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S50 licroduetlcm,

The basic and important Classification Problem in projective

edhscbrarc-senietry s the 'tolleowing:

Let ke bea flelds 'say 'k = k', and consider the set e
of all smooth, projective subvarieties of PE e o dimension 1.
BELINEhak] . actsian VN,n 16 s tlie saliiions sitay ;. #wo Varicties «dte
said to be projectively equivalent if they belong to the same orbit.
fhe preblen. then . is tegclassifiy all varieties in VN,n Up Lo spray
jective equivalence.

Slpeady tor mhys ko ethis prollen sis ipnenlvad, glin fact Sl
lack of information even in this case is demonstrated by the fact
that a simple and suggestive question concerning the classification
ghyedtves 1n  P° has stood epen fer almost 100 vears.,

In 1882 two.great works .on.the .classification of.smooth curvies
in P*® appeared, written by G. Halphen [Hal] and M. Noether [No1l,
[No2]. They had been submitted to the Akademie der Wisseschaften

zu,Berlin in competition . for the.Steinersshe Preis for«1882, which

had .beenanneunced for the best treatise .on . .the iclassification.of
space curves.

The two authors actually shared the price, having written two
extensive and fundamental articles, which were to have a deep and
far reaching influence in the years to come.

But the results obtained were in no way complete or definitive.
Moreower,. Halphen's anticle issreny hard te read.  and scontains
Rassages which need sfunther justification,. see L. Grisomaand
C. Peskine [G-P].

ko paxticular, sHalphen sclaims a theerem which (for a Jgien

lnteger &d = | uanould pziedd .o Lisit  Of ithoseuintcme Bohnug waehthat

chete exjsts iausmooth cupye iy Pk ydesnees (diand oenus, « o

Unforptunately, sthe mrogot of this.assestiencontains auaap sdand
Halphen's assestion thus remains an open conjecture. See R. Harts-
horne [Har2] for further comments om this:

Lt is guite prabable.thatithis guestionugill be settled along
Bhe Liges seot .out by Halphen, however ... ln factwresearch by Lruson
and Beskine s haced on.a critical reading .of Halphen, secems to

suggest this. )

D Eeeiniote added in proof at the end of this [DEDEIT -
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Adso, 1t should be mofed that the classical works cited above
e ldoverieicattome ol el senera didcts iEEw ta il il =T 20T
The hasic probliem belidnd the present article 15 the followings:

To,.find a,collection.of curve venerating gipgerithms which up to

projective . cguivdalence yield all smooth, pPrejective clrves in E-°

of ;g given,degree  d . A solution to this sroblem would certainly

settle the Classification Problem foi cluyyes 1h da conplete and
Yery satisfaclory way.

Qf course a large number of more or less elementary curve
geneprgling algorithms are easily censtructed. Thus for instance
sliap@Eer= 1V, V. of (Harll vdeld @ list of suehlaloor ithys. it would
be.rather surprising it already this list should be sufficiont, and
as a farst step one might wapnt to. copyince oneself that additienal
eurve geperating a@algorithms are really reguirvred, . sSince we strongiy

believe 1n. Hakphen's conjecture, an abvioclls approgcll 1s to.test the
P J PP

gonjecture, on the output of pur elementary Clrve venerating algo-
rithms.

o0 we select three specific algorithms, which were suggested
by some initial experimentation.

surprisingly, 1t/ taris eut that these are capable ot filling
Halphen's conjectural gemerd dists for all di= 100 . This is domne
en. the UNIVAC 1100 Computer at the University of Berpen, the pro-
grams being writtemn in §IMULA-67

For practicdl readsons wWe proeceed by nipst mrnning g Main pEosnam,

which implements two curve generating algorithms. This main program
EuFns out to be capable of £1llymg slmest all of #he conjectuned
domain for (d,g). The few remaining gaps are then removed by a

secondary program, which implements a certain search-algorithm.

But first about half of the remaining gaps may be removed by' inspec-
tion, utilizing ‘amtEivialispecdailicasewei thas final algorithm,
selecting the list of curve generadting dalgorithms was not! 1mme-
diate. This process involved a certain amount of experimentatiom,
which would shave been fimpessible without ithe computer.. Interesting
ds ithivs rexpemimental phase wa sy we wiill not ge inte. thils satsall here,
but only present the appropriate algorithms as they now stand.
Bamtisofg the experiments are described in [Holl, to which the Teader
1s refervedy: A different path which was attempted, but discarded
a1 this panticular preject, wWas o .study non singular ;curves on

€ertain projective surfaces with singularities.
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The weason, for stopping @t dis 100 Hs basically one of economy.
The main program works by going threush 241 pussibie cdsesy and’ iy
deang 50 a given ‘o watns Ot toibe Tealdned 4 large number of
times as the genus of non-equivalent curves. Since thvenGPU time grows
rapidly with d, further computations along these lines seem imprac-

ticable.! Instead a certain type of istocastae dlcorithn could be

used, particularly because of the "overkill" encountered in the
main program referred to above. We might return to this in {HeZ].,
which constitutes a continudtion of the work initiated in this
EUREILEILE

When explicitely giving algorithms, we adhere to the format
established by 'D. Kouth (ef. [Knl)., even though an ALGOL-1like notation
might have been more transparent in the present cases. »

I would like tofthank Robin Hartshorne for calling my attention

to the methods of §1.2, and Vinjar Wzrenskjold as well as Dag-0Olav
Bjorgy of the University of Bergen for helping me getting started
on the EXEC-8 operating system.

g Cllnyeswsenerating aloarithus.

Tedw, Existence; of, smboth curves.in B° . "We consider the

following question: Given a pair (d,g) of nonlnegative lntegers.

When doks gherclexdst g smoeth curve in P of degrce d and
genus g1

Here P denotes projective 3-space over some algebraically
closed field. k.

bl 8ee mote added at the end of this paper.
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The situation may be summarized in the following diagram:

: L

I

I-1%" dre ociyen ‘as el lons:

I g = 7(a-1)(d-2)
Tolig: o = [% = }
1Il: g = [% (d- 3)+1]

[ gd = k=
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Clearly sheretare mo:curvestdtaithe lefeuofile gOnvE we find
theiplanedsurvesyWwhile again there are me curves between I and II.
Between LI and EIl, cimelusive of the upper limit, there are some
curves. They are all®contained in the mom singular quadric surface,
andstheir (d,g) values are easily listed. ©On and below IV all
points are realized@by suitdbilel engves. See [Har1] and [Har2l for
detasls'on. this) whieh isriastivally quite elementary: All . curves

on L1l are regalized (see below), and.the open question thus is:

Cemyecture 1 (Halphen)., All podnts between ILI and IV .are

realized by some smooth curve.

lilere are more sophisticated conjectlres, also relating to

Halphen's work, but here we content ourselves with the above.

In the following paragraphs of this section, we shall give
three curve generating algorithms. We pose the following:

Conjecture 2. 'The grea on and between L1l and IV may . be fillcd

By ‘curves penerated by ‘the algorithns given in §8 1.2,.1.3 aud
1.4 below.

Ia section 2, conjectuse 7 1 vewsficd o ialdl 4 = 100" by

numerical computation.

152," €urves won the non simellay cubic surface in B,

Fellewing [Harl] amd [Har2] we,first recall below,the explicit
description of degrees and genera of the non singular curves which
Lige gn ‘the pon. singillarscubic Surkdce.

- : - - . . %
A monh singular eybicpsuriace (X dn @RE el dsemerplide to (P

With.six poimts P L0 Blewn upi ekl 0 denore |t o tall
tramstorm of g Lame dn = Gind e the cxeeptaonal diwisonrs
corresponding to POy, MglMeid. 6 . Then  Pic(X) ' ds gheitrce
abelian group of rank 7 generated by &, Bituiile s 507

Let. ¥ . be an drpeducible curve on N 0f deoree id. 23

Then one cdn write the linear equevalenee class of ¥ @ as

6
1M ) all= 0 He
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withThas Buargnflorbhy'2 QesciTheidegpeevedyiand; theygenns wiicef Y

e
isigivelcasatfolleowss

des=p3ap= Zbi
§ls2£2)

We normalize the above data by assuming

(10 el e

1 2 6

Meorcover, this linedr equivalence class contains g non singular

irreducible curve if and only if the following conditions are

satisfied:
ar> .0
b6 = .0
@S0 04) Qe b1 2 b2
2212b1+,,,+b5
2 2
Qhalie> Zbi

Finally the aboye glass- gontains a Very ample divisor if and

only if (2.1.4) holds with strict inequalities everywhere. For

proofs of the above, see [Har1], Chapter V, Exersise 4.8 and
Corollary 4.13.

For a given wvalue of  d. theweids enly a . finiteinumber of

SErings a2, b sgie . Sue s Bheg (22 a i 2 b lids o) En Bact;

1 ahes

since

2a = B e gl b5 = 3a - d - b6
and

d

bess S E(Ba—d)
we get

2a 2 3a - d - £(3a-d)
Hence
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Thus: Hartshermesildescription above yields a method which in
principle makes 1t pessible ko compuite jall values of gl tor
curves on the meon ‘simgudar cublc oi''d. fixed degree d .

To make this into a reasonably efficient algorithm, however,
one first of all needs to find the best possible upper bound

for a. Here we have the following

Proposition 1.2.5. - All possible walties of ¢ dpe attwined
Lo .= d

Proos. In.fact, we show that thle datd abeve dre symmetrical

garondy = d ) 8o let
d =ld e 8w B0

e KRB s, b 7 et etle Snla R 0 20 e tiohet ) i en
O

g =—;—{d2 ti(2a=8Ddes oPl- 3a.+ 2Fs Zbi(bi—ﬂ}
Now put

9-4d -0 ’gi ale iy

Since

2a2> 3a. = id = b6

we have in general sthat

I N
Hemce b 2 o ‘and’ thus ge =0 U B E e
since

il e W
we get

~

gk >
g > bl + b2

Similarly one verifies that

&5

S e e
2> b1 4

Finally we also have

az > Zg%

2L
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a1 B

SN celhone Bieki i lle's tthiait

SOl o R B R Z
a Zbi a Zbi > %0

~

TE"0d and e ascidaraned by 180 R s ing o b

we now get

E==3§-—Zgi =3(a-2a) —Zbi 52 (BE) = ol

Observiang¥that

N[

(1.2 <07 o

{az - b2 -d +2}
L
we also get
E

by what is already werified, above.

Wsingl ke, abbve descripti@njdolie.cdnjgetiesome gemenadls imformation
g the' securring values of g .0 Fer instanee, @k 1= easdly ‘seen, gt
all (d%'g)Fie oorspeliow ITF and ‘tha't "l point ion 11V arwe "redlized:
1ot el = B s e

bl = -== =b6 S L E L B

Then Sebltmcqualitiees reqirired hokd, and by (1%2.6)
2l %<9v2 “iGRE +2>
— 1 1_ 2 = = l —
= §<3d d +2> 6d(d Bl

For IdysBva1 [thegargument is modiftied (im sthe obyious way .

We are now ready fto .sormulate the £irst of oup three algorithms.
This algorithm is the fundamental one, which by itself fills a large
portion ‘of the conjectured (d,g) ramge.. Howevier, it.does’ leave
certain gaps, and as d increases the number of gaps grows rapidly.

SEE §Z2, 1% stee mere om Thils .
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Hartshorne' s algeorithn~(Curwes"on. thie mdnl sifhgul At cubic’ in (B ).

Given.an dnteser d ., wel det (gema,, 0 == [%d(d—3)J et sbel i nEc e c S

Lol it il zed 0 zZeros & eng bl,...,b6 are dntegral variables.

The algorithn, terfignates with Zetio =1 s s theveenils lof 5

curwe of 'degree ''d "en the non singulay e fod and gen, = 0 otherwise.
s _asn Set ai=d

Lt b 3" " Get b1:=3a—d
ERXE b, i~-Ser=b (=HIALSIAb 8 ¢

L ios ., Iiasly Sl then oo to Loop b

Bl bi. e o Siat, bp e =Minf3asd-b ~b ob.
Bl b v Set b t=Min{Sa-deb =b. ~b il
Luid b, o St bl TEMTmISh -HonE ~TERER R Bl

Eiﬂ oot e 2a<b +...+by then go to Loop b5
H2TWSet b dndetest, St b.dssatdaledieh oL GLECD b L g
a*sh’ xn. . $0% then s ta, Laop .

H3 ¢ Set wem..  Set g:=%<(a—1)(a-ZJ-Zbi(bi—1)>. Set gen,:=1.
Loop bt 1L U s U phiewiih. REt R S o

Loop b, & LETD >0, “then bl 0=b =l Mo Srenmiie
Loep b ¢ " Harb =00 then bRl P NG sl ke

b
b
Loop b, NWif Bos0F fthel B =Ebrmdts 8ot Mimit bl
Loap b, v GETOEE0S Then by el G0 ol lmd B

b

Loop a: Lt a0’ tthewns a's —#a—" "% G ¥to Lot

B €nd.t Thesalgorithm terminatesy

65:. Type (a,b)-curves. In thic cotilonne deseribe. a ¢lidss

of curves which is generated in an analogous manner to the curves
ok et ey mong sinsular quadrie surface in BY. In fact, we have the

following observation:

Theorain 3 0.0 Lt Gl gt = g bie e gle e (silehl iBhidt

there exist non singular curves X; in P® of degree d; and
genus (0 foa . -3 1L 26% '« Liekt

24 = SR gi=1
Tl 1l e gi=0



e ‘d qaﬁ; a@ og ﬁsﬂ: s 28 T8 :
e Tell ﬁgd.}d ,d»b-sﬁ}ﬁmﬁb;ﬂu!ae 4 22al
o {gdy e de d-b- slfﬁ:ﬂ*a d e . almd
{,4. 8= 0= d~  d-b-ne YesiMi= o a0 IS 7

a‘d qeod o3 oy ned? ed*"‘.?,"'*;d”g ‘ ‘3l .3esT ‘yi
10 sttal 1 oo ebagte: 0 192 ANNA AN 4 103 S 4s
: «4 good o1 og madl §Atﬁ.._.ffd2 8 3o e
g ff:anag' 73‘58 .((T«id)idz-(;-s) (r.»a))_r:;_g Jﬁ.a g3 Jag,:\sﬂ;r«
; i , MH 9% 00 . tmydei 4 nedd (0¢.d 31 i.d qeod.
L d sial o1 00 JP-,der.d nedl . 0<,d 31 :.d geod
L8 3ial o o0 ' $e d=: d meds O<.4 ¥ :.d good 5
(4 2Enl 03 of uTe deid meuld L0<. 6 3] :gd good o Tl
, : ¢d 3ial o8 09 . F- d=:u, @ nady O<.d 3T 1,0 good | o
jd'skal g 00 W teg=r 6 aeld OV ¥ B _good TE
' Jeedsnimtes fidsitogls odT tbﬂﬂ'égj ,_f'fpzl

_;2513 8 sdix:eeb ow d0F¥oee axd: il e : : ik
eeviun eodl of rendsm ewegolsns s ni bsjnfanss 2 ﬂaxﬁw 2ovrus. 3o

?ﬂ:t isvsrﬂ aw  ya8d /51 . *9, ai eustive 2itbsup miuxnxa mon od3 mo -’f;':
At | R 1apliisvyeedo gajvollbi




—12=

e theve ex1s5ts 8 non singular irveducible cutrve in p?

of degree

and genus
E BT R B ot e vD VIR )

Proof. We need,iths following Fepuig, 'Which 1s due to

B “Halphen. For'a preot, sne may consule*liflae 1] Shopter IV §6.

emma. A curve ‘X oif genus g=2 has a non-special Very
ample divisor of ofl "degree WeifCSdndont e g i g N

Remdrk, (By this 'lemma)' a1l points on and below IV in §1.1

are realized as the (d,g) of some nen-singwlay ciinve ia DAL

Iw particular 4kt 4o Llows Hiat sthore exists a very ample

divisor B3 o Ky ef degree aa ) bet i

We sed that

*
0 @Dl i BE D (o, J®pr 0L

X1 2

1s a very ample sheaf on Q. Hence the EeyTesponding 1l inear
equivalence class of divisors comtarns non simgular, irreducible
Cufriies biye Bertd nil a0 Theorenll O0L £# 6y denote"bite of these. Then

JY =0 (—Y) =0 ( DiorDy )y (diseihetlideals sheaE ofe v gn’ Q. We thus
have the exact sequence

0 - OQ(—DI,—DZ) - OQ - OY - 0

e lons exact cohomology sequence becomes

Q4 HO(OQ(—DI,-DZ),Q) i HO(OQ7Q) mal | (Y)OY?:)

C;:;1(0 (=, e D g O = G5 (U = o ):)

Gy g (D amD IS ikl o
By the Kiinneth-formula we get
HARO =T Sl T H°(oxl(—Dl))@H°(oX2(—D2)) v g
and similarly
N R T T H°(ox2(—D1),xl)eHl(oxz(—Dz),xz)

@Hl(oxl(-Dl),x1)®H°(0X2(—D2),x2) = 0
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while
HZ(OQ(—D1 ’_Dz) ’Q)) oo Hl(oxl('Dl) ;Xl)‘\&lli(oxz(—ﬁz),,\'zj
We also get, in the same way

1 e 1
0 H (oxl)@Hl(oxz)

1

HZ(OQ) H!(® )@Hl(ox )

X1 2

By Riemann-Roch's theorem for the curves AN oL e D

dim HO(OXi(—Di),Xi) - dim Hl(oxi(-Di),xi) il o T
so that
dim Hl(OXi(—Di),Xi) o AL
Hence

dimy B (O€=Dg4-Bg) s@eralagrginld (ause, 1)

Moreover,

By TEg
dim H*(0,,Q) = g,g,

dim H'(0,,Q)

Thus the long exact cohomology sequence yields
g, 728, T gt # e ve e - - e e

Honthat-theMclainedifommnla . for+ i (¥hr fellows.

Incorderitoishéw thesformubatfors dhonote:gthat the. prejective
embedding of Q corresponding to the linear system [Y] is the
composition

Koot o Eep Bz B Eme
where the first.embedding is, the preduct of the two.given embeddings,
and the last: is the Sesre-embedding.  Let s.&.,5. denofe. respec:
Eively, the.pullbacks af the Lyperplane.classes of P yvia. the first

and the second projection, and.the. hyperplane class.of P=.  Then

we have

g USRS R S N VIR [ 10 v )
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L)
SO itlasic
L= d2a153t2 + d1a252t3

Srpreers St amd . s B dre both mapped et we are donec.

Remark. Of course we may assume that

d -1 zdl 2

The last inequallly 1s by synmetry, and the fipst follows from
the femmula for,  d .

Llirves of the above type will be relfepwed o as type 1o, b

curyes. ' The  type (a,bl-turves Ltorm a more ‘sparsec’ family than. thosce
gencrated by Hartshorne's'alorithm, but 1s sblllisufticiently
cich"pot only-to £11l all but 'z handinl @ of the gaps lefw by
Hartshorne's alsorithm, but alsp f8 gealistically test sole of

thie conjectures related to gemeral postulatien prebleps for curves

i PP We hUpe,to peturn te this in & Fonthcanins epaper [EHo ]n

The algorithm. generating these curves sis giwen below.

Alsorithm, for, tvpe. [8.b)-curves ¢,.divien an integer d ., we 'let

geng, 0=g=l(d-1)[d-2):, be sdntegers matialized te zero.

a3 i plg abyysdad oo Lem . lesiinsd sigprrespond oo doa. - andid a

dbiove. ., 8,40 2nd 'k dre intepers. (e intenral waridable
Minabs is defimed for - H.Ed'=l(d28i0d-8) . and ser as follews:
Minabgi=1, Minab, =35 Mindb: i=nie @ shee e 0 iihiedbooliean varidble

Truegenusi,j s detined  feor o disldeidl - il O == g =21
It istset teolTRUE G I  edlcnomtoihe the ‘genis oflisgme smooth
elirve - in® P® Lo degreet 1%, ‘andi¥co \BALSE 'otherwilsel ! Thevalgorithm
termindtes with geng =1 i Ned g Psimealilized by raicurveYoEYtype
¢agby } Land geng = 0 @ElEIRTASE &

¥f54ds im Wthis'“case, \ithie ‘purpese His totverify Halplrens
conjecture, then we may set Truegenus under the assumption that
the "cOnjecture hod ds* up o *d =4 »Vi0n theYother "iand ¥rt *1s tore
convenient in“practice’ to'‘content oneself with fewer edses where
Prmeeciu®OGsRE%t to True , as . we shall see in, §2.2. Klso, §n the
actual*computer* programsone ‘should Timit the“use "of Truegenus,

thereby speeding up the execution of the program.
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fnit,
ke al
Inait
AR

FnbihE g
Lmalie g

NBER2RE

Loop g,:
Loop g,:
Leop K :
Leop i
Loop j &
Eeo o End .

1.4'

Y

Set Je=lc

Sew Li=i.

Sel Vies =i

Teet . vpEEcuaan/ tusduceaby/J v Isiliot an integer, themn
go te Loep K.

et g =0,

ket

Test and computeng.~ Weth:notation as in the thiecorem,

we now have:
di, =i ed, =ad
Co R s e By
s Truegenusj o, and Truegenusi’g2 anevenue ; vamd 4 1
g/ itz Minabgl
Sl
aby/j Mlnabgz
then set
gurg te mg, g slaainng sldlab ) 3o 2]
geng:=1
1f g (i=11i(0-2} "then a =g ] LL0 Togib 2.
LE g =2y~ =2 e gLl e Go''lpo il El2, ..
1f ked then kisksl, "Go to AB 1.
It d<j then, ir=qtll  Ge - to Lk .
1f jed-1 then fa=i+l 0 Coo e nd s n.
The alsorithn terfindtes.

Curves omn rmesempecddipns jor the 'eubislicurddce.

in §1.2 all the wery ample linear systens of thie nen sinpulac,. cubic

sutiteee 1.8 descrilbeEs

algorithm we may generate the parameters (a,

By g frivdal sneddsiication ef Harnpshornels
Buia i eh ol icliesic

and we find in particular that the surface may be re-embedded

It AP0

as a surface of degree 5

1603 ways, and onelof degice 6

in.6 waysy 7o im 12 ways, 8 16 18 Gsays, 9 in 38 ways anpd 054

ways.

See the table at the end of this paper for the parameters of

those embeddings.

Clearly this large number of possible re-embeddings places

gt our disposal a powerful teol for the geieration of curves 1in e
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In fact, suppose that the linear system is given by the parameters
By Boaerenb,
and a curve on the cubic surface by
a5 B, e
Then by the new embedding it gets the degree
d = oa - ZBibi
and since it may be projected isomorphically onto a curve in P?,

we obtain the following:

Thearem 1.4.1. With Elic above notation, assume that the

paramaters satisiyall €he'requirecments of §1.2. lLeg o be g

Bermucatien of 10001 .vy8 0 Hew
alied b an g s b e e T

d = ca - ZBo(i)bi

g

Then there exists a smooth curve in P® of degree d and

gonlis g .

We immediately observe that the gap-filling procedure of
twisting, sole curve ‘en the: cabicy silgkace, which @ . praopl appecans

a5 an ad hoc methoed; 1s @ specidl case @i this. . Namely, take
(G" 81)"0;86) o (3\), \),-..,\))

The algorithm miwich: returms jall ecuryves. of this type for some
given .d will not be made explicit here. "'The sktrength of the
theorem is in no way fully utilized din the computations of the
next section, but we will returw to Ehis class of curves din the
fortheoming case [Ho2]l. For the time being, we have only used

the theorem to device a simple search procedure to fill the gaps

relidining aftey She algorl thmsuan S8l 7, 155 see §2,8:
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Y28 € s hici i ompulit attKenS 5

2.1, 'Impleménting Hartshorne's algorithm. We now determine

all pasgible values of ‘degmee’ d "amd gegus. v for nen singular
curves on the non singular cubic surface in P?3.

The following SIMULA program uses Hartshorne's algorithm
de5CLTEM *1a "sec'tfon ST 2. Bt talkes ds amput dntepers. min = max
and pavalugtes yally possible walues of g for min S .d s max

The program "gives ‘as output all ‘gdaps in “the ‘g-sequence for

ithie SansiRomis ailiels o e
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GAPS

I s dca LN SIEGER " 11 o,.ll-\,(,u“nr\)(,(jq.‘k»%)(,u,ﬂ,q,sI,Sd,
é:Jl,JA,Q),J*,D),JO,Jdd,uAJ,JJM,JJ)@
SEE S E P @ ER L L2 ) s

G ANVINS S e S E S U E R E G A B )
3) SRS BIRHENHE SIS s 1 72 0] 1)) e
(o7 N S T N T R T AN A s = R T T O
G GrlA K 1= MAXK*(AX=5)/0 +
82 scblnw IwIEGER ARKAY GAPS(UIGIAK) 3
9: HAVN ,OUTTEX (& CURYIES O fliE Mol SEe s WuEiic SURFAEER 7)) &
1} wWig NAVW,O0UILAGE §
12 9oF0R 0 3= I “S'FEP ™1 UNITPL JAAX 90
125 LGl WAVANLVUTIMAGES NAVN.UU FTEXICSD = 9)» NAVNLOUTINICD,S)s
= GGMAX := DW*(D=5)/68 .
146 IF M0D(D,5) = J [HEN GGMAX := GGMAX + 13
11558 NAVN ,QUTTEXT(u GH4AX = @)§
16: NAVN.OUTINT(GGM1AX,5)3% NAVN.OUTTEXT( @ GAPS:@)s
s FOR A := D S{eP =1 UNTIL U 0O
18: BEGIN
1808 FOR B1 := S5%A - D SITEP =1 UNTIL U DO
20: SBEGIN B8M<l := IF 81 GT S*A=p—B81 THEN
2ilis 3%xA-0-81 ELSE Bt1S
(248 FOk 32 := ©8Md STEP =1 UNTIL O 0O
255 BEGIN IF A LT 91+82 THEN GOTQ@ QUT2S
24: B> := [F B2 GT 3*%*A-D=B1—=82 THEN
25 3%A-D-g1—82 ELSE 8293
26 : FUR 83:= BMJ3 STEP =1 UNTIL O b0
27¢ BEGIW SM& := IF 85 GT 3 A=D-81-B2—835 THEN
28: S*A=Dp=B1-B2-8B3 ELSE 835%
29is FUR d& := dMb& STEP =1 UNTIL U DO
S0: BEGIN BiM> := IF 34 GI O>*%A=D=-B1-32-B3=B4& THEMN
SEle S*kA-D-81-82-85-84 ELSE d4$
53748 FOR 35 := BmM> STEP =1 UNTIL U 00
35 SEGIN ST := d1+82+85+846+8583
b YA IF Z2*%A LT S1 THEN GOTO 0QUT>»
Skis 36 := S%A --D - S1§%
36 IF 36 GT B5 THEN GOTO 0QUTSS
Sif. IF 86 LT U THEN GUTO 0OUTS s
Dide S 1= B1*x*2+32%*2+3 5% k% 2+34 *k2+
59 BSOSk, 2+36 k%2 $
4Us IF A%x%2 LE S2 THEN GUTOU QUTS3
41 G 2 ((A=1)*CA=2)+(S1+86)=-52)/23
42 GAPS(G) := =13
45:0UTS: ENDS
44 END S
45: ENDS
46:0UT2: ENDS S
47: END3 =
43: END S ]
i e DR - E T T T R
Dig): bEGIL .4
Dile IF o = = : T -
a L,AH;?S(?: wu THEN NAVN . QUIINT(A,>3)a
2318 END2 GAPS(u*(u=3)/6 + |) := U
54 ;¢ EnD o

Db Eidbvs
565 3 NAV N, CLUSE S
o) ( SUERIES
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GA RS2
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10
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Bl 93

OnielenioiEeisiithia o A= [%d(d—SJ} +ol  wis sprinted vout.,

Looking atyud = 28++1in the table above, we find Hartshorne's

estimake Lin SiHawZ] ¢ "pagetli2 confirmed. . Hartshorne also conjecture

thatsin seneral sall gapssaccur for g-<g0(d)¢v%d3/2 For
1 <di .51 cwe get .theofellewsneg table for [%ds/z}:

d 1 Z 3 4 5 6 7 8 9 10 I 12
%dJ/Z] ST B e i ke IR NG 2 LR e B R T

13 14 15 16 o 18 & 20 21 27 25 24 %45

15 17 18 2] 25 25 27 29 i 34 36 5 41

26 27 28 29 30 34} 32 55 34 515 30 37 38

44 46 49 S 54 34 60 63 66 69 772 7S 78

519 40 41 42 43 44 45 46 47 48 49 50 ol

81 84 87 90 95 SO SUOROIES MUR T S Ol O T O R O N

Thus Hartshorne Vs.\don peeture holFds “Hor *rhiese Walliles off d'

2.2, The Main Progwam, “hofprogran giwvent below finds curves

in the area covered by .Cheicondie@tilre.gas, foldloms:

ItepErs  miln S mehy  gire @iven @8 umpuie , gundl ¢l Eums Jtieem  miin
to max . Per fixed dig Hartshorne'ls algomithmeis fivst used with a=d, d-1. Then
some type (a,b]-curves inet sudielic fdubdmiled sttt aice | are generated.
e gides here Is mapdieep the values of g, and e relatively small,
since experimental¥llevidence have suggested that it is such values
whiich contribute most im filling the gaps left by Hartshorme's
algorithm.

lind eledly It tarns: put thak as |\ d - appredehics (0l fenlyd viery oo cds
tlonal gaps are left unfilled inm this way.

Bt 1 clear fyom the output given ime 872,72, that Halphen's
cenjecture helds ger aill i« =< 24 Thils g bustllic beiEe e o iEem
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S

GAPS

1:BEGIN INTEGER MIN,MAX,GMIN,GMAX,D,A,G,S1,S2,S,B,1,J,K,G1,G2,

2:B1,B2,B3,B4,B5,B6,BM2,BM3,BM4,BM55BOOLEAN FOUNDS

o BOOLEAN ARRAY, TRUEGENUS (1:6,0:10) 5

MIN := ININTS MAX := ININTS

EOR: Lo Sgih  SliEr T Lo o0
TRUEGENUS (1,0) & =gRRUES

FOR ‘e~ 3 STER o1 AL 46 81
TRUEGENUSTLT ;1] " i = ARUES

TRUEGENUSES 2 2 TRUEGENUS (6,2)

TRUEGENUS (6,3) TRUEGENUS (6.,4)

Za0  TRUEGENUSTE10) . 2 ERUEGENWS (5,61 5 2 TRUES

o LR GMIENET 24 CPRHERTIMIN 2= 729

T80 T FOR I o= CRITNTSTER 7T JORTE Dl oHaX BY

T8 BEGIN WRAXT = D (Ds30./65

- il
Tl

SEX
OkOG)\IO\U‘I-b-

{5 LE MODIH Dy = 0 WHEN @A g = BMERS 2 98

6 EIFHN - 2= D=2

178 BEGIN INTEGER ARRAY GAPS(GMIN:GMAX),MINAB(0:GMAX),
a8 AA;BAJMAXG(1D)$

19: PO A 5= D SR =1 UNIFHL D= D0

20 BEGIN

29 % POR B s= A STER =1 UNTIHL 0 DO

228 BIEGAN B2 = diE a3t G FeA=D=ag REN

22 B A SRS E S ERRE D

2 FOlR B2 o= B2 STER =1 UNTIHL © BO

255 BEGIR: T A Biaardsz iEN. @onre 2 &

26: RS e= iz B2 @ Sua=iD=aa =2 THREN

2 8 A=N=B S B2 N EES ENEZS

26 FOR B33 d= Bz STER =1 Wiirit @ D0

29: RIEGIN Bl 2= TR B3 G 3RA=0=RE =82 =183 lalEh
30« 3*A-D-B1-B2-B3 ELSE B3S
B FOR B = B SER =4 Ntk © Do

320 BEGIN BlIS =0 B4 @ Jua=D==R2=rg=r hiEn
3R 3*A-D-B1-B2-B3-B4 ELSE B4S$S
B FOR B5 g= BYS STER: =0 (UNTIL @ Do,

55 BEGIN S40 2= JBiarsZans Sarieialarizis)

36: e 20m Ly S TRIEN. GOTE) LTSS

3 BE e= Fol = 0= §18

36 IF B6 GT B5 THEN GOTO OUT5%

398 E 86 LT @ THEN . e OUiis S

A0 g S22 o= Bl 22 s 2arle B s D Al e v e

A1 B5*%*2+B6+*2§

4% e Acoz LE $2 THIEN GO0 oluhrs s

A0 = L e (=00 SIS Ee ) —52 /9§
44 : e @ Ly @iy THEN @) Ol &

45: GAPSCE s

46 :0UT59 ENDS

AN ENDS

48: ENDS

49:0UT59 END$

500 ¢ ENDS

57 ¢ ENDS
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52§ EBOR I s= 1 STER 4 UL D Do

Sk BEGIN P31 LE 24 ‘THEN MAXG(L} := T=*(1-3)/6%
5L ¢ FERMODER, 3 )y = 0 THEN MAXGIT) == MAXG(T)+13
55 ¢ IF 46T 24 - TRHENMAXG L i="1=38

568 ENDS

57/ & ORI 5= 4 SyER A UNrEL 6 o)

56 ¢ MAKEET e B G

58 ¢ MAXG(7) := 6FIMAXG(8) := 9%

60: MG A B= 278 M@ le) 2= B2

Gl MG (21 ) o= BaG MA@ (24 2= B85

Gk EOR L 2= 2 SER A UINIIE CEland 10fg

53¢ MINAB(I) := I+3§%

Gl ¢ MINAR ) s= 45 MINASCT). 55 38

65: EORSUIE = =2 SaTeE R L N AT ) DO

66: BEGIN AR(I) 501§

67: ALY = D=l S

56 ENDS

69: FOR I g= 2 SWER 4 UNTIL D =1 B

710 ¢ BEGIN FOR J o= 4 STER 1 UL 9 0

Wil BEGIINEEORE K =8 ESHE P NIET =) DO

U2x BEGIINSIFESMOBIEAACKESENEN ESO M H ENS GOIMRORO U
7SE IF MOD(BA(K) 4J) " NE' 0 THEN GOTO" OUNS

i FOR @1 c= © SEP 9 BINIIL MEdE 1) 060

5% BEGIN FOR €2 2= 0 SyiER 1 UNArIL MavLE i) g
76: BEGIN G := G1+G2-G1*G2+(AA(K)/I1+G1-1)*
77 & (BA(K)/J+G2-1) %
I8k e & Ly @i THEN GOTO OQUUTS
79: IF G GT GMAX THEN GOTO QUUTS

BlOE IF AALKY /B LT MINABLGT1) THEN|GETE: OUUTFS
81: IF BALK) /Jt LT WMINABGGZ) THENTGOTO QUUTS
Bk e I LE & TlHEN

B3 BEGIN

84 : IF NOT TRUEGENUS(J,G1) THEN GOTO OUUTS
95 ¢ IF NOT TRUEGENUS(I,G2) THEN GOTO OUUTS
86 : ENDS

B GARS (G) t:= =~ 1§

88 :0UUT : ENDS

89: ENDS

©)(0) 5 OIUIT ENDS

) ¢ ENDS

92: ENDS

93: OUTIMAGES OUTIMAGES

94 : OUTTEXT (@D = @ § OUTINT(D,5)S

95 ¢ OUTTEXT (& POSSIBLE GAPS ARE: @ 3$

96: FOR G := GMIN STEP 1 UNTIL GMAX DO

O/ [F GAPS (G)* =0 HTHEN

98: BEGIN OUTINT (G,5) %

99: FOUND := TRUES

100: ENDS

107 ¢ IF NOT FOUND THEN OUTTEXT (& NONE.@) §$

1025 OUTTEXT @& HALPHENS BOUND =@) $ OUTINT (GMAX,5)$
103 = FOUND := FALSES

1 ¢ ENDS

105: ENDS

106 :ENDS
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=

The.oufputskor 25 <d =< 100 s eiven dn, they table below,

degyee [%d(d-s)] ey

d Gaps sl (@) Il @l Gaps 131l d Gaps H(d)
25 23 92 51 None 409 i None 950
26 None 100 512 None 425 78 None 976
27 None 1 08 55 None 4472 7S None 1001
28 None 117 54 None 460 80 None 1027
29 27 126 58 59 580 55 477 81 None 1054
30 None 1l 56 50 84 495 82 None 1080
31 29 145 57 107 514 83 None 1107
52 None 858 58 None 557 84 T4 a3 [l
315 35 166 59 63 551 85 None itz
34 None 176 60 GISH S S 86 None 11 90
55 None 187 61 48 590 87 None 249
36 38 199 ©2 g2 610 88 None 12407
S 35 210 63 None 0351 89 None h2a6
58 None %07 64 148 651 90 None 1180©
39 G L 458 65 None 0 91 None 1535
40 44 247 66 128 694 92 None &0 5
41 39 260 67 None 714 93 None 1396
42 None 274 68 None 187 94 268 1424
43 47 487 69 143 760 95 None 1457
44 None 301 74 164 782 96 None 1489
45 A7 05 83 316 7l None 805 97 None 15210
46 86 550 72 14 S 14ky 1 70 820 98 282 11552
47 None BUS TS None N5 2 99 None 11 5ES
48 50 361 74 None 876 100 None LG 7
49 59 570 s 147 901

50 72 359 72 76 None 925

Some :of .she possible. gaps ‘encountered here may be filled
immediately, simply by taking the v-uple embedding of some curve

gF lower degvee. sfar . saUe.s Vi 2edsas sy dullesgetsthe table below.
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g ) ] = g T ol 20

d Gaps (/B2 d Gaps fdy/ ST
25 25 57 107
29 27 59 63
34 29 60 68,87 (50:68,87)
53 515 61 119
36 38 (18380 62 IZ2z (B31:122]
i 35 64 148 [z 1480
39 39 66 128 (355128
40 44 WD) 69 s
41 39 70 164 (355164
43 47 2 14847 170 (365 140 b 7 tv0]
45 AR i it
46 86 84 174,198 [fAZ: 7 A a8
48 50 L b 94 268 (47-268)
49 59 98 287 (49-282)
50 e (S BTN
55 5100,.8/04,188
56 84 (28;84)
Zodo  Nng Searcl Proceduine The remaining gaps are now

il led by tee-enmbeddamg themcubic surface. It turnsieut that it

s miot tguvdif et e encopnter linear systems which’ when usecd

to re-embedd the cubic surface, transforms some known curve into

gite’ whitch Sedaifado g p -\ Nosystematic @ttenpts were made tolminis=
miize  theiffequired data, however. Instead we first generated the
parameters ot il very ample linear systems of degree between '3

amyd 1068 rand getgred them on the file VADATAFILE. The pregram
implenents ay obvious modification of 'Hartsherne's aldgorithm,

gngNds omitted here. Then our initial dpproach was to stere all
gap-values en another file, GADATAFILE., and generate the parameters

@& ail mon'Singhlar curves of ordinary degree between integers
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Mine and Max; 'stering those/parametcr sets for which the corresponding
gl igppeared OREGADATARIL B OnTthe* frle%DATAFILE. | This being done,
thepproguamy MAKERLSE below wowld produece a list of all pessible
curvesiobtainabler by re~gnbedding” the ones on DATAFILE by the linear
systemsegon NADATAFPLILE.  Therhistuispngtercdeonnthes@UIPUTBIENIn fhe
format

(Newldie onee i MGenls))

The peogramtis ‘the'following:

MAKELIST

1 BEGEN ' INTEGER VI ,D, COUNT §

2: INTEGER ARRAY B,PB(0:7)§
3:REF(INFILE) PAR,VAPARS

4 PREFUGUTRILE) YL FSTFY

5: PAR :- NEW INFILE (@DATAFILE®)S

6 VAPAR :- NEW INFILE (@VADATAFILE®)S
Bt LIST = CNEW OUTF ME@OUTRUTEILE) S
8: PAR-.OPEN(BLANKS(60))3§

9: VAPAR.OPEN(BLANKS(60))$

0

1

2

1 LIST.OPEN(BLANKS(110))$

1 WHILE NOT PAR.LASTITEM DO

12 BEGIN

1.8 FOR J 2= © STEPR 4 UNTIL 7 Do

(s B(1) := PAR.ININTS

15 PAR.INIMAGES

115 WH LLLE «+NOT WMARAR »AST LKEM ;D6

ThT BEGIN

163 FOR L 2= @ SUER 9 UNTIL 6 DG

19: PB(I) := VAPAR.ININTS

20" VAPAR. INIMAGES

214 D := B(0O)*PB(0)-B(1)*PB(1)-B(2)*PB(2)-B(3)*PB(3)
22 -B (4)*PB(4)=B (5 )*RB 5 )+B (6 JmPB 6] 5
2:35: LIST .OUETNECD ;3 ) SILEST cQUETNT (BO7 Li49 §
24 BLS T . OUT TEXT © @) 3

255 COUN s= Ol = 18

265 Iz COUNT = 380000 THEN GOT0 EY

27 ¢ ENDS

28 VAPAR.CLOSES

280 VAPAR.OPEN (BLANKS (60)) $

310k ENDS

JdlEs  PARCCLOSES

Jd2s VARARCLOSES

336 0 LIS CLOSIES

34:0UTTEXT (@NUMBER OF ENTRIES ON OUTPUTFIL: e s
35:0UTINT (COUNT,20)$ OQUTIMAGES

36:ENDS

Thié 4f imal eprogram 'scansiithe '1ist iproduced above, and gives as

output a list of all appearing values of g for Min<New degree <Max.
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e, 5
SEARCH

:BEGIN INTEGER I';B, LD G /MEN MAX, MINGS
:BOOLEAN FOUNDS$

:REF LINFLILE ) A1 Gl

:LIST :- NEW INFILE(@OUTPUTFIL@)$
:LIST.OPEN(BLANKS (110))8§

:OUTTEXT @ THE FOLLOWING GENERA ARE"VERIFIED:+ @)%
:MIN := ININT$§ MAX := ININTS

FOR D <= MEN STEP 1 UNTILIMAR DO

BEGIN' INTEGER 'ARRAY GAPS(D-2:D*(D-3)/6)§
10¢  WHILENOGTLIST-LASTITEM BO

1% . BEGINLD %= LEST.¢NINYS 6:="L1ST. INILHTS

OO~ U B WN =

1122 RES ERR=SN)RAN DR GE S ESE (D =88/ 6 AN DG G END 2 EN
132 CARSIE) 23 =16
14¢ . ENDS

18], LIST.CLOSES LIST.®PENNBLANKS(119))§
16: OUTIMAGES OUTIMAGES
17: OUTTEXT@D = @ § OUTINT(D,5)§

18:0UTTEXT @ D @S

19: - FOR 6. 3= D=2z STER. 4 UNT L D p=23) /6 D,
20 IF GAPS(G) = -1 THEN

27) 2 BEGIN OUTINT(G,5)S$

Do FOUND := TRUES

23 ENDS

245 IF NOT FOUND THEN OUTTEXT @ NONE . @) §
25z FOUND. s = BALSES

265 (ENDE

27 LISTCLOSES

28:ENDS

Initial experimentation with these programs revealed, however,
thit it was sutprisingly edsyl to?find curves which tilles thesdgaps
when re-embedded in this way. Therefore we proceeded in a somewhat
GLILIE SEEIREIIE ITIEIILETE

First; a list;of eurve parameters was selected,more;or less
at radnom, with some educated guesses. Of course, all the wanted
genus-values were represented on the list, which is reproduced 1in
the table of Appendix 2. With this 1ist on DATAFILE, the programs
MAKELIST and SEARCH were run, producing the output given in Appen-
didenl | Foy B5 a7,

Al upfilled: gapss in &he! table @t the endsof §2.3 now appean
in the appropriate line in the output listing of Appendix 3. Thus
oug Comjecturey? is verified fomjally d<408 ,gnd in particular
Halphen's conjecture holds in this range.

Of course the list of parameters in Appendix 2 is not minimal,
no® eEfort Was Mmade® to proedice such a® listil  This isteasily done,

but would serve no purpose in our situation.
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Ihe turst 125 yery ample limcay systcms on the cubic sinface.

Appendix 1.
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Appendix 2, A list of -selected curve pargmebers.
a by ba by b, b b d
24 12 11 o 8 4 3 59
14 6 6 5 4 - 3 23
13 6 5 4 4 3 3 23
13 5 5 5 4 4 2 23
15 6 6 6 5 4 5 715
14 6 6 4 4 = g 21
14 6 5 D 5 3 3 i
1 Vi vd 7 5 - 4 S5
17 7 7 6 6 - o 35
17 i 8 8 5 5 5 39
i i 6 6 6 6 6 4 39
16 4 T 5 4 - 4 35
16 v 6 6 5 4 3 35
16 6 6 5 5 5 4 39
14 5 5 5 5 5 2 27
19 8 8 8 6 6 1 39
18 = 7 7 5 5 4 47
21 T2 7 7 6 5 5 47
25 15 10 i 7 6 o 59
25 15 9 = 7 6 6 63
23 12 9 8 vh g 7 83
25 12 8 8 8 8 6 83
25 9 9 9 9 9 5 86
24 9 9 9 8 7 5 86
22 8 8 8 8 6 5 80
20 15 10 2 9 8 ol 5 4
85 20 15 12 10 7 G e
35 18 16 10 9 9 8% s
32 12 12 12 9 11 o 1aT
@5 6 6 5 £ 4 4 20
14 6 5 4 4 4 4 29
L 5 = 5 5 4 3 22
25 12 10 8 o = 6 80
25 12 9 9 8 6 6 80
25 12 9 8 8 8 5 80
25 11 1 8 8 6 6 80
25 1 10 10 7 6 6 80
25 1 10 10 2) 6 5 80
25 10 10 9 9 8 4 80
24 - 8 8 i 6 6 80
24 11 10 8 6 6 6 80
24 19 10 ok 7 V) 5 80
24 11 9 9 g 6 = 80
24 13 8 8 8 8 4 80
24 10 10 8 8 7 4 80
24 10 9 9 5 5 5 80
23 3 9 6 6 6 6 80
23 11 8 8 6 6 5 80
23 10 10 7 6 6 5 80
23 10 2 8 g 6 4 80
23 2 8 8 8 8 3 80
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25
26
27
28
29
30
31

32
33
34
35
36
4
38
39
40
41

42
43
44
45
46
47
48
49
50
51

52
53
54
55
56
57
58
59
60
61

62
63
64
65
66
67
68
69
70
71
i
73
74
75

Appendix 3.

i

Qutput yfrom: SEARCH.

THE FOLLOWING

23
35
27
27
27
29
249
B9
55
S5
815
85
85
319
3
B9
81
47
47
47
47
47
47
47
47
519
58
519
519
519
519
59
519
519
519
5%
59
63
GIE
63
63
80
80
80
80
80
80
80
80
80
80

27

35
29
28
35
B85

B9
59
B
319
39
47
47
47
47
519
5%
63
5
59
5%,
5
519
63
63
80
63
618
63
63
63
80
63
63
63
80
80
80
80
83
83
83
83
83
83
83
83
83
83

GENERA ARE VERIFIED:

29

319
819
47
47
3.9

58
47
47
519
47
49
80
519
55,
80
80
80
&3
80
63
80
63
80
80
83
80
80
80
80
80
83
80
80
80
83
&3
83
83
86
86
86
86
86
86
86
86
86
86

315

107

47

147

59
80
5¢)
80
83
80
63

1Q7
83
80
83
80
86
80
83
83
86
83
83
83
83
83
107
83
83
83
86
86
86
86
147
a7
107
107
1948
107
107
1107
107
107

5159

63

63
83
86
86
80

110)7/
83
86
83

11
86
86
86

143
86
86
86
86
86

11l
86
86
86

107

14

107

0

147

119
143
119
147
119
119
147

53

11e
80
86

86

86

107

107
147

191
107

107
107
19
147

114G
11

143
147
143

147
147

80

143

147

147
143
143

147

147

83

147

147

86
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Note added in proof.

After these computations were completed in 1980, Peskine and
Gruson have proved Halphen's conjecture. One’of the Key steps in
their puoof, 15 .4 eontirnation of Hartshiorne's conjiccture foiian
uppetr beund; ofisthe gaps on the non singular euble surface. 1
understand they are now in the process.of writing up their work.

My program implementing Hartshornes's Algorithm has been made

mereeffficitnt™by“5vein Mossige of the University of Bergem.

Unfereunately it Still runs too slewly to be of any Use beyond say,
d =200 .

The tesults obtained are listed in the ftableigiven below. pper
and lower limits of the gap intervals are given, the reader may

compare. the, output, format to, that of the table wn §2.
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