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Abstract

This dissertation addresses the applications and challenges of both laboratory exper-
iments and mathematical modeling at different scales, where the main character is
biofilm. Thus, the first part of this work shows biological, chemical and physical con-
cepts for the laboratory experiments and mathematical terms for the modeling, upscaling
and numerical solutions. The second part contains the research papers.

In our research, we are interested in studying the biofilm to improve the oil extraction.
Most of the biofilm models are based on simplifying assumptions, e.g. impermeability,
a constant biofilm density and accounting for diffusion but neglecting convection for
transport of nutrients. In this work, we propose a pore-scale model for a permeable
multi-component biofilm including a variable biofilm density, detachment and transport
of nutrients due to convection and diffusion. It is through laboratory experiments that
we identify the key processes and variables that need to be considered. Accordingly, we
use experimental determined parameters and compute some of the parameters through
calibration. In addition, we study the sensitivity of the parameters in the mathematical
models.

Pore-scale models are important because they aim to describe physical phenomena
in detail and one can derive core-scale models through upscaling. Then, we can reflect
the effects of the pore-scale processes on the core scale. Upscaling of pore-scale models
allows us to describe the average behavior of a system in an accurate manner with rela-
tively low computational effort. Then, we upscale this pore-scale model in two different
geometries: a thin channel and a thin tube, in order to derive one-dimensional effective
equations, by investigating the limit as the ratio of the aperture to the length approaches
to zero.

In the core-scale laboratory experiments, biofilm is grown in cylindrical cores. Per-
meability and porosity changes over time at different flow rates and nutrient concen-
trations are studied. Numerical simulations are performed to compare with the exper-
imental results. We also present how to extend the model to include chemotaxis and
interfacial tension reduction due to surface active compounds.

Mathematical models for biofilms are based on coupled non-linear partial differen-
tial equations and ordinary differential equations, which may be challenging to solve.
Therefore, it is necessary to use advanced numerical methods and simulations to predict
the behavior on time of the unknowns in these complex systems. We present some of
the common space discretizations, time discretizations and numerical solvers for these
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models. We also discuss the difficulty of free boundary problems and the numerical
techniques to deal with them. Last but not least, we discuss the challenges of parameter
estimation and the application of sensitivity analysis.



Outline

This dissertation consists of two parts. The first part gives an overview of scientific
theory and mathematical methods that are relevant to the thesis. The second part contains
the research papers.

Part I consists of six chapters. We introduce the concepts related to processes in
biofilms, applications of biofilms to real-world problems and the relevance of develop-
ing mathematical models in Chapter 1. In Chapter 2 we discuss both laboratory exper-
iments and mathematical models in different geometries at the pore scale. Upscaling
techniques to derive effective quantities from the pore to the core scale are discussed in
Chapter 3. In Chapter 4 we discuss both laboratory experiments and mathematical mod-
els for single- and multi-phase flow at the core scale. The mathematical techniques to
solve these models are given in Chapter 5. Finally, a summary of the papers, conclusion
and outlook is given in Chapter 6.

Part II contains the scientific results, consisting of the following six papers:

Paper A [56] Landa-Marbán, D., Pop, I. S., Kumar, K., and Radu, F. A. (2019).
Numerical simulation of biofilm formation in a microchannel. In
Radu, F. A., Kumar, K., Berre, I., Nordbotten, J. M., and Pop, I. S.
(editors), Numerical Mathematics and Advanced Applications ENU-
MATH 2017. ENUMATH 2017. Lecture Notes in Computational Sci-
ence and Engineering, 126, 799–807. Springer, Cham. doi: 10.1007/978-
3-319-96415-7_75.

Paper B [62] Liu, N., Skauge, T., Landa-Marbán, D., Hovland, B., Thorbjørnsen,
B., Radu, F. A., Vik, B. F., Baumann, T., and Bødtker, G. (2019).
Microfluidic study of effects of flow velocity and nutrient concentration
on biofilm accumulation and adhesive strength in the flowing and no-
flowing microchannels. Journal of Industrial Microbiology & Biotech-
nology. doi: 10.1007/s10295-019-02161-x.

Paper C [55] Landa-Marbán, D., Liu, N., Pop, I. S., Kumar, K., Pettersson,
P., Bødtker, G., Skauge, T., and Radu, F. A. (2019). A pore-
scale model for permeable biofilm: Numerical simulations and labora-
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tory experiments. Transport in Porous Media. 127(3), 643–660. doi:
10.1007/s11242-018-1218-8.

Paper D Landa-Marbán, D., Bødtker, G., Kumar, K., Pop, I. S., and Radu,
F. A. (2019). An upscaled model for permeable biofilm in a thin channel
and tube. In review.

Paper E D. Landa-Marbán, D., Bødtker, G., Kumar, K., Pettersson, P., Pop,
I. S., Vik, B. F., and Radu, F. A. (2019). Mathematical modeling of bio-
plug technology: Laboratory experiments and numerical simulations. In
preparation.

Paper F [57] Landa-Marbán, D., Radu, F. A., and Nordbotten, J. M. (2017).
Modeling and simulation of microbial enhanced oil recovery includ-
ing interfacial area. Transport in Porous Media 120(2), 395–413. doi:
10.1007/s11242-017-0929-6.
Paper based on work from master’s thesis [54].
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Chapter 1

Introduction

The art of mathematical modeling consists of describing systems with enough complex-
ity to predict its behavior, but simple enough to have as less number of parameters as
possible. Mathematical models have been used to solve real world problems in differ-
ent areas, such as medicine, engineering, biology and geophysics. In this work we are
interested in mathematical models at different scales of bacterial effects for improving
the oil recovery. Different types of bacteria are used in specific applications. Despite the
ubiquitous presence of bacteria, a lot remains unknown about them. For example, even
now, scientists do not agree about the estimation of how many different bacteria species
exists. Amman and Rosselló-Móra [5] states that only millions of species exist instead
of previous estimates of billions. Today, the physiology of more than 30,000 formally
named species in pure culture have been investigated [31]. In recent years, industrial
applications of bacteria has increased significantly. This thesis develops mathematical
and computational tools to study one of the important applications, that is using them
to enhance the oil recovery (microbial enhanced oil recovery, MEOR).

Novel mathematical models for MEOR must be built to improve accuracy and en-
hance confidence in numerical results. In this work, we refer to the pore scale (also
known as micro scale) to the size of micrometers to millimeters and to the core scale
(also known as Darcy scale or macro scale) from order of centimeters to meters. This
thesis aims to describe the methodology to derive core-scale models from experimental-
based pore-scale modeling through homogenization.

The main contributions of this thesis are:

1. A novel pore-scale model for a permeable multi-component biofilm. The pro-
posed mathematical model includes a variable biofilm density, detachment of
biofilm components due to erosion and transport of nutrients by convection and
diffusion. The model development is performed in close relationship with the
physical experimental observations. This mathematical model is built in a thin
channel as shown in Paper A, where we present the algorithm to solve it numeri-
cally. The laboratory experiments which inspired this model are presented in Paper
B. The formulation of this mathematical model in a perforated domain is presented
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in Section 2.2.

2. Experimental determined parameters for the pore-scale mathematical model.
From the laboratory experiments the dimensions of the channel, the injected nu-
trient concentration and the flow velocity are known. The coverage biofilm area is
measured over time for different flux velocities. Using the best parameter model
estimates reported in literature, we calibrate the stress coefficient to fit the mea-
surements of coverage biofilm area over time for four different flux velocities. A
detailed discussion of the model calibration is presented in Paper C. To identify
the model parameters that may be estimated with relatively less accuracy, and the
ones requiring a more accurate estimation, we performed a global sensitivity anal-
ysis.

3. Upscaling the pore-scale model in two different pore geometries. The full
model including all processes from the pore scale to the core scale is generally
too complex to be solved; therefore, homogenization is used to derive core-scale
models which represent the effective behavior of the system. Details on the math-
ematical techniques to upscale the model in a thin cylinder and channel are shown
in Paper D. In addition, numerical computations of the effective models and a
comparison with a well-known core-scale model are presented.

4. Comparison of core-scale experiments with numerical simulations. Labora-
tory experiments were performed in core samples to study the changes of perme-
ability and porosity over time due to biofilm formation at different flux velocities.
From the laboratory experiments the dimensions of the core, the flux velocity, in-
jected nutrient concentration and initial porosity, volume fraction of biofilm and
permeability are known. Laboratory results and numerical simulations are pre-
sented in Paper E. The stress coefficient is calibrated to fit the measurements of per-
meability reduction due to biofilm growth. Numerical simulations of a two-phase
core-scale model containing more complex processes are presented in Paper F.

1.1 Biofilm
The systems that we are interested in modeling are biofilms. Vu et al. [101] defines a
biofilm as an aggregation of bacteria, algae, fungi and protozoa (microbes) enclosed in
a matrix consisting of a mixture of polymeric compounds, primarily polysaccharides,
generally referred to as extracellular polymeric substance (EPS). Bacteria have differ-
ent shapes and sizes, typically of the order of micrometers. Intuitively, we can imagine
the EPS as the “house” of the bacteria. Jefferson [45] mentioned four potential incen-
tives behind the formation of biofilms: protection from harmful conditions (defense),
sequestration to a nutrient-rich area (colonization), utilization of cooperative benefits
(community) and biofilms as the default mode of growth (reproduction). A herd of land
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animals, flock of birds, swarming of insects, shoal of fish and community of humans are
other examples of living organisms who come together for beneficial purposes.

Toyofuko et al. [97] describes biofilm formation through three steps: planktonic cell
attachment to the surface, formation of a structured architecture with the assistance of
EPS in the maturation stage and cells leaving the biofilm in the dispersal stage. Different
environmental factors affect the biofilm, such as temperature and pH.

Biofilms are complex systems, involving different physical, chemical and biological
processes. Some of the relevant processes in biofilms include the following:

• Flow: Movement of a fluid (e.g. water) is produced by pressure gradient [6].
• Transport: Bacteria and nutrients are driven by the combined effects of diffusion

(from concentration gradients) and convection (from bulk fluid flow) [12].
• Attachment: The tendency of bacteria to adhere to surfaces [104].
• Bacterial decay: Death of the bacterial population [14].
• Nutrient consumption: Bacteria require nutrients for growth, reproduction, forma-

tion of bioproducts and movement. Generally we distinguish two scenarios: one
in which the nutrients are abundant and the other in which they are limiting. [91].

• Bacterial reproduction: Bacteria in a suitable medium can increase in number by
first having each cell increase in size and then each cell divides to produce two
daughter cells [87].

• Endogeneous respiration: Process by which microorganisms consume cell re-
serves in the absence of substrate and thereby continue to use a terminal electron
acceptor [67]. Electron acceptors are ions or molecules that act as oxidizing agents
in chemical reactions.

• Erosion: Removal of the small groups of cells from the surface of the biofilm
caused by shear forces of the moving fluid in contact with the biofilm surface [66].

• Abrasion: Removal of small groups of cells from the surface of the biofilm caused
by the collision of biofilm support particles, e.g. during backwashing of fixed bed
reactors [66].

• Sloughing: An event where large amounts or entire sections of biofilm leave a
support surface and enter the sourronding media [9].

• Formation of bioproducts: Microbial activity produces biomass, acids, gases,
polymers, solvents and biosurfactants [90].

• Quorum sensing: Cell-to-cell communication between bacteria mediated by small
diffusible signal molecules that trigger changes in gene expression in response to
fluctuations in population density [7].

• Taxis: Preferential migration of a cell due to a gradient of some factor in the en-
vironment [13]. Taxis have been observed in response to many different types of
environmental stimuli such as metabolites and signalling molecules, temperature,
light, salinity, oxygen, the magnetic field and pH [51].

It is worth to mention that not all of the aforementioned processes are relevant for cer-
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tain applications. Depending on the problem, diverse mathematical models can be build
including one or several of these processes.

Table 1.1 shows both beneficial applications and negative effects of biofilms.

1.2 Microbial enhanced oil recovery
Microbial enhanced oil recovery (MEOR) is an enhanced oil recovery method relying on
microorganisms and their metabolic products to mobilize residual oil in a cost-effective
and eco-friendly manner. The first MEOR field test was reported from the Lisbon field,
Union County, Arkansas, USA in 1954 [108]. Since then, the interest in this technology
has increased and a lot of research has been done for industrial applications. A recent
review of MEOR methods can be found in [106].

In the previous section we mentioned that biofilms produce biomass, acids, gases,
polymers, solvents and biosurfactants. Bryant and Lockhart [20] summarize the effects
of these bioproducts on enhanced oil recovery (EOR):

• Biomass: Selective and non-selective plugging, emulsification through adhesion
to oil, changing wettability of mineral surfaces, desulfurifization of oil and reduc-
tion of oil viscosity and pour point.

• Acids: Produce CO2 through reaction with carbonate minerals and increase rock
porosity and permeability.

• Gases: Reservoir repressurization, oil swelling, viscosity reduction and increased
permeability caused by solubilization of carbonate rocks.

• Solvents: Dissolution of oil.
• Surfactants: Lowering interfacial tension and emulsification.
• Polymers: Mobility control and selective or non-selective plugging.

Fig. 1.1 shows the different effects of bacteria for EOR.

Biomass

Surfactants

Polymers Acids

Biomass

Lowering

Selective
plugging

Increase

of water
viscocity

interfacial
tension

Increases
rock
permeability

Solvents

Dissolution
of oil

Gases

Reservoir
represurization

Figure 1.1: Effects of bioproducts in a reservoir to EOR.
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Table 1.1: Examples of biofilm species for industrial applications and causing negative
effects

Beneficial biofilm Description Species example
Bioremedation To detoxify contaminants in the soil

and other environments, e.g., oil
spills.

Aeromicrobium
erythreum [22]

Bioleaching A simple and effective technology for
metal extraction from low-grade ores
and mineral concentrates.

Acidithiobacillus
thiooxidans [27]

Water treatment Improving the quality of water to
make it more acceptable for a specific
purpose.

Nitrosomonas
europaea [82]

Microbial enhanced oil
recovery (MEOR)

Process of recovering oil not al-
ready extracted from an oil reservoir
through primary or secondary recov-
ery techniques.

Clostridium
tryobutyricum
[69]

Biofuel cell A bioelectrochemical energy system
capable of converting chemical en-
ergy available in organic substrates
into electrical energy using bacte-
ria as a biocatalyst to oxidize the
biodegradable substrates.

Pseudomonas
aeruginosa [49]

Detrimental biofilm Description Species example
Medical devices Biofilm formation on medical devices

is associated with hospital acquired
infections.

Pseudomonas
aeruginosa [80]

Biofouling The unwanted growth of marine or-
ganisms on stationary, submerged
equipment.

Leucothrix
mucor [109]

Chronic infections When bacteria succeed in forming a
biofilm within the human host, the in-
fection often turns out to be untreat-
able and will develop into a chronic
state.

Legionella
pneumophila
[15]

Dental plate Biofilm that grows on surfaces within
the mouth causing dental decay and
gum disease.

Streptococcus
mutans [64]

Biodeterioration Changes in the quality or value of
a material, which make it less func-
tional in utilization terms, e.g., pieces
in museums.

Aspergillus [70]
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1.3 The importance of mathematical modeling
A mathematical model is a simplified representation of certain aspects of a real system
that uses mathematical language to describe its behavior; and so studying the effects of
different components and making predictions about behavior. Carrera [21] proposed the
scheme in Fig. 1.2 to summarize the process of mathematical modeling of systems when
computational schemes are the desired result. From this Figure we observe a cycle in
the process, meaning that if the agreement between predictions and observations is less
than desirable, it is necessary to re-enter the modeling cycle again.

COMPUTATIONAL MODEL(S)

SYSTEM

(PHYSICAL, BIOLOGICAL,

CHEMICAL, ETC) MODEL

MATHEMATICAL MODEL(S)

APPROXIMATE MODEL(S)

RESOLUTION PROCESS(ES)

Figure 1.2: Scheme of the process of mathematical modeling. Figure adapted from [21]

Mathematical models in MEOR are important as they help to predict the applicability of
an MEOR strategy and to optimize the benefits. Modeling of biofilm started in the early
1980s [102]. Horn and Lackner [43] give a review of the evolution of modeling of biofilm
systems during the last three decades. The authors concluded that even though these
models have allowed us to understand some processes in biofilms, the measurement
of the input parameters needs to improve and current biofilm models should include
mechanical properties of biofilms.

On the other hand, we can find many mathematical models for biofilms in literature.
However, most of the existing biofilm models neglect important processes and aspects
in biofilm systems, e.g., permeability of biofilms [4, 29], biofilm components (e.g., EPS
and water) [26, 100] and detachment [23, 103]. Therefore, novel mathematical models
must be built to improve accuracy and enhance confidence in numerical results.
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Pore-scale modeling

The pore size in a core sample from a reservoir is of the order of 𝜇𝑚 [76]. Physical phe-
nomena such as interfaces between the fluid and biofilm, attachment of the bacteria to
the pore walls and detachment of biomass can be observed in more detail at this scale.
Pore-scale experiments can be designed to estimate model parameters of these phenom-
ena that can be used in core-scale models after deriving effective quantities through up-
scaling. In this Chapter we describe laboratory experiments and mathematical models
to study the biofilm formation in both microchannels and micromodels.

2.1 Microchannels
Laboratory experiments are performed in different systems, such as microchannels. Usu-
ally these microchannels have a depth much smaller than the width and length, allowing
us to model the system in two dimensions.

2.1.1 Laboratory experiments
In this project a glass micromodel (Micronit, Netherland), a camera (VisiCam 5.0) and
two syringe pumps (NE-1000 Series, Syringe Pumps) were used to perform the experi-
ments. The bacterium Thalassospira strain A216101 was used for the laboratory stud-
ies, which is facultative anaerobic and uses nitrate as alternative finale electron acceptor.
Pyruvate was added as a carbon source to a marine mineral medium to produce differ-
ent nutrient concentrations. Biofilm growth was established in the micromodel by first
adding bacteria (inoculation) and then flooding with nutrient medium at different flow
rates and nutrient concentrations. The micromodel used in the laboratory has a width of
100 𝜇m and thickness/depth of 20 𝜇m. Fig. 2.1 shows the microchannel before and after
inoculation. First, microbes and nutrients were injected in the vertical channel for 24 h
at a rate of 1 𝜇l/min. Afterwards, the whole system was closed for one day to allow the
suspended bacteria to attach themselves to the surface. Then, we started to inject nutri-
ents from the left channel at different flow rates and nutrient concentrations. Bacterial
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sloughing was not observed during the time the experiments were performed (6-7 days).
A detailed description of the performed experiments can be found in Paper B.

a) b)

100 µm 100 µm

Bacterial
injection

Nutrient
injection

Closed
channel

OutflowOutflow

Closed
channel

Figure 2.1: Microchannel before and after inoculation. Bacteria was injected first
through the vertical channel (a). Nutrients were injected through the left channel for
some days (b). Photographed by Na Liu.

2.1.2 Mathematical modeling
We mentioned before that biofilm are complex systems involving different processes.
It is important to point out that several magnitudes of difference on time scale among
these processes exist (see Table 2.1).

Table 2.1: Time scale magnitudes for different processes related to biofilms [43]
Process Time scale Process Time scale
Advection 10−2 s – 10−1 s Biomass growth 105 s
Diffusion 103 s Erosion 10 s
Substrate conversion 10−1 s – 102 s Sloughing 105 s

According to the application, we use different approaches to model biofilms. Cellular
automata (CA) are examples of discrete mathematical systems constructed from many
identical components, each simple, but together capable of complex behaviour [105].
CA-based biofilm models have been developed in previous years [83]. One of the disad-
vantages of these models is that they do not adress some relevant physical processes such
as deformation by shear forces [43]. Multidimensional continuum models are based on
physical law equations (e.g., conservation of mass). These models have been applied to
biofilms and can handle more physical processes than CA. Alpkvist and Klapper [4] built
a multidimensional multispecies continuum model for heterogeneous biofilm. Duddu et
al. [29] built a mathematical model including shear forces caused by water flux. van No-
orden et al. [100] built a mathematical model for biofilm formation in a thin strip. Fol-
lowing the same ideas, in Papers A and C we developed a pore-scale model for biofilm
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formation in a thin strip geometry. We refer to these papers for details on the formulation
of the mathematical model in this geometry.

2.2 Micromodels
A more general geometry than microchannels consists of a perforated domain with void
spaces known as micromodels. Researchers have used micromodels to study diverse
biofilm processes for different grain geometries, i.e. circles [98], triangles [50] and poly-
gons [48]. Nambi et al. [71] used micromodels to determine how flow hydrodynamics
and mass transfer limitations along a transverse mixing zone affect biomass growth.
Karambeigi et al. [48] performed experiments in micromodels to study the potential of
bioplugging of high permeable layers of porous media. Likewise, scientists have de-
veloped and implemented mathematical models in this geometry, e.g., Deng et al. [26]
studied numerically the effects of permeable biofilm in a perforated domain. Therefore,
there is an increased need for novel mathematical models to investigate the mechanisms
of biofilm development in different pore structures, like micromodels.

2.2.1 Laboratory experiments
Micromodels are used to study the effects of biomass on bioplugging. Fig. 2.2 shows
a picture of a micromodel with biofilm. To study the permeability reduction and flow
diversion at different nutrient concentrations and flow rates, experiments in microchan-
nels were performed in our project. The average velocity in the pore is of order of 𝑚𝑚/𝑠
and the porosity is about 0.4.

Figure 2.2: Biofilm growth in a micromodel. Photographed by Na Liu.

Karambeigi et al. [48] performed laboratory experiments in a micromodel with two lay-
ers of low and high permeable zones to study the oil recovery using bio plugging. After
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image analysis, the authors reported an increased of oil recovery of approximately 40 %.

2.2.2 Mathematical modeling
In this subsection we write mathematical equations for a 2D perforated pore-scale do-
main. As in Paper C, we assume that the biofilm consists of four components: water,
EPS, active bacteria and dead bacteria. Moreover, we assume that the fluid flow and nu-
trients are in a steady state when we compute the biofilm growth potential and volume
fractions at each time step, the biofilm growth occurs in the pore walls, there is only one
nutrient, which is mobile both in the water and biofilm, the temperature is constant and
the gravity effects are neglected.

2.2.2.1 Geometrical settings

Fig. 2.3 shows the water domain, biofilm domain, solid domain and all boundaries in
the perforated domain.
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Figure 2.3: Schematic representation of the porous medium.

We consider a two-dimensional domain of length 𝐿 and width 𝑊:

Ω ∶= (0, 𝐿) × (0, 𝑊 ).

The boundary of the domain consists of the upper and lower walls, the inflow and the
outflow:

Γ𝑢 ∶= [0, 𝐿] × {𝑊 }, Γ𝑑 ∶= [0, 𝐿] × {0}, Γ𝑖 ∶= {0} × [0, 𝑊 ], Γ𝑜 ∶= {𝐿} × [0, 𝑊 ].

The domain is perforated, consisting of a pore space filled with water Ω𝑤(𝑡), solid grains
Ω𝑠 and biofilm attached to the grains Ω𝑏(𝑡). For ease of the presentation, we assume
that there is no biofilm formation on the domain walls. We denote the water-biofilm
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interfaces by Γ𝑤𝑏(𝑡) and the solid grain boundary by Γ𝑠. We note that both domains
Ω𝑤(𝑡) and Ω𝑏(𝑡) and interface Γ𝑤𝑏(𝑡) changes over time due to biofilm growth, bacterial
decay and detachment.

2.2.2.2 Equations in the water phase

In the water phase Ω𝑤(𝑡), equations to describe the water flux and transport of nutrients
are needed. Assuming that water is incompressible, the water flow is described by the
conservation of mass and Stokes equation

∇ ⋅ 𝑞𝑞𝑞𝑤 = 0, 𝜇Δ𝑞𝑞𝑞𝑤 = ∇𝑝𝑤,

where 𝜇 is the water viscosity, 𝑝𝑤 is the water pressure and 𝑞𝑞𝑞𝑤 = (𝑞(1)
𝑤 , 𝑞(2)

𝑤 ) is the water
velocity.

To model the transport of nutrients in the micromodel, denoting by 𝐷 the scalar dif-
fusion of nutrients, the nutrient concentration in the water (𝑐𝑤) satisfies the convection-
diffusion equations

𝜕𝑡𝑐𝑤 + ∇ ⋅ 𝐽𝐽𝐽𝑤 = 0, 𝐽𝐽𝐽𝑤 = −𝐷∇𝑐𝑤 + 𝑞𝑞𝑞𝑤𝑐𝑤,

where 𝐽𝐽𝐽𝑤 is the nutrient flux in water. To include nutrient dispersion in the model, the
scalar diffusion 𝐷 can be replaced by a tensor depending also on the water velocity. To
incorporate the transport of bacteria in the water phase, we can add extra convection-
diffusion equations with their corresponding diffusion (or dispersion) expressions.

2.2.2.3 Equations in the biofilm phase

As mentioned before, the biofilm components are water, EPS, active bacteria and dead
bacteria (𝑗 = {𝑤, 𝑒, 𝑎, 𝑑}). Let 𝜃𝑗(𝑡,𝑥𝑥𝑥) and 𝜌𝑗(𝑡,𝑥𝑥𝑥) denote the volume fraction and the
density (relative to volume fraction) of species j at time 𝑡 and position 𝑥𝑥𝑥, respectively.
The biomass and water are assumed incompressible (𝜌𝑗(𝑡,𝑥𝑥𝑥) = 𝜌𝑗). The volume fractions
are constrained to

∑
𝑗

𝜃𝑗(𝑡,𝑥𝑥𝑥) = 1. (2.1)

In the biofilm, the biomass can increase or decrease due to EPS production, bacterial
reproduction and bacterial decay. Let 𝑢𝑢𝑢 be the velocity of the biomass. Assuming that
the biofilm growth is irrotational [29], we can derive the velocity field from a function
potential Φ,

𝑢𝑢𝑢 = −∇Φ.

Recalling that biofilms are mostly water, we assume that the water content is constant
(𝜕𝑡𝜃𝑤 = 0). Without this assumption, an extra expression for the water content would be
necessary to have as many equations as variables.

We describe the water flux in the biofilm by the mass conservation and the Brinkman
equation

∇ ⋅ 𝑞𝑞𝑞𝑏 = 0,
𝜇
𝜃𝑤

Δ𝑞𝑞𝑞𝑏 −
𝜇
𝑘

𝑞𝑞𝑞𝑏 = ∇𝑝𝑏, (2.2)
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where 𝑞𝑞𝑞𝑏 and 𝑝𝑏 are the velocity and pressure of the water in the biofilm, respectively
and 𝑘 is the biofilm permeability.

Inside the biofilm, the nutrients are dissolved in the water. The nutrient concentra-
tions satisfy the following convection-diffusion-reaction equations:

𝜕𝑡(𝜃𝑤𝑐𝑏) + ∇ ⋅ 𝐽𝐽𝐽𝑏 = 𝑅𝑏, 𝐽𝐽𝐽𝑏 = −𝜃𝑤𝐷∇𝑐𝑏 + 𝑞𝑞𝑞𝑏𝑐𝑏,

where 𝑐𝑏, 𝐽𝐽𝐽𝑏 and 𝑅𝑏are the nutrient concentration, flux in the biofilm and reaction term
given by

𝑅𝑏 = −𝜇𝑛𝜃𝑎𝜌𝑎
𝑐𝑏

𝑘𝑛 + 𝑐𝑏
,

where 𝜇𝑛 is the maximum rate of nutrient utilization and 𝑘𝑛 is the Monod-half velocity
coefficient.

The conservation of mass for the biomass components (𝑙 = {𝑒, 𝑎, 𝑑}) is given by

𝜕𝑡(𝜌𝑙𝜃𝑙) + ∇ ⋅ (𝑢𝑢𝑢𝜌𝑙𝜃𝑙) = 𝑅𝑙, (2.3)

where 𝑅𝑙 are the reaction rates for the volume fractions

𝑅𝑏 = −𝜇𝑛𝜃𝑎𝜌𝑎
𝑐𝑏

𝑘𝑛 + 𝑐𝑏
,

𝑅𝑒 = 𝑌𝑒𝜇𝑛𝜃𝑎𝜌𝑎
𝑐𝑏

𝑘𝑛 + 𝑐𝑏
,

𝑅𝑎 = 𝑌𝑎𝜇𝑛𝜃𝑎𝜌𝑎
𝑐𝑏

𝑘𝑛 + 𝑐𝑏
− 𝑘res𝜃𝑎𝜌𝑎,

𝑅𝑑 = 𝑘res𝜃𝑎𝜌𝑎,

where 𝑌𝑒 and 𝑌𝑎 are yield coefficients and 𝑘res is the bacterial decay rate. Then, the
included processes are bacterial reproduction, production of EPS and death of bacteria.
The yield coefficients allow us to include in the model the produced amount of bacteria
or metabolites given the consumed nutrients, fulfilling ∑𝑘 𝑌𝑘 ≤ 1.

Following [4], summing Eq. 2.3 over 𝑙 and using Eq. 2.1, since 𝜃𝑤 and 𝜌𝑙 (for all 𝑙)
are constants, the growth velocity potential satisfies

−∇2Φ = (1 − 𝜃𝑤)−1
∑

𝑙

𝑅𝑙

𝜌𝑙
.

Once we have introduced the model equations in the water and biofilm phases, we need
to provide appropriate coupling conditions in the biofilm-water interfaces.

2.2.2.4 Equations at the biofilm-water interface

Assuming that the normal velocity of the interface between the biofilm and fluid is neg-
ligible with respect to the velocity of the fluid phase, we choose natural interface condi-
tions, that is, the continuity of velocity and that of the normal component of the stress
tensor across the interface [30]

𝑞𝑞𝑞𝑤 = 𝑞𝑞𝑞𝑏, 𝜈𝜈𝜈 ⋅ (𝜇∇𝑞𝑞𝑞𝑤 − 𝟙𝑝𝑤) = 𝜈𝜈𝜈 ⋅ ((𝜇/𝜃𝑤)∇𝑞𝑞𝑞𝑏 − 𝟙𝑝𝑏).
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Conservation of nutrients is ensured by the Rankine-Hugoniot condition,

(𝐽𝐽𝐽𝑏 − 𝐽𝐽𝐽𝑤) ⋅ 𝜈𝜈𝜈 = 𝜈𝑛(𝜃𝑤𝑐𝑏 − 𝑐𝑤).

The nutrient concentration is assumed to be continuous across the interface,

𝜃𝑤𝑐𝑏 = 𝑐𝑤.

We set the growth velocity potential at the interface to zero,

Φ = 0.

Homogeneous Neumann conditions are considered for the biomass components,

𝜈𝜈𝜈 ⋅ ∇𝜃𝑙 = 0.

The location of the interface Γ𝑤𝑏(𝑡) changes in time due to the EPS production,bacterial
reproduction, bacterial decay and shear stress produced by the water flux. To incorporate
this, we follow [95] and [100] and use the following definition for the tangential shear
stress:

𝑆 = ||(𝟙 − 𝜈𝜈𝜈𝜈𝜈𝜈𝑇)𝜇(∇𝑞𝑞𝑞𝑤 + ∇𝑞𝑞𝑞𝑇
𝑤)𝜈𝜈𝜈||,

where ‖⋅‖ denotes the maximum norm. Then, the normal velocity of the interface is
given by

𝜈𝑛 = 𝜈𝜈𝜈 ⋅ 𝑢𝑢𝑢 + 𝑘𝑠𝑡𝑟𝑆

where 𝑘𝑠𝑟𝑡 is a constant for the shear stress.
The water-biofilm interface Γ𝑤𝑏(𝑡) and the solid grain boundary Γ𝑠 can be described

as zero sets of appropriate level-set functions. In Section 5.2 we discuss about free
boundary problems and three different approaches for mathematical modeling. In Papers
A, C and D the arbitrary Lagrangian-Eulerian method was used to track the free bound-
ary. However, for a perforated domain we use a different method. The level set method
tracks the position of the water-biofilm interface over time. The level set approach for
modeling processes involving free boundaries at the pore scale was introduced by van
Noorden [99]. Following [88], the water-biofilm interface Γ𝑤𝑏(𝑡) and the solid interface
Γ𝑠 can be described as zero sets of appropriate level-set functions 𝐿 ∶ Ω × (0, 𝑇 ] → ℜ
and 𝑆 ∶ Ω → ℜ:

Γ𝑤𝑏(𝑡) = {𝑥𝑥𝑥 ∈ Ω| 𝐿(𝑥𝑥𝑥, 𝑡) = 0} and Γ𝑠 = {𝑥𝑥𝑥 ∈ Ω| 𝑆(𝑥𝑥𝑥) = 0} (2.4)

Then the water, biofilm and solid domains can be written as

Ω𝑤(𝑡) = {𝑥𝑥𝑥 ∈ Ω|𝐿(𝑥𝑥𝑥, 𝑡) < 0 and 𝑆(𝑥𝑥𝑥) < 0}, (2.5)
Ω𝑏(𝑡) = {𝑥𝑥𝑥 ∈ Ω|𝐿(𝑥𝑥𝑥, 𝑡) > 0 and 𝑆(𝑥𝑥𝑥) < 0}, (2.6)

Ω𝑠 = {𝑥𝑥𝑥 ∈ Ω|𝐿(𝑥𝑥𝑥, 𝑡) > 0 and 𝑆(𝑥𝑥𝑥) > 0}. (2.7)

We need an extra equation to describe the evolution in time of the level-set function 𝐿.
This function satisfies

𝜕𝑡𝐿 + 𝜈𝑛|∇𝐿| = 0. (2.8)
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An extended discussion of the level set method is given in Section 5.2.
Boundary and initial conditions are needed to close the system of equations and to

have a unique solution. As water is injected, we need to specify either the flux or the
pressure at the inflow and outflow. The injected nutrient concentration is kept constant
during the experiments; therefore, the nutrient concentration at the inflow is given. The
upper and lower boundaries are closed; hence no slip boundary condition for the water
flow and no flux condition for the nutrients are considered on these boundaries. For the
level set function, homogeneous Neumann conditions are considered.

The previous mathematical model can be calibrated against laboratory experiments
and implemented for simulations. Implementation of mathematical model equations
with free boundaries is quite challenging, as it requires the numerical solution of coupled
partial differential equations in a changing domain. In Chapter 5 we discuss numerical
solutions of these mathematical models.



Chapter 3

Upscaling

Upscaling from pore scale to core scale allows us to describe the average behavior of the
system in an accurate manner with relatively low computational effort compared to fully
detailed calculations starting at the microscale and to determine constitutive relation-
ships. The goals of homogenization are to extract effective or homogenized parameters
for heterogeneus media and to derive simpler macroscopic models from complex micro-
scopic models. Recent works have been done to derive upscaled models, e.g., Neuweiler
and Vogel [72] derived effective parameters upscaling unsaturated flow in heterogeneous
porosu media, Peszynska et al. [81] built and upscaled a mathematical model for biofilm
growth using imaging and experiments, Brun et al. [19] derived thermal Biot equations
throught upscaling a fluid-structure model at the microscale and Schulz [88] derived an
effective model for permeable biofilm in a perforated porous medium saturated by wa-
ter. Fig 3.1 shows experiments and models for biofilm at different scales. We point out
the differences in order of magnitude on the time when experiments are performed at
different scales. While experiments in micromodels are performed for weeks, the time
extraction in reservoirs could last for many years.

3.1 Non-dimensional equations
The first step in the upscaling process is to identify and separate the different scales. In
the microchannel model presented in Paper C, we can distinguish between the length
and width of the microchannel. In the perforated domain presented in Section 2, we
can distinguish between the dimensions of the micromodel and the dimensions of the
grains. One of the aims of writing a mathematical model in a dimensionless form is to
show the temporal and spatial scale that the terms depend on. To make a dimensionless
dimensionless, reference values are introduced. We focus on the pore-scale model in
Section 2. In this aim, we introduce the reference time 𝑇, length (domain) 𝐿, length
(grains) 𝑙, water velocity 𝑄 ∶= 𝐿/𝑇, biomass velocity 𝑈, pressure 𝑃 and concentration
𝐶. The perforated domain is characterized by the ratio between the reference length of the
grains and the reference length of the domain 𝜀 ∶= 𝑙/𝐿, which is called the dimensionless
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Figure 3.1: Experiments and models of biofilm formation at different scales. Pho-
tographed by Na Liu (pore-scale experiment), Bartek Vik (core-scale experiment) and
both Alejandro Contreras and David Bautista (reservoir-scale experiment).

aspect ratio. Then, we define dimensionless coordinates 𝑥𝑥𝑥′ ∶= 𝑥𝑥𝑥/𝐿 and time 𝑡′ ∶= 𝑡/𝑇.
We define the following dimensionless parameters

𝑃𝑒 ∶= 𝑄𝐿
𝐷

, 𝐷𝑎 ∶= 𝑇 𝜇𝑛, 𝑘′
𝑛 ∶=

𝑘𝑛

𝐶
, 𝑘′ ∶= 𝑘

𝜀2𝑙2 , 𝜇′ ∶=
𝜇𝑄

𝜀2𝑃 𝐿
,

𝑘′
𝑠𝑡𝑟 ∶=

𝑃 𝑘𝑠𝑡𝑟

𝑈
, 𝑘′

𝑟𝑒𝑠 ∶= 𝑇 𝑘𝑟𝑒𝑠.

We observe that the viscosity and permeability are scaled with 𝜖2. The reason for this
upscaling is that the new dimensionless viscosity balances the friction of the fluid on
the interface and the ratio between viscocity and permeability should be independent of
𝜖 [88].

Let us consider the conservation of mass and Brinkman equation (2.2). The non-
dimensional unknowns are given by

𝑞𝑞𝑞′
𝑏 = (𝑞′

𝑏,𝑥′, 𝑞′
𝑏,𝑦′) ∶=

𝑞𝑞𝑞𝑏

𝑄
, 𝑝′

𝑏 ∶=
𝑝𝑏

𝑃
Then, the dimensionless form of these equations is given by:

𝜕𝑥′𝑞′
𝑏,𝑥′ + 𝜕𝑦′𝑞′

𝑏,𝑦′ = 0,

𝜇′𝜖2

𝜃𝑤
(𝜕2

𝑥′𝑞′
𝑏,𝑦′ + 𝜕2

𝑦′𝑞′
𝑏,𝑦′) −

𝜇′

𝑘′ 𝑞′
𝑏,𝑦′ = 𝜕𝑦′𝑝𝑏,

𝜇′𝜖2

𝜃𝑤
(𝜕2

𝑥′𝑞′
𝑏,𝑥′ + 𝜕2

𝑦′𝑞′
𝑏,𝑥′) −

𝜇′

𝑘′ 𝑞′
𝑏,𝑥′ = 𝜕𝑥′𝑝𝑏

Using the previous references values and dimensionless parameters, the non-dimensional
model for the remaining equations in pore-scale model introduced in Section 2 can be
obtained.
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𝑃𝑒 is known as the Péclet number and expresses the ratio of a diffusive time scale and
the transport time scale, while 𝐷𝑎 is known as the Damköhler number and expresses the
ratio between the diffusion and the reaction time scale. In Paper D we assume that these
both numbers do not depend on the aspect ratio of the pores, i.e., these numbers are 𝑂(1)
in 𝜖. Other regimes where transport or reaction dominate diffusion are of certain interest
and lead to different effective models. Investigating such cases is part of the future work.

3.2 Homogenization
Once a mathematical model is brought to a dimensionless formulation, we can upscale
the model applying homogenization. Homogenization is a mathematical tool for upscal-
ing models posed in a complex domain or involving rapid oscillatory characteristics. We
refer to [8, 24, 44] for a detailed description of homogenization techniques.

We consider a domain Ω ⊂ ℜ𝑑 with boundary denoted by 𝜕Ω. Furthermore, we
consider the 2D case (𝑑 = 2), where we denote the flux vector as 𝑞𝑞𝑞𝜖(𝑥𝑥𝑥). The asymptotic
expansion method assumes the existence of two scales: a fast scale used for the rapidly
oscillating characteristics and a slow scale used for the average behavior of the system.
Using the homogenization ansatz, the flux 𝑞𝑞𝑞 can be expanded asymptotically as

𝑞𝑞𝑞𝜖(𝑥𝑥𝑥) =
∞

∑
𝑘=0

𝜖𝑘𝑞𝑞𝑞𝑘(𝑥𝑥𝑥,𝑦𝑦𝑦) = 𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) + 𝜖𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦) + … , (3.1)

where the vector 𝑦𝑦𝑦 is defined as
𝑦𝑦𝑦 = 𝑥𝑥𝑥

𝜖
. (3.2)

Let 𝑌 = [0, 1] × [0, 1] denote the closed unit cube. The functions 𝑞𝑞𝑞𝑘 are assumed to be
Y-periodic

𝑞𝑞𝑞𝑘(𝑥𝑥𝑥, 𝑦1, 𝑦2) = 𝑞𝑞𝑞𝑘(𝑥𝑥𝑥, 𝑦1 + 1, 𝑦2) = 𝑞𝑞𝑞𝑘(𝑥𝑥𝑥, 𝑦1, 𝑦2 + 1) (3.3)

and all have an order of magnitude not depending on 𝜖. These assumptions lead the flux
factors 𝑞𝑞𝑞𝑘 depend on two variables: the slow variable 𝑥𝑥𝑥 and the fast variable 𝑦𝑦𝑦. The fast
variable 𝑦𝑦𝑦 transfers the rapid oscillations at the micro-scale (𝑂(𝜖)) to the macro-scale
(𝑂(1)), while the average behavior of the system is described by the slow variable 𝑥𝑥𝑥.
Periodicity is assumed for the ease of presentation.

The asymptotic assumption on 𝑞𝑞𝑞(𝑥𝑥𝑥) brings different functions ̂𝑞𝑞𝑞𝑘(𝑥𝑥𝑥) = 𝑞𝑞𝑞𝑘 (𝑥𝑥𝑥, 𝑥𝑥𝑥
𝜖 ),

leading to changes in the derivatives. For example, the gradient of the 𝑥1 component of
the flux 𝑞𝑞𝑞𝑘(𝑥𝑥𝑥,𝑦𝑦𝑦) is given by

𝜕 ̂𝑞1
𝑘

𝜕𝑥𝑖
(𝑥𝑥𝑥) =

𝑑𝑞1
𝑘

𝑑𝑥𝑖
(𝑥𝑥𝑥, 𝑥𝑥𝑥

𝜖 ) =
𝜕𝑞1

𝑘

𝜕𝑥𝑖
(𝑥𝑥𝑥,𝑦𝑦𝑦) +

𝜕𝑦𝑖

𝜕𝑥𝑖

𝜕𝑞1
𝑘

𝜕𝑦𝑖
(𝑥𝑥𝑥,𝑦𝑦𝑦) =

𝜕𝑞1
𝑘

𝜕𝑥𝑖
(𝑥𝑥𝑥,𝑦𝑦𝑦) + 1

𝜖
𝜕𝑞1

𝑘

𝜕𝑦𝑖
(𝑥𝑥𝑥,𝑦𝑦𝑦). (3.4)

In this way, the vector differential operator is given by

∇ → ∇𝑥 + 1
𝜖

∇𝑦 (3.5)
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and the Laplacian operator by

Δ → Δ𝑥 + 1
𝜖 (∇𝑥 ⋅ ∇𝑦 + ∇𝑦 ⋅ ∇𝑥) + 1

𝜖2 Δ𝑦 (3.6)

To illustrate the homogenization procedure, we derive the Darcy’s law in a perforated
domain in the following Subsection.

3.2.1 Perforated domains
One limitation of the model in Paper D is the simplified geometry, as the choice of thin
strip introduces a constraint in how applicable and descriptive the upscaled model can be
[16]. We consider a more complex geometry with solid grains distributed periodically
in the medium. Fig 3.2 shows a porous medium as a periodic perforated domain, where
biofilm is attached to the grains.
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x2

y1

y2

n

Ω
ǫ

b(t)

Ω
ǫ

w(t)

η

ǫ

s

ǫ

wb(t)

Figure 3.2: Model of a core sample with biofilm as a 2D periodic perforated domain.
Photographed by Bartek Vik.

Although perforated domains are a better approximation for homogeneous porous me-
dia, we assumed that the grains are periodic. This assumption is made to derive effective
quantities. The assumption on the periodicity of the porous medium allows us to sim-
plify greatly the results, although it is not strictly necessary (and not very realistic). To
have a general idea of the techniques for upscaling, we present the derivation of the
Darcy’s law from a pore-scale perforated domain without biofilm, where we denote by
Ω𝜖

𝑤 the water domain and Γ𝜖
𝑠 the interface between the water and grain.

Let us denote the slow and fast variable as 𝑥𝑥𝑥 = (𝑥1, 𝑥2) and 𝑦𝑦𝑦 = (𝑦1, 𝑦2) respectively.
We consider the dimensionless Stokes system:

⎧
⎪
⎨
⎪
⎩

𝜖2𝜇Δ𝑞𝑞𝑞𝜖(𝑥𝑥𝑥) = ∇𝑝𝜖(𝑥𝑥𝑥), in Ω𝜖
𝑤,

∇ ⋅ 𝑞𝑞𝑞𝜖(𝑥𝑥𝑥) = 0, in Ω𝜖
𝑤,

𝑞𝑞𝑞𝜖(𝑥𝑥𝑥) = 000, on Γ𝜖
𝑠,

(3.7)

with initial and boundary conditions on 𝜕Ω. The viscosity 𝜇 of order 𝜖2 physically bal-
ances the friction of the fluid on the interface. The asymptotic expansion leads to

𝑞𝑞𝑞𝜖(𝑥𝑥𝑥) = 𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) + 𝜖𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦) + 𝜖2𝑞𝑞𝑞2(𝑥𝑥𝑥,𝑦𝑦𝑦) + … (3.8)
𝑝𝜖(𝑥𝑥𝑥) = 𝑝0(𝑥𝑥𝑥,𝑦𝑦𝑦) + 𝜖𝑝1(𝑥𝑥𝑥,𝑦𝑦𝑦) + 𝜖2𝑝2(𝑥𝑥𝑥,𝑦𝑦𝑦) + … (3.9)



3.2 Homogenization 21

Using the operators (3.5) and (3.6) leads to

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝜇Δ𝑦𝑞𝑞𝑞0 + 𝜖𝜇[(∇𝑥 ⋅ ∇𝑦 + ∇𝑦 ⋅ ∇𝑥)𝑞𝑞𝑞0 + Δ𝑦𝑞𝑞𝑞1] + 𝑂(𝜖2)
= 1

𝜖
∇𝑦𝑝0 + (∇𝑥𝑝0 + ∇𝑦𝑝1) + 𝜖(∇𝑥𝑝1 + ∇𝑦𝑝2) + 𝑂(𝜖2), in Ω𝜖

𝑤,
0 = 1

𝜖
∇𝑦 ⋅ 𝑞𝑞𝑞0 + (∇𝑥 ⋅ 𝑞𝑞𝑞0 + ∇𝑦 ⋅ 𝑞𝑞𝑞1) + 𝜖(∇𝑥 ⋅ 𝑞𝑞𝑞1 + ∇𝑦 ⋅ 𝑞𝑞𝑞2) + 𝑂(𝜖2), in Ω𝜖

𝑤,
000 = 𝑞𝑞𝑞0 + 𝜖𝑞𝑞𝑞1 + 𝜖2𝜖𝑞𝑞𝑞2 + 𝑂(𝜖2), on Γ𝜖

𝑠.

(3.10)

Integrating ∇𝑥 ⋅ 𝑞𝑞𝑞(𝑥𝑥𝑥) over the water domain

∇𝑥 ⋅ 𝑞𝑞𝑞(𝑥𝑥𝑥) = 1
|Ω𝜖

𝑤| ∫Ω𝜖
𝑤

∇𝑥 ⋅ 𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦)𝑑𝑦 𝜖0 term of 𝑞𝑞𝑞(𝑥𝑥𝑥)

= − 1
|Ω𝜖

𝑤| ∫Ω𝜖
𝑤

∇𝑦 ⋅ 𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦)𝑑𝑦 ∇𝑥 ⋅ 𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) + ∇𝑦 ⋅ 𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦) = 0 from (3.10)

= − 1
|Ω𝜖

𝑤| ∫𝜕Ω𝜖
𝑤

𝜈𝜈𝜈 ⋅ 𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦)𝑑𝑦 Gauss’s theorem

= − 1
|Ω𝜖

𝑤| ∫𝜕𝑌
𝜈𝜈𝜈 ⋅ 𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦)𝑑𝑦 This integral is 0 (Y-peridicity of 𝑞𝑞𝑞1)

− 1
|Ω𝜖

𝑤| ∫Γ𝜖
𝑠

𝜈𝜈𝜈 ⋅ 𝑞𝑞𝑞1(𝑥𝑥𝑥,𝑦𝑦𝑦)𝑑𝑠 This integral is 0 (𝑞𝑞𝑞1 = 000 on Γ)

= 0.

This implies that the macro-scale fluid velocity is divergence free.
The 𝜖−1 term in the first equation gives ∇𝑦𝑝0 = 000, implying that 𝑝0 is 𝑦−independent

𝑝0(𝑥𝑥𝑥,𝑦𝑦𝑦) = 𝑝0(𝑥𝑥𝑥). The 𝜖0 terms in the first and last equation and the 𝜖−1 term in the middle
equation lead to

⎧⎪
⎪
⎨
⎪
⎪⎩

𝜇Δ𝑦𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) = ∇𝑥𝑝0(𝑥𝑥𝑥) + ∇𝑦𝑝1(𝑥𝑥𝑥,𝑦𝑦𝑦), in Ω𝜖
𝑤,

∇𝑦 ⋅ 𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) = 0, in Ω𝜖
𝑤,

𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) = 000, on Γ𝜖
𝑠,

𝑞𝑞𝑞0, 𝑝1 − 𝑌-periodic.

(3.11)

We observe that

∇𝑥𝑝0(𝑥𝑥𝑥) =
2

∑
𝑗=1

𝑒𝑒𝑒𝑗𝜕𝑥𝑗
𝑝0(𝑥𝑥𝑥) = 𝑒𝑒𝑒1𝜕𝑥1

𝑝0(𝑥𝑥𝑥) + 𝑒𝑒𝑒2𝜕𝑥2
𝑝0(𝑥𝑥𝑥) (3.12)

where 𝑒𝑒𝑒1 = (1, 0) and 𝑒𝑒𝑒2 = (0, 1) are the unit vectors in the 𝑥1 and 𝑥2 direction respec-
tively. We assume that 𝑞𝑞𝑞0 and 𝑝1 can be written as a linear combination of some functions
−𝜒𝜒𝜒𝑗(𝑦𝑦𝑦)/𝜇 and Π𝑗(𝑦𝑦𝑦) having 𝜕𝑥𝑗

𝑝0(𝑥𝑥𝑥) as scalars

𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦) = − 1
𝜇

2

∑
𝑗=1

𝜕𝑥𝑗
𝑝0(𝑥𝑥𝑥)𝜒𝜒𝜒𝑗(𝑦𝑦𝑦), 𝑝1(𝑥𝑥𝑥,𝑦𝑦𝑦) =

2

∑
𝑗=1

𝜕𝑥𝑗
𝑝0(𝑥𝑥𝑥)Π𝑗(𝑦𝑦𝑦). (3.13)
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The choice of −𝜒𝜒𝜒𝑗(𝑦𝑦𝑦)/𝜇 allows us to identify the Darcy’s law. Then, we can write (3.11)
as

⎧⎪
⎪
⎨
⎪
⎪⎩

−Δ𝑦𝜒𝜒𝜒𝑗(𝑦𝑦𝑦) = 𝑒𝑒𝑒𝑗 + ∇𝑦Π𝑗(𝑦𝑦𝑦), in Ω𝜖
𝑤,

∇𝑦 ⋅ 𝜒𝜒𝜒𝑗(𝑦𝑦𝑦) = 0, in Ω𝜖
𝑤,

𝜒𝜒𝜒𝑗(𝑦𝑦𝑦) = 000, on Γ𝜖
𝑠,

𝜒𝜒𝜒𝑗, Π𝑗 − 𝑌-periodic.

(3.14)

These problems are called cell problems. To identify the solutions uniquely, we assume
that 𝜒𝜒𝜒𝑗 and Π𝑗 have average 0 over 𝑌

∫𝑌
𝜒𝜒𝜒𝑗(𝑦𝑦𝑦)𝑑𝑦 = ∫𝑌

Π𝑗(𝑦𝑦𝑦)𝑑𝑦 = 0 𝑗 = {1, 2}. (3.15)

Defining the average as
𝑞𝑞𝑞(𝑥𝑥𝑥) = 1

|Ω𝜖
𝑤| ∫Ω𝜖

𝑤

𝑞𝑞𝑞0(𝑥𝑥𝑥,𝑦𝑦𝑦)𝑑𝑦, (3.16)

we obtain the Darcy’s law

∇𝑥 ⋅ 𝑞𝑞𝑞(𝑥𝑥𝑥) = 0, 𝑞𝑞𝑞(𝑥𝑥𝑥) = − 1
𝜇

𝕂∇𝑝0(𝑥𝑥𝑥) ∀ 𝑥𝑥𝑥 ∈ Ω (3.17)

where the components of the permeability tensor 𝕂 are given by

𝑘𝑖𝑗 = 1
|Ω𝑤| ∫Ω𝑤

𝜒 𝑗
𝑖 (𝑦𝑦𝑦)𝑑𝑦, 𝑖, 𝑗 = {1, 2} 𝜒𝜒𝜒𝑗 = (𝜒 𝑗

1, 𝜒 𝑗
2) (3.18)

For the computational point of view, the importance of this decoupling becomes ob-
vious: instead of solving the full problem, requiring a sufficiently fine grid and thus
highly complex calculations, in the upscaled case one solves much simpler problems,
their number being essentially the number of nodes of a coarse grid. For this exam-
ple with homogeneous viscosity and permeability, we only need to solve the two cell
problems once.

3.2.2 Thin strip
Although the pore-scale model for biofilm formation of a thin strip is posed in a sim-
plified geometry, this model is capable to capture some of the main features of the pore
scale processes, and in particular of the biofilm growth in porous media. Moreover, the
upscaled model, obtained in this case based on rational mathematical arguments, are in
good agreement with core-scale models that are widely accepted in the literature, e.g.,
van Noorden et al. [100] derived an upscaled model from a pore-scale model for biofilm
growth in a thin strip which is very similar to a core-scale model by Taylor and Jaffé [95].
In this manner, the upscaling provides additional support for the Taylor-Jaffé model.

Kumar et al. [53] upscaled a model in a thin strip including solute transport with
mineral precipitation and dissolution. The authors found out consistency between the
upscaled model and previous models for a constant geometry. We refer to Paper D for
the mathematical tools for upscale the pore-scale model from Paper C in a thin strip and
tube.
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3.3 Effective quantities
The derived effective equations from the strip geometry describe the biofilm and nutrient
concentration averaged over the width of the strip. In van Noorden et al. [100] the authors
compared the upscaled model to a model proposed by Taylor and Jaffé [95]. Bringedal
et al. [17] derived effective equations for mineral precipitation and dissolution in a thin
strip including fluid flow and heat transport. This upscaled model are consistent with
the upscaled model of [100]. In Paper D we compared the upscaled models to a model
proposed by [23].

Unlike the effective parameters derived after homogenization in the thin strip, the ef-
fective parameters in perforated domains capture not only the size of the pores, but also
the geometry of the pore space. However, these parameters are given by the solution
of cell problems, which are challenging to solve. Bringedal et al. [18] derived effective
equations for mineral precipitation and dissolution upscaling a mathematical model in a
perforated domain, obtaining effective parameters of permeability and diffusion. Schulz
and Knabner [89] also derived effective parameters of permeability and diffusion after
upscaling a pore-scale model for biofilm growth in a perforated domain.

Hommel et al. [42] give a review of porosity-permeability relations for evolving pore
space in the Darcy scale. In Paper D we compare the effective upscaled permeabilities
for both geometries (thin channel and tube) using two empirical porosity-permeability
relationships accounting for the biofilm permeability.
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Chapter 4

Core-scale modeling

A core sample is a cylindrical piece of subsurface material. Core samples are taken from
reservoirs in order to make measurements of the rock properties, such as porosity, per-
meability and wettability. These core samples are used to perform experiments in the lab-
oratory. The pores in the rock can be filled with one phase (e.g. water) or several phases
(e.g. water, gas and oil). Several model components, parameters and non-linearities are
determined experimentally, by postulating a particular form of the equations. The role
of upscaling is to derive the structure of the Darcy scale model, based on rational mathe-
matical arguments. In previous Chapters we discussed pore-scale mathematical models
for biofilms and upscaling techniques to derive core-scale effective relations and equa-
tions. The next step in our project was to use these relations to build core-scale models.
In this Chapter, we describe laboratory experiments and mathematical modeling at the
core scale for single- and multi-phase flow.

4.1 Single-phase flow
Henry Darcy built a mathematical model based on his experimental observations of
the water flow in sand filters in 1856. This is one of the simplest mathematical models
developed using laboratory experiments which is the basis of hydrogeology. Muskat
improved the Darcy’s law adding both fluid viscosity and density [68]. Since then, more
complex laboratory experiments have been performed, leading to improved and more
general mathematical models.

4.1.1 Laboratory experiments
Different experimental setups are designed to study specific processes at the core scale.
Single-phase flow experiments can be used to study the permeability reduction through
a core sample due to biofilm formation. In Fig. 4.1 we observe a core sample with a
pressure transducer to measure changes of pressure along the core over time. As men-
tioned in the Introduction, biofilm formation is sensitive to environmental factors, like
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Figure 4.1: Core holder in heat cabinet for experiments. Photographed by Bartek Vik.

temperature and pH. Therefore, it is necessary to perform the experiments at the same
conditions. The initial rock permeability 𝐾0 and porosity 𝜙0 are estimated along the core
before performing these experiments. After, bacteria are injected in the core-samples,
which is called inoculation. The inoculation process is of the order of hours. The core
is closed for some hours in order to ensure that the bacteria attach themselves to the
rock. A high line pressure is held to eliminate free gases. We can distinguish two in-
teresting study cases: measurements of changes of permeability over time at different
flux injection rates and biofilm stability at different nutrient concentrations. For a given
flux rate and nutrient concentration, different measurements are taken over time, such
as cell counts, resistance factor and dispersion. Counting the cells in the effluent at dif-
ferent flow rates gives an estimate of the strength of the biofilm. The resistance factor
𝑅𝑓(𝑡) is given by the ratio of the pressure drop of the specific section of the clean core
over the measured pressure drop of the core with biofilm. If there are no changes in
the fluid rate, viscosity and density, this gives an estimate of the current rock perme-
ability 𝑘(𝑡) = 𝑅𝑓(𝑡)𝐾0. The dispersion measurement gives an indicator of the impact of
heterogeneity on the fluid flow.

Single-phase flow experiments for biofilm formation at the core-scale are also impor-
tant because they allow us to study different injection techniques of nutrients to optimize
biofilm growth, in the sense that we provoke the biofilm formation in a chosen part of
the core using the least resources (nutrients, water, energy and time).

Another interesting single-phase flow experiment consists of studying the coupling
condition on the interface between the free flow and flow in porous media [11]. For
example, Palvlovskata and Meersmann [79] performed laboratory experiments using
magnetic resonance imaging velocimetry methods to study the slip in velocities at the
interface with a permeability discontinuity zone.
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4.1.2 Mathematical modeling
On the core-scale we define the model variables on representative elementary volumes
(REVs), which has a characteristic length of the order of centimeters [75]. The fluid is
characterized by its density 𝜌 (mass per unit volume) and viscosity 𝜇 (measure of fluid’s
resistance to flow). The porous medium is characterized by its porosity 𝜙 (ratio of the
void volume in REV divided by the volume of REV) and permeability 𝕂 (measure of
the ease a liquid flow through the pores). In its most general form 𝕂 is a tensor. However,
for a homogeneous and isotropic porous medium can be represented as a scalar quantity.

The flux of an incompressible flow in a porous medium can be modeled using the
continuity equation together with Darcy’s law

∇ ⋅ 𝑞𝑞𝑞 = 0, 𝑞𝑞𝑞 = − 1
𝜇

𝕂(∇𝑝 − 𝜌𝑔𝑔𝑔), (4.1)

where 𝑝 is the fluid pressure and 𝑔𝑔𝑔 is the gravity vector.
To model the transport of a component 𝑐 in the water phase, the convection-diffusion

equation is given by
𝜕𝑡𝑐 + ∇ ⋅ 𝐽𝐽𝐽 = 0, 𝐽𝐽𝐽 = −𝔻∇𝑐 + 𝑞𝑞𝑞𝑐, (4.2)

where in general 𝔻 is the corresponding dispersion tensor which includes both mechan-
ical dispersion and diffusion [10].

The bacterial formation in the rock can be modeled as

𝜕(𝜌𝑏𝜃𝑏)
𝜕𝑡

= 𝑅, (4.3)

where 𝜃𝑏 is the volumetric fraction of biofilm and 𝑅 is a term that accounts for the
relevant processes to model, i.e., biofilm growth or bacterial detachment. The growth of
bacteria will reduce the pore size in the core over time 𝜙(𝑡)

𝜙(𝑡) = 𝜙0 − 𝜃𝑏(𝑡) ≥ 0, (4.4)

where 𝜙0 is the initial porosity.
As the porosity of the rock changes, we also expect that the rock permeability

changes. Mathematical relations between rock permeability and porosity have been stud-
ied over the last decades [42]. One of the most common relation is given by

𝐾(𝑡) = 𝐾0(1 −
𝜃𝑏

𝜙0
)

𝐶
(4.5)

where 𝐶 is a fitting parameter.
Then, one of the simplest mathematical models for one-phase flow, nutrient trans-

port, biofilm formation and permeability changes at the core scale is given by Eqs
(4.1-4.5). This mathematical model can be extended to include more complex phenom-
ena. For example, for a system with 𝑛 + 1 different nutrient concentrations, we can add 𝑛
convection-diffusion equations (4.2). To include 𝑚 + 1 biofilm components, we can add
𝑚 extra component equations (4.3).
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Kim [50] built a mathematical model for bacterial transport in a saturated porous
medium accounting for bacteria suspended in water, biofilm growth on the solid matrix
and changes of the rock porosity due to biomass formation. The included processes for
the bacteria and biofilm are reversible and irreversible biofilm attachment, detachment
of biofilm, bacterial reproduction, bacterial decay and settling of bacteria due to gravity.
The relation between permeability and porosity is given by Eq. 4.5 with 𝐶 = 19/6. This
mathematical model was calibrated to experimental results performed by Hendry et al.
[40], who performed breakthrough experiments to study the transport and sorption of
Klebsiella oxytoka for different sizes of silica sand columns.

4.2 Multi-phase flow
Giving that the main aim of this project is to develop a technology to enhance oil re-
covery, we consider multi-phase flow problems. Generally in a reservoir there is wa-
ter, oil and gas. To model this system, the single-phase model equations are extended.
Multi-phase flow involves distinct phases with common interfaces. Then, in the follow-
ing paragraphs we introduce new concepts to model these complex systems.

4.2.1 Fundamental concepts
Let us consider a core filled with water and oil. Even if these two fluids do not mix (im-
miscible), they interact each other through their interfaces. We introduce new concepts
to describe phenomena at these interfaces. The interfacial area (IFA) between two fluids
is the common surface where both fluids are in contact. The interfacial tension (IFT) is a
measurement of the excess energy present at an interface due to the imbalance of forces
between molecules. Wettability is defined as the ability of a fluid phase to wet a solid
surface in the presence of a second immiscible phase. For two phases, we differentiate
the two phases, one wetting and the other non-wetting phase. Studying the wettability
of a reservoir is important because it influences productivity and oil recovery. Capillary
pressure is the pressure difference across the interface between two immiscible fluids at
equilibrium, which depends upon the curvature of the interface separating the fluids. To
account for flow interactions between multiple phases, we introduce the concept of rela-
tive permeabilities, which account for reduction of flow compared to when the pores are
only saturated by one phase. The relative permeabilities depend on the fluid properties
and flow mechanisms.

Hysteresis is the dependence of the state of a system on its history. Let us consider a
core saturated with water. The displacement of a non-wetting phase by a wetting phase
in porous media is called imbibition, while drainage is the reverse process. Early ex-
periments to measure capillary pressures and relative permeabilities after drainage and
imbibition showed the presence of hysteresis. This hysteresis is attributed to different
fluid-fluid behavior if the flux reverses.

Once we have introduced new definitions for multi-phase flow, in the next Subsec-
tions we give a general description of multi-phase flow laboratory experiments and math-
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ematical modeling techniques.

4.2.2 Laboratory experiments

In Section 4.1 we describe single-phase flow laboratory experiments. The importance of
these experiments for the bio-plug technology relies on studying biofilm properties such
as strength, composition and maturity. The next step is to test the bacteria in presence of
oil at real reservoir conditions, such as pH, temperature and salinity. Core samples from
oil fields or outcrop may be used to perform experiments at reservoir conditions.

To study the bio-plug technology in the presence of oil and water one possibility is to
consider several cores with similar rock properties but at different initial oil saturations.
Then, different inoculation strategies and nutrient injections can be tested in order to
study the oil recovery. As mentioned before, for strategies of injection one can modify
the nutrient concentration, the flow rate and the flow direction.

As mentioned in the Introduction, some biofilms produce gases. When the biofilm
is surrounded by water and oil, these gases might dissolve in the fluid phases or be
present as an extra phase. When an extra phase appears in the system this increases
the complexity of performing experiments because it is more challenging to control,
measure and characterize the additional physical, biological and chemical processes in
the system. Then, one strategy to eliminate the produced gasses is to apply a line pressure
to the system.

Suthar et al. [94] performed laboratory experiments in core samples using Bacillus
licheniformis TT33 to study the selective plugging strategy for MEOR. This organism
produces both EPS and surfactants. After brine flooding, around 50% of oil remained
unrecovered. The Bacillus licheniformis TT33 allowed them to recover around 25% of
additional oil. Then, the authors concluded that this organism has a potential for field
applications.

Fujiwara et al. [34] presented a study to show the effectiveness of MEOR in reser-
voirs based on the results of laboratory experiments and MEOR field tests. The studied
MEOR strategy was selective plugging. First, core samples from the reservoir were taken
to identify microbes inhabiting the reservoir rock. A strain CJF-002, belonging to the
genus Enterobacter, were selected as the microbes. Before field tests, experiments in
core-samples were performed in the laboratory to asses the permeability reduction. The
experiments confirmed that these microbes have the ability to modify core permeabil-
ities. Two field trials were performed to study the increase of oil production using the
strain CJF-002. They observed a dramatic increase in oil production 20 days after be-
ginning injections. Even after stopping the injection of bacteria and nutrients, the oil
recovery rate after one year was still doubled. The authors also present a cost-benefit
analysis, concluding that MEOR increases oil recovery in an economically attractive
manner.
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4.2.3 Mathematical modeling
To model multi-phase immiscible flow, we can introduce the saturation of a phase 𝛼 as
the ratio of the phase volume in REV divided by the void volume in REV, denoted by
𝑠𝛼. This implies that for 𝑛 phases ∑𝑛

𝛼 𝑠𝛼 = 1. To model the flow of each phase, we can
use the mass conservation and the extended multi-phase Darcy’s law

𝜕
𝜕𝑡

(𝜌𝛼𝑠𝛼𝜙) + ∇ ⋅ (𝜌𝛼𝑞𝑞𝑞𝛼) = 0, 𝑞𝑞𝑞𝛼 = − 1
𝜇𝛼

𝕂𝑘𝑟,𝛼(∇𝑝𝛼 − 𝜌𝛼𝑔𝑔𝑔), (4.6)

where 𝑘𝑟,𝛼 is the relative permeability of phase 𝛼. The relative permeabilities take values
between 0 and 1. To relate two phase pressures 𝑝𝑤 and 𝑝𝑛, the capillary pressure 𝑝𝑛𝑤 is
used

𝑝𝑛 − 𝑝𝑤 = 𝑝𝑛𝑤. (4.7)

Empirical correlations of relative permeability and capillary pressure are often used.
These relations are given as a function of the phase saturation and diverse fitting param-
eters. The Brook-Corey relations are commonly used to model the relative permeability
relations and capillary pressure. For a two-phase flow problem 𝛼 = {𝑤, 𝑛}, these rela-
tions are given by

𝑝𝑐(𝑠∗
𝑤) = 𝑝𝑒𝑠∗−1/𝜆

𝑤 , 𝑘𝑟,𝑤(𝑠∗
𝑤) = 𝑘𝑟𝑤𝑛𝑟𝑠∗𝛼

𝑤 , 𝑘𝑟,𝑛(𝑠∗
𝑛) = 𝑘𝑟𝑛𝑤𝑟𝑠

∗𝛽
𝑛 , (4.8)

where 𝑝𝑒 is the entry pressure, 𝜆, 𝛼 and 𝛽 are fitting parameters, 𝑘𝑟𝑛𝑤𝑟 is the endpoint
relative permeability of the phase 𝑛 and 𝑘𝑟𝑤𝑛𝑟 is the endpoint relative permeability of the
phase 𝑤. The effective saturations 𝑠∗

𝑤 and 𝑠∗
𝑛 are given by

𝑠∗
𝑤 =

𝑠𝑤 − 𝑠𝑤𝑟

1 − 𝑠𝑛𝑟 − 𝑠𝑤𝑟
, 𝑠∗

𝑛 =
𝑠𝑛 − 𝑠𝑛𝑟

1 − 𝑠𝑛𝑟 − 𝑠𝑤𝑟
, (4.9)

where 𝑠𝑤𝑟 and 𝑠𝑛𝑟 are residual saturations of each phase respectively.
For describing the fluxes of two immiscible fluids 𝑛 and 𝑤, we have six equations

and unknowns 𝑠𝑛, 𝑝𝑛, 𝑞𝑛, 𝑠𝑤, 𝑝𝑤 and 𝑞𝑤.For the interested reader we refer to the work of
Holm [41] for modeling of three-phase flow for MEOR.

We mentioned before that hysteresis is presented in the capillary pressure and relative
permeabilities. One strategy to capture this process is to modify the fitting parameters to
obtain different curves for drainage and imbibition. Another option to model hysteresis
is to include one extra equation to model the interfacial area 𝑎𝑤𝑛. Then, the capillary
pressure curve can be extended to a surface and estimated from experiments as a function
of saturation and interfacial area 𝑝𝑛𝑤(𝑠𝑛, 𝑎𝑤𝑛).

The residual oil saturation 𝑠𝑜𝑟 is the oil that remains in a porous media after water
injection. To model the effects of water and surfactant for recovering the 𝑠𝑜𝑟, we introduce
the concept of capillary number 𝑁𝐶. The capillary number is the main factor affecting
displacement efficiency, which relates surface tension and viscous forces action on the
oil-water interface and is given by

𝑁𝐶 =
𝑞𝑤𝜇𝑤

𝜎𝑛𝑤
(4.10)
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where 𝜎𝑛𝑤 is the oil-water interfacial tension. From Eq. (4.10) we observe that increas-
ing the water flux, water viscosity or decreasing the interfacial tension would lead to
an increase in the capillary number. We previously mentioned that one mechanism for
MEOR is to use the produced surfactants 𝑐𝑠 to lower the interfacial tension between oil
and water. In the literature, there exists different experimentally calibrated relationships
between the surfactant concentration and interfacial tension 𝜎𝑛𝑚(𝑐𝑠). Laboratory exper-
iments and fitting functions of residual oil saturation and capillary number 𝑠𝑜𝑟(𝑁𝐶) are
used to model the increase of oil recovery using different MEOR effects [38].

Nielsen et al. [73] built a core-scale mathematical model for two-phase flow includ-
ing transport of nutrients and bacteria in the water phase, bacterial growth, bacterial
attachment, detachment, sporulation, nutrient consumption, surfactant production and
residual oil saturation reduction due to surfactants. This mathematical model can be ap-
plied to study injection techniques for optimizing the MEOR process.

In Paper E we present the model equations for a core filled with water and oil in-
cluding permeability changes due to biofilm growing. In Paper F we proposed a novel
mathematical model for a core filled with water and oil including the interfacial area
between the oil and water, hysteresis, transport of nutrients and bacteria, production of
surfactants and interfacial tension reduction.
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Chapter 5

Numerical framework

Mathematical models for MEOR are based on coupled nonlinear partial differential
equations (PDEs) and ordinary differential equations (ODEs), which may be very diffi-
cult to solve. The challenging aspects in the numerical solution of pore-scale models
are due to the coupling of the non-linearities and the existence of free boundaries (the
biofilm-water interface) as it needs to be determined as part of the solution process.
Therefore, it is necessary to use advanced numerical methods and simulations to predict
the transient behavior of model variables in these complex systems.

5.1 Space discretization
Discretization is the process of representing a continuum with a finite set of elements.
To solve numerically the mathematical equations describing a system in a domain, it
is necessary to divide the domain into a collection of finite elements. This allows us
to approximate the flow equations by algebraic equations that can be solved in each
element. In this work we used two space discretization methods: finite volume and finite
element. In reservoir simulation, it is possible to combine both methods to solve the
system of equations [107].

5.1.1 Finite volume methods
The presentation of this Section is based on [59]. The finite-volume discretization used in
this work was the two-point flux-approximation (TPFA) scheme. One of the advantages
of using finite volume methods is that are intrinsically conservative. To show how to
apply this method, we consider the single-phase flow equation in a 2D Cartesian grid
Ω ⊂ ℜ2 with isotropic permeability

∇ ⋅ 𝑣𝑣𝑣 = 𝑞, 𝑣𝑣𝑣 = −𝐾∇𝑝. (5.1)

Fig. 5.2 shows two cells in a 2D Cartesian grid with dimensions, pressures, permeabil-
ities, interface and flux across the interface. We integrate the previous equation in the
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Figure 5.1: Cells Ω𝑖 and Ω𝑗 in a Cartesian grid to derive the TPFA discretization (adapted
from [59]).

control volume Ω𝑖

∫Ω𝑖

∇ ⋅ 𝑣𝑣𝑣𝑑𝑥𝑥𝑥 = ∫𝜕Ω𝑖

𝑣𝑣𝑣 ⋅ 𝑛𝑛𝑛𝑑𝑠 = ∫Ω𝑖

𝑞𝑑𝑥𝑥𝑥, (5.2)

where we have used the Gauss’s theorem. Next, we focus on the flux across each face of
the cell Γ𝑖𝑗 (Γ𝑖𝑗 = 𝜕Ω𝑖 ∩ 𝜕Ω𝑗)

𝑣𝑖,𝑗 = ∫Γ𝑖𝑗

𝑣𝑣𝑣 ⋅ 𝑛𝑛𝑛𝑑𝑠. (5.3)

Assuming that the integral over Γ𝑖𝑗 is approximated by the midpoint rule, then using the
Darcy’s law we can write (5.3) as

𝑣𝑖,𝑗 ≈ −𝐴𝑖,𝑗(𝐾∇𝑝)(𝑥𝑥𝑥𝑖,𝑗) ⋅ 𝑛𝑛𝑛𝑖,𝑗, (5.4)

where 𝐴𝑖,𝑗 is the length of the interface Γ𝑖𝑗, 𝑛𝑛𝑛𝑖,𝑗 is the unitary normal vector and 𝑥𝑥𝑥𝑖,𝑗
denotes the geometric center of Γ𝑖𝑗. Next, we assume that the average value of pressure
is constant inside each cell, resulting in

𝑣𝑖,𝑗 = Δ𝑦𝐾𝑖
𝑝𝑖 − 𝜋𝑖,𝑗

( 1
2
Δ𝑥𝑗)2

(− 1
2
Δ𝑥𝑖, 0)(1, 0)𝑇 = Δ𝑦

2𝐾𝑖

Δ𝑥𝑖
(𝑝𝑖 − 𝜋𝑖,𝑗), 𝑣𝑗,𝑖 = Δ𝑦

2𝐾𝑗

Δ𝑥𝑗
(𝑝𝑗 − 𝜋𝑗,𝑖),

where we have define Δ𝑦 ∶= Δ𝑦𝑖 = Δ𝑦𝑗. Assuming continuity of fluxes (𝑣𝑖,𝑗 = −𝑣𝑗,𝑖 ∶=
𝑣𝑖𝑗) and face pressures (𝜋𝑖,𝑗 = 𝜋𝑗,𝑖 ∶= 𝜋𝑖𝑗) across the cells, we can eliminate 𝜋𝑖𝑗 to obtain

𝑣𝑖𝑗 = 2Δ𝑦(
Δ𝑥𝑖

𝐾𝑖
+

Δ𝑥𝑗

𝐾𝑗
)

−1
(𝑝𝑖 − 𝑝𝑗).

We observe that the permeability on the interface is approximated by the harmonic mean.
Then, the TPFA scheme leads to a symmetric system of equations which solution is
defined up to an arbitrary constant. In MRST, this is done by choosing 𝑝1 = 0. Let us
consider now the steady transport equation

∇ ⋅ (𝑐𝑣𝑣𝑣) = 𝑅(𝑐) (5.5)
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where 𝑣𝑣𝑣 is the water velocity and 𝑐 the concentration of a solute in the water. Analogously
to the single-phase flow equation, if we can define an appropriate value 𝑐𝑖𝑗 at the interface
Γ𝑖𝑗, we can write the flux across the interface as

∫Γ𝑖𝑗

𝑐𝑣𝑣𝑣 ⋅ 𝑛𝑛𝑛𝑑𝑠 = 𝑐𝑖𝑗𝑣𝑖𝑗. (5.6)

The upstream weighting is used to give the value of the concentrations at the interface Γ𝑖𝑗

𝑐𝑖𝑗 =
{

𝑐𝑖, if 𝑣𝑖𝑗 ≥ 0,
𝑐𝑗 otherwise.

(5.7)

TPFA methods fail to converge if the grid directions are not aligned with the principal di-
rections of the permeability tensor 𝐾. For problems involving heterogeneous media and
irregular grid structures, multi-point flux approximation (MPFA) methods can be used
to solve the model equations [1, 86]. The core-scale model in Paper E was implemented
in the MATLAB® reservoir simulation toolbox (MRST) [59] and the core-scale math-
ematical model in Paper F was implemented in MATLAB® , in both implementations
the TPFA scheme was used.

5.1.2 Finite element methods
This entire Subsection is primarily based on [47]. To show how to apply this method,
we consider the Poisson equation in a 2D bounded open domain Ω ⊂ ℜ2

− Δ𝑐 = 𝑓 in Ω, 𝑐 = 0 on Γ, (5.8)

where Γ is a polygonal curve and 𝑓 is a given function. Let 𝑣 ∈ 𝑉 be a function such
that 𝑉 = {𝑣 ∶ 𝑣 is continuous on Ω, 𝜕𝑣/𝜕𝑥1 and 𝜕𝑣/𝜕𝑥2 are piecewise continuous on
Ω and 𝑣 = 0 on Γ}. Then, multiplying (5.8a) by 𝑣, applying the divergence theorem and
using the boundary condition of 𝑣 on Γ lead to

− ∫Ω
𝑣Δ𝑐𝑑𝑥𝑥𝑥 = ∫Ω

∇𝑣 ⋅ ∇𝑐𝑑𝑥𝑥𝑥 −
�

����*0

∫Γ
𝑣 𝜕𝑐

𝜕𝑛
𝑑𝑠 = ∫Ω

𝑣𝑓𝑑𝑥𝑥𝑥 (5.9)

Then, we can formulate the following variational problem: Find 𝑐 ∈ 𝑉 such that 𝑎(𝑢, 𝑣) =
𝑙(𝑣) ∀𝑣 ∈ 𝑉, where

𝑎(𝑢, 𝑣) = ∫Ω
∇𝑐 ⋅ ∇𝑣𝑑𝑥𝑥𝑥, 𝑙(𝑣) = ∫Ω

𝑓𝑣𝑑𝑥𝑥𝑥. (5.10)

It is possible to show that if 𝑐 satisfies (5.8), then 𝑐 is the solution of the previous varia-
tional problem and vice versa. Now, we make a triangulation of Ω

Ω = ⋃
𝐾∈𝑇ℎ

𝐾 (5.11)

where no vertex of one triangle lies on the edge of another triangle. Then, we can con-
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Figure 5.2: A finite element triangulation a) and the basis function b) (adapted from
[47]).

struct the following finite-dimensional subspace of 𝑉: 𝑉ℎ = {𝑣 ∶ 𝑣 is continuous on Ω,
𝑣|𝐾 is linear for 𝐾 ∈ 𝑇ℎ, 𝑣 = 0 on Γ}, where 𝑣|𝐾 denotes the restriction of 𝑣 to 𝐾. Ex-
cluding the nodes on the boundary (𝑐 = 0 on Γ), let 𝑀 be the number of nodes in Ω.
Then, defining the following basis functions:

𝜙𝑗(𝑁𝑖) =
{

1 if 𝑖 = 𝑗,
0 otherwise,

(5.12)

a function 𝑣 ∈ 𝑉ℎ evaluated in 𝑥𝑥𝑥 ∈ Ω ∪ Γ can be written as 𝑣(𝑥𝑥𝑥) = ∑𝑀
𝑗=1 𝜂𝑗𝜙𝑗(𝑥𝑥𝑥), where

𝜂𝑗 = 𝑣(𝑁𝑗). Then, we can formulate the following finite element method: Find 𝑐ℎ ∈ 𝑉ℎ
such that 𝑎(𝑐ℎ, 𝑣) = (𝑓 , 𝑣) ∀𝑣 ∈ 𝑉ℎ. This is equivalent to a linear system of equations
𝐴𝑦𝑦𝑦 = 𝑏𝑏𝑏 where 𝐴 is called stiffness matrix and it is a 𝑀 × 𝑀 matrix with elements
𝑎𝑖𝑗 = 𝑎(𝜙𝑖.𝜙𝑗) and 𝑦𝑦𝑦 and 𝑏𝑏𝑏 are vectors of size M with elements given by 𝑦𝑖 = 𝑐ℎ(𝑁𝑖) and
𝑏𝑖 = (𝑓 , Φ𝑖).

The mathematical models in Papers A, C and D were implemented in the commercial
finite element software COMSOL Multiphysics® software [25].

5.2 Free boundary problems
Free boundary problems appear among other cases in the following areas [32]: melting
and solidification phenomena (Stefan problems), obstacle problems for elastic mem-
branes, contact problems with elastic deformation, growth of tumors, flows with free
surfaces and the modeling of financial derivative products. The interface tracking meth-
ods include: level set method, phase field method and arbitrary Lagrangian-Eulerian
method ALE.
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5.2.1 Phase field method
The phase field method was introduced by Fix [33] and Langer [58] in the 1980s. A
phase-field model describes a microstructure, both the structural domains and the in-
terfaces, as a whole by using a set of field variables which are continuous across the
interfacial regions and hence the interfaces in a phase-field model are diffused [63]. The
phase field interface also allows us to model fluid-structure interaction and phase sep-
arations. The phase field method has been applied for different mathematical models,
e.g., crack propagation in a poroelastic medium [65] and ion precipitation in a porous
media [85]. It has been extensively used for modeling biofilm systems [60, 96, 110].

5.2.2 Level set method
While the phase field method is based on physical considerations, the level set method
has been developed from a mathematical point of view and corresponds to a color func-
tion that is convected by the fluid flow. The level set method was introduced by Osher and
Sethian [77] in 1988. The level set method represents an interface Γ as the zero-contour
of a higher dimensional function denoted by Φ

Φ(𝑥𝑥𝑥) =
⎧
⎪
⎨
⎪
⎩

−𝑑, for 𝑥𝑥𝑥 ∈ Ω−,
𝑑, for 𝑥𝑥𝑥 ∈ Ω+,
0, for 𝑥𝑥𝑥 ∈ Γ,

where 𝑑 is the Euclidian distance to Γ. The interface deforms according to the level-set
equation under a velocity field 𝑣𝑣𝑣 as

𝜕𝑡Φ + 𝑣𝑛|∇Φ| = 0, where 𝑣𝑛 = 𝑣𝑣𝑣 ⋅ 𝑛𝑛𝑛 and 𝑛𝑛𝑛 = ∇Φ/|∇Φ|.

We refer to [36] for a review of level set methods.

5.2.3 ALE method
The following presentation of the ALE method is based on the work by Donea et al.
[28]. To model the kinematics of a particle through space and time, two descriptions are
usually used: Lagrangian and Eulerian approaches. Normally, the Lagrangian descrip-
tion is used in solid mechanics and the Eulerian description is used in fluid mechanics.
Let us consider a one-dimensional domain with four particles as shown in Fig. 5.3. Ini-
tially, the mesh nodes and the material points overlap. In Lagrangian algorithms, each
node of the mesh follows the corresponding material particle during motion. One of the
disadvantages of this description is that the mesh can suffer large distortions because
the mesh deforms with the material. In Eulerian algorithms, the mesh is fixed. How-
ever, it is difficult to set boundary and interface conditions. The arbitrary Lagrangian
Eulerian (ALE) description aims to combine the best features of these two descriptions.
The ALE algorithm allows us to track the moving interfaces and boundaries. Let us de-
note by (𝑅𝑥, 𝑥) and (𝑅𝑋, 𝑋) the reference configurations and coordinates for the Eulerian
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Figure 5.3: Example of mesh and particles displacement in the three different descrip-
tions (adapted from [28]).

and Lagrangian descriptions respectively. To write the mathematical equations from the
ALE point of view, it is necessary to consider a new spatial configuration 𝑅𝜒 and refer-
ence coordinates 𝜒. Let us denote by 𝑣𝑣𝑣 the mesh velocity 𝑣𝑣𝑣 = 𝜕𝑥𝑥𝑥/𝜕𝑡|𝜒𝜒𝜒, where |𝜒𝜒𝜒 means
that the material coordinate 𝜒𝜒𝜒 is kept fixed. Then, the mass conservation in the three
different descriptions is written as

Eulerian description 𝜕𝜌
𝜕𝑡 |𝑥

+ ∇ ⋅ (𝜌𝑞𝑞𝑞) = 0 (5.13)

Lagrangian description 𝜕𝜌
𝜕𝑡 |𝑋

+ 𝜌∇ ⋅ 𝑞𝑞𝑞 = 0 (5.14)

ALE description 𝜕𝜌
𝜕𝑡 |𝜒

+ 𝜌∇ ⋅ 𝑞𝑞𝑞 + 𝑐𝑐𝑐 ⋅ ∇𝜌 = 0 (5.15)

where 𝑐𝑐𝑐 = 𝑞𝑞𝑞 − 𝑣𝑣𝑣 is the relative velocity between the material and the mesh. For the mass
conservation in the ALE description, we observe that when the mesh velocity is zero, the
equation corresponds to the Eulerian description and when the mesh velocity is equal
to the material velocity, the equation is written as in the Lagrangian description.

In principle, one can decide the mesh-update procedure which assigns the mesh-
node velocities or displacements at each time step. There are two common strategies:
mesh regularization and mesh adaption. The interested reader may find a description of
mesh-update procedures in [28]. The main drawback of the ALE method is the fact that
the mesh must deform continuously, which means that problems involving topological
changes cannot be solved. Fortunately, in our case, these deformations remain smooth
and therefore, we choose this method to solve the governing equations.

5.3 Time discretization
We have given discretization techniques for the spatial differential operators which do
not depend on time. As in the spatial domain, it is necessary to discretize the temporal
domain to find a numerical solution. Let us consider the following partial differential
equation

𝜕
𝜕𝑡

𝑢𝑢𝑢(𝑥𝑥𝑥, 𝑡) = 𝐹 (𝑢𝑢𝑢,𝑥,𝑥,𝑥,𝑡). (5.16)
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Then, using the first-order derivative discretization, we can write the previous equations
as

𝑢𝑢𝑢(𝑥𝑥𝑥, 𝑡 + Δ𝑡) − 𝑢𝑢𝑢(𝑥𝑥𝑥, 𝑡)
Δ𝑡

≈ 𝐹 (𝑢𝑢𝑢,𝑥𝑥𝑥, 𝑡). (5.17)

The approximation of the function 𝐹 leads to different time discretization methods. One
of the explicit methods consist of evaluating the function 𝐹 in the time 𝑡, resulting in

𝑢𝑢𝑢𝑛+1 = 𝑢𝑢𝑢𝑛 + 𝐹 𝑛Δ𝑡 (5.18)

where 𝑢𝑢𝑢𝑛+1 = 𝑢𝑢𝑢(𝑥𝑥𝑥, 𝑡+Δ𝑡), 𝑢𝑢𝑢𝑛 = 𝑢𝑢𝑢(𝑥𝑥𝑥, 𝑡) and 𝐹 𝑛 = (𝑢𝑢𝑢,𝑥𝑥𝑥, 𝑡). This time discretization is known
as forward Euler method. One of the most used implicit time discretization methods is
the backward Euler method, given by

𝑢𝑢𝑢𝑛+1 = 𝑢𝑢𝑢𝑛 + 𝐹 𝑛+1Δ𝑡. (5.19)

More general explicit and implicit time discretizations are given by the Runge-Kutta
methods. In Papers A, C, D, E and F, the backward Euler method is used for the time
discretization.

5.4 Numerical solvers
After discretizing in space and time the model equations, iterative schemes can be used to
solve systems of non-linear coupled equations. Linearization schemes such as Newton’s
method, Picard’s method, the Picard/Newton’s method or the L-scheme [61, 78, 84] are
used to solve numerically flow and reactive transport models.

Let us consider the following non-linear vector equation

𝐹 (𝑥𝑥𝑥) = 000 (𝐹 ∶ 𝑋 → 𝑌 ), (5.20)

where 𝑋 and 𝑌 are Banach spaces. The Newton’s method (also known as Newton-
Rapshon’s method) has the form 𝑥𝑘+1 = 𝑥𝑘 − [𝐹 ′(𝑥𝑘)]−1𝐹 (𝑥𝑘), where 𝐹 ′ is the Fréchet
derivative of 𝐹 [35]. The Newton-like methods are defined by

𝑥𝑘+1 = 𝑥𝑘 − [𝑀(𝑥𝑘)]−1𝐹 (𝑥𝑘), (5.21)

where 𝑀(𝑥) is usually an approximation to 𝐹 ′(𝑥∗), where 𝑥∗ is a solution of (5.20). For
example, a common variant of these methods is the damped Newton method: 𝑥𝑘+1 =
𝑥𝑘 − 𝑡𝑘[𝐹 ′(𝑥𝑘)]−1𝐹 (𝑥𝑘), where 𝑡𝑘 > 0 it is the damping factor. The Newton-Rapshon’s
method has a quadratic order of convergence. However, it requires that the initial guess
is close enough to the solution, which restrict the time step and it also requieres that
the derivative 𝐹 ′ is known, which may be difficult to compute. In MRST, automatic
differentiation is used to compute this derivative [52].
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5.5 Parameter estimation
As mentioned in the Introduction, measurements of the input parameters for the mathe-
matical models need to be improved. Aksoy [3] defines parameter estimation as the de-
termination of the best values of specific parameters in a mathematical model through
data assimilation or other similar techniques. Aksoy comments on two main purposes
of parameter estimation: first, detailed and targeted observations and advanced data as-
similation techniques can be used to gain a better understanding of the parameterized
physical processes themselves and second, to improve the model state with the param-
eters to be estimated, i.e., improve numerical forecasts acknowledging uncertainties in
initial conditions and the model.

Let us consider the Monod’s equation 𝜇(𝑐) = 𝜇𝑚𝑎𝑥𝑐/(𝑘𝑛 + 𝑐) to model the biofilm
growth, where 𝜇𝑚𝑎𝑥 is the maximum specific growth rate and 𝑘𝑛 is the half-saturation
concentration. To give better estimates of these coefficients for different organism is
an active research field. Both coefficients 𝜇𝑚𝑎𝑥 and 𝑘𝑛 can be estimated by various lin-
earization methods such as the Hanes-Woolf plot, the Eadie-Hofstee diagram and the
Lineweaver-Burk plot [92]. The Hanes-Woolf plot consists on rearranging the terms in
the Monod’s equations as

𝑐
𝜇(𝑐)

= 𝑐
𝜇𝑚𝑎𝑥

+
𝑘𝑛

𝜇𝑚𝑎𝑥
. (5.22)

Then, the slope of the line corresponds to 1/𝜇𝑚𝑎𝑥 and the interception with the c-axis to
−𝑘𝑛. More accurate estimations of these parameters are done using nonlinear regression
methods [37].

In Paper C, we estimate the value of the stress coefficient 𝑘𝑠𝑡𝑟 for the bacterium Tha-
lassospira strain A213101, using the measurements of biofilm coverage area over time
for four different flux velocities. To better estimate the value of this parameter, it is nec-
essary to repeat the experiments for more different flux velocities and to have better
estimates of the remaining model parameters and initial conditions.

5.6 Sensitivity analysis
Due to the cost of performing laboratory experiments to accurately estimate material
parameter values, it is of great interest to perform a sensitivity study with respect to
the impact of a set of input parameters on certain model output quantities of interest.
A parametric analysis or sensitivity analysis is the study of the influence of different
geometric or physical parameters or both on the solution of the problem.

The simplest method to sensitivity analysis is to repeatedly vary one parameter at a
time while holding the other fixed which is known as one-at-a-time sensitivity measures
[39]. In Paper A we performed an one-at-a-time sensitivity measures for some input pa-
rameters such as nutrient concentration, entry pressure and biofilm permeability. The
plots show different biofilm height profiles for different values of the parameters. Study-
ing one parameter at the time allows us to identify the value of the parameter that pro-
duces a given output, i.e., we could identify the minimum nutrient concentration which
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produces the maximum biofilm growth in a given time. However, this simple sensitivity
analysis cannot identify interactions between input variables.

Global sensitivity analysis using Sobol indices is a means of quantifying the relative
impact of a function of interest in terms of a set of varying input parameters [93]. This
sensitivity analysis ensures the identification of critical parameters. Moreover, for pa-
rameters scoring low in sensitivity estimates, less accurate parameter estimates can be
justified. In the Appendix A of Paper C, the theory behind this global sensitivity analysis
is described.
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Chapter 6

Summary, conclusion and outlook

In this chapter, we summarize the scientific results presented in the form of six scien-
tific articles in Part II. Paper A presents a pore-scale mathematical model for biofilm
formation based on previous scientific works. A detailed description of the performed
laboratory experiments in a micro-channel is given in Paper B. A modified pore-scale
model is built in Paper C based on the findings in Paper B. Paper D presents in detailed
the upscaling of this pore-scale model for two different different geometries and com-
pares the derived effective quantities. In Paper E we describe the conducted laboratory
experiments at the core-scale and built a two-phase flow mathematical model for the
bio-plug technology. A novel two-phase flow model for microbial enhanced oil recov-
ery including the oil-water interfacial area is discussed in paper F. The conclusion and
outlook finalize the Part I of this dissertation.

6.1 Summary of the papers
Paper A: Numerical simulation of biofilm formation in a microchannel

Biofilms are formed by different components, such as water, bacteria and polymers.
Therefore, it is important to include the effects of water and different components in the
development of biofilms. van Noorden et al. [100] upscaled a pore-scale model includ-
ing biofilm growth, erosion, attachment, bacterial decay and transport of nutrients and
bacteria by advection and diffusion in a thin channel. Alpkvist and Klapper [4] built a
mathematical model for a heterogeneous biofilm. Inspired by these models, we devel-
oped a mathematical model for biofilm formation in a thin strip which includes biofilm
components (water, bacteria, EPS and dead bacteria), permeability and porosity.

The biofilm is assumed to grow symmetrically in the upper and lower walls. The flow
in the water phase is modeled using the mass conservation and Stokes equation, while
the flow inside the biofilm by the mass conservation and Darcy’s law. The nutrients are
transport in the water phase and inside the biofilm by advection and diffusion. Conserva-
tion of mass is imposed for each of the biomass components. To model the movement of
biomass due to bacterial reproduction, production of EPS and death of bacteria, a growth
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potential is assumed. Then, the biomass velocity is given by the gradient of the growth
potential. The mathematical model involves a moving interface between the biofilm and
water. Then, coupling conditions are needed on the interface. To couple the water fluxes,
we consider the water mass balance, the equilibrium of normal forces and the Beavers-
Joseph-Saffman condition on the interface. The nutrients are assumed continuous across
the interface and in addition we consider the Rankine-Hugoniot condition to describe
the speed of this interface.

To solve numerically this coupled system of non-linear partial differential equations,
it is necessary to use advance numerical methods. Linear Garlekin finite element were
used for the spatial discretization, while backward Euler for the time discretization. A
damped version of Newton’s method is used in each of the temporal steps. The movement
of the oil-water interface was updated using an arbitrary Lagrangian-Eulerian (ALE)
method. The iterative scheme is the following: first we solve for the pressures and water
fluxes, secondly we solve for the nutrient concentrations, thirdly we solve for the volume
fractions, growth potential and biofilm thickness; after we iterate between the three pre-
vious steps until the difference between successive values of the solution drops below a
given tolerance and thereafter we move to the next time step and repeat the process until
the given final time.

A parametric study (one at-a-time) is performed to study the influence of the nutri-
ent concentration, pressure and biofilm permeability on the biofilm profile over time.
The results show changes in the biofilm height when these three parameters increase or
decrease in one or two orders of magnitude. As expected, the biofilm height increased
when we increase either the nutrient concentration or biofilm permeability and decreased
when we increase the input pressure.

One of the outcomes from the numerical simulations is that the flux inside the biofilm
can be neglected for low flow rates. However, for higher flow rates we must consider the
effects of the water flow inside the biofilm, that affects the transport of nutrients and the
flux velocity value at the interface which changes the biofilm thickness via the stress
force.

One of the aims of this first paper was to solve the highly coupled set of equations
using numerical techniques. The next step was to modify and calibrate the pore-scale
model with the experiments described in Paper B.

Paper B: Microfluidic study of effects of flow velocity and nutrient concentration on
biofilm accumulation and adhesive strength in the flowing and no-flowing microchan-
nels

The bacteria Thalassospira strain A216101, a facultative anaerobic, nitrate-reducing
bacteria, capable of growing under both aerobic and anaerobic conditions, was used
in this work. Bacteria were enriched in a marine mineral medium referred as growth
medium. Pyruvate was added as the carbon source to achieve final nutrient concentra-
tions of 1 mM (millimolar), 5 mM, 10 mM and 20 mM. To avoid biofilm clogging at
the inlet channel, a microchannel with two inlets and one outlet is used. We refer to the
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inoculation channel as channel two, while the channel where nutrients are injected and
the effluent flow is refer as channel one. A T-shape microchannel with sizes of 100 𝜇m
width, 20 𝜇m depth and the nuzzle size at the cross-section roundly 10 𝜇m. The experi-
ments were performed at room temperature and atmospheric pressure. To aim for similar
initial biofilm attachment conditions, the microchanel was cleaned before every inocu-
lation. The following sentences explain the inoculation process. First, the bacteria were
pre-cultured in a growth medium with 10 mM at 30 °C for 24 hours. The left channel
was closed and the pre-culture bacterial solution was injected through the lower channel
at a rate of 1.0 𝜇 l/min for 24 hours. After, the whole system was closed for 24 hours.

Different experiments at different fluid injection rates and nutrient concentrations
were performed to study the percentage of biofilm coverage in two different sections in
the microchannel. The flow rates were 0.2 𝜇 l/min, 0.3 𝜇 l/min, 0.4 𝜇 l/min and 0.5 𝜇
l/min, which correspond to a water velocity of 1.66 mm/s, 2.50 mm/s, 3.33 mm/s and
4.17 mm/s respectively. The nutrient concentration of 10mM is taken as a reference
concentration, denoted as 1.0 N.

A leica microscope together with a digital camera were used to capture the biofilm
development over time. The different intensity in pixels on the images were used to esti-
mate the biofilm growth using the MATLAB Image Processing Toolbox. A quantitative
polymerase chain reaction (qPCR) was performed to estimate the total number of bacte-
ria in the effluent. The total number of bacteria revealed that for nutrient concentration
of 1 N and 0.5 N are sufficient for biofilm growth, contrary to the low concentration of
0.1 N.

The experimental results show that both nutrient concentration and flow velocity
control biofilm development in the microchannel. At the rate flow of 0.2 𝜇 l/min (1.66
mm/s) and nutrient concentration of 1.0 N (10 mM), a strong plugging in the microchan-
nel was observed to resist higher shear forces due to increase in the flux rate.

These experimental results and observations contributed to the formulation and cal-
ibration of the pore-scale model presented in Paper C.

Paper C: A pore-scale model for permeable biofilm: numerical simulations and lab-
oratory experiments

The aim of this paper is the calibration of a pore-scale mathematical model for biofilm
formation in a thin channel. The developed mathematical model includes relevant pro-
cesses observed in the experiments. In Paper A we introduce the mathematical model.
In this Paper we assume that the biofilm grows only in the lower wall, in contrast to the
symmetry assumption in Paper A. The reason for this is that the experiments in Paper B
were performed in a T-channel, then after inoculation the biofilm started to form in the
lower channel. Moreover, based on that biofilms are mostly formed by water [2], we con-
sider the Brinkman equation instead of Darcy’s law to model the flow inside the biofilm.
The reason for this is that the Brinkman model is derived from the Stokes model assum-
ing that the volume of the porous media skeleton is much smaller than the volume of the
reference cell, which is the case for most biofilms.
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To calibrate the mathematical model, we used input data from the experiments per-
formed in Paper B. Using parameters from the literature, we aimed to calibrate the stress
coefficient. Then, we considered measurements of biofilm coverage area over time for
four different flux rates. The nutrient concentration was kept constant. We found a stress
coefficient of the order or 10−10 m/(s Pa) which captured best the decrease of the cov-
erage area as the flux rate increased.

In Paper A a simple parametric study was performed to study the variability of the
biofilm height when input parameters such as boundary condition for the pressure, in-
let nutrient concentration, and the parameter describing the biofilm permeability were
changed. For a more complete study of the variability in input parameters on the numer-
ical results, we performed a sensitivity study. Then, a global sensitivity analysis [93]
was performed to quantify the effect of variability or uncertainty in ten material param-
eters on the biofilm coverage area. The analysis showed that the maximum growth rate
is the most critical parameter, but all ten parameters should be estimated with sufficient
accuracy to improve the reliability of the biofilm coverage area.

The next step in the project was to upscaled this pore-scale model in different pore
geometries to derive core-scale models, which is treated in Paper D.

Paper D: An upscaled model for permeable biofilm in a thin channel and tube

This paper shows the details for upscaling the pore-scale model developed in Papers A
and C based on the experiments in Paper B. The homogenization techniques followed in
this paper were inspired by the work of van Noorden et al. [100]. In that work the authors
upscaled a pore-scale model for impermeable single-component biofilm in a thin chan-
nel. The novelty of our work is the upscaling of a pore-scale permeable multi-component
biofilm in a thin channel and tube. One of the motivations for choosing these geometries
is that experiments are performed in different pore geometries (e.g. microchannels and
tubes) and some porous media can be modeled as a stack of these pore geometries.

The pore-scale model in Papers A and C is built in a thin channel geometry. In the
Appendix of this Paper we show the technicalities to upscale the model in a thin chan-
nel. In the main body of this Paper, the equations are described in a tubular geometry.
We define the new domain using cylindrical coordinates. We assume radial symmetry
for the biofilm growth. Initially, biofilm is attached to the pore walls. Water and nutri-
ents are injected into the pore. The mathematical model includes biofilm permeability,
detachment of biomass due to erosion, death of bacteria and production of biomass as
nutrients are consumed.

Once the model equations are described in the tubular domain, we write the equations
in a dimensionless form to observe the temporal and spatial scale that the terms depend
on. For this, we introduce reference values of the spatial coordinates, time and other
solution variables. In addition, we introduce the aspect ratio 𝜖 as the ratio of the aperture
over the length of the tube.

The upscaling technique applied in this work is called homogenization. We assume
that each variable can be written in an asymptotic expansion depending on 𝜖. When the
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aspect ratio 𝜖 approaches to zero, under some model assumptions, it is possible to reduce
the dimensionality of the problem from three to one dimension.

The upscaled transport equation for the nutrients has the same form that is commonly
used for the transport equation. As 𝜖 gets smaller, we obtain that the percentage of biofilm
coverage area over time predicted by the pore-scale model approaches the one obtained
using the effective equations, which shows a correspondence between both models. We
observe that the derived effective quantities, in particular, the effective permeability de-
pends on the pore geometry.

Inspired by the results of this work, the next step in this project is the work presented
in Paper E, where we build a core-scale mathematical model for two-phase flow includ-
ing reduction of permeability as a result of biomass.

Paper E: Modeling of bio-plug technology: laboratory experiments and numerical
simulations

Up to 85% of oil remains in a reservoir after water injection. Then, enhanced oil recovery
techniques are used in order to increase the oil production. Microbial enhanced oil recov-
ery aims to improve the oil recovery using bacteria. Different bio products can be used
for this purpose, e.g. gases and acids. The MEOR technology needs novel mathemati-
cal models for optimization of the outcomes. In this work we focus on the mathematical
modeling of MEOR using the biomass.

The model includes water and oil, which are modeled by two mass conservation
equations and multi-phase Darcy’s law. We consider Brooks and Corey relations for the
capillary pressure and relative permeabilities. There is only one nutrient injected in the
system, which is modeled using the convection-diffusion equation. The model assumes
an initial biofilm distribution. The processes included for the biofilm are consumption of
nutrients, biofilm reproduction, biofilm decay and detachment due to shear forces. The
biomass is modeled as a volume fraction of the REV changing over time which modifies
the pore space from a clean porosity up to fill the pore. Then, we study the outcomes of
different porosity-permeability relations and injection techniques.

Implementation of the mathematical model was done using the reservoir simulator
MRST. One of the powerful tools in MRST is the automatic differentiation framework,
which allows us to compute the Jabocian matrix. We use the existing functionality in
MRST to adapt an accurate and efficient polymer simulator. Two-point flux approxima-
tion, backward Euler and Newton method are used to solve the system of equations.

Input data from single-phase flow experiments in a core sample is used to calibrate
the mathematical model. The purpose of these experiments was to study the reduction
of water injectivity due to biofilm growth. Using the estimated initial porosity and per-
meability of the core without biofilm, the core dimensions, an estimated of the initial
biofilm after inoculation, the flux rate, the nutrient concentration and estimated parame-
ters for the bacterium (growth factor, Monod half velocity, bacterial decay), we calibrate
the stress coefficient.

After calibration, we run diverse numerical experiments to study the impact on the
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mumerical results for different porosity-permeability relations in a core saturated with
water and oil. We obtain that oil recovery depends on the selection of the porosity-
permeability relation. We also perform numerical simulations to study different injec-
tivity strategies to optimize the oil recovery and used resources. Following the work
from Paper C, we perform a global sensitivity analysis to identify the critical model pa-
rameters. The Sobol sensitivity indices of the input parameters are computed based on
uniform perturbation by ± 10% of the nominal parameter values [93].

In the same spirit of this core-scale model for the bio-plug technology, another
MEOR effects and phenomena can be modeled such as interfacial tension reduction due
to biosurfactants and the oil-water interfacial area, which is the research topic of Paper F.

Paper F: Modeling and simulation of microbial enhanced oil recovery including
interfacial area

The novelty of this work is to include the role of the oil-water interfacial area (IFA) in
enhanced oil recovery. The IFA allows us to model hysteresis in the capillary pressure in
a physically consistent manner. In addition, the inclusion of IFA allows us to include in
the model important microbial processes, such as production of surfactants on the IFA
and the movement of bacteria towards the IFA.

The mathematical model includes two-phase flow (water and oil), oil-water interfa-
cial area and transport of bacteria, nutrients and biosurfactants on the water phase. In
contrast to Paper E, we do not consider biofilm formation on the rock walls. A balance
equation derived by Niessner and Hassanizadeh [74] describes the evolution of IFA.
We considered the relation between capillary pressure, water saturation and IFA given
by Joekar-Niasar and Hassanizadeh [46]. The suspended bacteria in water die and con-
sumes nutrients for reproduction and production of surfactants. The surfactants lower
the oil-water interfacial tensions which, in turn, decreases the capillary pressure and the
residual oil saturation. The movement of bacteria towards the IFA is modeled adding a
velocity term in the transport equation of the bacteria given by the gradient of IFA times
a diffusive parameter. The production of surfactants at the IFA is modeled adding an ex-
tra Monod-type function, i.e., we consider the production of surfactants as a function of
both nutrient concentration and IFA given by the product of two Monod-type functions.

The mathematical model was implemented in a 2D rectangular domain in MAT-
LAB. The two-phase flow equations were rewritten in the average pressure formulation,
i.e., we solve the average pressure and the water saturation. The domain is discretized in
an uniform cell-centered grid with half-cells at the boundaries. The two-point flux ap-
proximation and backward Euler are used for spatial and temporal discretization. The
permeability on the cell faces is approximated by the harmonic mean, while for the rest
of the parameters, we use the average values. We proposed a new linearization of the
capillary pressure gradient, which depends on the water saturation and interfacial area.
The iterative scheme used to solve the model equations consists of the following steps.
First we solve the pressure equation using the previous values of water saturation and
IFA, then we solve the saturation equation using the updated value of the pressure and
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after we solve the IFA equation using the updated value of saturation. We iterate until
the relative errors are smaller than a given tolerance (if there is no convergence after a
given number of iterations, the time step is halved and the process is repeated). Once
the errors are smaller than the tolerance, we solve the three transport equations until the
relative error is smaller than the given tolerance. We update the IFT and compute the
residual oil saturation reduction. We take the next time step and we repeat the procedure
until the final time.

The domain dimensions, model parameters and initial and boundary conditions used
for the numerical simulations were taken from diverse previous works. However, we ob-
serve that the results are physically incompatible, pointing that the existing experimental
literature for MEOR and interfacial area was incomplete. We change the values of pa-
rameters to study different oil recovery profiles when we consider the effects of the IFA.
We compared the oil recovery as a function of the pore volume injected for water flood-
ing, MEOR not including IFA effects, MEOR including only the surfactant production
on the interface, MEOR including only chemotaxis and MEOR including both effects
(surfactant production at the interface and chemotaxis). The outcome of this simula-
tion is that the oil recovery can be under- or overestimated if we do not include the IFA
effects.

6.2 Conclusion
This thesis concerns mathematical modeling regarding biofilm formation at the pore
and core scale. We proposed a pore-scale model inspired by laboratory experiments
and derived effective quantities through homogenization. The upscaled quantities and
equations are used to build a core-scale model for two-phase flow including biofilm
formation. In particular, in this work we derived novel porosity-permeability relations
including biofilm permeability and porosity.

So far it seems that the initial attachment of bacteria to the pore walls is a random
process. One of the arising questions dealing with random systems is if there is a pat-
tern to the randomness that can be characterized. Notwithstanding the random initial
bacterial attachment, the coverage area of biofilm over time decreased as the flow rate
increased, and using experimentally determined parameters, we obtained a good match
to the data and numerical simulations.

Modeling of systems require estimation of parameters. These parameters depend on
several factors, e.g., water activity, temperature and acidity change the value of maxi-
mum bacterial growth rate. It is expensive and time consuming to estimate parameters
and different experiments need to be performed to measure various parameters. For ex-
ample, to estimate the biofilm composition at a given time it is necessary to break the
tube to extract a sample of biofilm and observe it in the microscope. Therefore, it is
common to perform a global sensitivity analysis to quantify the effect of variability or
uncertainty in the model parameters that are assumed to be sensitive with respect to vari-
ation in an objective value, the biofilm coverage area and the oil recovery in our study.
Based on the numerical sensitivity study at the pore scale, the true value of each of the
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model parameters must be estimated with sufficient accuracy to lead to a reliable es-
timate of the biofilm area. This is a beautiful tragedy, confirming the difficulty of this
problem.

Another big issue dealing with microbial enhanced oil recovery is the significant
attachment of bacteria in the inlet. Injection of nutrients through the same side leads to
a faster formation of biofilm in the inlet and possibly clogging. We capture this behavior
in the numerical simulations. Recalling the strong dependence of biofilm growth on
temperature, then one strategy to avoid clogging in the inlet is to modify the temperature
in the inlet to reduce biofilm formation.

In this research we studied different mathematical models for biofilm at the pore
and core scale. Throughout this thesis we aimed to describe the process of deriving up-
scaled mathematical models from pore-scale models. The numerical solution of these
models, calibration of parameters and sensitivity analysis techniques are also discussed.
The stress coefficients for two different bacterial species using data from pore- and core-
scale experiments were calibrated. Input parameters for mathematical models and di-
verse measurements from the performed laboratory experiments can be found in this
work.

6.3 Outlook
Inspired by this work, there is further and more interesting work to be done. One of
the challenges faced in this project was the repetition of the experiments in the pore
scale to confirm that the results were reliable. It is known that the attachment of bacte-
ria is strongly dependent on the surface conditions. In the laboratory, the microchannel
was cleaned after finalizing the experiment in order to reuse it for a following experi-
ment. Then, we suspect that the washing procedure altered the surface properties of the
microchannel which leaded to different initial attachment. Therefore, it is important to
improve the experimental setup to get comparable initial conditions.

Regarding the pore-scale experiments, future experiments in perforated domains
have been planned to estimate biofilm permeability, comparing the water flux profile
of a clean micromodel to the micromodel with biofilm. The pore-scale mathematical
model presented in Sec. 2.2 will be used to perform this comparison. The numerical
solution of this mathematical model is challenging because of the moving interface be-
tween the water and biofilm, which is modeled using a phase field formulation. Then,
advanced numerical methods are needed to perform numerical simulations.

In Paper D we upscaled the pore-scale mathematical model for permeable multi-
component biofilm in a thin channel and tube, assuming that convection and diffusion
happen at the same time scale. Investigating other regimes where transport or reaction
dominate diffusion will lead to different effective models.

In Sec. 3.2 we presented the derivation of the Darcy’s law in a perforated domain.
Using similar techniques, it is possible to derive effective equations upscaling the math-
ematical model presented in Sec. 2.2. Then, we could use the framework of two-scale
convergence to prove the existence and uniqueness of the macroscopic solution in the



6.3 Outlook 51

limit as 𝜖 approaches zero. In addition, we could compare the numerical outcome of
the pore-scale and upscaled model to verify that the upscaled model approaches to the
average behavior of the original model equations.

Through our research, we hope to convince the community of the importance of
including more complex phenomena in MEOR simulation, e.g., biofilm permeability,
biofilm composition, IFA and chemotaxis and to inspire further experiments focusing
on these relevant effects.
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