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Abstract

Some general subspace correction algorithms are proposed for a convex
optimization problem over a convex constraint subset. One of the nontriv-
ial applications of the algorithms is the solving of some obstacle problems
by multilevel domain decomposition and multigrid methods. The essen-
tial new features of the algorithms when applied to domain decomposition
and multigrid are the treatment of the coarse mesh problems. The sub-
problems over the coarser meshes are solved without any constraints. If
the coarser mesh correction values are dragging the iterative solution out
of the constraint set, we use the iterative solutions of the subproblems
over the finest mesh to drag it back to the constraint set. The rate of con-
vergence for the algorithms for the obstacle problems is of the same order
as the rate of convergence for jump coefficient linear elliptic problems.

Keywords: Parallel, domain decomposition, multigrid, nonlinear, varia-
tional inequality, obstacle problems, space decomposition
1991 Mathematics Subject Classification: 65N55, 65Y05, 65J15, 65K 10

1 Introduction

In this work, we extend the space decomposition and subspace correction algo-
rithms of [54, 49] to solve convex optimization problems over a convex constraint
subset. One of the main concerns of this work is the rate of convergence when
multilevel domain decomposition and multigrid methods are used to solve some
obstacle problems.

"Department of Mathematics, University of Bergen, Johannes Brunsgate 12, 5007, Bergen,
Norway. Email: tai@mi.uib.no and URL: http://www.mi.uib.no/tai. This work was par-
tially supported by the Norwegian Research Council under projects 128224/431 and SEP-
115837/431.



From the time that multigrid and domain decomposition methods are get-
ting the attention of numerical mathematicians and engineers, efforts have been
continuously devoted to the study of using domain decomposition and multigrid
methods for obstacle problems, see [1, 3, 2, 7, 14, 18, 23, 21, 22, 24, 25, 19, 20, 29,
27. D730 313234 33 5135739 50,51, 4243 41,40, 45, 48,.56]. In the
book of McCormick [35, p.100], treatment of constraints for multilevel methods
was listed as one of the open and challenging problems. For linear elliptic partial
differential equations, it is known that the solution will be influenced globally if
the boundary value or the right hand is perturbed around a point. This justi-
fies the need for coarser meshes in using iterative solvers to solve the problems.
However, this is not the case for obstacle type problems. A small perturbation
of the input data may only influence a small part of the solution domain due
to the appearance of the obstacles. This leads to the speculation that coarser
meshes may not be necessary or should be handled differently for obstacle prob-
lems. Related to this difficulty, the algorithms in [18, 23, 25] are trying to use
the active set strategy to separate the obstacle from the solving of the partial
differential equations, i.e. during the iterative procedure, the algorithms are
trying to identify the active regions of the obstacles and then solve a partial
differential equation where the obstacle is not active. The algorithms proposed
in [1, 2, 19, 30, 32, 50, 51, 56] are specified for domain decomposition methods.
Due to the absence of the coarse mesh in the algorithms, the convergence of
the algorithms depends on the number of subdomains. In Tai [45], the obstacle
function is decomposed into a sum of obstacles from the subspaces, and the
subproblems are solved with the subspace obstacles. The algorithms of [45] are
applicable to multilevel methods, however, the convergence was only proved for
overlapping domain decomposition methods without a coarser mesh. Compar-
ing our algorithms to the ones of [7, 18, 23, 21, 22, 24, 25, 27, 28, 34, 33, 15, 37
for multigrid applications, the good point for our algorithm is that we do not
impose any constraint on the coarser meshes. Our algorithms can be imple-
mented in the same way as for linear problems. The only difference to the
lincar problems is that we need to project the solution of the one dimensional
subproblems at the finest mesh into an one dimensional obstacle constraint. In
term of computational cost, the algorithms here are cheaper. Another contri-
bution of this work is the convergence rate estimates. For the obstacle problem,
it is shown that the algorithms have a convergence rate which is of the same
order as the linear non-constrained elliptic problems when the diffusion coeffi-
cients have large jumps. Moreover, the convergence estimates are valid right
from the first iteration. We do not need to assume that the obstacle problem is
nondegenerate ( c.f. [34, p.84]) and also do not need to assume that the active
region of the obstacle has been identified, see [27, 28, 34, 15]. It seems that
the only available earlier convergence rate estimates for obstacle problems with
multilevel methods are the ones of [27, 28, 34, 15].

Even though our main concern is the obstacle problem, our algorithms are
presented in a general setting for general space decomposition. The general



algorithms as well as the assumptions are given in §2. The convergence anal-
ysis for the general algorithms under the given assumptions are stated in 83.
The convergence rate depends essentially on two constants C; and Cy, see (18)
and (19). In section §4, we show that domain decomposition and multigrid
methods can be interpreted as space decompositions and be used for solving the
obstacle problems. The constants C; and C5 are estimated using some techni-
cal estimates of Bramble and Xu [6]. The rate of convergence for the obstacle
problem is essentially the same as the non-constrained elliptic problems when
the diffusion coefficients have large jumps, see [6].

2 The optimization problem and the algorithms

2.1 The optimization problem

Given a reflexive Banach space V and a convex functional F : V — R, we shall
consider the following nonlinear optimization problem

i e, - @ 7 (1)
veEK
The nonempty convex subset K is assumed to be closed in the strong topology
of V. We are interested in the case where the space V can be decomposed into
a sum of subspaces V;, i.e.

Vis Vb Vot Sl =0 (2)

=il

This means that for any v, there exists v; € V; such that v = Z:‘__l v;. Due to the
appearance of the constraint K, we require that there exists an [ (@)
and a nonempty convex subsets K; C V;, i =11+ 1,---,m such that

m m
Ty e Ol i) , (3)
i=l i=l
For reasons related to the existence of the subproblems, we require that K; is
closed in the strong topology of V. From (2), we can see that [ = 1 is always
a valid choice. In applications to domain decomposition and multigrid, due to
the appearance of the coarser meshes, we can always choose an I > 1 such that
(3) is valid.
We assume that the functional F is Gateaux differentiable (see [8]) and that
there exists constants ,¢ > 0, p > q > 1 such that

(F'(w) = F'(v),w—v) 2kllw—v|f, VwveV,

I|F'(w) = F'(v)lv: < llw—-o||&, YwoeV. (4)



Here (-,-) to is the duality pairing between V' and its dual space V’. Under the
assumption (4), problem (1) has a unique solution, see [12, p. 35]. For some
nonlinear problems, the constants x and £ may depend on v and w.

For simplicity, we define

p plp—1)

G = T — !
i B! qg-1)
When p = ¢ = 2, we have 0 = 2,7 = 1. For a given function w € V, we denote
by K — w the subset:
K—-w= {v——w] vEK}.
The general theory developed for (1) will be applied to the following obstacle
problem in connection with finite element approximations:

Find v € K, such that a(u,v—u) > f(v—1u), WvE€K, (5)
with

a(v,w) = / Vo-Vw+vwdz, K ={ve H Q)| v(z)>y(z)ae in Q}. (6)
Ja

It is well known that the above problem is equivalent to the following minimiza-
tion problem
1
géllr{l F(U)’ F(’U) 5 50'(7)71)) v f(‘U), (7)
assuming that f(v) is a linear functional on H*(f2). For simplicity, the domain
) C RY is assumed to be bounded and to have a smooth boundary. Neumann
boundary condition is imposed for the obstacle problem to ease some of the
technical analysis.
For the obstacle problem (5), the minimization space V = H*(Q). Corre-

spondingly, we have p = ¢ = 2 and x = £ = 1 for assumption (4).
Standard notations for Sobolev spaces H(Q), W5P(Q) will be used, i.c
| - llk.p.p denotes the W*P-norm on a domain D, | - [lx,p denotes the e

norm on a domain D. In the case D = (), we will omit D. The generic positive
constant C, which may differ from context to context, will be used to denote
a constant that is independent of the variables appearing in the inequalities or
equalities and the size of the finite element meshes.

Obstacle problems arise from many important applications. For some con-
crete examples, we refer to Baiocchi and Capelocite [4], Cottle et al. [10],
Duvaut and Lions [11], Elliot and Ockendon [13], Glowinski [16], Glowinski et
al. [17], Kinderlehrer and Stampaccia [26], Kornhuber [29], and Rodrigues [36].

2.2 The algorithms

The following two algorithms for general space decomposition can be regarded
as a generalization of the Jacobi and Gauss-Seidel methods, see [54, 49]. In



applications to domain decomposition methods for linear elliptic partial dif-
ferential equations without constraints, Algorithm 2.1 is in fact the Additive
Schwarz method and Algorithm 2.2 is the multiplicative Schwarz method. In
applications to multigrid methods for linear elliptic partial differential equations
without constraints, Algorithm 2.1 is essentially similar to the ideas used in the
BPX preconditioner [5] and Algorithm 2.2 reduces to sequential multigrid meth-
ods. Algorithm 2.1 is sometimes called the additive space decomposition method
and Algorithm 2.2 is sometimes called the multiplicative space decomposition
method (c.f. [47]).

Algorithm 2.1 [A parallel subspace correction method].

i

Choose initial values uf € Vi such that 31" w? € K and a relazation
parameter o € (0,1/m).

Forn > 1, solve the following problems in parallel for different i:

2.1. Find ﬂ;‘“ €V fori=1,2,--- 1 -1 such that

F( Z u_?-{-ﬁ?ﬂ) SF< Z u?-{-v,-) o YoREVA, (&)
J=1,57#1 j=1,j%#1

2.2. Find conver closed subsets K C V; fori=1,1+1,---,m such that

-1 m

e

=1 1=l

|

2 o — IS IEE S s ] 11?'“ € K such that

m m ¥
F( Z ul +ﬂ?+1> < F( Z u} +Ui> M o R ()
J=1,j%1 j=1,5#1i
o8/ Set
uftl =4 4 it S (10)

and go to the next iteration if not converged.

Algorithm 2.2 [A successive subspace correction method].

o

2

Choose initial values u® € Vi such that Yr,u! € K and a relazation
parameter a € [0,2].

Forn > 0, solve the following problems sequentially fori=1,2,---,m:

(S,



2.1. Find '"H €V, fori=1,2,---,1 —1 such that

1

=1
F(Zu"“-}-u’”’lﬁ- Z > =< F(Zu?“-ﬁ-v - Z ) , Vv eV;,

=1 : j=i+1 j=i+1
(11)

and set

ult! = ol + o(aft! —ul) . (12)

2.2. Find convez closed subsets K' C V; fori=1,l+1,---,m such that

-1

KN ZK"

i=1

2.8 Fori=11l+1,---,m, find ﬁ?“ € K sequentially for i = [,l +
1,---,m such that

m = m =
<Z“n+1 An+1 Z u?) < F<Zu;‘+1+vi+ Z u?> , Yu; € K?

j=1+1 i=1 j=i+1
(13)

and set

ult! = ol +o(@lt —u?) . (14)

2.4. Go to the next iteration if not converged.

Before we go any further, we shall remark on the existence of the subsets K.
From assumption (3), we know that there must exist w® € V;, i =[,[+1,---,m
such that

-1 m

NNy ‘ (15)

i=1 i=l
Thus for Algorithm 2.1, one of the choices of the subset K is

K —Re (16)
This gives a K which is nonempty convex and closed in V. However, there may
also exist other alternatives for K. In applications to domain decomposition,
different decompositions K may give different iterative solutions 477, but
the sum >0, 47 *! will always converge to the same solution, see Tai [45]. In
applications to multigrid methods, we shall only impose constraint for the finest
mesh and the decompositions K7* are in fact unique. The decomposition K7
for Algorithm 2.2 can be done similarly as for Algorithm 2.1.

We note that the above two algorithms are well-defined since the subspane

problem (8), (9), (11) and (13) are uniquely solvable under the assumptions for F
described earlier (see [12]). The above algorithms are proposed for general space



decompositions. In real applications, the algorithms can be implemented in
different ways depending on the structure of the decomposed subspaces, see Tai
[44, p.39] and Tai and Espedal [46, p.725] for some implementation issues with
the two-level domain decomposition methods. Note that the constraints are only
imposed for some of the subspaces. For the subproblems on V;,i = 152 aaeml—1,
we have no constraint.

Let u be the exact solution of (1) and u™ and e?*! be defined by

S R e (17)

As in [47, 49, 48], we shall use two constants in the estimation of the rate of
the convergence of the algorithms. First, we assume that there is a C1 > 0 such
that for any n > 0, we can find u; € V; to satisfy

wy Al Lt e PRI 1y
1
m m i = . (18)
w=Yw, and [ Jlu-uPPe] <Ciju—uty .
= i=1

Observe that u; may depend on the iteration number n. In addition to the
assumption of the existence of such a constant C;, we also assume that the is
a Cy > 0, which is the least constant satisfying the following property: for any
wi; € V,u; € V; and v; € V; the following inequality holds:

f: (F'(wi; + w;) — F'(wi;),v5) < Cz(i; ||uiu’&> %<§”“j|li’/> %‘ (19)

1,7=1

The existence of Cy is obvious by the assumption (4). A simple application of
Holder’s inequality would give the following rough upper bound:

Cs'<'Im’.

But better bounds may be obtained in applications.

3 Convergence analysis

We need to estimate the rate of reduction of the error u — u™ for each iteration.
As in Tai and Xu [49], we shall use

dn = F(u") — F(u), (20)

as a measurement of the error between u and u™.



3.1 The convergence of the parallel subspace correction
method

The convergence of Algorithm 2.1 is given in the following theorem.

Theorem 3.1 Assuming that the space decomposition satisfies (18), (19) and
that the functional F satisfies (4). Define

(E—l g—l L o=t L=
ot Clcg(a P +a p> q p(f)r 5 SR
= e = q ‘—ng_l_}nc"
Then for Algorithm 2.1 and d,, giwen by (17), we have
1. If r = 1, the error satisfies
1
dpy1 < ———d,, Yn2>1. 21
+1 = R e n (21)
2. If r > 1, the error satisfies
dn—l
I i L
(1+ codZ}) ™7
% .
- - YR (22)
(1 + cody )77
Proof. Define
u Tt S St (23)

Jj=1,j#1
From (10) and (17), we see that u™*% = u™ + ! and it is easy to calculate
that 1
A "t = (1-am)u" + Z au™tm, (24)
i=1
Using the notations of (17) and the fact that F is differentiable and convex, it
is known (see Ekeland and Temam [12]) that (9) implies

(F'(u™ + e?“),vi - 1‘1?“) > OFV SeURES S — I S (25)
As there is no constraint for the subproblem for ¢ = 1,2,---,[, it is true that
(F'(u™ + et )0} =0, Wy eV, i=12,--,L (26)

Under the assumption of (4), it is known that (See Tai and Epsedal [47, Lemma
3.2)
F(w)— F() > (F'(v),w —v) + EH'U,’ -y, YweV. (27)
p



Using (25), (24), the convexity of F' and (4), and applying similar techniques as
in [47, p.1563], it can be proved that

F(u™) — F(u™) > F(u™) - i aF (u* + e!*!) — (1 — am)F(u™) (28)

—i
m K m m
1 1 1
5 ; e L g W B P ;Ofllen+ 1% > = ;Z:alle'”’ 1% -
For simplicity, we define
J m

=Sty 3w

i=1 i=j+1

Fori=1,1+1,---,m, let u; be the functions given in assumption (18). By (18)

-

and (25), we see that

(F' (e ), uf ¥ o) = (F/(u+ef 1), a0 — (a2 1)) < 0, (29)
We shall use (18), (19), (10), (26) and (29) to estimate
(F/(um*1) = P (), u™* — )

% nd Bl huliit o) Xm:< il 1"+1—Ui>

i=1
< i <F’<un+1) B U ety N u,—>
i=1 :
— Xm: <F/(un+1) F/(“n)’u:l+l U1>
i=1

- Z <F'(u" + et — F'(u™),ult! — u,->

> ii@'@?%f”(ﬁ‘-l) o)+ 3 (Pt et - P, upt - )

i=1 j=1 i=1

(Z HU:”v) i +C> Z e 15 lwillv

IA
97
ST
:u
\_/

=l
a =
< A (Zaue"n") Senflu=tr Loy
=1
i -
+Ca0™ <Zaue”n”> .Cy [lumt — ully (30)
—



g="r

< GG (=T +07F) [B (P - F@™)| 7wy -

K

The rest of the proof is the same as in [49]. O

3.2 The convergence of the successive subspace correction
method

The convergence of Algorithm 2.2 is similar to Algorithm 2.1. The convergence
is only proved for the case that the relaxation parameter o is taken to be 1, i.e.
o = 1in (12) and (14). Note that 47! = u?*! in this case.

Theorem 3.2 Assuming that the space decomposition satisfies (18), (19) and
that the functional F satisfies ({). Define ==

ol (clczf” o
K

K rd{)_1 JLG

Taking the relazation parameter & = 1 for Algorithm 2.2, then we have

1. If r = 1, the error satisfies

dpniy < ——d,, Vn2>1. )
RSB T ® (81)
2. Ifr > 1, the error satisfies
dn—l
d — e
n e B [
(1 +codp23)™T
do
—, Vn>1. (32)
(1+ codg™'m)™T
Proof. Define o
un+ﬁ = U;L+l ~n+l+ Z 'U. (33)

i=1 j=i+1

Since w™* 7 minimizes (11) or (13), it satisfies

(Bt =) vl 00 eV s — 1. 2, -l 1.

(F'(un*m),v; — u"+1) = ok & Gl =0 AR s se o8 )
Using (27) and (34), we get that
Chtailobd o e (35)

10



Thus, estimate (35) leads to

F(u®) - F(un+1) 5 i [F(un+(i—1)/m) i F(un-H/m)} > %Zm: ”e?+1”€/ (36)
i=1

i=1

Note that 47! = u*™! when a = 1. Similar to the proof of (30), we use (18),
(19) and (34) to get

(E(utth) — Fl(a), v — )

i i <F1(un+l) il Fl(un+i/m)’u:_1+l fhs Ui>
1

o
Il

I
NgE
NE

<F1(un+j/m) o F/(un+(j—1)/m)’u;(1+1 i Ui> (37)

i

e
Il

Vv

i
o

M3

IA

it g
=i b
ueyn”v) ( S [t - u,-u‘e)
i=1

A
P

m
P
< G0 S Ir) 7 I - .
=il

il

9

The rest of the proof is the same as in [49]. O

4 Space decomposition for H!(Q)) and K

4.1 Overlapping domain decomposition

In this subsection, we show overlapping domain decomposition can be used to
decompose a finite element space and the constraint set K.

4.1.1 Decomposition of H!({2) by overlapping subdomains

Let {}M, be a quasi-uniform finite element division, or a coarse mesh, of
2 where Q; has diameter of order H. We further divide each ); into smaller
simplices with diameter of order h. If Q has a curved boundary, we shall also
fill the area between 02 and 09, here Qp = Ui"ilﬁi, with finite elements
with diameters of order h. We assume that the resulting elements form a shape
regular finite element subdivision of §, see Ciarlet [9]. We call this the fine mesh
or the h-level subdivision of 2 with mesh parameter h. We denote Q = Urez, 7
to be the fine mesh subdivision. Let S¥ C W1*°(Qg) and S* ¢ Wle((,)
be the continuous, piecewise linear finite element spaces over the H-level and
h-level subdivisions of € respectively. More specifically,

SH = {’l) € Wl’oo(QH)l v|; € P](Ql),VZ} )

il



S* = {v e Wh ()| vl € P(T),VT € Tp}.

For any v € S*, the following estimates are known from Bramble and Xu [6,
Lemma 2.3] and also Xu and Zou [55, §4].

“U”h lf d:l,
Ivlloco < 4 Noghlllvll, i d=2 (38)
h=%v]ls, if d=3;

For each €;, we consider an enlarged subdomain ¢ consisting of elements
T € Tp, with dist(7,€;) < 6. The union of Q¢ covers (0, with overlaps of size 6.
Let us denote the piecewise linear finite element space with zero traces on the
boundaries 9Q8\0$2 as S"(Q2%). Then one can show that

SB= LN AT (39)

For the overlapping subdomains, assume that there exist m colors such that
cach subdomain Qf can be marked with one color, and the subdomains with
the same color will not intersect with each other. For suitable overlaps, one can
always choeselm = 2/if d.= Lim < 44if d'="2:m = 8'ifid = 3. Let Q) be the
union of the subdomains with the i** color, and

Vi:-{'()ESh| 'H(I):O, IEQQ;}i=1,2,'--,TTL.

By denoting subspaces Vo = S#, V = S* we find that decomposition (39)
means o
V=Vt Vi, (40)
i=1

and so the two level method is a way to decompose the finite element space.

4.1.2 Decomposition of K by overlapping subdomains

In using our algorithms, we choose to solve the coarse mesh problem without
any constraints. The subdomain subproblems are solved with the constraints
K. In order to get KT, we first need to decompose K into a sum of K; C V;.
Let ¢ € V, i.e. the obstacle has been replaced by a finite element obstacle
which is often the interpolation of the continuous obstacle. Due to the overlaps
between the subdomains, there must exist ¥; € V;, i = 1,2,---,m, which may

not be unique, such that
m
Y= Z Y.
=1

Correspondingly, by defining

=l v b eV i=1,2 8 m,

12



we find that (3) is satisfied. At each iteration, we also need to decompose the
coarse mesh solution u? (or ug™!) into a sum of wi € V; (cf. (15) and (16))
which can be done similarly to the decomposition of the obstacle 1.

Due to the non-uniqueness of the decomposition of the functions, the con-
straint subsets K* are also non-unique. Different decompositions K may give
different iterative solutions 47*!. However, the sum S, At will always con-
verge to the same solution, see Tai [45].

4.1.3 Estimations for C; and Cs.

In order to verify the conditions concerning the constants C; and Cs, we need
the following technical lemma:

Lemma 4.1 Let S and S be defined as above. For any v € S*, there erists
vo € SH such that

vo < v, |lvo—vllo < cqH|vl1, lvoll1 < eqlv|li, (41)

where cg = C ifd=1; ca= C (1+ [log £|) ifd =2 and ca= C (£)? ifd = 3.

Proof. For a given v € S", let v{ be the standard Lagrangian interpolation
of v in the coarse mesh space S using the coarse mesh nodal values. Denote
by {TO} the coarse mesh nodes. For a given .’L‘l, we define 7); to be the union

of the (oarse mesh elements having z{¥ as one of its nodes. We shall construct
vp by defining its nodal values as

vo(z¥) = vi (z?) — max (v§(z) —v(x)), Vz?.
TEN:

For simplicity, we define po(z) € ST to be the coarse mesh function having the
nodal values
po(a?) = max (v§(z) ~ v(z)), Va?.

It is easy to see that po(z) > v{(z) — v(z), which implies
vo() = v (x) = po(a) < vd(x) — (vd() — v(x)) = v(z).

In addition,
llve = vllo < llvg = vllo + lleollo-

As po € SH | it is known that the L2-norm is equivalent to

no
loolls = CH®Y_ |po(a?)?

i=1

13



Using a linear mapping to transform the domain 7; into a domain of unit size
and applying the inequalities (38), we get that

no
lpollg < CH*Y Nlvg = vl§ con, < CH?cEl0]13.
i=1

In the above inequality, we have used the regularity of the meshes, i.e. under
the minimum angle condition, the number of elements around a nodal point
is always less than a constant. Using the inverse inequality, we know that
llpolli € CH™Y|pollo. Combining these estimates with standard estimates for
v — v{, we have proved the lemma. O

Following an argument in [52], let {6;} be a partition of unity with respect
to (YT e 6, € CR(Q D), 6; = 0andi3TE 0= 1. It can be chosen so
that
1 if distance (z,99) > 6 and = € 0,

Let Iy, be an interpolation operator which uses the function values at the h-level
nodes. For any v € V, let vg € Vj be the coarse mesh function defined as in
Lemma 4.1. Take v = v — u™*! and v; = In(6;(v — vo)). They satisfy

m

W= Zvi =y —u"t (42)

1=0

In addition, we have

(hvon%annl) < C(m+ 1)} <1+(H‘d) )fivul (43)

The proof of the above inequality is essentially similar to the proofs for the
non-constrained cases, c.f. [52], [53, 54] and [49].
At a given iteration n, we let

o — 'u"“'1 + v;.
Due to the fact that vg < v, we have v; > 0 fori =1,2,---,m. Thus
u; + ﬁ?“ — u?"’l = 1”1,:”'1 + v; > 12?“ and so u; + u"'H ?H € K.

As a consequence of (42) and (43), we see that

m 2 . %
;Ui =@ gl (Z [l —“n+1||1> < C(m+1)? <1 L (H_g_d_> > =™t

(44)

14



Estimate (44) shows that for the overlapping domain decomposition methods,
the constants in (18) and (19) are

Cy = C(m )(1+(b;cd> ) o e

where m is the number of color for the subdomains. The estimate for C, follows
from the standard Holder’s inequality.

4.2 Multigrid decomposition

In this subsection, we discuss the application of our theory to multigrid methods.
From the space decomposition point of view, a multigrid algorithm is built upon
the subspaces that are defined on a nested sequence of finite element partitions.

4.2.1 Decomposition of H!(Q2) by multigrid

We assume that the finite element partition 7 is constructed by a successive
refinement process. More precisely, 7 = 7 for some J > 1, and 90 e ) £ J s e
nested sequence of quasi-uniform finite element partitions, i.e. 7; consist of finite
clements 7; = {7}} of size h; such that Q = U; 7; for which the quasi-uniformity
constants are independent of j (cf. [9]) and 7;_, is a union of elements of {m3}.
We further assume that there is a constant v < 1, independent of j, such that
h; is proportional to v’

As an example, in the two dimensional case, a finer grid is obtained by
connecting the midpoints of the edges of the triangles of the coarser grid, with
71 being the given coarsest initial triangulation, which is quasi-uniform. In this
example, v = 1/4/2. We can use much smaller 7 in constructing the meshes,
but the constant C; is getting larger when « is becoming smaller, see (47).

Corresponding to each finite element partition 7;, a finite element space M 5
can be defined by

Ml = {w & W1‘°°(Q) 1vlr € Pi(T), VTe€T;})

Each finite element space M; is associated with a nodal basis, denoted by
{¢}}12, satisfying
P =0

where {z¥}7 | is the set of all nodes of the elements of 7;. Associated with each
such a nodal basis function, we define a one d1mens1onal subspace as follows

M = span (¢%).

It is easy to see that

My = ZZM;.

J=1:i=1
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4.2.2 Decomposition of K by multigrid

In using our algorithms, only the one dimensional subproblems at the finest
mesh, i.e. at level J, are solved with the constraints K. All the other one
dimensional subproblems at the coarser meshes, i.e. at levels j =1,2,---,J —1,
are solved without any constraint.

We use u:‘]“ to denote the iterative solutions of the algorithms from the

subspaces M:, c.f (8), (9), (11) and (13), and u?jl to denote the updated
solutions of (10), (12) or (14). As we only have constraints at the finest mesh,
the decomposition of K is in fact unique, i.e.

Ki.J = {1)| E Mf]? ’U("L‘f]) Z 1/}(-77?1)}, 7’= 1)27""”])

satisfy N
ny
=)
c=il

The constraint subsets K*; are also unique. For Algorithm 2.1, they are:

J—-1 nj

n= ol ve My, o(ah) 2 0(ah) - X Soup, a5)

Gi=ik =il
For Algorithm 2.2, K['; can be defined similarly, i.e. just replace uy ; by uZ*J’l
The subset K['; is one dimensional which requires the function value at the

node z* to be bigger than or equal to a number. The functions from K}, are
zero at the other nodes, i.e. at nodes z%, k # i.

To state it simply: the obstacle for the one dimensional subproblems at
the finest mesh is 1) minus the sum of the solutions of all the one dimensional
subproblems at the coarser meshes.

4.2.3 Estimations of C; and C;

For any j < J, let @; be the constrained L? project operator to the finite
element space M; at level 7, i.e. for any v € M;, Q;v € M, is the solution of

Qv<v, (Qu-v,6-Q;v) 20, Vo€ M; satisying ¢ < v.

The solution @;v has the shortest distance to v in L? among all the functions
of ¢ € M; satisfying ¢ < v, i.e.

1Qv = vllo < ll¢ = vllo, Vo€ M, satisfying ¢ < v.

With the help of Lemma 4.1 and the inverse inequalities for the finite element
functions from M, it is easy to show that

1Q;v — vllo < Chyllv|ls, 1Q;vll: < Cllvll1, (45)
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where

G, =1
G C(1+[logf‘,%(), if d=2
C@f)f» e T

Let u™*! be the solution of Algorithms 2.2 and 2.1 at iteration n + 1 and let «
be the true finite element solution of the obstacle problem (5). We shall define
V= (Qy — Qo —u™T )i = 1,2, - 1 T is clear that

vy = (u—u"t?) - Q_1(u—u"t) >0.

A further decomposition of v; is given by
a0
o Z'u;- with v;- = 7)]»(17;-)(1);-.

Lemma 4.2 For the decompositions v;-, we have

Jetny i %
u—u" ZZ?)J, and <ZZ||U§H§) < Ggllu — w1y, (46)

7=11i=1 gt =l
where
O3 logly|wHllog bl . Thif d =1
éq =< Cy 2% loghl, = 2%
(ot if d=3.

Proof. We first consider the case that d = 2. We estimate

iz
XLl Zfﬂ I 517 < ong ”ZM
=1

In the above, we have assumed that Q ¢ R4,d = 1,2,3,---. Using the fact that,
in the finite element space, an L? norm is equivalent to some discrete L2 norm,

namely
|1)]”0 = h‘d Z 'U] )

we get that
Zi% S ”Z{vj ® < Ch7 ;2.
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As a consequence,

JEma Jf
S°S TR <€) Ry lvsli3
Gi=it o=l 7=1

<oy | (@0l <ol r-em,
i=1 T

< ci 2 (1+(J = 7)|log ) H i QJ‘*)”HZ

\”».
i

B

L 7 2
<CY B2 1+ (J = +1)|logn]” [loll? (7]

\..
Il
—

< Cy~*l1og 7272 Joll} < Oy *|loghl? vl

The proof for d = 1 and d = 3 only differs in using different values for the
constant C of (45) and follows the same argument. For d = 1, we have used the
relation J = O(|logh||log~y|™1). O

With 11;- as given above, we decompose u into

sl T L 1
W) = Wl +7)J-.
As vy >0 and 17,1'.‘3'1 € K7, it is true that v, > 0 and so
ui g + 005 —ul3 > 47! which implies wi s + a0} —uld! € K7, Vi

The relation ZLI S w;; = uis easy to deduce from (46). By the inequality
of (46), we have that the inequality of (18) is true with C; = ¢4. The estimation
of Cy is the same as for general second order elliptic equations, which is inde-
pendent of the mesh size h and the number of levels JJ. Standard proofs can be
found in [38], [54] and [49)].
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