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Nondipole Ionization Dynamics of Atoms in Super-Intense, High-Frequency, Attosecond Pulses
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The ionization of H(1s) in super-intense, high-frequency, attosecond pulses is studied beyond the dipole
approximation. We identify a unique nondipole 3rd lobe in the angular distribution of the ejected electron and
show that this lobe has a well-defined classical counterpart. The ionization is likely to occur in the direction
opposite to the laser propagation direction, which is fully understood from an analysis of the classical dynamics.

PACS numbers: 42.50.Hz,32.80.Rm,32.80.Fb

The production of short, high-intensity, high-frequency
electromagnetic pulses is currently being pursued along two
different avenues. First, large-scale free-electron (FEL) and
X-ray FEL laser projects aim at producing pulses of hard ra-
diation of � �����

fs duration. Second, advances in laser tech-
nology have led to the production of isolated XUV pulses of
a duration of only 250 attoseconds [1]. These developments
mean that the counterintuitive high-intensity, high-frequency
phenomena of atomic stabilization with decreasing ionization
probability/rate for increasing intensity [2] may become sub-
ject to experimental investigations. Naturally, these prospects
have revived the theoretical interest in the study of nonper-
turbative driving of atomic and molecular systems by high-
intensity, high-frequency fields [3–5].

In fully three-dimensional nondipole wave packet calcula-
tions [3], we identified the onset of stabilization by a transi-
tion from multiphoton-like ionization to ionization dominated
by nonadiabatic shake-off as represented by a lack of over-
lap between the field-free and field-dressed states and with
the emergence of characteristic low-energy electrons. In this
work, we consider the first fully three-dimensional angular
distributions in the high-frequency nondipole regime. In par-
ticular, we show that the distributions, which typically have
a � -like structure for low intensities, have a characteristic 3-
lobed shape in intense fields. Furthermore, in the nondipole
regime, the ionization is likely to occur antiparallel with the
laser propagation direction, which is opposite to what is pre-
dicted in intense low-frequency fields [6]. Supported by clas-
sical calculations we develop a model that explains the emer-
gence of the unique extra lobe in the angular distributions.

The nonrelativistic dynamics of atoms interacting with
a classical electromagnetic field is governed by the time-
dependent Schrödinger equation [atomic units (a.u.), ���
	� 	��	�����	 �

are used throughout], �������������! #"$	%'&( �*),+.-/" ( +102���3"546�������# #" , with the vector potential -7��89" ,8:	<;= �>@?BAC� and potential 0 . We consider a linearly polar-
ized laser pulse with wave vector ?<	EDGFH , corresponding to
the vector potential

-7��89"I	EJ �;LK �M89"ON!PRQ��M8S+1T3"UFV � (1)

with J � the electric field amplitude, ; the laser frequency,

K �M89" the laser pulse envelope, T the carrier-envelope phase,
and FV the polarization direction.

The Kramers-Henneberger (KH) form of the light-atom in-
teraction Hamiltonian is useful for numerical ionization stud-
ies of atoms in intense, high-frequency fields. We apply the
nondipole KH transformation [3, 7], �XWZYS	\[^]�_6�M��`aAb)c"!� , to
the wave function and impose the Coulomb gauge restrictiond Ae-f	 �

on the field. The vector `��M89"hg &ikjmllon
p 8�qr-7��8Oqs"

represents the position relative to the laboratory frame of a
classical free electron in the field. The transformation results
in the Hamiltonian [3]

t WZY 	 �u � ( + �uwv ( +.0a�M�x+.`h"y+ �u{z ( �|-}A!)c" (
> �uez (k~ A'),+ �z �|-�A')c"C� FH A!)c"C� (2)

where ~ 	�>�� � - is the electric field. The last three terms
stem from the transformation of the kinetic energy operator
and are of relativistic order and vanish in the dipole approx-
imation. The last two oscillate with alternating sign and are
expected to have a negligible effect on the electron dynamics.
The first is quadratic in v and � and hence always positive,
but nevertheless we also expect the effect of this term to be
small: it plays the role of a kinetic energy operator in the dy-
namics and is less than a factor J

(��� ��; ( z ( " as important as
the the ordinary � ( operator in (2). Furthermore, for very high
intensities the electron essentially follows the motion of a free
electron in the field, which, within the KH frame of reference,
means that the momentum distribution of the electronic wave
packet is strongly centered about zero in the polarization di-
rection. Therefore (2) can be approximated by

t W3Y 	 �u � ( + �uyv ( �M89"�+102�M�x+.`��M89"#"C� (3)

which is valid provided J
(� � ��; ( z ( "�� �

, i.e., in the nonrel-
ativistic case. We confirmed the validity of (3) for three dif-
ferent laser frequencies, ;<	 �9�b�

,
�
, and

u
a.u., by numerical

integration of the time-dependent Schrödinger equation for
�

periods of the field with and without the last three terms of (2).
The overlaps of the wave functions were more than 99 %, for
field strengths up to J � 	 ���

, � � , and
�����

a.u., respectively,
for the three frequencies. The spatial dependence of ` was
also examined, and we confirmed that for the present field pa-
rameters all nondipole effects are, in effect, incorporated via
the v ( term. Accordingly, we apply the Hamiltonian (3) in our
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FIG. 1: (Color online). Dipole (left) and nondipole (right) proba-
bility densities of the KH wave function in the ����� plane for a�� -polarized,

���
-cycle pulse propagating in the positive � direction

(upward), with 	�
��� � a.u., ����� a.u. and ��� � . The snapshots
are taken at ��� � , ��������� , and ������� ��!#" � a.u. with ���$� � " %
a.u.. The length of the horizontal line corresponds to ! � a.u.. The
scale is logarithmic with four contours per decade.

present study of the nondipole ionization dynamics of H, with
focus on the angular distribution of the photoelectron. The
ground state is exposed to a 3-15–cycle laser pulse of the form
(1) with K ��8O" 	 N!P*Q

('&)( li+*, , and central frequency ; 	 u a.u.
(
u � nm), i.e., pulse durations between

ueu.-
and

���0/��
attosec-

onds. For the frequency considered here, nondipole effects
become important when the electric field strength exceeds

u{�
a.u. [3, 8].

Figure 1 shows a typical example of the probability density
distribution of the wave function in the dipole and nondipole
descriptions. The snapshots are taken before the pulse, in the
middle of the pulse, and at

ue�
a.u. after the end of the pulse.

The displacement in the nondipole case of the wave packet
in the propagation direction during the pulse is a manifesta-
tion of the classical ”figure-eight” motion of a free electron
in the nondipole field. This motion is composed of a ve-
locity component in the propagation direction, superimposed
on the ordinary wiggle motion along the laser polarization
direction. The drift in the propagation direction can be as-
sociated with the action of the magnetic field on the quiv-
ering electron. To see this, consider the Lorentz forces on
a free electron in the electromagnetic field. To lowest or-
der in 1 � z the magnetic force acting along the propagation
direction becomes 2�3��� #" 	 > v54 �M #" J 4 �� #" � z . Then, for an
electron that is initially at rest the velocity in this direction is6 3��M #" 	 v (4 �� #" � � u{z " , which is indeed never negative. For this
reason, one might expect that the ionized electron has a ve-
locity component along the positive 1 axis after the pulse has

FIG. 2: (Color online). Dipole (left) and nondipole (right) electron
angular distributions for a 3- (upper), 5- (second), 10- (third), and
15-cycle pulse (lower panel) linearly polarized in the horizontal di-
rection, with ����� a.u., 	 
 �$� � a.u. and ��� � . The propagation
direction, marked with an arrow, is along the positive � axis. In all
cases the total ionization probability lies between

� " % and
� " ! , and the

ratios of probability of ionization between the nondipole and dipole
cases are

� " ��� , � " �87 , � " ��9 , and
� " ��7 for the four different pulses.

passed. This is, however, not necessarily the case since 6 3 	 �
at the end of the pulse. In fact, the electron is most likely
ejected oppositely to the propagation direction. The last snap-
shot in Fig. 1 clearly shows this trend . The up/down asym-
metry follows from the interplay between the electromagnetic
and Coulombic forces during the pulse. The electromagnetic
forces alone do not change the electron momentum along the
propagation direction at the end of the pulse, since 6 3 �;: "c	 � .
On the other hand, the net effect of the Coulomb forces on the
polarized charge cloud is a momentum component along the
negative 1 axis: the electron, which is most probably situated
in the upper hemisphere during the pulse, gets a momentum
kick in the negative 1 direction each time it passes close to the
nucleus.

To clarify this point further, we have plotted the dipole and
nondipole angular distributions of the continuum electron in
Fig. 2. The data are taken for J � 	 � � a.u. and pulses with� , � , � � and

�r�
cycles, respectively. The horizontal axis ( <

axis) indicates the laser polarization direction, and the pulse
propagates in the positive 1 direction (upwards). The left/right
asymmetry in the angular distributions reveals that the dynam-
ics is strongly nonadiabatic even for the longest pulse consid-
ered here. This means that the shape of the distributions is sen-
sitive to the value of the carrier-envelope phase, T . The data in
Fig. 2 were obtained for T7	 � . Figure 3 shows similar spec-
tra for a

�
-cycle pulse with J �:	 u{�

, � � and
/��

a.u., respec-
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FIG. 3: (Color online). As Fig. 2, but for a 5-cycle pulse and for
three different field strengths, 	�
 � � � (upper), 	�
 � � � (middle)
and 	 
 � % ! a.u. (lower panel). The data are averaged over the
carrier-envelope phase. The total ionization probability is between� " % � and

� " 7 � , and the ratios of probability of ionization between
the nondipole and dipole cases are

� " �.� , � " ��7 , and
� " � � for the three

different pulses.

tively, but here the data are averaged over the phase T . Both
the distributions in Figs. 2 and 3 confirm the features exhib-
ited in Fig. 1. The differential spectra are indeed bent down-
wards in the nondipole regime, i.e., in the direction opposite
to the laser propagation direction. The more intense the pulse,
the greater the degree of deflection. In one-photon ionization,
this bending of the � -like distribution (see Fig. 2) is a well-
known consequence of the nondipole terms proportional to?kA'� . But now the ionization mechanism is completely differ-
ent: the electron is mainly released into the continuum due to
a nonadiabatic adjustment to the time-averaged KH potential,0U��� � ���#�3"x	 � � : j *� 02���a+ `h" p  [3], where � �Bg J � � ;

(
is the quiver amplitude. Also, this very different ionization
mechanism leads to a new strong-field and nondipole feature,
that is manifested by a characteristic � -lobed shape of the an-
gular distributions. The third lobe in the direction antiparallel
to the propagation direction is not present in the weak-field
nondipole regime [9], neither is it present in the dipole limit
of strong-field ionization. The extra lobe becomes most dis-
tinct for the longest and most intense pulses. For J � 	 � � a.u.
it is not visible for the � -cycle pulse, whereas it is prominent
for the

� �
and

� �
-cycle pulses. Furthermore, for the case of a�

-cycle pulse it becomes important for J ���L� � a.u.. The � -
lobe structure is present for any value of the carrier-envelope
phase, but the relative size of the two side-lobes can vary a lot
for different choices of T .

In order to get a deeper insight into the physical processes
governing the observed features, we have performed a clas-
sical trajectory Monte Carlo analysis of the problem. The
classical angular distributions were obtained from the solu-
tions of the Newtonian equations of motion for a large num-
ber ( � � �e�����e� ) of individual electron trajectories with initial
conditions taken from a microcanonical ensemble [10]. Fig-

ure 4 (upper) shows the final angular distribution correspond-
ing to those classical electron orbits that are unbound in the
nondipole limit but remain bound within the dipole picture.
The figure should be compared with the lower right figure
in Fig. 3. The

�
-lobed shape of the distribution is striking.

Hence, the classical calculation reveals that the fraction of the
wave packet that remains bound within the dipole approxima-
tion but is ionized in the nondipole regime contributes to the
creation of a third lobe in the spectra.

Both the deflection of the two side-lobes and the creation
of a new lobe in the angular distributions can in fact be at-
tributed to the very same physical process which is of purely
classical origin. In the nondipole regime the intensity of the
laser is so high that the electron essentially follows the mo-
tion of a classical free electron in the field. However, the elec-
tron will accumulate momentum from a series of Coulomb
scattering events during the pulse. The momentum kicks im-
parted to the electron from these events may eventually lead
to ionization. Although the electron receives momentum kicks
both in the dipole and nondipole cases there is one important
difference in the nondipole situation: because of the ”figure-
eight” motion, the electron’s orbit is displaced in the propaga-
tion direction during the laser pulse, and a classical electron
will typically spend more time in the upper hemisphere than
in the lower hemisphere. The average effect of the Coulomb
forces on the electronic motion in the up/down direction are,
accordingly, a net momentum transfer to the electron in the
direction opposite to the propagation direction. This explains
the up/down asymmetry of the angular distributions in the
nondipole regime.

Orbits that contribute to the extra lobe in the angular dis-
tributions have one thing in common: they are ionized as a
result of an intimate interplay between magnetic, electric and
Coulomb forces during the pulse. Due to the magnetic drift
motion, the ionizing trajectories very early become confined
to the upper hemisphere and the electron will remain there
until the end of the pulse, even though it receives momen-
tum kicks in the opposite direction from successive encoun-
ters with the nucleus. However, at the end of the pulse, when
the magnetic drift motion ceases, the electron is left with a
velocity component along the negative 1 direction. It is this
momentum component, which roughly equals the algebraic
sum of all such momentum kicks imparted to the electron
during the pulse, that finally enables the electron to escape.
The creation of the third lobe and the dependence of the � -
lobed structure on the pulse duration (see Fig. 3) is under-
stood accordingly. In Fig. 4 (middle and lower panels) we
follow one of the single classical trajectories that contributes
to the third lobe in the angular distributions in the nondipole
case. The differences between the nondipole (middle panel)
and the dipole (lower panel) are striking. Within the dipole
approximation the electron is transferred to an excited closed
orbit by the electric field, whereas the electron is ionized when
the spatial dependence of the field is included. This particular
example illuminates essentially all the fundamental aspects of
the dynamics, i.e., the ”figure-eight” motion, the drift motion
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FIG. 4: (Color online). Upper panel: Classical angular distribution
corresponding to those classical trajectories that remain closed orbits
within the dipole approximation but are unbound in the nondipole
description. The data, which are averaged over the carrier-envelope
phase � , are taken for a ! -cycle pulse with 	 
 � %#! a.u. and ���� a.u.. Middle panel: A single classical trajectory that contributes
to the third lobe in angular distribution. Lower panel: The same
trajectory in the dipole approximation. The dashed (red) and dotted
(blue) curves indicate the initial and final orbits, respectively, and
the full curve (black) shows the trajectories during the pulse. The
linear polarization is along the � axis and the pulse propagates in the
positive � direction.

and the quivering motion of the electron.
In contrast to the present dynamics, optical laser frequen-

cies cannot be expected to produce the same 3rd lobe for two
reasons. First, the excursion is in this case so large that the in-
timate interplay between the magnetic and the nuclear force
will be much less pronounced. Second, for low-frequency
fields the substantial ionization occurs in a fraction of or af-

ter only a few optical cycles, so that the ” � -lobe ionization
mechanism”, which is a relatively slow process in the sense
that it needs several cycles to be efficient, becomes much less
important. In addition, in the stabilization regime the ionized
electron typically has very low kinetic energy and is, there-
fore, effectively steered by the Coulomb kicks imparted to it.
We remark, however, that the ionization mechanism that is
responsible for the 3rd lobe also is present for lower frequen-
cies, but that its relative importance very rapidly decreases as
the frequency is decreased. Although the effect is strongly
suppressed in the ionization of H(1s), it should in principle
be possible to measure the 3rd lobe in weakly bound sys-
tems with optical laser frequencies, but now the additional
nondipole effect, due to the extended size of the system com-
pared to the central pulse wavelength, may become impor-
tant [11].

In conclusion, we obtained the first angular distributions for
the photoelectron in the ionization of H(1s) in super-intense,
high-frequency, attosecond pulses. Our treatment went be-
yond the dipole approximation, and we identified a unique
signature for the onset of nondipole effects in the spectra. We
showed that the common

u
-lobed shape of the angular dis-

tributions in the dipole regime develops gradually into a de-
flected � -lobed shape in the high-frequency nondipole regime.
A detailed classical analysis of the spectra revealed the classi-
cal nature of the underlying dynamics.
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