (U = Th B (12)

Let the values of a,(x,t) and b,(x,t) at the mesh points & = ih,t = jk(n =
T ENR = Ot S ARSI M b ergi veniby a%j and bi;j respectively. When
we apply the Ricthmyer procedure, the boundary conditions are(except for the
plot in Figure 4)

IMAX G _ o IMAX—1] IMAX -2
a = =i

g LB e o (LE
TROATX i o TMAK — 10 IMAX -2,j
bn = an Y = bn ?
At x=0 the solution is symmetric, and ;%37 + ::3:0 = 2;,—;5 Pabs = 1d — 6 and

Pnon = ld — 1 in our experiments. When we apply the Richtmyer procedure,
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the absorbtion terms are integrated by using the Crank-Nicolson method. (The
Crank- Nicolson method applied to (2) is usually called the Richtmyer proce-
dure, see [7].) When we use the fully implicit method on the diffraction terms,
the absorbtion terms are integrated by the fully implicit method also. The non-
linear terms are in both cases integrated by an explicit method. h = 8.0/250
in all our experiments. k = 3.5 % 1074 % (1 + ¢)? in the experiments in this sec-
tion(except for the plot in Figure 4). We adjust k in order to keep k/(h%*(1+0)?)
constant, see (10).

To illustrate the usefulness of our filter we have applied the Richtmyer pro-
cedure on (10). In Figure 1 we plot the amplitude of the initial values of the
fundamental (n=1) before and after(the dotted line) we have applied the filter.
1.24 per cent of the energy measured in the 2-norm is lost by using the filter.

YA 1D
.0

o.z
i

X-AXI®

Figure 1. The initial values.

In Figure 2 we show the computed amplitude of the fundamental at o = 10.
for the initial values in Figure 1 when we apply the Richtmyer procedure. The
dotted line shows the results without the filter. We notice that almost all
Gibbs oscillations are removed from the numerical solution when we apply our
filter. Some unphysical oscillations are left in the side lobes farthest away from
the axis. These could to some extent have been removed by using a stronger
filter. However, we have to balance between removing the Gibbs oscillations
and maintaining the energy in the solution.
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Figure 2. The fundamental amplitude at ¢ = 10.

-z0

]
S, =

Figure 3. A comparison with the fully implicit method.

In Figure 3 we show the computed amplitude of the fundamental at ¢ = 10.
when we apply the Richtmyer procedure and the fully implicit method (the
dotted line). \We see that even though the system of equations (10) is more
complicated than (2), we achieve almost the same filtering by using the two
techniques.

We end this section with some remarks on the boundary conditions. To
restrict the values of 2 to 0 < ¢ < 8, as we do in (11) and (12), is clearly
unphysical. However, numerically we have to define a finite range of x and try
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to make a reasonable choice of boundary conditions.

In earlier papers [1,9,6,4] and in (12) all harmonics in the sound beam are
set equal to 0 at the boundary(z = £mar). When we apply the Richtmyer pro-
cedure, no energy is lost, see [10], and all energy is retained inside the window of
r that we are considering. We solve problem (10) with the Richtmyer procedure
for k =2.0%1072 % (1 4+ ¢)? and let the boundary conditions be given by (12).
In Figure 4 we plot the amplitude of the fundamental at o = 10.

=20

-0

T
3
X-AXIS

-0
o
>
.
®

Figure 4. Reflected sound from boundary.

We see that sound is reflected from the boundary, and for smaller values of
k the numerical solution overflows. Therefore when we apply the Richtmyer
procedure, we have to use a boundary condition that allows energy to escape
from the given x-window. This is not necessary when the fully implicit method
1s used because here the reflected sound is soon damped.

As we see from the heavy oscillations near the boundary in the figures 2
and 3, we do not run away from all problems by introducing (13), but (13) at
least allows sound to escape from our z-window. Therefore, when we apply the
Richtmyer procedure in sec.3, (13) will be used to approximate the boundary.
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3 Numerical experiments

In sec.2 we showed that if we used the Richtmyer procedure with a filter on the
initial values, the results would be almost identical to the results produced by
the fully implicit method for k = 3.5 107 % (1 4 7)2.

In this section we will study to which extent it is possible to increase the step
size and still have a satisfactory solution. We use problem (10) as a test problem
and study the amplitude of the fundamental only. As a reference solution we use
the solution given by the Richtmyer procedure and k = 3.5 10~ % % (1 + o)?(the
dotted lines).

In figures 5,6 and 7 we plot the amplitude at o = 10. produced by the two
methods(the Richtmyer procedure to the left in the following figures.) when we
use k = 1.0%1073%(1+0)% k= 35%1073%(1+0)? and k = 1.04107% %(1 +0)?
respectively.

I figures 8,9 and 10 we plot the amplitude on the axis (x=0.0) when we use
k=35410"%(1+e), E=10%10 2+ (1 o) aud k = 5% 1077 R £ 7)"
respectively.

.
] 1
H f1
f f1
e L 2
Y b Vi . L To 2 ) 13 ]
Figure 5. k= 1.0+ 1072 % (1 4+ o)?.
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Figure 7. k =1.0% 1072 % (1 + a)?.
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Figure 10. k =35+ 1072+ (1 + 0)%

From the figures 5, 6 and 7 we notice that the energy in the side lobes is soon
lost when we apply the fully implicit method and increase k. If we want the two
first side lobes to their full strength, we must stick to k = 3.5+ 107*x (1 + o).
If we are satisfied with having the first side lobe only to full strength, we may
increase k to 1.0 % 1073 % (14 0)%

From Figure 5 we notice that we may increase the step size when we apply the
Richtmyer procedure, to k = 1.0% 10734 (14 0)? without affecting the numerical
solution. When we increase k to 3.5 % 1073 % (1 4+ o), the first two side lobes
are still unaffected, but farther from the axis we start to notice differences in
the numerical solutions. For k = 1.0 * 1072 % (1 4+ ¢)? this effect becomes more
apparent.

From the figures 8, 9 and 10 we notice that if we are conserned about ap-
proximating the on axis sound only, we may use greater step sizes. When we
apply the fully implicit method, we may at least use k = 3.5 * 10734 (1 +0)2.
For greater step sizes the computed on axis sound increase in strength as the
higher harmonics die out and the side lobes disappear.

When we use the Richtmyer procedure, all chosen values of k less or equal
to 1.0 % 1072 % (1 4+ o)* give almost the same solution on the axis. However,
for k equal or greater than 3.5+ 1077 % (1 4+ ¢)? the numerical solution becomes
apparently unphysical. We did not notice this dramatic change in the numerical
solution when we applied the fully implicit method and increased k.

In the figures 5 to 10 we have studied the amplitude of the fundamental only.
However, if we study the amplitude of the second or higher harmonics (or their
phases), the relative performances of our two methods are approximately the
saltne.

12



s

"li-t- uc‘-m caat =4 0 sugid

mwmmmws#m mm T b & 0 aoywgdt addt mord
R Ty st e S e P
LS e el e iﬂxﬁmﬁ ow. digmeite Bl visd! of eadol obis terfl

. ﬂ“ MM o o Bia sl bt gaived diiw beitsitas s1a sw Y
pri . . &od e 5700 « 0.0 a) 4 cwssyani
HedLy ‘ﬁﬂg aet nwmm}ms-um msw iod3 ssiton sw & engil movd

' ,L‘hf D+"-drsat =4 o) awh-r.unq regrondit i
+ I} w500 o 88 of 4 ssssroni sw aed W acizulos

‘M L m wild wied vling] tod | bodssReae i eas
4 Iys SO0 w 0§ =4 w07 .umluhm e srrasing ad)
dNEERg G

‘WWW ’ﬁ-ﬂq%n oo 81 bog € B ssmingil oils oy

‘ ? I ; &% ot baooa gixs go sdi guilanuzorg
R R Ejm‘”m S’M 2 “ qom ow  boddaa dsilgin vl odd wlgags
_'ml' N m h iy

e g0 fistugmos s} sosie gaie 193amg 107
iy woddal shie ad) bos Juo sib ieowseid 1yl
5 subasorg womduﬂ sl sen sw usd'W
g : : pa-aneeh sild deodds ovig S(n 4 1)« 2701« 0.1 of
” h = SIS H a-arly *{ ;H‘?‘“ﬁf v &L aad) 1oty w laspes 4 wi
Ve ~ Isshamean odi & Fagonis Jlrsab Bl Ssidon Jon bib oW ssleptqne ylinsege
i Baassaaitl Bua Sod by Mailgeni ¢ o) beilggs »w wsilw noiploe
iy , , n ‘ ik b svad ow OF 03 & seaoghl sidi ul
‘ oo i0) BspoiA i .it- -baoss agl. Mﬂqm& adi yhate sw i asvaunll
g L N S it glstammixongae sy eboddan ﬁ"“ ‘smonsmhag sviteln sl | (sswnily

: ‘ o S g ‘ B BT




4 Conclusions.

In this paper we have used the insight gained in [4] to make the Richtmyer
procedure applicable on our system of parabolic equations also for a piston
source. The numerical experiments suggest that we may increase the step size 5
to 10 times if we replace the fully implicit method with the Richtmyer procedure.
Also for other problems of the form (1), at least in the cases where the diffraction
terms are dominant, we believe the Richtmyer procedure to be preferable.

Programs for solving (1) with the fully implicit method are presented in [5].
The programs for solving (1) with the Richtmyer procedure are slightly modified
versions of the programs in [5].

13



e ‘ St 1 ' o

g ! T T EAL A 1 Nwy 2o : " b

1 K , vy it ey R : X

o | o S S Mg R B gl D L :
derrel Ce e, e T T el e - ) N ' E
H,.I ; ¢ ’ B ‘ N :_ n I ,_’1 ¥ ', - a - =

i H

»




A Program FILTER

SUBROUTINE FILTER(X,N,EXTEND,WORK)
C*x**BEGIN PROLOGUE FILTER
Cx*xxDATE WRITTEN 870223 (YYMMDD)
Cx**xAUTHOR Jarle Berntsen
CX**DESCRIPTION The routine filter the Gibbs ascillations

(1 present in the initial values stored in X in

(i approximately the same way as the fully implicit

C method (100 steps with k=3.5d-4*(1+sigma)**2 and h=8/250)
(&

C**xINPUT PARAMETERS

C X Double precision array of dimension N.

C Contains the initial values to be filtered.

c N Integer.

(¢ N must not have prime factors greater than 19
(¢ when we use the given NAG routines for the FFT.
( EXTEND Double precision array of dimension &*N,

Contains an extension of X.
WORK Double precision array of dimension &*N.
i Used as working storage by the NAG-routines.
Cx**QUTPUT PARAMETER
(0 X Contain on exit the filtered 1initial values.
Cx***ROUTINES CALLED COGFAF, CO6GBF, COGFBF (From NAG.)
C***END PROLOGUE FILTER
INTEGER N, IFAIL,I,NX,NDAMP
DOUBILE PRECISION RSM,LAMBDA
DOUBLE PRECISION X{(N),WORK(4*N),PI, COEFF,EXTEND(4&*N)
NX=4*N
RSM=16.D0*0,38%%2
NDAMP=100

¢ gor Y e R

]

txtend X Lo make the Fourier expansion a pure
SLN expansion.

2 = W

EXTEND(1)=0.D0

DGASERST=RIREN =
EXTEND(I+1)=X{(N-TI+1)
EXTEND(N+I+1)=X(I+1)
EXTEND(2*N+T1+1)=-EXTEND(I+1)

14
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EXTEND(I*N+I+1)=-X(I+1)
5 CONTINUE
EXTEND(N+1)=X(1)
EXTEND(2*N+1)=0.D0
EXTEND(3xN+1)=-X(1)
PI=X01AAF(1.D0)

I e

M@l o8 o el o)

tourier expand EXTEND.
CALL COG6FAF(EXTEND,NX,WORK,IFAIL)
Filter EXTEND by reducing the Fourier
coefficients by the same factor as the
fully implicit method with 100 steps and
k=3.5d-4*%(1+sigma)**2 and h=8/250.
DG OSSR SENN
L AMBDA=1.D0O+RSM*(SIN(I*PI/DBLE(2*N+1)))*%4
LAMBDA=SQRT(1.D0/LAMBDA)
L AMBDA=1. AMBDAXXNDAMP
EXTEND(NX-2*1+2)=LAMBDAXEXTEND(NX-2*[+2)
10 CONTINUE
r
(i Form the complex conjugates of the discrete Fourier transform.
C
CALL COBGBF(EXTEND,NX, IFAIL)
C
[ Compute the inverse Fourier transform.
(
CAl'l COBFBF(EXTEND,NX,WORK,IFAIL)
C
@ Reistract EXTEND to X
(€
DO 20 1=1,N
X(I)=EXTEND(N+I)
20 CONTINUE
RETURN
END

15



LR o rer m 06
a:tmaoua ' )
by i g jig -+ K e AINGT. 1) THO22A08MA
(i M, S i C AMAGUS EABBMA TSAGENAL et

wmrm.mmn-mmm ! ot AT 5,!

R G ey — m:n«n\ L]

N ST B e i’

\ mﬂﬁw wlm&'w ﬂt} ¥ @ n.uurnm welamas i el ST .
r K ,‘ ‘ uwum Wt!ﬂ&lnw TE R A 3

| ‘fﬁ{ . l' i .ﬂnnnqlis 1ihtnn! na1own1 un: g lugmo) 2’ :r%
Sl G S;:'-w..{ | ASTANE RO G X1 18307 {142 3

¥ i g i k L ‘ SN e GM3TXD dai1sead ; -

TRT M. t=1 0% 0o , !
, ‘ L B SRR S e LRI OMATXI=(1)X TR
B s BE TN SR I RPN FURITROD 65 3
e L S ey o WauTan O

A T R ook S bl : . LE G




References

(1]

(2]
(3]

[9]

[10]

S.1. Aanonsen. Numerical computation of the nearfield of a finite amplitude
sound beam. Dept. of Math., Univ. of Bergen, Norway, Report no. 73,
1983.

A.Papoulis. The Fourier Integral and its Applications. McGraw-Hill, 1962.

G.Fairweather and A.R.Gourlay. Some stable difference approximations to
a fourth-order parabolic partial differential equation. Math.Comp., 21:1-
11, 1967.

J.Berntsen and E.Vefring. Numerical computation of a finite amplitude
sound beam. Dept. of Math., Unwv. of Bergen, Norway, Report no. 81,
1986.

J.Berntsen and E.Vefring. User documentation. Programs SOLTRI,
SOLF1V and SOLSEV. Dept. of Math., Univ. of Bergen, Norway, 1986.

M.F.Hamilton,J.Naze Tjgtta and S.Tjgtta. Nonlinear effects in the farfield
of a directive sound source. J.Acoust.Soc.Am., 78:202-216, 1985.

M.K Jain. Numerical solution of differential equations. John Wiley, 1984.

R.D.Richtmyer. Difference methods for initial value problems. Intersc.
Tracts in Pure and Appl. Math., Tract 4,Interscience, 1957,

S.I.Aanounsen,T.Barkve,J.Naze Tjgtta and S.Tjgtta. Distortion and har-
monic generation in the nearfield of a finite amplitude sound beam.
J.Acoust.Soc. Am., 75:749-768, 1984.

Ya.M.Zhileikin. Numerical computation of the equation for nonlinear
acoustics of confined beams. U.S.S.R.Comput. Maths. Math. Phys., 22:140—
156, 1982.

16



; cwl(qm dll'k lh M wfl W ouima,n {51'
Jl.&aaugdl M Mh P ﬂ\nho& .umdbﬁm

.mmoa smsrgon m&» roel anmw | bﬂs -
B8RI yguirva¥ i Yo v A5 Yo dgell VERIO0R bas VIHJOR

Doyl onts is) ursmBi samuilacit MRMam sés¥t L otlimall 1M (8]

B0 DIE-ROLET Lk mm& ‘smou bawos ﬂi!amﬂa alo
Rl mw a6k mwmmwn RPVSE PR PevEam—_ sl A 1Y)

seaadid -maﬂw( aubow Mm 7o ahaftane sl wmmtuﬂ af fal
. Sel .emmnunm boaff, el Jagh bie swd pi adaad?

sud b, aviliotail dlﬂ'ﬁ bcu.lr ﬂm’!‘ sas¥.Loviliall, T, aoemo0s s 1.2 0]
mssd bwoos sbudilgme stiafl & Yo Bloihesa 5di gl noidatepsy sivom
- SRR BET-00T:2T bk el haonh L

wonifuon oh noiteupy ot o coiBmgos lesivun¥ oS M .sY [ul]
~gh 88 nnﬂ bl AW Jogmad R 22N amissd boafaas 1o eiileos
L83] bl




On acoustic streaming ln magneto-
hydrodynamics, February 1964.

On the stability of a magnetized
plasma with a continuous density
force field, June 1964.

Coaxial waveguide consisting of a
circular metal tube surrounding a
coaxial unidirectionally
conducting sheet, August 1965.

No. 4. K.B. Dysthe.

Oon nonlinear interaction between
two beams of plane electromagnetic
waves in an anisotropic medium,
December 1964.

Extended Aitken acceleration,
March 1965.

On the stability of a rotating
plasma from the two fluid equations
including finite radius of gyration
effects, May 1965,

On acoustical streaming between two
coaxial cylinders, May 1965.

On convective and absolute
instability, November 1965.

On linear and non-linear hydro-
magnetic vortex motion generated
by the interaction of a gravity

wave with a solid boundary, April 1966.

Some non-linear effects 1n sound
fields, July 1966

No. 11. L. Engevik,
On a stability problea in
hydrodynamics. Part [,
November 1966

On the stability of plane
inviscid Couette flow,
November 1966.

No, 1J. L. Engevik
On a stability problem in
hydrodynamics. Part II,
January 1967.

On non-linear magneto-hydro-

dynamic wave motion ia dissipative media,

September 1967

No. 14, K.B, Dysthe.

Self-trapping and self-focusing of
electromagnetic waves in a

plasma, May 1968.

Report no. 15 not written.

e.
Force on a small inclusion 1in a
standing acoustic wave, July 1968

Oscillatory viscous flows in the
vicinity of a cylinder, June 1969

REPORTS PUBLISHED BY
THE DEPARTMENT OF APPLIED MATHEMATICS
UNIVERSITY OF BERGEN

BERGEN. NORWAY

Kinetic theory of a weakly coupled
and weakly inhomogeneous gas,
June 1969.

Hydrodynamic equations for a
F.L.R. plasma, August 1969.

Kinetic theory of a weakly
coupled and weakly inhomogeneous
plasma in a magnetic field,
August 1969.

On stability.
Part I: General theory,
November 1969.

On stability.
Part II: Linear problenms,
December 1969.

On stability.
Part III: The energy principle
1n MHD, December 1969.

No, 24, K.B. Dyathe.

On the stability of a
cylindrical surface-film,
December 1969.

The effects of Lon-1on collision on
a lon-acoustic plasma pulse,
April 1970

Derivation of kinetic equations of
a plasma using a multiple time and
space scale method, September 1970.

No. 27, K.5, Eckhoff.

On stability.

Part IV: Nonlinear partial
differential equations,
October 1970

Interaction between sound waves
propagating 1n the same direction,
April 1971

Solution of a stationary Fokker-
Plank equation, June 1971.

Application of the Galerkin's
method on the problem of cellular
convection induced by surface
tension gradients, November 1971.

A note on the problem of reversi-
bility of mathematical models.
(Preliminary 1ssue.),

Deceaber 1971

on the foundations of the method
of matched asymptotlic approxi-
mations to two meeting orthogonal
boundary-layers, December 1371.

No. J3. A, Bertelsen, A, Svardal

Non-linear streaming effects
associated with oscillating
cylinders, December 1971

Some theorems on the problem of
reversibilty of mathematical
models.

(This report 1s a revised 1ssue
of report no. 31.), April 1972.

No. 35. I. Eidhammer
A minimum resource sorting method,
June 1972.

On the behaviour of the secant
method near a multiple root,
September 1971.

7
The linearized Boltzmann collision
operator for cut-off potentials,
December 1972.

Sur le transport de masse prodult
par des oscillations en milieu
compressible, dissipatif et
1nhomogene, December 1972

On the twodimentional birth and
death process with mutation,
January 1973

Kinetic theory for evolution of
a plasma in external electro-
magnetic fields toward a state
characterized by balance of
forces transverse to the
magnetic field, April 1973.

On the Boltzmann equation with
external forces. April 1973.

No. 42, J. Naze Tigtta and

On the mass transport induced
by time-dependent oscillations
of finite amplitude in a
nonhomogeneous fluid

I General results for a
perfect gas, May 1973

Pertubation about neutral
solutions occuring in shear
flows 1n stratified, incom-
pressible and viscid fluids,
June 1973.

No, 44. J. Naze Tig¢tta and
S, Tigtta

On the mass transport induced by
time-dependent oscillations of
finite amplitude in a
nonhomogeneous fluid.

II General results for a liquid.
August 1973.

Enumeration of vertices in the
linear programming problem,
October 1973.

No, 46, M. S, Espedal.

The effects of trapped and
untrapped particles on an

electrostatic wave packet

December 1973.

7
A procedure tao solve the Fokker-
Planck - Poisson equations
consistently, April 1974



nergcf Lo el i ig
,a;atwm lh--;mag a3

MJHLW'
¥ oy FeQuassy sl Jue
okl o8 n moraadlivne st 16y

5 Jaisgienib oldivEsvemes |

Yodnn 240 JsaRpoaGin.

Snslail X85 Joh
bae W6i0 fadpcsnomibovs 83 nd
aSeive #asv sesnotg gEead

LT yusuasd

M >
10 aniduiove 1ol yycans Sldenif .

sppdomls feenasxe ni sMste o
adeTy o Dhewed el ndd SermnTe
Te aunisd NI TABLITIRTE
sl nd kg 3-@

R40 LEEaTTY B¢ aiw

LTS anl#h%ﬁ
Ifer fiwgh - ot Luvteges

[ETEN Y xuqmnn m % )
Inabuatud-wmt a

eitoidsd L ione »
B mun iy 1o

B zol n:unla iy
EAL LR C Rt T mwm

g

utt A PELINOIG wae oy
Awcirteszd m bwndd
m pineiv bas mu

h mantlu‘l

- :& ;:umm Wikail
W,
Bl & W ulnu fevoset 1]
ATRY Sesipuh
uu i nmm § w i
mw 34mail
LV8 yodositt
bas Usgsads 15 sa¥slis edT

O 4o wEdbiateg Bouess dak
IniSEg wids DAINIR0NISIS
. JBERt yadewsal

v o ooy rer-veeryt
e

| nsg;hn nt-. & AT

o ke -quiq mwu Y
SR Faag

= T SR L
3o awdi DR85S 10 Auifaviiel
firk L ilim s paiae pexaig a
JGUFT dsgaedgad | bodras sikns woedy

Amﬂudmm
¢2ildsde a0

Tienvey tmaptEnctt VI 2308
um.lupo Tesrpasndieh

et sadersd
NN @w foisoBseanT
ECFE R wie e aﬂvnum
disgs

oWl GeeMAEA PRLEASLIN gum 2 -

FEET T 0T
Bavos nl wtoslle taenil-008 amol

JELBNE SVLIBGIsE:D 8¢ solIoB Wk duksayh

wlebor Isvised ¥ w:zd ’ '
N of - MR- H ‘ |
: u o paisaiot Sied Bos m#ﬁa b

LRR doael

geionos & o m?um m"u'

m I|| -
..Mwiiulmuw =l

Sposdeupe BiuiY ows wds e0i) peealy -
BOsresve Yo dlubar o2imiY pasbeivas 0.

IR yaR | apoedls

2att yal mhwn inizsay

M
sapionds bas svitosweon M
20T wdmevoll | yiiliderens

RETLT T S
~e3byit 1ancsl-oon bas isesii o

belsrasay E5iiow ESHIOV DitRAPES

YEizere & 3o AGLIvsIsand oy Wi

BN gk [ wadbauod Bilow & d1iW avew I -‘-

a0t ylut oblesd

JAlisaad _d
£ #eidoyq ¥iilidern & o0
I ;v shiasdrigborbyd
€1 1ndmevoN

JAduaead .l Lol
masiq Yo yrilidean edy 20
JSelY s3dsedT bioaiving
bRt andenwoll

PEVIL TS N
#i seidosy ¢diibdaie & 0
I eV sniseaybobyd
: Tadt yasonat
BT TTET5 .
~othyil-ginegas Thanll-00n
LT ynidnergat

» Bl daves: Jdzsnpasprivals ke

T v ety
mmaveow sen ¥ lee moged .




Application of the reductive per-
turbation method to long hydromag-
netic waves parallel to the
magnetic field in a cold plasma,
May 1974.

The propagation of discontinuities
for linear hyperbolic partial
differential equations, August 1974.

An algorithm for internal merging
of two subsets with small extra

storage requirements, September 1974.

Mass transport induced by wave
motion in a rotating fluid,
October 1974.

A random exchange model with
constant decrements,
December 1974.

on the evolution of a two
component, two temperature, fully
Lonized plasma in electromag-
netic fields, January 1975

Stability problems for linear
hyperbolic systems, May 1975

I+ fo s s U O SR oo 4 o &
On stability in 1deal compres-
sible hydrodynamics, May 1975.

A note on the stability of
horizontal shear flow of an
inviscid compressible fluid,
Julbye 1975

No, 57, K. 5. Eckhoff and
L. Storesletten

On the stability of shear flow 1in
a rotating compressible and
tnviacidutiugd) Tuly. 1976

No. 58, E.N. HAland and G. Berge.
Dynamic stabilization of the

m = 1 instability 1n a diffuse
linear pinch, July 1975.

No. 59, E. Mzland.

Mass transport induced by wave
motion 1n a stratified and
rotating fluid, August 1975

HOo ShD SR 0l (Espelid.
On replacement-selection and
Dinsmore's improvement, August 1975.

No. 61, L. Storegletten.

A note on the stability of
steady inviscid helical gas
flows, January 1976

No. 64. E, Maland

A time-dependent model ot
coastal currents and upwelling,
June 1376

No. 6J. A, H. dien

Corrections to classical kinetic
and transport theory for a two-
temperature, fully i1onized plasma
in electromagnetic fields,

June 1977

NBo 645 5. [ Fldn

‘onvergence in law of a series of
¢-m1x1ng random variables implies
convergence n probability

August 1977

No, 69. A. H. Qien.
Kinetic equation for an electron
gas (non-neutral) plasma 1n

strong fields and iLnhomogenities,
June 1978.

Theory of parametric acoustic
arrays, July 1978.

On floating-point summation,
December 1978.

Ng, 68, E.N. Hdland.

Stability of an i1nverted pendulum
with hard spring and oscillating
support, December 1978

No, 69. 2. Storgy.

An efficient least distance algo-
rithm based on a general quadratic
programming method, November 1979.

No. 70, L. E. Engevik.

Amplitude evolution equation for
linearly unstable modes 1in

stratified shear flows, November 1979.

Argument reduction for elementary
mathematical functions : An
overview, July 1980.

A quasl moment description of the
evolution of an electron gas
towards a state dominated by a
reduced transport equation,
September 1980.

User-documentation. Program HALF.
A subroutine for numerical
evaluation of three-dimensional
complex integrals, spring 1983.

NoRNTENS Aanonsen.
Numerical computation of the
nearfield of a finite amplitude
sound beam, September 1983

No. 74, L.K., Sandal.

Influence of equilibrium flows
on viscous tearing modes,
December 1983

No. 75, @, Pettersen.

The nearfield of a high frequency
amplitude shaded baffled piston.
An analytical/numerical investi-
gation, July 1981,

Sl .
Numerical solution of the
Buckley Leverett equation with a
jeneral fractional flow function,
November 1984

No, 77 _T. Mannseth

sound propagation 1n the Pekeris
wavegulde with application to
directional sources

November 1984.

Rl 8L 0T

A study of the Verigin problem
with application to analysis ot
water injectlon tests.

March 1985

No e 7908 [ Aqponsen.

Nonlinear Effects During Transient
Fluid Flow in Reservols as Encoun-
tered 1n Well Test Apalysis.

March 1985

No §Q [. Mannseth.

Sound propagation 1n the Pekeris
model of acoustic shallow water
Validity of the Ray, and discrete
normal mode solutions in the
vicinity of mode Cutoff's

January 1986

No 8 J. Berntsen and E. Vefring
Numerical computation of a finite
amplitude sound beam

November 1986

on the use of the Richtmyer proce-

dure to compute a finite amplitude

sound beam from a piston source

April 1987



A qun mww ‘

&24 ksgpo nabqu 4
Lz Lomagiet - ﬁm‘ﬂ! Yo medsnad s
Cher n:rm u-htﬂn -M#

"‘E

iy ;e‘u EL
abustlohe. a3iui) & b -piu}-;mn;
ﬂth Mzm et Sirngs

a\mn quutu‘m i 7 #;ﬁia!l
Sabou [Deizaas mEDRIR 50
PAeY Sndens il

gt

SR iRl @t s 3o bimelawan of7

mosady S lT0 pednasi g iges

Tnm-n. b | Al i g edopa A
A4 uul SAEe

‘ k FT ] &@ mﬁ : !ig*—

& fiie m quﬂ Hﬂwsu ) u!l
el aagl weil) ISAUiedety. isintey

i sa@svol

B
B LR N
amden Lot 11 A:TlAM.u-
oF AU IR (Al v
oS S s Ry
Y mﬁt

o s qﬁ"%ﬂ
i d,hg AN g 1ot Livige O
d uaﬁ Bordiegas isepe

= e

Easyonsd Paw el sm ¥e
47 By MR

LATRE sapped | Ansatvoige. o nuum

‘ surgla benind vilud paeTadees o

Yanil w!
2TEY yal

A 3o welY gesds unou
RITIS umeuaum ﬁﬁ,
?Lll'wt"‘”'

a1 woll u«'le 13 umms W s
by sidisessqucy praseioy & ®

2ter yist BVld haasivnt g ‘f]‘ ”
T ‘ 3
-r. -'

a2 30 gegtaslliShis asaeand . -L‘ L
maetdal ¢ ok wtilagsdeds bosom Ol
o 208 yhel dagia saenll

wraw ¥E Deoubai PL0GEASTT ERa .

b bsllrasaze & 0% AcIsos T,
E98Y dwupuA  BiudY @RIIRIAN 1§ ks
B

,M.-DAM v—t;
bk nostosiet-apeeacslges ale.

T
FETPIVPOTTTARC I e "q a3
S0 yrilidase sds A% edon A ©

B8p Lenilen Seneivwn Wheape, 0 4
U8 pisumel enafy :

1 Bl

g " 3
Yo ishos u-hnmob-oig ! Bl

paaliswqy boi wissviys lesshod o 00|
et el aaei -

gmu l»mbn o) e
~ous § $o% yaoedd IySeedsxt bus.

EL TS a&’ﬂn‘?’?
L] =i .y B






potbi bI oteket

il \thllll\\l\\\lil\\

78sd 2







