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ON REGULAR FROBENIUS BASES
ERNST S. SELMER

(R Deimiile onetoit regular bases.

In a recent paper.[6] in Math. Scand., Marstrander considers the
Frobenius number g(Ak) pfl g baeie et e th 1 maedtive integers

Ak = {ao 289 58, 5, ..., ak} gt g (ao ,a1) = 1

He does not comment the fact that the condition (ao ,a1) =hiltets

fead lyrasaegetrictdonaforii kn2tdral diwiisrwelil knolmwdine Frobenihs

theory (cf. R6dseth [7]) that we may remove a common factor of all

but one of the basis elements, but not for a smaller number of

clements. ‘
If necessary by reindexing Bo Bz paia By . Marstrandep gives

Ak in ordered form by

( B s - -

'a, a1bi Bs W | Y S RTINS (ak+1 0)

i - i

(1.0 thd = b1 £ bZ L Euin « 46 bk < bk+1 = a,

[ i

.0 = e D N Cx < Chd a,

To obtain this, some dependent bases are excluded (but there ety s LAl
be dependencies in a basis in ordered form). We put

Bk = il ,b2 i gl bk+1} 3 Ck =l $E 5 tha + s0g Ck+1}

Many of Marstrander's results bear a certain resemblance to
earlier results of Hofmeister, /In.mest cases, however, this
resemblance is mainly formal. In one instance (Remark to Theorem B
Marstrander makes a direct reference to results in Hofmeister's
lecture notes [3]. These results have later been published in [4]
(not easily accessible). Marstrander's reference is to Theorem 5 of
[4].

For later use, we must quote some more definitions from
Marstrander. Since b1 = 1. 8Dy pesitive inteoer may be expressed by
Lhp basds {0 b e R bj} e D i R S e Z%xibi with

? 2 s

X; 2 0 (in nany ways). Following Hofmeister, we denote the (unique)

regilay representation by n. = Z%eibi s Netithen antroduce

R, ) = z%e.c.

i Rin) = Rin,k)

M(n,j) = max{z%xicil )i Z%xibi}
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. Marstrander now defines the (ordered) basis Ak to be regular
i

(e B le v 0F = Mla ks (0l W e N

This property clearly depends on the choice of the (coprime) basis
elements a, and a; -

The definition (1.2) may seem artificial, but it turns out to
be highly useful. A good illustration of its usefulness is
Marstrander's striking Lemma 2.

Incidentally, this Lemma also has a function which is not pointed
out by ‘Marstrander. The conditian (1,23 Yis appatently "infinite",
since it shall hold for all natural numbers n . However, regularity
is equivalent to the condition

ok X Gl n
(1.3) & = Z1e.lbi il ke Z1eiai PR D YA S ag - !

where the minimal system {tg} cansalways,be determinedrbyna "£inite
work'.

Z; On the conditiong for repularity,

Marstrander's main use of regular bases lies in the determination
of the Frobenius number g(Ak). OQurcinterest has been a study of
reggular bases agysugh, negardless &f sapplications. .We shall treat
some aspects which were not considered by Marstrander, but first quote

oge mare result from his paper: lLet. 2x> . denote the :smallest integer

S R e
T
(22117 ib = I e q. = Ll iemen e el i b
: SR it L \Ti/’ gt
Let further j < k + 1., and assume that
Bl 03 =" Nl 0] s e
(aluays satisfied for §.= 2). Then Mapstrander's Lemma 4 ' says’ that

|6 P L e e e T R T R T

1f cgnd sonbyiadif
(22 C
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b thisconditipn e - gatistied fov gL & 2, G <,k . we ‘geb
(1.2) and henmee aegblarity.. Wetshall then call Ak completely
regular (our term).

Fom il oo Usegesl et we: mni e out. exnd iedtly the conditions (2.2)

folm 38 =< Mol . 1% o

/bs\
[ 2s) oA C
3 ) \55/ 2
(note that R(sz) el since S, < b2 and By [
|py ) S
s 3
(240 A B e U =f/ c, - [ }c
4 3¢3 3 \\Bg/ 3 Bl

(since b3 e By ezb2 s With e, = [ss/bz]).
We make three observations regarding the conditions (2.2):
fik s Analysing Marstranderts proaf of his Lemma 4 ,.0t 15 easily
seen that the condition (2.2) is necessary for regularity of Ak
when:. j .= k , and for all j < k .such that

Bl B e

(since then all representations of bj+1 + Sj by il ,b2 A4 wed) b

are the same as by the full basis Bk).

g6 |

{17) "VE¥nce Sj < bj , 'we canvrepldce R(sj) oR8GA82) by
R(sj,j = 1)5 or just as well by R(sj,j):

gl € 2 oG R(sj,j)

Ftnisn@asily.seen that this conditien is.equivalent to {2.2), even
ifphay < bi isideleted in.f2. )3

el PuLy — Gl = D

(the remainder ks [Si/bi]bi then corresponds to the S5 of
(241))ansnThis.obsevvation, thepgheperhaps. trivial, will be very
useful in § 4 below.

(ii1d. For k =.2 . the one condition (2.3) is necessary and
sufficient for regularity of A2 . Already far. K's & therg are
regular bases Ag which satdisfys (2.4)ibat inot £2,8) ;.and which ave
consequently not completely regular. A simple example is given by




: ‘-‘“""L‘.r‘fﬂ'm- "
. {se)ﬁ :pﬁ# ;:an) %

~t‘€$é\. %J - rﬁ? [ﬁi;@'ﬂ" £ :
y@&.ﬂ) aolfibuoy sds gaibyags: %ﬁnﬁéhxﬁa;du aazﬁf 9isn aﬁ :21%
gifk#ﬁ ai 31 & Bmmed pifl Ao iaévq ‘t@ﬁﬂ*ﬂﬁeus# gaiepliaoh  {1)
#kf'i& Qﬂivsiugex O &3§?§“ism ai (?FE} moiTibnon odd 1ad& naéa
Tl daﬁa A s A4 iig we¥ bos ﬂ =t nsﬂw

5 : i’ T 1 Wi Sall : r P
3+td‘}'iajf ffid _
{f“‘ Ed .»‘1 . u/i : L Ed -,. {} Yd @ ¥ ‘ ‘&‘ d i ]0 aﬂ&iiﬁﬂhﬁﬁaﬁ Iq‘lf { { . nadj 5gﬂjg)
i o (jg ;(,ahﬁ ILHE aifs wi 25 wEse ad} 918

w# {@ i} ¢ L ih1h snslgsy e, 4w “‘g _agnzd (i) =

4 r B 3
gl CHELSE L :L{.év)ﬂ Yda%ﬁ,?aﬂ J:b{ - & i‘tz)ﬂ N
ek L S e S

b B S Y IO A< b Cen DIGEN
aovn ((5.8) o8 Ipelswiups ei apiribaon 2Xdy I8dd nosz yliese 2i gl

: SR Ri &axaisﬁ 2l od >ocad 30 A
i R Y R _'; fa"“u ”

o 48 eﬁ% o3 a&uuqaaxﬁua rads

YW$% ad thm; Iﬁiviw£ aqﬁdwaq dgﬁd&i

‘\-i.

h

10 (111)
mn& :naiat&iu&-x_'



¢ 84 Az = TTAGIONTE ATl A MR DR SRS A BASRBE. Mo putieR.. o

Thelhregularity 5gf A3 Is'easily established from (1.3). By
Marstrander's Lemma 4, there must exist an n €IN such that
R(n,3) < M{a,3), ‘We ban ute g = §'& BUUSSE e 2b2 , Where

3 1
R(n,3) = Cz =3, M(n,3) = Zcz A et

3 BB THhevic alsiay b8k "= 29

In -the simplest case k =2 , 'we have

Ay = 1ag,ay .85}, a; = ab, -ranc,

B2 = {1 ,b2 ,ao} b C2 = {0 » € ,a1}

(&

As already noted, AZ is then vegular 1F and enly it the cendlition
(2.5btigasatisfied:

v

/20
(3.1) a.] b—gj Cz

In-this case, we shall see that regularity coerresponds to a well
known property in Frobenius theory.

The Frobenius number g(AZ) was determined by Redseth [71. He
puts

= b

hence So 2

a, = a;s, (mod ao) ) Sy < a3

and then performs the Euclidean division algorithm with negative

remainders on the ratio a The aleorithn stops after g ecertain

A7 P
§ )
number v of division steps, determined by a condition of the form

R £ RV o e pd PR L e

v+1

ao\
R RO = e R T
0 2 1 B’Z/ Z 1

and a comparison with (3.1) shows that A2 is regular just when

v = 0 in ROdseth's algorithm.

In this case, Ré&6dseth's general formula for g(AZ) shows that
(B352) g(AZ) = a1(b2—1) + az(q2-1) - min{a1sZ ,az} "

where 8y = b3 = qzb2 it ok ok (O

The same result, under a condition equivalent to (3.1), was
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already given by Hofmeister [2], as a special case of a rather
complicated theorem. A direct and simple proof of (3.2) was presented
by the author [8] (before R8dseth [7] appeared).

4. Regular partial bases.

I " % k » rdand Ak is regular, we may ask under what conditions

[o}]

"partial basis"

e {aD 184 4 wwey 8]

is also regular. Bwen if all conditigne (2,2 should be satisfied,

the question 18 Tdr frowm ktrivialy dince how

B|< = {1 ,b2 A bK ,ao} . CK = {0 1€y 5 +eey € ,a1}

are not partial bases of By and Ck'

We can, however, prove the following

THEQREM 13 Letsik 2,30 andte2is ghathull I8 Ak satbsfies

the conditions

RS 5% Y= "Mien 00, i € YN

CE 2 o]l

o 8 -Iﬁsj), B T T RN T

(hence A regular), then the partial basis AK 1s regular. In particular, all

AK are regular if Ak is completely regular.

Et ol cledrte Suffice to neone Jdhegiearl rivst for k =k -1, and then

use this result repeatedly. We thus assume that
(el 18Gat s e e G ety e (€I

,J e =L e RS
1\ Clst - R(sk , k-1)

Since S < bk and ST bk , we may insert a second argument k-1 1in the

(4.2}

v

Uk

R-functions. From

b ®dpsaliey 550 Pl U B b

we get
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DR S by B sy e i B )

Ffor Use® an' the!' Mreduce d™ biasis

B BBl o WD ety i

¢ 4 B Bgl

Beparting from (410, 8ng wsdng the condibiom (7 ,2)din the form
(2,.5-6), we see that AK = Ak—1 L8, repular. A and snly 4 £

sl = Tl - g R s 0 s e )

The ' two dhequal itie® {420 give

Eing i e e Ul B e B 1) R ees e o DN
so we are through if we can show that
R(qksk_1 t oSy o qu(sk_1 s K = 1) + R(sk ik =)

And this is an 1mmediate consgquence of (4.1) and Marstrander's Lemma
(5%

ithe many 2% un'fthe prdof Slndicatel thatiialdssthel conditions of
Theorem | are not. @lways necessary, As an example in the simplest
gase k= 3 , k%= 2% lconsilder #hel basis A3 BT e DR eny i kil

faidie. b0 satdstyl? J3) sutihe: partial hasis
AZ = gy 20 Bt B2 SN N C2 et 5,

satisfoespld o) and ‘15 thus regulap.

5+ "The commection with wicasant h-bases.

We assume knowledge of the '"postage stamp problem", see for
instance [9]. A comprehensive treatment of this problem is contained
in'¥tHe ‘guthor “s''research monograph [10] (freely available on request) .

A "stamp" basis (an h-basis)

ko = {ao 3 0q 5 e ak} R o S AW o R T

is pleasant if and enly if the iregular mepresentatien..n = deiai has
a minimal coefficient sum ‘among all possible representations
n = ngiai s BEr slkbinatura Lanumbers 45k o valiien «the h-ranges nhQHk)
equals the regular h-range ghﬁﬁk) ; whieh is easily determined (sec
tan anstaneca [5]],

For an arbhitrary [pot/ necessarily p1easant)«ﬂ s we toxm the

"complementary basis"
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B4 ch = {ak P ok o S Gl Sy ooy RS s e 1 ,ak} .
and consider this as a Frobenius basis. By Meures' theorem, we then
have

(512D ng Gl i Bap - o) SRR e

The bound h1 is usually difficult to determine. When J& ig
pleasant, however, [Eih h1 and nh&ﬁk) are known, and the Frobenius
number g&ﬁk) then follows directly from (5.2).

It is natural to ask when (ﬁk afiisc 1 ean e osganized a5 4
regular basis. We now have two coprime elements, Gt 1 ang O s
which can be used as a, and a, fin. any ondey]) . "The most
inteTesTing choice turns' Oul Lo be i e S e Ly
eabily Sceh that This" leads™to the lordered farm (1,10

i {ak ,uk-1 200y 5 00y 5 eeny uk-ak_1}

l‘ Bkz(ﬁk; Ci=bi_ 1’ i= 1, 2, LY k+1

{5 3

dhe reaularity, condition (1.2) eavelithat for all representations

n = 211(+1xibi , the regular one should give the maximal

£ k+1
xi(bi—1) = e 21 X4

k+1 k+1
Lty

Inswiherg words, the coefficient sum must be minimal for the regular

representation of any 'n. by Bk = &% s Weshavwe o thine proved

EHENONRIENL 72
A, of (5.3) regular e &k pleasant.

This has the very interesting consequence that we may consider
regularity of Frobenius bases as a generalization of pleasantness for

h-bases. Properties in the former case then carry over into similar
propertics in the latter.
As an oxample, let us study: tthe analeogue ofiMarstrapder!a

conditienstl2)-in' the case’ (5531 Now bi il e bi—1 Sand
a.straillghfdforward, calculatdon gives the following resultiubut
o s
bl i WO e
il <;j_1>aj-1 R Ea e

where the sum is regular by ‘91—2 < Elhsscomdition (2,2) thenitakes the
form

o i

By T

aj_1 0 il
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Assuming ‘ﬂj—1 Blegsant , this is the nieEeisis agyianidMciE E lchlenit

condition far L 10 be pliaagant e s e T e e il b
Djawadi [1] in the theory of h-bases.

As another example, Theorem 1 above corresponds to an earlier
result by'thesuwther B 11e T k & 5w imieie i’ = 20 G 3% is
pleas@nty foms: deGrik e ot disi e - 4 it then  wha: Sleyits b i

e o, ,apd
is also pleasant.

Conversely, however, we can not always draw conclusions from
pleasant h-bases to regular Frobenius bases. As an example, Djawadi
[1] showed that if cﬁs is 'mlegsant, then sg.is Jé = {1 > O ,uz},
and Z6llner [12] could replace d% by cﬂk in this statement. Hence
the condirion (2% 8)" st nelessany for wegularity Gt Ak in B8 Y . - On

b

the other hand, we gave in (2.7) an example of a regular Frobenius
basis: which does. not.satisfy (2.3).

We mentioned above the alternative choice a. = a.-1

. 0 il i
in rﬁk of (5,1). 'The resulting erdered basis Ak Lsiedsd ]y
constructed, in analogy with (5.3). However, nothing as interesting

d8 Theorem 2 comes otit of this cheoice. We only mention that if the
resulting Ak 1s completely regular, it is '"highly" dependent, and
reduces to one of the two cases

{ak T Qg a0y T 1F e {uk gl e ,ak}

(since A = Oy divides all the other basis elements of cﬁk). In
either case, the determination of g(Ak) distat enmetic traviiial
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