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investigations in projective geometry by means of a computer.

Here I only give some of the basic technigues which will have
to pley a central role in these lnvestigatiens, to appear later as
(Hm 8, 9]. Thus the present work is of a preliminary nature,

One of the main points at this stage has been to investigate
the feasability of some of those basic techniques, implemented on a
computer. For this I have been able to use the MACSYMA-system of
the Mathlab-group at the Computer Science Laboratory of MIT,
Cambridge, Mass. MACSYMA is a very sothisticated system for symbolic
manipulation, in principle very well suited for the kind of
investigation I am undertaking here and in the articles announced
above.

However, there 1s a difficulty which became serious already
at the current preliminary stage: Namely, as the size of the problem
grows - for instance the number of transcendentals in the expressions
one works with - then the size of the computations in some cases tend
to grow exponentially. And since the elegant and flexible facilities
available 1n MACSYMA also tend to require considerable core memory
space, one frequently finds that the swell in intermediate calculations
severely limits the size of the problems which can be treated. This
is a serious obstacle. Moreover, for similar reasons some of the
computations would tend to run for an unexpectedly long time, even in
relatively simple cases.

It therefore is appearent that the present project can not be
carried out exclusively within the environment of symbolic manipulation.
Nevertheless, the use of MACSYMA has been indispensable, and tools
of this kind will have to be used extensively in the future. In fact,

aside from the obvious approach of trying to implement functions



7

8 o hsmwumbzqml ,qaugtmmoya a&#ﬁ& omaﬁ$ %n ihﬂ&'ﬂa 1afrzeu¢g§1 ,ﬂ¢f
bl ma&ag&*ﬁMYéﬁﬁM siid sBy o3 ﬁld# fsd sven T u%ﬁ& 1ﬁ§ .RO#Hanaf*w
'M Yo yioderodsl sunsliol waduiwel sdi 98 qnvxg-dnlﬂanﬁ sda;ky

wi!ofﬂgﬁ 101 wptEye bedaol i 8 en viar 8 Bk AMY20AN angn xﬂabltdmgﬂ,,ufn

o brid add ¥or bedtus Ide w*gﬁﬁv aiqﬁanlfc ok .ﬁoIJALUQInaw | :

hesnbonne asldldns sd¥ b boe. ened @mﬁﬁﬁvmﬁﬁmm ma T nol#sgi#aevnl 4

~ovoda

vheeyle zuciise smered doldw w3 LoiT2Eb 8 af swadd sevewoH

msfdong edt Y0 exke a4y e yLomall :emsde visnimiiewd Saetivo o) 38

e tedgvoxe s i aladoebissenstd IO wadmirn anid sanadent 16% - awoty

brad deeso smos ol enol¥sdugnes Ol 1o ssis sdl med - AJlw diTOW SO

aetatiisat Sidbest® Bre i L9 B 99q4u bad Jeilsldinenogxs wota of
J R

vyofism w0y sidbueblanns sylupey of bosd osls AMYBDAM nt ofdsllsvs
anel faluolso s&@lﬁﬂMﬁﬁ#ﬂ& af Ilewe ond Sadd abﬂii vldmeupe1Y sno .soeqe
atd? bajaatx ad nma ol iw &majdumm sid Yo ssta a0l asdimlil ylexevea

s Mo smoe aﬂﬁaaox selimie wwﬂ‘mavenxwm alostedo avcitse s al

ﬁi“ﬁsvs sm¢$ ghol Yibadssqiaiy (8 0% fut oF ﬁn&@ btmvw snoldaugmoo
.uagﬂg alemta z!avttslaxuf

- e PR E St}
LR Rl = | B pmgl e g g T gt ey




- iii -
written in a language for symbolic manipulation in a lower level
language, one may develop programs by obtalining intermediate results
for instance by MACSYMA and use these in programs written in a
lower level language. A typical example of this is given by the
expressions RE[1], RE[2] and RE[3] which have been found using
MACSYMA. RE[3] could simply not have been computed "by hand",
while RE[1] is easy. These expressions make it possible to find
the Chern- and Segre classes for Grassmanians of lines, of planes
and of 3-spaces in IPN for all N, using conventional programming
languages. Unfortunately MACSYMA was not able to compute RE[4].
See Secuilens 2 ancl 5 e clerealils ©@n whahs .

Moreover, in my opinion there is no question that computing
with MACSYMA competes favorably with traditional approaches such
as the one taken by A. Tagcoux In' [Ix] “to compute Chern classes
of tensor products and the 2 nd. symmetric and exterior power: Indeed,
in section 1 it is shown how this goes through smoothly for tensor
products, which is used later. Also the second exterior power is
treated as an example, and it is clear how to generalize this to
any exterior power. The symmetric powers are dealt with similarly,
but this is omitted here. From a computational point of view I
believe that the present approach is preferable.

Also, it is instructive to compare R. Donagi's computations

in [Do], the appendix, to the material in section oL

Thus in seetion 1, T.glve 5 procedure*) for computing the Chern
polynomial of a tensor product in terms of the Chern polynomials of
the factors. Using the procedure, a function carrying out the
computation 1s then written in MACSYMA. 1In section 2, procedures for
the Chern and Segre classes of Grassmanians are similarly given and

implemented on MACSYMA. 1In section 3 an algorithm is given which will

*)  The word "procedure" is used here in a less technical sense than

the word "algorithm".
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= 9 =

convert expressions in the Chern classes of the universal quotient
bundle of a Grassmanian into expressions in the Schubert symbols,
This is done by repeatedly applying Pieri's formula. The algorithm
is implemented on MACSYMA, but unfortunately the computations tend
to be rather time-consuming.

In section 4 I give some basic formulae and functions for
computing the embedding- and duality properties of projective
varieties. This material should be viewed in 1light of section 6,
where the continuation of this work is outlined.

Section 5 contains some combinatorical aspects of Grassmanians
of 1lines, which also illustrates how parts of this project can be
carried out with conventional computer programs.

I would like to thank Professor Joel Moses of the Computer
Science Laboratory at MIT for giving me access to the MACSYMA
system, and the entire Mathlab group for their patience and help
during my work with MACSYMA. 1In particular I would like to thank

Dr. B. Trager, whith whoom I had many enlightening conversations.
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§ 1. Computing the Chern classes of a tensor product.

One of the techniques which we will need in this paper, is a
practicable algorithm for computation of the Chern classes of a
tensor product EQ@®@ F of two locally free Ox - Modules on a scheme
X, in terms of the Chern classes of E and F .

The need for such a method, as well as the related one for
symmetric and exterior powers, arises in many situations. In
addition to the questions studied in this paper, they are also
needed for the higher order Thorn-Boardman singularities.

This is the motivation for a recent article by A. Laxoux,

[Ix ] where the theory of Schur-functions is utilized to obtain
explicit formulae for these Chern classed.

However, while Laxoux's expressions are nice to have, and of
some interest in their own right, they do not lend themselves easily
to computation: The Chern classed in question are obtained in terms
of certain determinants in the Segre classes of E and F , and even
though the passage from Chern polynomials to Segre polynomials is
trivial on a computer, the further computations with Laxoux's formulas
would still be rather large.

Here we take a different and much simpler approach to this problem:
Using only substitutions, expansions and simplifications, as well as
the function RESULTANT, we write a function in MACSYMA,

TENSOR (arg1, arg,, arg,, argq) j

which when given the arguments

arg, =1 + C(E)T + ... + ce(E)Te p
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the Chern polynomial of E;

I

arg, e ,
the rank of E;

args = 1+ c1(F)T a4 .. (B A EITYY,
the Chern polynomial of F;

arg), = i 5
the rank of f; will return the Chern polynomial of E® F in terms
of the Chern classes

el as o ce(E) 3 c1(F) R cf(E)
The indeterminate must be T in argT and arg3

We obtain the function as follows: First, write down the

reverse Chern polynomials of E, F and E®F with X, Y and T

as indeterminates:

= c1(E)Xe_1 i e (B)
bl S e G DS
R(T) = T°F + c1(F®F)Tef—1 b e AR

Now regard the coefficients of P and Q as transcendentals. Then

in some field extension of Q we have

P(X) =H(x - £y)

J

() =[[(¥ - my)
g

This being so, it now follows from [F£] or any other standard source
on Chern classes that
BB =T 08 =il mj)) ;
s 3%

For more details, see [Hm 6]
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Hence it is natural to introduce the relation
T = Fa'¥
and we get
a(r - x) = (- [J(x - (T - my)) .
Recall, [Vdwa] Vol I section 28, that the resultant of two
polynomials
£f(X) = aoxn + a1Xn'1 e e
g(X) = boxm + b11(m;1 ok Wl RS-

where g and b are non-zero, is equal to

0
e b (%, = i
0 ()¥UJ e

x1, R ¢ and y1, s st Y

o being all the roots of

m

£(X) = g(x) =0
in some splitting field. Thus letting
£(X) = Q(T - X) , g(Xx) = P(X) ,

we get that ,
i
I‘=(—1 T" -t )
e

so that up to a sign, the resultant of Q(T - X) and P(X) with

respect to X is egual to R(T) .
The function RESULTANT in MACSYMA may use different algorithms,

see [MAC] p. 118. Normally the usual determinant is not computed
directly. This may in some cases yield a sign different from what one
expects. Rather than to keep track of this, it is better to adjust the

sign in the end, which is easy because any Chern polynomial has 1 as

its constant term.
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Our function TENSOR is written as follows:

TENSOR (E,M,F,N) : =BLOCK ([L,P,Q,R,S,U, V], L: "N, :
P: X~ M*SUBST (1/X, T,E),Q: (T-X) "N*SUBST(1/(T-X),T,F),
R:RESULTANT (P,Q,X),S: T~L*SUBST(1/T7,T,R),S:RATEXPAND (5),
U: SxCOEFF (5, T,8),V:SUM(COERF (U, T, 1) xT~1,1,8,L),VY);

In order to demonstrate this, we wish to generate Chern
polynomials of two Modules, denoted by A and B . We do this by

the array-defined function
A[J):=1+SUM(CONCATI(C,I,A) xT~1,1,1,J)8

and a similar definition involving B . The result is as follows:

(C12) AIl1);
(D12) CIART + ]
(C13) A(2];

2
(D13) EZANTRR el O AT
(C14) AIL3];

3 2
(D14) C3A T +C2A T +CIAT +1
S GG T R R

(C15) BI1]; i
(D15) alleh e
(C16) BI(2]);

2
(D16) C2B 7. + €1B'T % 1
(C17) BI(3);
‘ 3 7
(D17) C3B T +C2BT +CI1B T +1

If for instance F 1s of rank 1 , then of course we have a well

known formula for the Chern classes of E® F , namely

k
¢ (E® F) =Z<e"i‘”>ck_i<}:)c,(p)i :
53L=0)
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Moreover, for e = f = 2 the polynomial is rather simple, and may be

familiar. We get:

(C18) TENSOR(AI1]},1,B(1],1);

(D18) | (18 + C1A) T 4 1

(C19) TENSOR(A(1],1,B12],2); - s

(D19) (C2B + ClA CIB + C1A2) Tz $(CIB+ 201N T +1

(C28) TENSOR(AI1],1,B(3],3); Sk
2 3 2 Yl

(BZ@RICERF S BIFA €28 & CLAL'GIB #'CIAY) e, 028%™ 2UCIR'EI8 % 3"CLA 9 7T

T Y U

(Czil) TENSOR‘A[Z].Z,B[Z].Z);
Z j 1 Z 2 Z
(D21} (C28 -~ 2 C2A C2Bu+rCLA £16 028 + Bl A C2B. + C2A + CIB C2A

A

LA 2
+ C1A €1B C2A} T .4 425018 C2Bv+ 2/ GlA GZB i 12 BLBL28 /2401 A7 E2A ¢ CIA CIB

2 <

' 2
+ ClA CIB) T + (2C2B + 2 C2A + ClB

2.

2
J ]

+ 3 C1A C1B + ClA
+ (2C1B + 2C1A) T +1

However, already for e = fl= 3 the expressions become quite
formidable, and completely unsuited for processing "by hand". See
the appendix, section 1.

We may use a similar method to obtain functions which return the
Chern polynomials of any exterior or symmetric power as well. This
will not be needed here, but to illustrate we shall give a function

EXTERIOR2 (arg,, arg2) y
which when given the arguments
arg, = 1 + G (BT ¢ oo + ce(E)Te,
the Chern polynomial of E 1in which T must be the indeterminate,

and
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the rank of E which must be 2 2 ; will return the Chern polynomial

of A2E . It is clear from what follows how to generalize this to a

function
EXTERIOR(arg1, arg,, argB) 3
which when given a third argument
arg; = I,
which must be = e; Wwill return the Chern polynomial of o 1

The function is:

EXTERIOR2 (E,M) : =BLOCK ([L,B,P,0.R,S,U, VI,L:H%2,B:Mx(M-1) /2,
RSB SHR X E) (o SUBST(T X,X,P),P:RATEXPAND (P),
Q:RATEXPAND (Q) ,R: RESULTANT (P, Q, X) ,

S R/(“AM*wUBoT(l/Z*T X,P)),S:RATEXPAND (S),U:FACTOR(S),
V:SART (U) , V:PART (V,1),V: T~ (Mx (M- 1)/2)*SUBST(1/T TRy
V: RATSINP(V) Vi SUN(COEFF(V o D=l I 8 Mx (M- 1)/2) V)°

To see why this yields the correct result, denote the reverse

2

Chern polynomials of E , EQ E and A“E by, respectively P(T), Q(T)

and R(T) . As above, writing

p(r) =ll(r - 2y)
we have

Q(T) = 11I,[12(T i w
and

R(T) = ij112<w Sy

the latter being the standard way in which the Chern classes of exterior

powers are determined. Using this, we get
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2®P(4T)R(T)? .

This should explain everything in the function body above, except
possibly the use of the function PART. This 1is necessary since SQRT
applied to R(T)2 will return ABS(R(T)) . The PART-function picks

out the expression R(T) .
We obtain the following polynomials for 2 = e = 4 :
(C23) EXTERIOR\Z2(A(1),1);

Part fell off end.
(C24) EXTERIOR\2(A[2),2);

(D24) CIAT +1
(C25) EXTERIOR\2(A(3],3);

3 a2 ;
(D25) ="CNT" R CIAT S 27CIA TS 1

(C26) EXTERIOR\2(A[4],4);

You have run out of LIST space.

Do you want more? :
Type ALL: NONE; a level-no. or the name of a space.
ALL;

206 SENS 22
(D26) ~E3A T +CIK 7 +3CIA T +#3EIAT %1

As we see, the Iimproper arguments given to the function on line
(C 23) results in an error message. The function call on line (C 26),
while returning a simple polynomial as the answer, clearly generates

large intermedliate expressions.

Unfortunately this is not an infrequent situation, which tends to
1limit the range of results obtainable by methods such as the ones

developed in this paper.
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§ 2. Chern- and Segre classes of Grassmanians.

Let Gk(r, A) = G(r, A) = G be the Grassmanian which parametrizes
the linear r-subspaces of ZEQ =ZEA S Eguivalently,  Glr, &) 4s the
A+1

scheme which represents the functor of r + 1 - quotients of V =Kk :
so in particular it carries the universal quotient

U L
where Q 1is locally free of rank r + 1

Here (i.e. in this and the following section), we only summarize
the basic formulae needed from the theory of Grassmanians in algebraic
geometry, and the closely related theory of Schubert Calculus. For
details, the reader is referred to [Hm 7] or the references given there,
such as [Lk 1]. Last but not least, the recent paper of R. Donagi [ Do]
contains among other things an exellent account of some of the material
we need here.

The reader not familiar with the material which follows, may
consult [Hm 7] for a more extensive survey, with references to the
literature. In using these, one should of course beware of the
distinction between the projective and the affine notation. Thus the
Grassmanian which we denote by G(r, A) would be denoted by
G(r + 1, A+ 1) in affine notation, used for instance in [Do].

First, we have the basic formula

(2.1) oy = @M,
M Dbeing defined by the exact sequence
(2. 0_-9M—9VG—-)Q——50
and where

V

Q = HomG(Q,OX)
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is the dual of Q . Thus in particular @ 48 non-gingular and
aimfa) = (ros 1) (A ~1p)0s

Moreover, as the sequence (2.2) is split we have the identification
G(r, A) =G(A -r -1, A)

and it thus suffices to consider the cases

et

Since the case
R
is trivial as far as this investigation is concerned, we shall assume

that

I € w2 [é—%—;}

Using the function TENSOR of the previous paragraph, together
with the well known relation
\Y
e (Q) = e(_¢y(a")
wWwhere as always ct(E) denotes the Chern polynomial of E , it is
now easy to write a function in MACSYMA which computes the Chern

polynomial of G(r, A), i.e. the Chern polynomial of
1v

Teosriy
First, we introduce the function
CHERNPOLYBUNDLE(arg1, arg,, args, argu) y
which returns the Chern polynomial in the indeterminate given by
arg, , of a bundle (i.e. a locally free Module) denoted by argq
of rank = arg, on a variety of dimension = arg3 . We include also
the function
SEGREPOLYBUNDLE(arg1, arg,, args, arg4) "
which when given the same arguments as CHERNPOLYBUNDLE above, will

return the Segre polynomial in terms of the Chern classes of the bundle.
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CHERNPOL YBUNDLE (Q, RANK,, DIH T):=BLOCK ( [P],
P:14SUM(CONCAT(C,1,Q)%T"1,1,1, HIN(RANK UIN)) il

SEGREPOL YBUNDLE (Q,RANK,DIM, T) : =TAYLOR '
1/CHERNPOL YBUNDLE (Q, RANK,DIN,.-T),T,8,01M) ;

Furthermore, the function
CHERNPOLYMDUAL(arg,, argy, 8rgs)
will return the Chern-polynomial with a.rg3 as the indeterminate of
the bundle My on G(r, A), when given the arguments arg, = T,
arg, = A . The result is expressed in terms of the Chern classes of

QR Th el functitonmEisk:

CHERNPOL YMDUAL (R, A, T) : =BLOCK ( (RANK,DOIM,P],RANK:R+1,DIM: A-R,
P: SEGREPOL YBUNDLE (Q, RANK,D1M, T) ,EXPAND (P) ) 5

Using the above CHERNPOLYBUNDLE and CHERNPOLYMDUAL, together with

TENSOR, we now write a function

POLYS (arg,, arg,)
which when given the arguments

argy = I, arg, = A ;
will do the following: First, the Chern polynomial of G(r, A) 1is
computed by the function CHERNPOLYG given below and assigned to the
variable CHEPOrA. Next, the result is printed out as

"CHEPOrA = c,(G(r, A))"

G
Finally the same is done for the Segre polynomial of G(r, A) . The

netifon s
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S D

POLYSG (R, A) : =BLOCK ( (DIM,CH,D,SE]1,DIH: tR+1)x(A-R),
CH: CHERNPOLYG (R, A, T) ,CONCAT (' CHEPO, R, A) : : CH,
PRINT ("CHEPO",R,A,"=",CH),D:1/CH,SE: TAYLOR (D, T, 8,011,
SE:1+SUM (EXPAND (COEFF (SE, T, 1)) %T~1,1,1,DIM),
.CONCAT('SEPD,R,A)::SE.PRINT("SEPO".R.A,"-".SE).Dln);

The function CHERNPOLYG(arg1, arg,, arg3) which computes the
Chernpolynomial of G(r, A) in terms of the Chern classes of Q ,
with arg3 as the indeterminate and where

argq = I, arg, = A

is as follows:

CHERNPOLYG (R, A, T) : =BLOCK ( [(RQ,DIM,RM,F,G,H] ,RQ:R+1,
DIM: (R+1) % (A-R) ,RM:A-R,F: CHERNPDLYBUNDLE(O RQ, DIN 7l
‘G: CHERNPOL YMOUAL (R, A, T} ,H: TENSOR (F,RQ,G,RM) ,H) ;

Note that MV is of rank A - r , so the polynomial ct(Mv)
is of degree A - r . This observation yields the set of relations
(actually: a set of generators for the ideal of relations) among the
Chern classes of Q : In fact, the inverse of the polynomial ct(QV) .
where c1(Q), I cr_1(Q) are regarded as transcendentals for the
moment, contains terms

{o4(e1(@s ooy cppq(@)et [ A -z< 15 (4 1)(a - r)f
and these are all equal to zero, thus giving r(A - r) relations among
the Chern classes of Q . It is a classical result that these are all
the relations.

This observation enables us to write the function

RELATIONSOFCHERNCLASSES(arg1, argz) y

which when given the arguments
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G2 e

arg, =T , a8rg, = AN
will return a print out as follows
"pi(c1(Q): (Q)) =10

FOr A en Bies i do d sime and e e ddildosa T ) . (We are niot uging this in

v cr+1

the sequel, otherwise it would of course be better to let the function

return a list of the relations, which could then be further manipulated

on by other functions. We have:

RELATIONSOFCHERNCLASSESG (R, A) : =BLOCK ( [RANK , RANKM, P, RE] , RANK: R+1,
RANKM: A-R, DIM: RANKxRANKH,
P: SEGREPOLYBUNDLE (Q,RANK,DIM, T),
FOR 1 FROM RANKM+1 THRU DIM DO
(RE : EXPAND (COEFF (P, T,1)),
PRINT(RE," = 8 ")));

The following function generates the Chern and the Segre

polynomials, as well as the relations of the Chern classes of Q
B B Poe didle Fore Bl

e [A é 1] :

G(A):=BLOCK ([(E],E:ENTIER((A-1)/2),
FOR I THRU E DO (POLYSG(1,A),RELATIONSOFCHERNCLASSESG (1,A)));

EOrIAN = we get the following:

(CS) G(3);

2 2 4 4 S Sl
CHEPQ 1 3 =14 820 ~ @1 Cl8 020 « 3,C18,)4T, % 6:€18, T, + 7C1a 7

+46CIOT +1

2 2 : 4 4 38
SEPO 1 3 = (- 4C20 +4Cl0 C2+14ClA) T -14Cl0 T
: oA .
. PO a7 R R o s B PR
o5 o RSO O 1o i ov R R
2 2 4

C2d -3 Cila cCza+CiQ =29
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A full 1ist of results for 3 s As 6 1is given in the appendix,
W=

There is a somewhat different method for computing the Chern-
and Segre classes of Grassmanians.

This utilizes the exact sequence

1 \%
Do

obtained from (2.2) by tensoring with QV . It ylelds the formulae

A+1

(2,5 B St

g ars ron S Eeie el lamie)

(2.4) CAt(Gr: A)) r+

tr+‘l)A+1

(2.5) s, (a(r, &) =0, (@@ QW (14 etir (o e

r+1

Using the function TENSOR, it ds of jceourse ,clear how.to write
functions which compute the polynomials according to the formulae

above. It 1s best to do so by an array-defined function,

RE[arg] ,

which when given the argument r = arg will return Ct(Q @)Qv) SHEOE
Q of rank r + 1 . Thus once RE 1is computed for a given value of r ,
it is stored and may be used again when needed for a different value of

A . We delete the details. One then uses the function

SEGREPOLYGRASS(R.A):=BLUCK([DIN.S],DIN:(R+1)*(A-R).

S:RE[R]/(1+SUN(CONCAT(C.l,O)*T?I;I,l.R+1))“(A+1)
S:TAYLOR(S,7,8,D1M), '

S:1+SUH(EXPAND(COEFF(S.T.l))tT‘l.l.i.DIN).S);

We obtain the following results, via a function
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e

GG(arg)
which when given the argument
arg = A
will print out the new Chern and Segre polynomials in an analogous

way to the function G(arg) .

(C6) GG(3);
2 2 4 4
NEUCHERD § 3 = (6CZ8 - 16 €18 €20 + 8 C10 ) T
3 3 2 &
i {& Chlhy~ B CIGL200 T ess7 E00RTe (4 GaLIa Toyed
Z 2 4 4
NEWSERD 1,3 =, f=,6 €20 = 164C10 €20 $/25uE3G9 T
g 2. %
+ (0 CU0 £20 - 18 Ti ) 3 + 3 CI8 T 4. 618 41
{CB) DONE
(C7) GG(4); f
8 Z 2 4 & &
FELIEHERD L, G =i (= 100 B2 20 8808 07 oE 2 Or a7 eClifls G2+ <15 (B ]
2 3 SEES
+ 138 LI C20 =49 Ul €20 + 16 Cl0 ¥ 1
2 2 4 4 g &
. 16,620 o 13 CLO B20 1 16 CLOWH Tuet ELEH0 &1
Z %
R | e 0 1 i i e o e
g 2 2 4 BREE
NEWSEPRNIFS B (25 0o =95 cin L2 = 2es Cin C2d + 148 C1Q) T
2 3 5 5
+ (15 C10 c2a '+ 118 C10 €20 - 91 Ciag. 7
2 2 4 4 B3
+ (-5C20 -40C1Q C20+55C1Q) T + (18 ClQ il - 39 C10 ¥ 7
Z 2
+ L4 Bl = E20y T ~S €T+ 1
(D7)

DONE
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A full list of results for 3 s As 6 1s given in the appendix,
§ 2.

We see that the Chern and Segre polynomials returned by the two
methods are not identical. This is of course due to the relations
among the Chern classes of Q. .

As we shall see in following paragraphs, it will be essential to
find the simplest possible expressions for the Cern and Segre classes,
at least when r and A are large.

The above data seem to indicate that the first method yields a
simpler result than the second. However, for small values of r the
second method is the best. 1In fact, once RE[R] 1is given, we can
compute the polynomials for any A using less sophisticated systems
than MACSYMA, and even obtain explicit if messy formulae in some
casesiiNyelneicurnstoRthtitsiinisec o ME N

There we will treat the case r =1, i.e. G(1, N)'s in this
manner, and see how the computations we are interested in, and where
we use the Chern and Segre polynomials, reduce to the evaluation of
straight forward combinatorical identities, which present no difficulties

from a computational point of view.

Moreover, there should be a good possibility that the case r = 2
can be treated analogously, as we shall indicate. But for r =3
there is no hope of obtaining similar combinatorical expressions, even
though the method might still be usefull from a numerical point of view.
This becomes clear from the expressions for RE[1], RE[2] and RE[3]
which are listed below. For R = 4 the computation became too large
for the system, in that the intermediate expressions filled up all
available space.

Thus the first method for computing the Chern and Segre polynomials
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would yield new information for the first time for G(%,9).

But at this level the method appears to be impracticable on
MACSYMA. I say appear, because I have not tried to have this done
as a background job with disk use.

My present opinion is that it would be better to have the

functions implemented directly in a lower level language.

(eaally RIE L g
2 2
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((Bkes) (RIE1Ed ¢

You have run out of LIST space.

Do you want more?

Tuype ALL; NONE; a level-no. or the name of a space.
ALL; i : )
3 2 2 Zui 2 2
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4 2 2 i il 1 2 ;
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You have run out of LIST space.

Do you uwant more?

Tuype ALL; NONE; a level-no. or the name of a space.
Al i ’

You have run out of LIST space.

Do you uwant more?

Type ALL:; NONE; a level-no. or the name of a space.
ALL; x

CORE capacity exceeded (uhile requesting FIXNUM space)

33837 msec. so far
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§ 3. A basis for some Schubert Calculus on a computer.

Here we take the term Schubert Calculus to mean the formal
computation with "Schubert Cycles" Q(a1, e aq) it s QR 1117 7 ol 1 ) TR
where q = A -T .

Different notations are in use, for the ones utilized here we
refer to [Hm 7]. Also, there the reader will find references to some
of the literature, of which we rely particularly on the fundamental
and classical ‘source [HP].

We shall make no attempt here to pursue the Schubert Calculus
on a computer for its own sake, even though such a project would
certainly be a very interesting one. Rather, we develope the
minimum reqired for our present purpose.

Indeed, recall the Pllicker-embedding

=P

B e e AT

- 1>
N = <r # 140 1

Then we have that

where

O il S E G Db et e

P
Hence in particular if D is a very ample divisor giving the
embedding p , then
[D] = C1(Q) .
In the next sections we shall see how this makes it possible to

describe properties of embeddings and duality for Grassmanians, as
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well as for a large class of varieties "generated" by Grassmanians in
a sense made precise later, in terms of the Chern numbers of the
universal quotient bundles Q: That 1s to say, in terms of the

degrees of the elements

i al
c1(Q)l‘] cr+1(Q) r+1 = Adim(G(r, A))

where 14 + ... t+4d, .4 =dim = (r + 1)(A - r) . The degree map is
in this case an isomorphism

deg
G(r, A)) — Z

Adim(

so we may refer to the momomials above as the Chern numbers of Q .

Hence we need an algorithm to compute the Chern numbers of Q
for any G(r, A) . For this we proceed as follows: It is possible
to convert any polynomial F in c1(Q),...,cr+1(Q) with integral
coefficients into a linear combination in the elements

2
This is done by repeated application of Pierl's Formula, which asserts

Rl a5 aq) e AlGlz,a)),d = & =7y and 1= ag < ay < ... < ay O N S O

the following:

(3.1) Slos phte hynhe i)

where the sum is extended over all indicies for which
b.=ia - h
i J o |
=1 =1

and

Since
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1=Q(I‘+2, e o o ) A+1)

in A(G(r, A)) we obtain the algorithm in question as follows:

Pirst multiply P by S%r + 2, ..., & + 1) , then perform the
substitution (3.1) in F repeatedly until F 1is free of ch(Q) y
B I e kg sscs B D ,
Since there is only one Q(a;, ..., aq) € Adim(G(r, A)) , namely,
aq = s a2 = 25 cooo aq =A -r

and this element is easily seen to have degree 1, the case when F is
homogeneous of (weighed) degree dim will yield an integral multiplum
of Q(1, ..., A - r) , and the numerical factor is the sought degree.
In principle this will solve our problem. However, it may be
better to proceed in a slightly different way. This is due to the
fact that the above procedure, when implemented in MACSYMA, tends to
be quite time-consuming. What we can do, is first of all to observe

that i3
.H (11)((r + 1)(& - 1))!
deg(cy(Q)1) = deg(a(r, 4)) = 1=

A
(1)
i=A-r
for all i = dim . Here the degree is with respect to the Pllicker

embedding, [Hm 7]. Moreover, with the same interpretation of '"deg",

we have
it i it
1 2 r+1
deg(cy(Q) 'c(Q) ... e 4(Q) ) =
at 5t
2 r+1
deg(cQ(Q) Sk Cr+1(Q) )
and since there are formulae for computing the degrees of Q(a1, Pary | )
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in general, all we need to do is to reduce monomials of the form

it i
W

Cr+1
to a linear combination in the QN's . We return to this below.
We now give the function which transforms a polynomial in the
ci(Q)'s to a linear combination in the Q's
First, the function DOMAIN(arg,, argz) generates the list of all
Wleee @i slsiell@stEr [a1, sy aq] where q = arg,, Zai = arg, and

1 s a4 "R < aq :

DOMAIN (M,N) : =BLOCK ((S,R,L],L: (],
IF N >= Mx(M+1)/2
THEN (IF EQUAL (M,1) THEN.L: [IN]]
ELSE FOR I THRU N DO
FOR S IN DOMAIN(M-1,N-1) DO
(IF SMM-1] < 1
THEN (R:ENDCONS(1,S), .
LBANS tRICT VY LY 5

The function

DOMAING(arg,, &8rg,; arg3)

will, when given the arguments

arg, =T, arg, = A, arg3 = Wl A
return the list of all lists of indicies

[a1, so0g &

where

and
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OOMAING (R,A,N) : =BLOCK ([S,RR,L,HM],L: []‘H'A Al
IF N >= Mx(M+1)/2

THEN (IF EQUAL (M,1) THEN (IF N <= A+l THEN L: f(N]})
ELSE FOR I THRU MIN(N,A+1) DO

FOR S IN DOMAIN(M-1,N-1) DO
(IF SIM-1) < 1]

‘THEN (RR:ENDCONS(1,S),

¢ L:CONS(RR,L)))),L);

The function

SUMDOMAIN(arg1 arg,, argB, argu)
will, when given the arguments

arg, = q, arg, = }Z aj, arg3 = Ia

arg, = (a4, -.., & 1
return the list of all lists of indicies
[b—], e o o )y bq]

such that the relations in (3.1) hold:

SUMOOMAIN (M,N,H,L) : =BLOCK ( (D, S],D: DONAIN(N N:H)
FOR S IN D DO

(FOR 1 THRU M-1 DO

(IF NOT (S[I] <= L[I]J AND: L[l] < S[1+1)).
i ENS R EEETE SRR

lF SHIRSNIR (1 ATH ENSD I DERENENS S )

The function
FUNDCLASSG(arg1, argg)
will, when given the arguments

arg, =TI, arg, = A ;

generate the fundamental class

For this it uses the function FUNDLIST:

R & METR - PRSIt - (0 S B (N i ¢
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FUNDLIST (R,A):=BLOCK ([L],L: (],
FOR 1 FROM R+2-THRU A+1 DO L:ENDCONS(I,L)},L):

FUNDCLASSG (R, A) : =APPLY (OMEGA,FUNDLIST (R, A) ) ;

The function
TOTALDOMAIN(arg1, arg2)
will, when given the arguments
arg, = 300 arg2 = A ;
return the 1list of all possible lists of indicies
lagys «vos @y ]

where

TOTALDOMAIN(R,A) : =BLOCK ( [S,LO,HI],L0: (A-R)x(A-R+1) /2,

HI:SUM(I,1,R+2,A+1),S: (],
FOR J FROM LO THRU HI DO S: APPEND(DONAING(R A YIRS e
Sill ¢

The function

OMEGATRANSFORM(arg1, arg,, argB)
when given the arguments:

arg, = r, arg, = B, arg; = F(c1(Q), Eo i Cr+1(Q)) ’
the last one being a polynomial in the Chern-classes of the universal
quotient bundle of G(r, A), will apply the substitution (3.1)
repeatedly to F=F - Q(r + 2, ..., A+ 1) untill the expression is
free of c1(Q), s °r+1(Q)
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OMEGATRANSFORM (R, A,F) : =BLOCK ( (M, TOT,N,U,OLD, NEW],
F:FxFUNDCLASSG (R, A) ,M: A-R, TOT: TDTALDOﬂAlN(R A,
FOR 1 THRU R+1 DO
(FOR J THRU INF UNLESS
FREEOF (CONCAT(C,1,Q),F) DU
FOR S IN TOT DO °

(N:SUM(S K] ,K,1,H), :

U: SUMDOMAIN (A-R,N, },S),.

OLD: APPLY (OMEGA,.S) %CONCAT (C, 1,Q),

NEW: SUM (APPLY (OMEGA,U K1) ,K, 1,
"LENGTH{U) ),

F:RATSUBST (NEW,0LD,F)I) ,F) 3

It is best to assume that the (weighed) degree of F with
respect to the (weighed) degrees of c1(Q), e cr+1(Q) is
s dim = (r + 1)(A - r) . However, with the usual intersection-
theoretic interpretation of monomials in the ¢(Q)'s , the function
returns the correct result in this case as well, namely zero . On
the other hand, the term

deg® = (<:1(Q)‘mn)2

which might occur in F (and indeed it will later on) is clearly not
intended to mean the element c1(Q) of A(G(r, A)) raised to the

2dim power, but rather the square of the Chern number c1(Q)dim

Thus the function OMEGATRANSFORM has to be used with caution in such

cases,

The function will for instance return the following results:

iy OMEGATRANSFORM(2, 5, c2Q**2) ;

(D 10) OMEGA(2, 3, 6) + OMEGA(1, 4, 6)

or

e 14 OMEGATRANSFORM(2, 5, c1Q**2*c2Q - c2Q**2 - c1Q*c3Q)
(D 14) OMEGA(2, 4, 5)

The function OMEGATRANSFORM will also convert any polynomial

expression in c1(Q), L cr+1(Q) into the corresponding one

involving the Q's . Thus for instance we obtain the following:
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a0 A

(C 5) OMEGATRANSFORM(1, 3, CHEPO13) ;

(D 5) 6OMEGA(1,2)T" + 120MEGA(1,3)T° + (TOMEGA(2,3) + TOMEGA(1,4))T°

+ LOMEGA(2,4)T + OMEGA(3,4)

Here the Chern polynomial of G(1, 3) has previously been computed

and assigned to the variable CHEPO13 , using the function G .
Similarly,

(C 6) OMEGATRANSFORM(1, 3, SEPO13) ;

7 28OMEGA(1,2)T4 = 280MEGA(1,3)T3 + (9OMEGA(2,3) + 90MEGA(1,1+))T2
- 4OMEGA(2,4)T + OMEGA(3,4)
ihe results of the function calls with =1 ;"A =4, 5 "are
given in the appendix, § 3.
What we really need are the degrees of the Chern- and Segre
classes, however. To compute these, we may use the following

classical formula, given in [HP]:

£
i g
dim<an) ...,ar>—zai el 1
=0

<dima(1 ; e >1
(3.2) deg <an’ e > = 2 2 —— (@) - au)
1 A>l
H (ai.)
i=0

To get the formulae in a reasonable form, we had to introduce the

Schubert-symbols Q. o ° Which are related to Q(a

O’ ° 0 o 9 T 1, ke aA—I‘)
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in the following way (for proof, see [Hm 7] Lemma 3.6):

Lemma 3.3 Q e = Q(a1, iy aA—r) , where

1sa1<a<...<a = Al

are the numbers obtained from

{ ¥t 290, DU Y 1
by deleting

{A-ar+1, ;..)A_ao+1}
Thus for instance

Q0,1, ST e R Vaskien, thns g

and in fact this is the only Schubert cycle of dimension zero.
Obviously it has degree 1.
We therefore have an alternative way of computing the degrees of

the Chern- and Segre classes: Writing

Ry = Wi oy la)m il oo e ige
where

G =G(r, A), dim = (r + 1)(A - r)
and Cis venes Cdim are the Chern classes, we put

a(t) = cq ()™ + c;(a)ey (@)™ g 4

i /
& g G eGR4 s R

dim(

Then putting
(L)—'—'Q(‘l; ...;A-r),
OMEGATRANSFORM applied to Q(t) will return
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w + e1mt s @ mtdim

P dim

0

where

ey = deg(ci(G)) .

Similarly for the Segre Polynomial.

The removal of ® 1in the output i1s a matter of stream-lining

which I did not carry out.For simplicity I gave the output as
"P(t) = q(t)"
which is of course incorrect. Q(t) 1is the "degree" of P(t) .

Since OMEGATRANSFORM is rather time-consuming, an attempt was
made to save some time by arranging the computation somewhat
differently, through the function PIERI and POLYSGOMEGA. Their
definitions, as well as the results for G(1, 3) and G(1, 4) , is
given in the appendix, § 3.

Unfortunately the computation became too long already for G(1, 5),
so that this approach is clearly not feasible on MACSYMA. However,
the principle itself might still work on a computer for higher
Grassmanians. What we have demonstrated here,then, is that Schubert
Calculus can indeed be implemented on a computer; at least the amount
of Schubert Calculus needed for the current project.

Some alternatives to this method will be discussed in Sections

5 and 6.
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§ 4. Projective embeddings and duality.

Let X be a non-singular, projective variety over the algebraically

closed field k , embedded in projective N-space by the embedding

i:XC’——a]Pg.

In this setting, we define the m th embedding-obstruction of the

embedded variety X as

m-dim(X) \
2 m+ 1 ,
b Sae g e <m gl Y 14 e j/pj(x’ 1)
=0
provided that m s 2dim(X), while By it Foid iy, = 2dim(X) + 1
Here deg(X) is the degree of X with respect to the embedding i ,

dim(X) is the dimension of X and

ps(X, 1) = degree(s (X))

is the degree, with respect to the embedding 1 , of the Jj th Segre

class of X . One then has the following

Theorem 4.1. X may be embedded into 2P§ by a projection from

N
IPK if and only if iy 0]
For proofs of this and related results, see for instance
[Hm 2, 3, 4, 7], [HR], [Jn], [Lk 2-4] and [Rb 1-5] as well as [K1].
It is sometimes convenient to express T in a slightly

different form. In fact, letting D denote the divisor class which

corresponds to the embedding i , we have

py(X, 1) = Ddim(x)“Jsj(x) ;

dim(X)

where we identify A (X) and Z via the degree-map
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deg: Adim(x)(X)-f:9>Z
Thus
m-dim(X)
1 e
2 =@dim(x)>2 _z <:_;im(x) p J>Dc311m(x) JSJ(X) .
3=0

Furthermore, the generic projection from ZPE to IP? induces a
morphism

Ppt X— X' ciwﬁ s

which has a ramification cycle on X denoted by Ram(pm). We now have
(see [Rb], [Jn], [HR]) the

Theorem 4.2, The degree of the cycle Ram(pm) is given by the

exgression

4 m o+ 1 > dim(X)-3
ram = Ez <J b SJ(X)
J=0
The observation that for m s 2dim(X) ,
Yo T Ym-§ -1

yields the

Corollary 4.2.1. Assume that Yodim(x) = O . Then X can be

embedded into T via a projection from ZPN 1L and only 11

ram_ = 0 .,
m

K. Johnseon in [Jn] conjectured that
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This is shown by W. Fulton and J. Hansen in F-H as a

corollary of their remarkable connectedness-theorem. One of

the initial motivations for the computations below was to check

this conjecture against various families of examples, to be
generated as described in section 6.

The following functions will generate the Chern polynomial and

the Segre polynomial of X in terms of the Chern classes

©IREXE

c,], e e o 9 cdim

CHERNPOLY (DIM, T) : =14SUM (CONCAT (C, J) xT~J, J,1,D1M) ;

SEGREPOLY (DIM, T) : =TAYLOR (1/CHERNPOLY (DIM, T),T,8,01H) ; -

We proceed with the functions which return the m th embedding

obstruction and the degree of the ramification cycle Ram(pm):

GAMMASEGRE (DIM,M) : =DEG~2 :
- (BINDMIAL (M+1,M-DIM)%xD~DIM

+SUM (BINOMI AL (M+1,HM-DIM-J) %0~ (D1 M-J) xCONCAT (S, J) , J,
) MBI R y

It 1s convenient not to substitute Ddim for  deg in the first term,

see for instance the remark on the use of OMEGATRANSFORM in section 3.

Next, we write the same entity in terms of the Chern classes of X:
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GAMMACHERN(DIN.H):-BLDCK([O.PJ,Q:GAHNASEGRE(DIH.H).
g RSSEGRER IR SSF)
‘ FOR 1 THRU DIM DO
O:SUBST(COEFF(P,T,l).CONCAT(S,I),Q)KEXPAND(D)):
Analogously we express the degree of the ramification cycle as

follows:

RAMSEGRE (DIM, M) : =BINOMIAL (M+1,DIM) xD~DIM

+SUM(BINOMIAL (M+1, J+DIH)*D“(DIH J)xCONCAT (S, J) d 1
M-DIM+1);

RAMCHERN (DIM, M) : =BLOCK ( {Q,P], Q: RAMSEGRE (DIM, M,
2 SECRERDIEA(MIITEIDES

FOR 1 THRU DIM DO Q:SUBST (COEFF (P, T,1),CONCAT (S, l) U)
EXPAND (Q) ) ¢

Finally we define the m th defect-obstruction of the

embedded variety X C-»IPN as

W %i%
L & o s 1> 1
§:<s + > Caim-1:T <s + 1 D Cdim-i(x)

The reason for this name is as follows: The dual variety XV © T
with respect to the embedding 1 is "normally" a hypersurface, i.e. a
subvariety of IPN of dimension N - 1 , see for instance [K1l]. But
more precisely we have the following result, which is proved in [Hm 7]:

Theorem 4.%. Assume that

B =B% = s =B

0 1 m-1

Then

ALEPIENtLIoRary ApRYS
Following A. Landman [Ln 1, 2] we shall call
m=N-1-din(x")
the (duality) defect .of X .

The corresponding function in MACSYMA is:
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¢ B2 =

DELTACHERN(N, DIM, M): = SUM(BINOMIAL(I + 1, M + 1)
4D IXQONGAT(C, DIM. =~ 1), I, M, DIM - 1)
+ BINOMIAL(DIM + 1, M + 1)*D"DIM
Our intended use of the above functions is the following:
We will consider a certain class of embedded varieties, for which
there is given a procedure for computing the Chern classes

c1, il cdim as well as the intersection numbers

n—(i1+...+in) i, i

D Cq shiells cn San = diime s

This could for instance be the varieties generated from a given one
by a finite number of general hypersurface sections, or the ones
obtained by blowing up certain loci; possibly both. Reasonable
choices for the given variety - which we might call the generating
variety - would be a Veronese-variety, or products of some simple
given varieties embedded by the Segre-embedding, or finally a
Grassmanian or more generally a flag-manifold. We return to this in
Section 5.

In an environment established in this way, by a generating

variety and a generating procedure, one would then compute the numbers

Y’ T&M» Bm .

We return to the significance of this in Section 5.

The most straightforward approach, which would also be the most
flexible and therefore preferable to other alternatives, would be to
compute the Chern polynomial of a generated variety, then the inter-

section numbers above and substitute them into the results of
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RAMSEGRE(DIM, M), RAMCHERN(DIM, M)

DELTACHERN(N, DIM, M)

In order to explore the feasability of this, and also to
establish the base for using Grassmanians as generating varieties, we
carried out some of the above computations for Grassmanians up to
G(2, 6) . Of course both embedding and duality properties of G(1, A)
is well known from geometric theory, see [Hm 7], so no new results
were expected from the computations in these cases. In fact, it is
known that G(1, A) , which is of dimension

B 208 L

Cenlit EmbedBedn T NES

via a projection from the Plucker
embedding, and this is the best possible. Moreover, if A 1is even
and 2 4 , then
)

dim(X') = N - 3

A+ 1
N=< 2 >‘1

is the embedding-dimension of the Pliicker embedding. If A is odd,

where

then
: V
dim(X") = N - 1

These results are due to A. Landman, [Lm 1, 2].

However, from what follows we do make the observation that both
G{2, 5) and G(2, 6) can not be projected into g space of lower
dimension than 2n + 1 , where n 1is the dimension of G(2, 5) resp.
G(2, 6), starting with the Pliicker embedding. But this can probably

be shown easily by direct geometric and elementary methods, and is
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not the main point of what follows.

The main point was to see if the computational method referred
to above is feasible. Unfortunately the outcome is that at the
present time, at least, this direct approach does not seem to be
practicable. In sections 5 and 6 we establish an alternative procedure
which is less flexible, but which is better suited for large

computations.

The function
GRASS(arg1, argg)

will, when given the arguments

arg, =T, arg, = A ;

print the Chern polynomial of G(r, A) in terms of the Chern classes

of Q , and finally evaluate
Yodim(x)’ T3M2dim(X)-1’

stopping with the first non-zero one. I also worked with a variation
of GRASS which élways computes at least one rem; in order to check

Johnson's conjecture. The functions are as follows:

GRASS (R, A) : =BLOCK ( [DIM,M,GS,DE,N, TEST),DIM: (R+1)x(A R),

CHEPO: CHERNPOL YGRASS (R, A, T),

PRINT (" THE CHERNPOLYNOMIAL OF GRASS L Ryt  Au”) 1S,
CHEFPO) , : i

PRINT ("THE RELATIONS OF THE CHERNCLASSES OF Q ARE:"),

RELATIONSOFCHERNCLASSESG (R, A) ,M: 2xDIM,

GS: GAMMASEGRE (DIM, M), PRINT (ARRAYAPPLY (GAMMA, [M]),"<=",GS),

GC: GAMMACHERN (D1M, M), GC: GRASSEVAL (GC) ,

GC: OMEGATRANSFORM (R, A, GC-DEG~2) ,

DE:PROD(I!',1,1,R)xDIM!/PROD(I!,],A-R,Al,

N:NUMFACTOR (GC) +DE~2,PRINT ("= " N),TEST:®,

FOR 1 THRU DIM WHILE EQUAL(TEST, ) 0o
(M:M-1,GS: RAMSEGRE (DIM, M),
PR]NT(ARRAYAPPLY(RAN tM),"=",GS),GC: RANCHERN(DIH M),
GC:GRASSEVAL (GC) ,GC: ONEGATRANSFORN(R ABIEEIE
N:NUMFACTOR(GC) , PR]NT(" N TEST N),

PRINT ("DEG =",DE));
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The function GRASSEVAL substitutes the Chern-classes for the

Grassmanians into the general expressions:

GRASSEVAL (P) : =BLOCK ( [H],
FOR I THRU DIN 0OC
H:RATSUBST (COEFF (CHEPO, T, 1),CONCAT (C, 1D, P),
H:RATSUBST (C1Q,0,H) ,EXPAND (H),
FOR 1 THRU DIM DO :
H:RATSUBST (COEFF (CHEPO, T, 1) ,CONCAT (C, 1), H).,
EXPAND (H) ) 3 , :

Output from this function is listed in the appendix, § 4. The
assertions made above about G(2, 5) and G(2, 6) follow from that.

If one were only interested in the data actually printed out by
the function, this would not be the most efficient way to proceed:
Indeed, one could then find the degrees of the Segre classes as in
section 3, and substitute the result directly into the expressions
Roe i and ram. . But the function GRASS was also used to give

v, and ram  expressed in terms of c1(Q), YT (8) . iby

bt %
inserting a PRINT statement after the statement

GC : GRASSEVAL(FC)

This was done in order to look for a possible pattern, which
conceivably could lead to simpler formulae for 7y and ram, in
terms of the Chern classes of Q . But as no pattern seemed to emerge,
it was abandoned. Another approach, which also turned out to be
impracticable on MACSYMA, was to determine whether or not Ym was
zero by checking if the expression returned for oL in terms of
&nbQ Puneds

generated by the relations of the Chern classes. For instance, we

P °r+1(Q) was contained in the ideal in 2Z[cy, ..., Cr+1]

obtained the following results from the last version of GRASS:
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= HT 2

(C?) srass(1,3)5

THE CHERNPOLYNOMIAL OF GRASS( 1 » 3 ) IS:

2 2 : A 4 M &y
(4020 -4CiG C20 +3C1@) T +#6€C@ T +7Ci0 T +4CIQAT +1

THE RELATIONS OF THE CHERNCLASSES OF Q ARE:?

L
cig -~ 2cia c2a = 0
2 2 4
c2@ - 3 C1Q@ C2Q + CiQ =0
2 3 2 4
GAMMA = - 84 - 9 D S3 - 36 D S2 -84 D S1 + DEG - 126 D
8
2 2 2 4

= DEG + 4 C20 - 4 Ci@ C2@ - 2 CiQ

S
2 3 A
RAM =654 +80DS3 + 280D S2+ 56D S1+ 700D
7
2 3
= 4 C1@ C20 - 4 C2Q
sy
2 3 4
RAM =DS3+ 70D S2+421 D1 S1+ 350D
é
=0
=0
2 3 4
RAM =D S2+ 60D S1 + 15 D
5
= 0
=
3 4
RAM =D S1 + 50D
4
4
= c1Q
= 2
DEG = 2

This certainly looks promising: Indeed, both ram5 and ramg

vanish identically here. However, it should be pointed out that had
the function SEGREPOLYGRASS been used as in GG, then the resulting

Chern polynomial would have been more complicated even in this simple

case, so that only ram5 would have vanished identically. We then

would have gotten
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s mae

RAM, = )+C1Q202Q, - 201(:,34

Mofeover, we get
Yo = 4c1(Q)202(Q) - 4c2(Q)2

and since

we also get 77 = 0 by the indicated method.

For G(1, 4) the expressions are more complicated, and in fact
none of them vanish identically. But the expressions are still
managable enough, so that the method indicated would work. But for
8(1, 5), 6(2, 5)iw0f1,'6)- dnd. 4G{2;.6) /ithe expressions become very
large, and so do the relations of the Chern classes. Moreover,

already the computation of the Chern polynomial beyond G(2, 6) with

the method used is a large affair, and even if such computations
could be carried out with disk use and time, it is not clear that the

result would be of much use in the given environment.
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§ 5. Grassmanians of lines and combinatorical identities.

In this section we show how the numerical study of section 4 may
be continued along somewhat different lines from those suggested by
the material of section 3, at least in certain special cases.

Indeed, we now take up the case G = G(1, N) , Grassmanians of
1ines in ZPN ¢

We use the expression

c.(Q@ S (ke Q - c1Q,2)t2 + 1
which we computed in section 2 in order to find the Chern and Segre
classes of G , by means of (2.4) and (2.5). Actually, using the
available information on ct(Qtﬁ Qv) , we may use this method up to
Grassmanians of 3-spaces in some ZPN . Of course the expressions then
become quite unmanagable, at least "by hand".
Moreover, since Q 1s of rank 2 , and c1(Q) is the pull back of a
hyperplane class via the Pllicker embedding, in order to find the

degrees of the Chern and Segre classes of G , all we need are the

degrees of cg(Q)‘j for js N -1 . By Proposition 3.6 of [Hm 7] we

now have

N T e e
and since

bl B ltnsa ds J Bt W AT =

P T s s I & = a; + 1, N - a, + 1

gives

N -a + love o1y R = am + 1 =3 +2

seh chait
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a1 = N - j, a.o = N = j e 1
we have that
5
Col e “albtieg -1uli~d

by Lemma 3.3. Thus (3.2) gives

(5.1) deg(cy()) - L2 =1 =)
SEGe B, o 0 )

where the degree is taken with respect to the Pliucker-embedding.

This method may also be used to compute the degrees of the
monomials in the Chern classes of Q for higher Grassmanians, i.e.
for G(r, N)'s with r > 1 . But of course the size of the computations
rapidly become quite large, and simple closed form expressions like
(5.1) can not be expected.

If the intention with these computations were merely to compute
the embedding- and duality numbers of section 4 for Grassmanians, it
might not be worth the effort: Indeed, the embedding dimension of
G(1, N) via a projection from the Pliicker embedding is of course well
known and the result easy to prove, [Hm 7] section 3. Further,

A. Landman proved in [Lm 1, 2] that the dual variety of G(1, N) with
respect to the Pliicker embedding is of codimension 3 provided N is
even and 2z 4 , and of codimension 1 otherwise.

However, the main point with these computations is that 1t becomes
possible to use G(1, N)'s - and with the extention indicated above

G(r, N)'s with r s 3 - as generating varieties in the sense of

section 6.

Moreover, it turns out as we shall see below, that for G(1, N)'s

the above known information on embeddings and duality yields certain
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combinatorical identities, which appear to have no easy direct proofs.
Thus the geometry is in this case more likely to yield combinatorical
information than the other way around. This is not a new situation in

Schubert Calculus.

We start with iy and ram for G(1, N) , and get the following
(see [Hm 7] section 4; ey = ci(Q)):

Sg(G(‘]:N)) =

(41
—ﬁ L0 J4L<N+z J><ﬁ J> 4<N-2{1—1_33‘><£j > <N£222JJ><i o J>j& 225,

J—O

Hence

deg(sg(G(1,N)) E

| e
Nf =
—_

Z(_” <N+/l J><£ J> <N+ﬁ 1 g><£31—1_3>“<N/Z{£JJ><Z & J> (Nﬁl\é 1\)I'J)'

Letting n = dim(G(1, N)) = 2N - 2 , the fact that G(1, N) may

be embedded into ZP2n'3 via a projection from the Pliicker embedding

is equivalent to

'an_z =0,

which after straightforward computations yields the combinatorical

identity (for N = 3):
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z 2N-5

el e s R

J=0 £=2j
N+l-1-j><£-1-j> b <N+£—2-,j><£—2—,j>} 2(N-1-'9))!
'“< EEPACHE t-2-] R

_ f(2(N-1))! .
"i N-1).N. ¢
Similarly one obtains combinatorical identities from

BAlse oy =ty o m Dallpp S 0

We next turn to the duality-deficiency. First we obtain the

following expressions for the Chern classes:

Cr(G(1’N)): ’
[=]
}; (—1)8(4c2—c12)s E:<§i3><l%{j>c1ﬁ—Qchj 3
L+2s=r Jj=0
Osfsr
(5] Izl-s,

)

=]~
g=0 J=0 i

_qyS+i;s-ifs [ N+1 ><%—2s—3 > r+2(i-s-j), s+j-i
S <i><r-28-j J l i
2 :
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Thus
deg(e . (G(1,N)) =
[51[5]-8 4
{pB= N +1 -2 ,j 2( s-J+1i))!
Z il j(iX 5 ,j> g T B ST
g=0 j=0 4=0
We get

S Co) N

[ gﬁ[ﬁgﬁ

5? ;E n i+J+543—4<;11><i;> n-i-j- ¥><? s %> §g§:;;%§§2%ik+l)f

=n34)kﬂ £=0

after a straightforward computation.

Computation of the first few values of 9 yields the
table on the following page.

As we see, this is in good agreement with Landmans results quoted
above. Moreover, there are many clearly appearing patterns in the
table. It would be nice to have geometric proofs for these. So far,

we can only ecplain the zeroes, via Landman's results gqouted above.
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4 5 6 7 8 9 10 11 2 13 14 15
0 3 0 4 0 5 0 6 0 7 0 8
0 6 0 12 0 20 0 30 0 42 0 56
5 28 36 30 80 55 150 91 2572 140 81912
1O 2US 56 108 180 3200 440 750 910 15712 1680 2744
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§ 6. Generating varieties and classes of

projective varieties.

A well known conjecture by Horrocks and Mumford, [HM], asserts
that if X 1is a variety embedded in .Pn, euorel b O aly) micir=EhlneiilEig
and of codimension 2, then X 1s a complete intersection provided
HuZ b

A related conjecture by Hartshorne, [Hn] asserts the same
conclusion under the assumption that X 1is nonsingular and of
dimension > % o, jerealelEel T nl = e

These conjectures clearly testify to the current lack of
information on examples of non singular projective varieties of
high dimension.

If a classification theory of the type carried out by Swinnerton-
Dyer [Sw] for varieties of degree 4 could be carried out in general,
these and many other questions would of course be settled. But such
a general classification-theory is clearly not in sight at this time.

However, the fundamental idea underlying Swinnerton-Dyers
classification is to obtain all varieties from a fundamental set of
varieties by processes such as blowing up subvarieties and taking
hyperplane sections. While such a procedure might not yield a complete
classification in general, it still can be used to generate lists of
examples, and provide the starting point for a systematical search
for counterexamples to conjectures such as the above.

Initially one should search for subvarieties of projective space,
of high diemnsion and of relatively low codimension. One would then
be able to get some idea of how frequent non-singular varieties of
this type are, and of course examine such questions as whether the<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>