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1. Introduction.

Lot ¥ o ' X HS i nbn T al” of thHe Eorm x - + dort g , wWhere
S AR S 20 # AW Sand A CREYES £ % Acsume ~Ehat £ hast an
igreduciblecubic' fadtori®gt= RO SRR LRY 1o gk dun o - s BBl

say that f 1is special, and in this paper we determine all special
guenmemual o8 AV BrepubrBiilodid shis for¥ ET="1%;*stalingcidr Lits
methods can probably be used also for E = -1 . We have used a
different method, however, and thus obtain a (largely) independent
vewLficatienvief "RisVeEsults. He relies (mostly) on a p-adic
method of Skolem, whereas we (mostly) make use of the preperelies of
CluE ZEres @t it

We iDefe prto PPl Sfor Edrthér “hackground .

2. The theorem, and some particular ciases . of it.

The special trinomials can be normalized in a certain sense.
For if g divides f then -g(-x) divides (—1)nf(-x), cxsg(l/x)
divides Exnf(l/x) and —cxsg(-l/x) divides (—x)nEf(-l/X)

Consider the following list of special trinomials, chosen so that

noZ Zin o ameh A = 0 3 fl = x4 it | f2 = x5 0 DXk gl
f3 = x7 i sz = . f4 = x7 g Zx3 S f5 = x8 i SXS = I,
e R T N G AR ma e
S e L (o] .l Y :
f9 = + G Fx L flO,j s W © G B e R R B A e 1

OF these, only f6 i1s not given in [1]
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We can now state our

THEOREM. Every special trinomial is, or becomes after normalijization,

one of the trinomials fl’ S f9’—£10,j

It will be convenient to treat the cases with n
7

separately. Oné¢ finds easily that fl, f2 = (x3 =R l)(x2 Ll i A 1Y

wWith factors x3 t ij2 + ijx = 1., are (Up 0

© @i AL =2

A

and the flO,j .

normalization) allithe lspecidl 'firinomidlis wish "n¥z'64." Note that,

by normalization, we can always assume n >2m and we assume that,

and also n >6 , from now on. (The other normalizing assumption

&' > 0, whichwwe could make'onlyfbecatiseNit 50 happens that no
Special trimomial has n amd W ‘even, A= 0 @nd E = 1 will
never be used, however.)

I£ |4 '=] Swé'rely onlBjunggren' s fésulti(th,. 3 in [ 31
whieh , implies that £ factorizes, Into XZd ih AmEnxd + 1 - and an
itreducible polynomial, with d = (m,a) . " 'The first tector divides
x6d =1 , but no root of unity has degree 5 , so g must equal the
@EloEIE EEEEOTE L fuel iEneE. & = b= Aol S0 desis el =l e & Biule
d = 1 . as" n >6 , and hefice w4e=99, m = 3.4 whichviolates
Liunseren's: further conditjen, n +'m = 0  (mpd 13d ], Lor
factorization.

L€ &l = 2 , we use Schinzel’s wesult [ 4 }. His th. 3
(corrected in [51]) describes explicitly those irreducible factors
of a trinomial x™ + Ax™ + E which have no roots of unity &5 (eros.

They are polynomials in xk , of degrees 3k or 4k , and we obtain

the normalized special trinomials

3 x7 i sz— 1 = (x3 - xz = l)(x3 ERDGRE) 8 (B ST

Hh
[}

= x7 & ZX3 S (x3 - x2 + 1)(x4 + x3 + xz # 1
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3., Location of-the zeros of g

We prove that g has one zero inside the unit circle and hence

two outside f{as ' Vel = 1., apd £  has no zero on the circic iWien
AL &7 ), . To see this let. first silm) = 0y with | byl = Lo e
bl & aTEpe omi(Bod aboze ), W20 5001) < ippdd

1

so that lw!™ < 21a1° and hence

(it par " Yy i - Lbe pxendeprond B2

A
A

If Iwl > 1 instead, we get

m =10l

Iwl Wl =48 + Ewlilo &vppresiy

LA

This shows that if g has two zeros imside the unift circle, then

(with B = 1Al )

He= cneiBdev(B= +eapityf(Bas M=B(1iz uBR’péymat wintd)
T ) ] 5
BRE Chils "ds absund, as . Ly dmiey £ 169481  and B = B < 4/9
ter B 2 3

With g shaving one zerp, demote ¥t by t , inside the umit
carcle, there ave sither two mere resl Zeros, U ' and | ¥ , o¥ da

conjugate pair z,z , outside it. We'll now exclude the first

possibility.
Farsedsy msamd v must be of opposite signs. Fer if, say,
12 Gl wilskivent the sgiationd wh Thes B sy vieths Bl

(Eghd)nous Hunconsdseents wisbhe thiel Factthat cdy dxllecr ® + Ex™™) >

(e = ) = Loy fer kK & 4 «BiNowslens whatl lnd « <hrl < Rlhen
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O e G T e T el T () B imp e, what N w0 e
T W L TR L R S (e m)_l <dlen A S ehait lu3 - IVISI =
LA N m)—l Ll ks aTee tiiat i Bauation . b URh e
RS B~ %™ which holds ds n ='m is even, gives
b= el SRaT ik @ie and B = devle ol EeT m e joddi

Congider now.iia = .t s+ W Me  Lfind, as 0 = [t < 1.,
B i Sl e TS e W(and chence, . sy, 00,0 iS5 edd . and thie
iogualaty Elu s lwl) <0 holds.w Farthermeze . B = C ., which 35

a consequence of the fact that f/g has only complex zeros, so that

BAC = BL00La 00145 .0 vl £, sname Ly, (the evendegmeed polynomdail £/2

has aMpeal zeno,init shas at least two (distimct doy coincident). . Now
B, <f he) =k, tassemeis cizreducible cand jcan not divide  £' ., whaich
has Tdat Jidst «twe "real .zetos o+ul .o Thus two.redl gszerosor  f/g

wadlhd meanl ‘at «Jeast (fiveyreal.zeros. (outef wigich at most Lwe iare
coincident) for f , and hence the impossible number of four

ilistainc Farca Nz e Reis) Rome kU

We censider q-a Jagaipeutlsiee =.B it can new be written as
Wa+0v , - tBluvisdB(BLu welul) ® u_llvl_l) . wEriehdshows thae e | gal v,
gato=l < Blu. = byl = W camd U u—llvl_l <1 Thus - a-= 0 dnd
o) —(t3 & u3 + VS) =il thu & ¥} 938 =L BEL ewhich isfiucensietent

3 3 3 3 3

Wity SRR+ S [l (f |v|3)| Lol 2

It hasxthus iBeewm shown that the Ferestef+« g wane +tyz  ramd

ZAN S S o< | R -1 I | R W G |

4., The case n * 3m

The distinction indicated by this heading seems unmotivated

right now, but its importance will soon become clear.

Jal=t

The equation 2z 2 A= <Rz :

~ e

shows that [RP™™ -
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and we alse have J1t1 ™™= ALY < By DT gl
s inji T ofi IFMFatn A0 D poaBEl g fpEy £ e , gives
(%) an—Sm — i =< R—Sm . R-Zn

Egie e dilsEusSsSien euf (#) g dtE g useEtull T @hSETvE Thei
i3 2 T Per™ s Ydnd T Yy e Thaye both dt Wedst one .Zero dnside ‘the
URLe cdvelewiile ™ £ Thas " m Uzeres inside it (as “{AT > 7 F. T Now

Ty the' LHS Sof s (%) ' ds7adt Tedstr R -—. % Wilile
L

OISR S ST

v

Bor "= B 5t is only dt Seadt *Er=/RY Using this ( rementber

e 2t 8 owe . Tinds Chat "ot frnpilies’T R TR 122 o T POE - BN AT L R
The magmitude” of'& a@ is at most ZRO + RO_2 = A4 Srand Hemnee

lal =3 .  The integer a - bec , which equals ©t — - t

+ (z_l i T G z). has masnitude =it mosT Ré - R_S

A7 6 O Ral) < 1. 902 s s oemmea o (G = e e

s ge = bl = la - hel =@, 1" erd-l . -Kurthetnore., s g has

ng real zero putside. (-1 ,0) 5 e have s s(1] L T o e - P L
88 that ~-b <a + ¢ = b . Replacing g by . ~g(-x},  We:can requice

a >0, too, and then we are left with the following candidates for

g

3 3
I R D x3 # XZ i e el G %7 sz SR B, N B x3 + 3x2+ 4x + 1.

When -1 < x < 0, we have

X3 + 3x2 odlst s gL < x3 + 2x2 o o o= x3 + xz ooZae A b

and the latter polynomial takes a negative value for x = —RO

Thus any of these three candidates for g would have 0 > t > _RO_ >

1B B = R0
3
bot  x~ +ie & 1 'we have B = 1.71 o &8s s 2l

» and is hence excluded.

~i 2

R 0N S T

Then. {#}* " can"hold only for m = 2, n =7 , and for

H L 7 ’ : : v
DT M W e 9 TS R T has a unique expression as an integral
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conbigation . of " B, Ty t2 . cthe amily: possabililaer for b ia i e

first case, f3 5 (BXPressing t8 and t10 in cErns @€ . tz and
t3 we find also f5 = x8 * 3x3 -1 = (x3 e l)(x5 - x3 i3 x;+x+-l)
The candidate x3 * . x 4.1 ‘has been coveredf oo,
The final candidate for g 1is x3 W xz o U oyatielns RS g ILE
Now (%} ' shows that m < 6 and . thate  m =20 u e G ol o= G s et L,
m=4=n < 13 and m = S B < 6 .  Expressing £ in ol basde
/i i R

Lt Pud R R S o ¢ S Ll L3 g dmde ne ke b e il i e

A

dfgr  H < “L6 . we rediscever: £ i and £ and also get the new

i i ® 4
specimens f7 and f8 <
a4y The case n = 3m
Let™ @ be'a"giviser*in" m 9% Then fl/d = XSm/d + Axm/d th
will also hHave"am Trreducible cubfic tacters Ber fl/d(td) .,

while the polynomial s fxs= td)(x = zd)(x - Ed) TE% it 2l S hand . is
cledwly jrreducible] as* iV W] z4 8 SEhiskmcansithathwel camdiin

tlie £1rst inStance® coflcentrateron fiwding®thoscl 1'30ffoxr Which" m

is a prime. We already know the case m = 2 and we'll see further
pelow* that The" only otherfcaseris. "mé= 11" .v3Then

f = f9 = XSS 3 67x11 + L, Mg = x3 o o Ao Mhuls Shews thet e omlly
pussible valuess for"™ m . “arctpowers of 2 SWelt 14 ,pasven =ralag

say, would TeqUirétE¥ ArSReSbe 67 antl te have tht Thin 4(j4 =L 39

We start with the powers of 2

e Vi Sl x12 i Ax4 HAE | StiveTe fl/Z = x6 & sz B ST e

one" ot the™ £ 4(j4 - j) . Furthermore

10%§ ° et

7 B
(X =k (xE 22)(x - 22) , dividing fl/Z ,'must be






2 2 2 =2
x3 - 2jx2 # 2j2x —Eellile 0 A e (xz - tz)(x A
= mg(X gl =2} = e 2jX4 + ijxz - 1 , which requires
: . 2 L4
2b - a2= =234 b2 - 2ac = 232 MG D B (aA/Z - 2ac) /

The ézpressiom for b 'shows that @ Wis even, 'a = WK 'y and

3
thatZk4 - kc must be a square. Now (k,2k” - c)

kb =it rz, Zk3 - c =t 52 5 wotielm ®, 8§ & RS (TR S

or Zr6 = 52 -1

]
—
)
=
ol
wn
O

- aF
The equation 2r6 = s2 il Shas the' sollUEien B = isian g =
This gives a’= 22,7 bi= 6, @y= 215 ] =40, Tamd NENSTRENh S8 2 S e I,
1= 0 5 Bug fl0,0 1s not special. We get f6 = flO,-4(X )

= (x3 3 2x2 @ 1)(x3 - sz + 6x - 1)(x6 - 8x2 S )

There are no further solutioms, as the Diephantine equation

2r3 = 52 * 1 . 'has mo seldtreon with ' + 1% Peor this equation
gives s + i = (1 + Llishi te S i i)§l , where the Gaussian
integer s; 1is relatively prime to its conjugate sI (note that
o2, =) divindes (It T R B S R R

Imi(s+ 1) = 1= 0h = " p . Mo o b e

|2 Rt YRR S C IR i o e TR e e AR

The equation 2r6 = 52 =l s the Teo Lt o Ty = @, Si= 1
: * g ’
in % . This gives a non-special f'. EBEuler [7] proved around

1782 (but for a false lemma) that 1 + 2r° is not the square of a
rational when r 1is a non-zero rational. As is well known, and

) N 142 .
easy to see by arithmetic in Z[((-3) / + 1)/2] his lemma becomes

correct, and useful in the context, if the assumption (x,y) =1

B R L Hod L s added 't it. . This finishes the case @ = 4

Finally m cannot be 8§ (or a higher power of 2 ) . For if

B e Ruidl oS abewiel thae  (x3 . 02 I R SIS RS 5



ﬂS Ly ,nﬂ%ﬁ &i e 3#&3 muﬁﬁ§  d; e

i G 33»' a&-s ,wd'r R

soloont C o= ety gprigloe sds 2£d | Sa " 1& ﬂﬂtfauﬁ% ﬁﬂ?

A = S = d 8% Sia bak , e mE Ik = 3 0 =d Re s 1ﬁ¥13 !Id%—
{ x)&*gﬂii_; x1 Jog oW .lIsijeqe :bnrai ﬁ.ﬁi} g } ﬂ s t

: g{ LB N gx@ S S T st.~ ax)(_J_’. X0+ VxS 4 zx‘)_‘ it

oL reups onilnsdgoid eds s ‘QHOfJUiﬂa m&d:ru} on o188 otodT
A i g NE. S
fAoEYsope 2ids w08 . 4 & T dsiw nu;ju[aa on znd TR N :S

=

nsleeusc od3y swedw | ¥k ~ k) = i ~~a',ia£i # 1) = & % 2 wovig -

3848 v100) pe syegyuines =T 03 ewivq ylsvisslew pi’ e Yegesul
wae e o T(plor g e [ gaadY o (A I"eﬁb@vib (L -~ 2 .L;*,a)

guatigmt dokdw o (Tp * pgb # qu(p - @) £ &L = (i o+ 2)ml
o= mig wlew plolE® g B Lo 8 Bl ey

I ! a !0 .x wpdduiop edy 2ed f +« Ta = 6;§ aoiysupe odT

ot Sl iyl
bnuows bavawq {;1 vedud . 3 Iskosge-aon & 20vig eid¥ .. 5. mE

7eﬁ3vjon,ai bug &'} t8ds (smol salsi 5 10% dud) Sat{

'haﬁ 'mmamiﬂl 'w wrﬁeﬁ yIanoiset oxess aoq & gt v ngdw Ianoxia?
G RN

(i‘))lﬁ LmE sx:aﬂdril# %ﬁ ﬁpa o: 1.30:H¥



must equal x6 - Zx4 + 6x2 =1k yoy Thisilplics ythe simpassdh i L Bty
Bhist Aisdels @ - Zac =46

Ngw Tet . “be an odd prike.pa.. The polynemial
g Adex v tPy (x - Zp)(x - zP) has.integral coefficients, and

zeros in common with fl/p = x3 e Ave s B inalell 1S alicreeiieiple .
Thus fl/p %58 andy iniparticulirye B ke + 47 =live s This
gquatiow rsitews wthat .2 ¥4z 0-a -4 .06 e8dinitiseandsse 1s.  —d -2
and -a -z . Thus (-a - t)(-a - z)(-a - Z)

= (-as) + a(-a)2 # 9 f-a) ihsc.=m iHab ™ Ve o= & lu. g Replagiiig®se by
-g(-x) we may assume that ¢ =1 . Then ab =0 or ab = 2

The latter case is excluded, as t'+# z + Z = tP + 2P + 2P (mod p) ,

Iiglries "V sa v N Afmda ¥ pit T iRenice¥ abBT= 0
P& =50, g (T = @ ¥R AR BL athen ' @ = =2 y ds ot licrydisies g
would ‘have'a zero im;ill;=) , and’simifarly “gf=I)®='34% 0 , Thus
@)= =17V which“contradiicts ™ ‘d = 0™ (mod® plsd™ Hence s 350 & D9 And
g o= 0
Now g = £k Moy 09 ATBae v st dibig _k, ] s 08 S o PN
= = = - = — — 2
and note that Sg 3,51 O’SZ 2b,s3 53 Sy 7 2b and
S¢ = Sl e Sp =M@ .~ This ShowdYehat pr=%5%, dand shen “HO= 1. .
as SBp = s (mod p) implies -3E = -3 (mod p)
We first elimimate®the caseé ! “|bl > | ,* Inspired by Bremner
fpi 146 6£*[11),%we put gER (1 + bt)? etc.. Then
_SSp B (?)bsl LR IO bpsp or ,equivalently,
Lppie £ a3 By, 3 I D
PP A SOEIR28S BEpIbReStRE)D IR ENE) Bis0 BE. odd+ fj Jb=ans Ly

This equation shows that (b,p) = 1 and that b> divides
(Be=tilig 2 o et g be a prime dividing b . Then q clearly
divides 2(2)b°/((p - 1)/2) , and s(2)b%/((p - 1)/2) . If q does
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" k-3
not divide (E)bk 3sk/((p = ¥} /2 ). o some Kk g0, s cEhen
et iiviide | Jfs.s D, was (B o nilp et T SRk S
2k—3 4 qk-3

then &K wcontradicting k= 6 . . Thus. @lp - 1]/73

giivides only the RHS .of our equation,

We are left with g = x3 I WS G O 1 x3 mox + ol chas g zete
ainy G % — 1)) . Then, as ‘ebserved by Brempers, g divides
x46 - 47(77x2 o lLE =20y =l S e ke tleanis t et s Wi Eh
pr=dflk F v, 0 = vi< 46 , we have
2 k.t i g
B = L SR AT T B T A L gt e s
P g s s il 0

where the Ai are rational integers. Thus = @ fmed s 470

which (one calculates) happens only for wr = Id , with Sy1 = O ¢
This gives the special trinomial f9
e SEE theli Siek+11 ¥ Oy fops ko> (.. observe that
s i et | e -
A1 = 77s2 + 135l 27s 13 ., amd that (i) (i " 1)k/l for
% o o This shows that 47 o divides 471(11()Ai to a higher power
than it does 47k A1 sHas 471_1 does not-divide 4 . For iz 1
It remains to prove that m cannot be 121 (or a higher
power of 11 )., Assume £ to be, Sig x363 it 67x121 = UL IlGEn
Ny (%6 .= tll)(x - zll)(x - Ell) is 'a cubic Factor in
x33 s 67xll + 1 , and hence equals x3 #oxre 10 But g divides
IS L g ' i ; a
go(x ) IS ) + 1 , which is, however, not a Speeiell Erdnemutzll .

REMARK

The ‘result of this section, in ‘the case of odd MgV edn a0

be expressed as follows: The Fermat equation P It =i

has a solution (x,y,z) sowith Xoy and 2 conjugate cubic units,

ouly In the case m = 11 /" This closeness to the Fermat problem
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also shows up in the fact that 11 divides the Fermat quotient
i 3 500
i

just mentioned. These quotients are important in the Fermat problem.

1), which can be shown to be related to the solvability

Also if we modify our problem, asking for three linear factors
e O =T and Lk el iwhiere Cdbic, U0 s o ¢ requiring
(Bl aebe 1. we get the Fermat problem in the'case m = 3m
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