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Chapter 1

Introduction

1.1 Asymptotic Properties of Codes

Let n be a positive integer and g a prime power. A g-ary code C of length n is a nonempty sub-
set of Fy with at least two elements. The elements of C' will be called codewords. The distance
between two vectors x = (z1,...,2y) and y = (y1,...,yn) is d(z,y) = [{i € {1,...,n}|z; #
yi}|. The weight of a vector x is wt(x) := d(x,0). The minimum distance of C is the smallest
positive integer d < n such that there exist two elements x,y € C satistying d(z,y) = d.
The dimension of C' is k := log,(|C]). A g-ary code of length n, dimension k, and minimum
distance d is called an [n, k,d], code. If it is an Fy-linear subspace of Fy, we say that C' is an
[n, k, d]q-linear code. Note that in that case, the minimum distance of C' is the same as the
minimum weight among the nonzero codewords.

We furthermore define the relative minimum distance § := d/n and the coderate R := k/n.

In this thesis we will be interested in infinite sequences (C;):2; of codes where the length
approaches infinity. Given § € [0,1], we are interested in finding an infinite sequence (C;)52,
of [n;, ki, di]q codes C; with 6 = liminf; .o d;/n; such that R = liminf; . k;/n; is nonzero.
If the code sequence satisfies liminf; . d;/n; # 0 and liminf; . k;/n; # 0, we say that it is
asymptotically good.

We define Uy := {(0, R) | there exists an infinite sequence of [n;, k;, di]q codes (C;)72, with
n; — oo such that d;/n; — ¢ and k;/n; — R}. It is well-known that there exists a continuous
function a4(0) such that

Uy = {(6,R)0 < R < 0, (9)}.

To this date, we only know some upper and lower bounds for this function, but not the exact

values of it, except for the points (0,1) and (4,0) for (¢—1)/q < 6 < 1. The subject of finding

new bounds for ay(d) has been the issue of some considerable research throughout the years.
In 1950, the Gilbert—Varshamov bound was found. It states that

aq(0) > Rgv =1 — Hy(9),

where

Hy(6) = dlog,(q — 1) — dlog,(6) — (1 — &) log, (1 — )

is the g-ary entropy function. For ¢ close to 0 and close to (¢ — 1)/q, this is still the best
bound known to this date. The bound was not improved until 1982.

7



8 Introduction

The 1982 improvement—known as the Tsfasman-VIddut-Zink bound—was due to the
discovery of algebraic-geometric codes defined in 1981 by V.D. Goppa. Let X be a nonsingular,
projective curve defined over F,, and let n be a positive integer less than or equal to the
number of Fy-rational points on X. Let Pi,..., P, be Fg-rational points on X, and let G be
an Fg-rational divisor with support disjoint from {P, ..., P,}. Define the mapping

Vi LG) — T

We call the image of this mapping a Goppa code. The 1982 improvement used an infinite
sequence of curves with a large number of F,-rational points, and a Goppa code was defined
on each curve. The length of the code was equal to the number of I -rational points on the
curve in question. This resulted in the bound

1
Vi-1

given that ¢ is a square prime power. For ¢ > 49, this became an improvement of the Gilbert—
Varshamov bound for § close to ¢/(2(¢—1)). For larger values of ¢, the interval of improvement
increases.

To my knowledge, the Tsfasman—VIddut—Zink bound wasn’t improved until 2001, when
Chaoping Xing found good divisors G on X which increased the minimum distance of the
Goppa codes around the areas where Rryz and Rgy intersect. In 2003, Xing found a fur-
ther improvement using nonlinear codes defined over algebraic curves, which was a linear
improvement of the Tsfasman—V1idut—Zink bound. That same year, Elkies found another
linear improvement, which to this date is still the best one. It is given by

1 1
>1—90—
ag(0)>1-0 NS + log, <1 + q3>

for square prime powers q.

In this thesis, I have given a presentation of how all these results have been found. I
open with the classical bounds, such as the upper Plotkin bound and the Gilbert—Varshamov
bound. All this is in Chapter 2. The following chapter presents theory about algebraic curves
over finite fields which is used throughout the entire rest of this thesis. Chapter 3 concludes
with the Riemann—Roch theorem for curves over finite fields.

Chapter 4 presents the construction of Goppa codes and closes with a code sequence
found by Chaoping Xing in 2005 that shows that Goppa codes attain the asymptotic Gilbert—
Varshamov bound. In Chapter 5 we get to see how these codes can be used to find the
Tsfasman—VI1ddut—Zink bound. In Chapter 6 I present the two improvements found in 2003.

Before presenting my own work and results, I also touch three other subjects concerning
special kinds of codes. Stichtenoth discovered in 2005 that transitive codes meet Elkies’s 2003
bound. A natural question to ask is then whether transitive codes are as asymptotically good
as codes in general, which today is still unanswered. An outline of Stichtenoth’s construction
is presented in Chapter 7.

The second subject I touch is the asymptotic properties of frameproof codes, which Chaop-
ing Xing found a new lower bound for in 2002. The reason why I have included a chapter of
frameproof codes in this thesis, is that any linear code is also a frameproof code, and so it

ag(0) > Rryz :=1—-0 —
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follows that all asymptotic results we have obtained for linear codes so far in my thesis also
apply for frameproof codes. All of this we find in Chapter 8.

Finally, I present some other possible constructions of codes from algebraic geometry,
found by Xing, Niederreiter, and Lam. Such work has been important when it comes to
improvements of the Tsfasman—VI1ddut—Zink bound, since both 2003 improvements were made
by codes different from Goppa codes. However, some constructions have proved to give the
same codes as the Goppa construction gives us. In Chapter 9 I give two cases where the codes
turn out to be Goppa codes and one case where they don’t, which I take a closer look at in
the last two chapters.

1.2 Generalised Algebraic-Geometric Codes

The code construction presented in the end of Chapter 9 defines a generalisation of the Goppa
codes and was found in 1999 by Xing, Niederreiter, and Lam. In short, with notations as be-
fore, it involves evaluating the functions of L(G) in closed points of higher degree on the curve
X. If sis a positive integer and Py, ..., Ps are closed points of degree k1, . .., ks, respectively, let
Cy,...,Cs be [n;, ki, di]q—linear codes, respectively, where nq,...,ns are positive integers. Let
G be an Fy-rational divisor with support disjoint from {Py,..., Ps}. If f € L(G), then f(F;)
is an element in F &, 0 < i < 's. Define isomorphisms ¢; : Fqki — C;. Let n=n1+---+ng.

q (2
Define the mapping

¢:L(G) — T
[ (1(f(P1)), .-, ds(f(Py)))-

We call the image of ¢ a generalised algebraic-geometric code.

It is obvious that this is a generalisation of the Goppa codes. A natural question to
ask is whether constructions involving Goppa codes can be generalised to involve generalised
algebraic-geometric codes. I have made two attempts of this in Chapter 10. The first con-
struction, presented in Section 10.1, involves using all points of degree 1 and 2 on the curves of
an infinite curve sequence with many I 2-rational points. The codes C1,...,Cs are all [1,1, 1],
and [2,2, 1], codes. This has given the rather pleasing result

R> R, ::1—25—L,
qg—1
for any prime power ¢. This is not a good bound for large values of §, but for small values,
this comes very close to the Gilbert—Varshamov bound.

Another idea I have tried out, is letting C1,...,Cs be asymptotically good codes, the
lengths of which approach infinity as the length of C' approaches infinity. Such a construction
is given in Section 10.3. It appears that this also gives us an asymptotically good code
sequence, but not as good as R; except for large values of 4.

For the sake of completeness, I have also included a construction made by Antonino Spera,
presented as Ro in Section 10.2, which is interesting because it doesn’t demand a curve se-
quence, but only one single curve.

Improvements made on Goppa codes should also be possible to make on generalised
algebraic-geometric codes. Xing’s 2001 improvement using good divisors G was a natural
start, since it improves the codes for small values of §, and it was very tempting to try and
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improve R; around the areas where it is closest to the Gilbert—Varshamov bound. The at-
tempt produced a successful result, although the improvement is not enough to reach the
Gilbert—Varshamov bound. It is all presented in Section 11.1.

It is an open question whether other improvements made on Goppa codes can also be
made on generalised algebraic-geometric codes. One such question is presented in the end of
Chapter 11.



Chapter 2

Bounds on Codes

In this chapter I present the classical upper and lower bounds on codes, concluding with the
1950 Gilbert—Varshamov bound. I begin by introducing some notation and important facts.
Throughout this chapter, when we are given a code C' and nothing else is mentioned, the
minimum distance of C' will be assumed to be d, the dimension will be k, the code length n,
the relative minimum distance ¢, and the number of codewords M.
Most of this material is taken from [10], pp. 25-37.

Definition 2.1. Let q be a prime power. We define Vy := {(6, R) € [0,1]* | there exists an
[n, k, d]q-code with % =9 and % = R}. Uy is the set of points (6, R) such that there exists an
infinite sequence of codes (C;)2, with minimum distance d;, dimension k;, and length n; such
that n; — oo and

'lim (dz/nz, k‘z/m) = ((5, R)
If 6, R > 0, then we say that the code sequence is asymptotically good.

Proposition 2.2. Let q be a prime power. There exists a continuous function aq(d),0 € [0,1],
such that

Uy ={(0,R)|0 < R < g ()}
Moreover, ag(0) = 1, and ogy(6) = 0 for % <0 < 1. We also have that oy(6) decreases in

the interval [0, q%ql]
Proof. See Theorem 1.3.1 in [13]. O

Note that this function is of the form a4(0) = sup{R| (6, R) € U,}. This proposition is
also valid if we restrict U, to only apply for linear codes. We then denote the function by

a};n(é).

Theorem 2.3 (the Singleton Bound). Let q be a prime power and n, k,d positive integers.
If C is an [n, k,d|q code, then

kE<n-—d+1.
Proof. Suppose C' has minimum distance d. For each codeword (z1,...,xy), delete the last
d — 1 elements z,,_g4y2, ..., Z, such that we are left with (x1,...,2,_4+1). Then all the words

are still different from one another, or else the minimum distance would be strictly less than
d. Now we have a code C’ of length n — d + 1 and the same number of words as in C. We
have ¢* = |C| = |C'| < ¢ so k<n—d+1. O

11



12 Bounds on Codes

Corollary 2.4 (the Asymptotic Singleton Bound). Let g be a prime power. We have

that

ag(d) <1—0.
Proof. Since k < n—d+ 1, dividing by n on both sides yields R <1—4§+ % Letting n — oo,
we get ag(6) <1 —24. O

Theorem 2.5 (the Plotkin Bound, 1960). Let g be a prime power. For any [n, k, d]q-code,
we have N

ng“(q —1)

(¢*—1)g

Proof. The average distance of all pairs of codewords can’t be less than the minimum distance

d. Let M = ¢*, the number of codewords in C. The number of all ordered pairs of codewords
is M(M —1). Then

d<

1

< — .

< M= 2 d.y)
z,yeC

If z is in C, denote it by (x1,...,2,). Set m;, = [{z € C'|z; = a}|. It is clear that

Z Miq =M

a€liy

for any ¢ € {1,...,n}. Let §,p =1 if a = b and 6,5 = 0 if a # b. We have

MM-1)d < Y dzy)=) > (1-0uy)

z,yeC i=1 z,yeC
2
n n
2
= Z Z (1 = dap)miamip = Z Z Mig | — Z mi,
=1 a,belfy 1=1 a€ly a€ly
2
n n 1
= > M= "ml | <> (M -= Mig
=1 aclfy =1 q aclFy
—1
= i p2
q

The last inequality follows from the Cauchy—Schwartz inequality: In general,
2

Z TalYa < Z :U¢21 Z yg

a€lfy a€lfy a€clFy

The results in the calculations follow when we put each y, = 1 and each x, = m;,. This
completes the proof. O

Corollary 2.6 (the Asymptotic Plotkin Bound). Let g be a prime power. We have

and
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Proof. When d > n%, then Theorem 2.5 gives us

p ng* (¢ —1)
q(¢" = 1)
¢"n(g—1) > dg¢* —dg
¢"(n(q—1)—dg) > —dq
¢"(dg—n(qg—1)) < dq
M=¢" < dq -4 (2.1)

dg—n(g—1) d—ni2
Now, if we fix § = %, the expression on the right remains constant for varying n. If we take
logarithms on both sides, divide by n on both sides, and let n — oo, we get 0 on the right-hand
side, and so % = R goes to 0 as well, proving the first part of the corollary.

In order to prove the second part, we must construct a code C’ of length n’ small enough
so that d > n’%. Assume 0 < § < % and define

{(d—1>qJ<<d—1>q<d—1
qg—1 | = ¢g—1 — §

Then n’ < n, since
)

<n.

Also, it is clear that d > n’ q%qu since

=d—-1<d.

e {(d—l)qJ_q—l <d-Dg ¢-1
q q—1 q q—1 q

So given a code C’ with word length n’ and minimum distance d, we are allowed to apply
(2.1).

We define C’ the following way: Consider the n — n’ last symbols of the codewords of C'
and consider the different subsets of words ending in the same n — n’ symbols. Then one of
these subsets has M’ elements where

or else we would have M < ¢ "tk

M’ words. We have from (2.1) that

M
<M< — <d. (2.2)
qn—n d _ o 1q=1
q
The last inequality follows because
-1 d—1 -1
doni=Ls g W=ba o=l gy
q q—1 q

Rewrite (2.2) as ¢ "M < M’ < d.
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Let d = |0n| and n >> 0. Then we have

qn’fnJrk < LCSHJ
(d—1)q
(d—1)q (d—1)q
< B I Sl _\E7 4
E < {q—l +log,[dn] <n 1 + 1+ log, [dn]
0
ko< qujl+ -+ 1+ log,|on]
(bn—1)q q
— 141
E < n p— +q—1+ + log, [0n]
2 1 1 1
R o< q1_0¢ 2 1 loglon]
g—1 n(g-1) n n
dg
) < 1———
aq(d) < q—1
This finishes the proof. O

Lemma 2.7. Let q be a prime power, n,d positive integers, and C a code of length n over IFy,
and suppose that any word with distance at least d to all words in C is also in C'. Then

© Z ( )1y
Proof. Suppose that

o (oo

That means that when we take a d —1 ball around each codeword, there is some word z in Fg
that is not covered. Then x has distance at least d to all codewords in C, a contradiction. [

Theorem 2.8 (the Gilbert—Varshamov Bound, 1950). Let ¢ be a prime power, n,k,d

positive integers. If
n k+1 > Z < ) q— 1

then there exists an [n, k,d]q-linear code over F,.

Proof. We induct on k. For k = 1, the theorem is trivial, since it is possible to make a 1-
dimensional code with any minimum distance d € {1,...,n}. Suppose the inequality holds
for n,k —1,d, that there exists an [n, k — 1, d]4-linear code C over Fy, and that the inequality
also holds for n, k,d. We shall try to construct an [n, k, d]-linear code from C. We rewrite

the inequality as
d—1
41 ( ) g—1).
=0

Then, according to the previous lemma, there exists a word 2’ ¢ C with distance at least d to
each word in C'. We want to show that if we expand C with 2/, then all words in the code will
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still have weight at least d. It will then follow that the minimum distance is still d. Suppose
z € Cand a € Fy\ {0}. Then

wt(z + az’) = wt(a 'z + 2') = d(—a "'z, 2)) > d.
This completes the proof. O

Before finding the asymptotic Gilbert—Varshamov bound, we will need some results con-
cerning the entropy function, which will also be used a lot throughout this thesis.

Definition 2.9 (the g-ary Entropy Function). Let q be a positive integer and 0 a real
number satisfying 0 < § < %. Then we have

Hy(6) :=dlog,(q — 1) — dlog,(6) — (1 — d)log,(1 —0), Hy(0):=0.
Theorem 2.10 (Stirling’s Formula). Let ¢, n be positive integers. Then
log,(n!) = nlog,(n) — n + O(log, n).

Lemma 2.11. If q,n are positive integers and t is a nonnegative integer such that 0 <t <
(g=)n -
, then the last term in

t

> (T;) (q—1)

=0
1s the largest.
Proof. Let 6 < @. We then have
n' 0 n' 0—1
T _(g-1)? - _ >
oV ooyt 20
)
o — 1) (n — ool 1\0-1
nl(g—1)n—-0+1)—nl(g—1)"""0 > 0
f!(n—6+1)! -
)
nlg—1)"1(g—1)(n—0+1)—0) > 0
)
g—DH(n—-60+1) > 6
)
gln+1)—n—-1 > 4dq
)
0 < gin+1)—n—-1
N q
)

which is true. O
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Lemma 2.12. Let q,n be positive integers, t a nonnegative integer satisfying 0 <t < @.

Then t
n~'log, (Zz; (:‘) (q— 1)1') = H, (2) +o(1).

Note that this is equivalent with stating that

t
’ t

Proof. From Lemma 2.11, we know that since ¢t < @, then the last term in

Zzt; (ZL) (¢—1)

is the largest. That means that when we multiply that term with the number of terms in the
sum, we get a larger number than the sum gives us:

< > ¢—1) Szt:< > g—1) S(Hl)(t)(q—l)t-

The left-hand side of this inequality gives us

n~'log, (i: (7;) (q— 1)2’) >n'log, (7;) +n log, (g — 1)!

1=0

=n! log, (t'(n't)> +n! log,(q — 1)

=n"" (log,(n!) — logy(t!) — logq(n — t)!)
4n~1 log,(q —1)"

=L <n log,(n) — n + O(log,(n))
—tlog,(t) +t — O(log,(t))
— (n—t)log,(n — t) + (n — t) — O(log, (n — t)))

n~tlog,(q —1)"

t t
= - logq(q - 1) + logq(n) - logq(t)

o))

logq( —-1) - logq(t) 10gq()

(o o)

S\“
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— %logq(q -1) - %logq <:L)
(1 D)o, (1-£) ot
—H, <;> +o(1).

The right-hand side of the inequality gives us

t
_ n i _ _ n _
n 1logq<§ (i>(q—1)> <n 'log,(t+1)+n"'log, (t) +n"'log,(q — 1)

1=0

The first term is o(1), and the rest of the expression is the same as when we took logarithms
of the left-hand side of the inequality and divided by n. Equality follows. O

Corollary 2.13 (the Asymptotic Gilbert—Varshamov Bound). Let g be a prime power.
We then have

ap"(8) > Rav(6) =1 — Hy(6).

Proof. Suppose we have positive integers n, k, d satisfying
-1 .
C|- 1) > q"
-3 (7) -

Then, according to Theorem 2.8, there exists an [n, k, d],-linear code. Taking logarithms on
both sides and dividing by n, we obtain

110ng< ) g—1)" > 1.

Letting n — oo, we get

a};n(é)Zl—T}Ln;O( 1d1<>q—1> 1 — Hy(6).

1=

The last equality follows from Lemma 2.12. O
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Chapter 3

Curves over Finite Fields

Before presenting the definition of Goppa codes and the Tsfasman—VIddut—Zink bound, we
will need some results from algebraic curves defined over finite fields, which I present in this
chapter. We start by defining what is meant by a curve defined over F, for ¢ a prime power,
and what is meant by F,-rational points and F,-rational divisors. I conclude this chapter by
proving that the Riemann—Roch theorem is valid for curves over finite fields.

The entire material is taken from [10], pages 103—-109, except for Proposition 3.8, which is
taken from Proposition 2.3.4, page 173 in [13].

Throughout this chapter, k¥ = F, will denote a finite field, and k" will denote the closure of
k. X will be assumed to be a non-singular, projective curve defined over k, i.e. its prime ideal
p(X) has a basis {F1, ..., F;.} where each F; has coefficients in k. A point x = (zo,...,x,) €
P}, will be called k-rational if for all 4, z; # 0 = x;/x; € k, j =0,...,r. The Galois group of
k' over k will be denoted by Gal(k’/k). The element o € Gal(k’/k) we define as o(z;) := z!, the
Frobenius automorphism of X. If x = (x¢, ..., x,), then we define o(z) := (0 (xg), ..., 0(x,)).

Let T'x(X) be the coordinate ring of X over k. Then f = F/G € k/(X) will be defined to
be k-rational if F,G € T'y(X) and G # 0 in T'y(X). The field k(X) will denote the set of all
k-rational functions in &’(X). Div/(X) denotes the set of all divisors on X. Pic/(X) denotes
the set of all equivalence classes of divisors on X. If D € Div/(X), then we let D denote the
corresponding equivalence class. A closed point on X over k will be assumed to be a pair
(Oy,my), where v is a discrete valuation of k(X)) and &, is the associated DVR over k with
maximal ideal m,.

If x = (zg,...,2y) is a point on X such that z; = 1 for some i = 0,...,n, then k(z) will
denote the field extension of k generated by the coordinates of z.

Definition 3.1. Let D € Div/(X), D =Y ngx. Let o(D) := > ngo(x). Then D is defined to
be k-rational if 0(D) = D. We denote the set of all such divisors by Div(X). An equivalence
class D € Pic/(X) is defined to be k-rational if it contains at least one k-rational divisor. The
set of such equivalence classes is denoted by Pic(X).

Proposition 3.2. Suppose x is a point on X over k'. Suppose k(x) = Fp for some positive
integer v. Then x,0(x),...,0""1(x) are all distinct and o (v) = .

Proof. We can assume that © = (1,z1,...,2,) by first making a change of coordinates if
necessary. If o(z) = o7 (z) for 0 <i < j < v —1, then 0/ "(x5) = x5 for s = 1,...,n. Then
T1,22,. .., Ty € Fpi—i. Since x1,..., 2, were also assumed to generate Fyv from Fy, it follows
that Fgv C qu—i7 a contradiction.

19



20 Curves over Finite Fields

o”(x) = x follows directly from the fact that each element z1,...,2, is in Fp and the

definition o(z;) = z. O

Definition 3.3. Let x be a point on X over k'. A k-rational divisor P is defined to be prime
if it is of the form

v
P=P, = Zai_l(:n),
1=1

where v is the degree of © over k. The points o' ~'(z) are called the components of P.

Proposition 3.4. A divisor D € Div/(X) is k-rational if and only if it can be written as
D = Y papP, where all the P are prime divisors, ap € Z, and ap # 0 for only a finite
number of P.

Proof. Suppose D = ) papP, where all the P are prime divisors, ap € Z, and ap # 0 for
only a finite number of P. Then clearly, o(D) =0 (> apP) = > apo(P) =) apP.
Conversely, if D =) a,x is k-rational, let v be a common multiple for the degrees of all
the components . Then 0”(z) = z for all z and D = ¢(D) = 0?(D) = --- = ¢*~ (D). Now, if
we put in the expression for D in this equation, we get Y., azz = 0 (3, azx) = 02 (3, azx) =

=0 (S ar) = Y anr =Y ago(z) = Y a0 () = - = Y a0’ (@).

This shows that for any given x, the coefficient of x,0(x),...,0""!(z) are the same. Since
[k(x) : k] divides v, we can put z +o(z) +- -+ 0”"1(x) = by P, where b, is an integer and P,
is the prime divisor associated with x, and so D = ) p a;b,Pr = ) pcpP, as desired. O

Definition 3.5. Define two points x and y to be equivalent if y = o°(x) for some nonnegative
wnteger s. We denote the equivalence class of x by .

Proposition 3.6. Let f € kK/(X). Then div(f) is k-rational if and only if f € k(X), up to
multiplication by constants.

Proof. Suppose f € k(X) and let div(f) = >, v2(f) - x, where vy(f) is the valuation of f in
z. Now, if z is a point and o?(z) = y, then since f is k-rational, we have that vz (f) = vy(f).
It follows that

() = Ywell) (ool + ot 0 )
= va(f)va

where v, = [k(z) : k]. Tt follows by Proposition 3.4 that div(f) is k-rational.

Conversely, suppose div(f) =Y, v.(f)- 2 is a k-rational divisor, f = F/G € k'(X), G # 0
in Ty (X). Since div(f) is k-rational, then if the point x is a zero in F, then o*(z) is also a
zero. Proposition 3.4 gives that the zeros have the same multiplicity. The same goes for G.
It follows that F,G € I'y(X), and so f € k(X). O

Definition 3.7. Let L'(D) = {f € K (X) \ {0} |div(f) + D = 0} U{0}. Then we define
L(D) := L'(D)Nk(X). The dimension of L'(D) as a vector space over k' is I'(D), and I(D)
is the dimension of L(D) as a vector space over k.

Proposition 3.8. Let D be a k-rational divisor on X. Then L(D) and L'(D) have a common
basis. In particular, [(D) =1'(D).
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Proof. Let
D)y =¥
=1

Let k" be a finite extension of k so that fi,..., fm € k”(X). Let {a1,...,a,} be a basis for
k" as a vector space over k. Then the Galois group Gal(k”/k) consists of v elements with the
Frobenius homomorphism as generator, and we have from Proposition 3.2 that Gal(k”/k) =
{o,...,0"}.

Define

i =Y 0%aj fi) =0 (a) - o (fi).
s=1 s=1

We show that g11,...,91,0s- -, 9mw € k(X) and generate L'(D). Then an m-subset of these
will be a basis for L'(D), and they will hence also be a basis for L(D).

First of all, if § € k", it follows that o(8) +--- 4+ 0”(8) € k. (Proof: o,...,0" take the
element 5 to all of its (not necessarily distinct) conjugates fa,...,0,. So f1 + -+ By =
o(B1) + -+ 0¥(B1). Also, there exists a polynomial with coefficients in k that factors as
(x — B1)(x — B2) - (x — 3,). The coefficient of 2*~! in this polynomial is By + B2 + - - - + By,
but since the polynomial has coefficients in k, then (51 4+ B2 +- - - + (3, must be in k.) It follows
that given an element f € k”(X), then o(f) + -+ + o¥(f) € k(X).

To prove that g1,1,...,91,0,---,9m, generate L'(D), note that the matrix

0'(041) 0'2(041) a:(al)
g olaz) o (?42) o (az)
ola) (o) ... o%(aw)

by standard Galois theory has nonzero determinant, so the elements > o*(c - f1), >, 0°(2-
f1)s--, >, 0%(aw - f1) are linearly independent for each f;. Also, for each o, we get linearly
independent elements if we vary the f;. So we only need to show that each div(g; ;) + D > 0.

To show this, it suffices to show that f € L'(D) = o(f) € L'(D), since then g; ; will be
nothing more than a linear combination of elements from L'(D). We will here use the property
that D is a k-rational divisor. But first we show that o(div(f)) = div(o(f)).

Note that for a point x, we have that o is a ringhomomorphism from 0, to Oy,. If
ord;(f) =n > 0 and m, is the maximal ideal in the associated DVR O, then f € m”? /m?+1,
If h is an element that generates m,, then this means that A" is the highest power of h that
divides f in O,. We write f = h™ - f', where f’ is a unit in &,. Then o(f) = o(h)" - o(f’).
We have h(z) = 0. Taking o(h) and evaluating it in o(x) gives o(h(x)) = o(0) = 0. It is
clear that o(f’) is a unit, since o(f'~!) is its inverse. Then o(h) generates the maximal ideal
My(y) in the DVR Op(y), and it follows that ordy(,)(o(f)) = n. A similar argument applies
for negative orders. It follows that o(div(f)) = div(a(f)).

Suppose now that div(f;) + D = 0. Then o(div(f;)) + o(D) > 0. Since o(D) = D, the
above result gives us div(o(f;)) + D > 0, as desired. O

Proposition 3.9. Let K be a canonical divisor. Then K contains a k-rational element.

Proof. Choose an f € k(X) such that df # 0. Then df will also have coefficients in k. The
rest of the proof is now identical of the proof in Proposition 3.6. O
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Corollary 3.10. Let K be a k-rational canonical divisor. Then [(K) =U'(K).

Corollary 3.11 (the Riemann—Roch Theorem). Let D be a k-rational divisor, K a
rational canonical divisor. Then

(D) =deg(D)+1—-g+ (K —D).



Chapter 4

Goppa Codes

In this chapter I present the construction of Goppa codes. This construction was discovered
by V.D. Goppa in 1981 and is based on curves over finite fields. It is this construction that
Tsfasman, V1ddut, and Zink used when they managed to improve the asymptotic Gilbert—
Varshamov bound in 1982.

I begin this chapter by giving the basic definitions and results concerning Goppa codes.
I will then give two examples of how to construct such codes. 1 conclude this chapter by
presenting an infinite sequence of Goppa codes that attains the Gilbert—Varshamov bound,
made by Chaoping Xing in 2005.

The material in Section 4.1 of this chapter is taken from [14]. The example of the Hermite
curve in Section 4.2 can be found on page 62 of [14]. Section 4.3 is a presentation of [18].

Throughout this chapter, X will always be assumed to be a non-singular projective curve
defined over [F,. The divisors D, G, G*; constants d, k,n,d*, k*; and maps o, a*, 8% will always
be assumed to be as defined in Definition 4.1, Proposition 4.2, Definition 4.6, and Defini-
tion 4.13, unless specified otherwise. The genus of the curve X shall always be denoted by
g. The field of rational functions on X with coefficients in F, will be denoted by F4(X). The
set of Fy-rational points on X will be denoted by X (F,), and its cardinality by | X (IF,)|. The
discrete valuation ring over IFy at the closed point P will be denoted by Op.

All divisors and closed points will in this chapter be assumed to be [F4-rational unless
stated otherwise.

4.1 Definitions

Definition 4.1. Let Pi,..., P, be distinct points of X of degree 1 over Fy and let D =
Py + -+ P, be a divisor. Let G be a divisor satisfying Supp(G) N Supp(D) = 0. Define the
linear map o : L(G) — Fy by

fr=({Pr),.... F(Pn)).
Then the image of the map defines a linear code C(D,G) called a Goppa code.

Proposition 4.2. For a Goppa code C(D,G), we have dimension k = 1(G) — (G — D) and
minimum distance d > n — deg(G).

Proof. We have C(D,G) = L(G)/ ker(«), so we must show that ker(a) = L(G — D). Suppose
f € ker(a). Then f(P;) =0,i=1,...,n,sodiv(f) = D. Thus, f € L(G — D). Conversely,
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suppose f € L(G — D). Then div(f) = D since P, £ G,i = 1,...,n. It follows that
f(P)=0,i=1,...,n.
To show that d > n — deg(G), suppose the Hamming weight of «(f) is d. This means that

f(F;) = 0 for n—d points among the P;, say P;,,...,FP; ,. Then fe L(G—-PF;, —---—PF; _,),
and div(f) + G — P, —--- — P, _, = 0. Taking degrees on both sides and noting that
deg(div(f)) = 0, we get deg(G) — (n —d) > 0, so d > n — deg(G). O

Remark 4.3. The last part of this proposition is only useful if n — deg(G) > 2, since d > 1
always.

Corollary 4.4. If deg(G) < n, then « is an injection and k = I(QG).

Definition 4.5. Let E be a divisor. Then we define the vector space Q(E) as follows.
Q(FE) = {w|w is a rational differential form with div(w) = E}U{0}.
Definition 4.6. Define the linear map o* : QG — D) — Fy by

n— (resp(n),.. . resp,(n)).
Then the image of the map defines a linear code C*(D,G) of length n.

Proposition 4.7. Let w be a rational differential form, div(w) = K. Define a map 3* :
LK+ D -G) — Fy by

f s (resp (fw), .. xesp, (fu)).
Then the image of 5% is the same as the image of o*.

Proof. Suppose (resp, (1), ...,resp,(n)) € C*(D,G). Since n is a rational differential form, we
can write it as fw for some f € Fy(X). We then have fw € Q(G — D), so div(f) + div(w) =
div(f) + K = G — D. That is equivalent with div(f) € L(K + D — G). O

Proposition 4.8. For a code C*(D,G), we have dimension k* = (K +D — G) — (K — G)
and minimum distance d* > deg(G) + 2 — 2g.

Proof. Let f,w be as in Proposition 4.7. We first show that fw can’t have order < —2 in any
P;,i=1,...,n. This follows from Proposition 4.7, as fw = 7 for some n € Q(G — D). Since
Supp(G) N Supp(D) = 0, we have that n can only have poles of order 1 in each P;.

We now find the dimension k* by proving that ker(8*) = L(K — G). The formula for k&*
then follows from the fact that C*(D,G) = L(K + D — G)/ ker(5%).

Suppose n € Q(G — D) and resp,(n) =0,i=1,...,n. Then n € Q(G). Let fw =1n. Then
div(fw) = G. So div(f) + K — G > 0, which is the same as saying f € L(K — G).

Conversely, suppose f € L(K —G). Then div(f)+K > G. Since Supp(G)N{Pi,..., P} =
(), then fw has order at least 0 in each P;.

To prove that d* > deg(G) + 2 — 2g, suppose we have resp,(fw) = 0 for n — d* points P;,

say B,,...,P; _,.. We want to show that f € L(K +D - F;, —--- = F; . — G), because
then 2g —2+n — (n — d*) — deg(G) > 0.

Now, since fw has nonnegative order in F;,,...,P; ., then fue QG-D+ P +---+
P ). Sodiv(f)+ K ~G—-D+ P, +---+ P .. It follows that f € L(K -G+ D —

Py = =P, _,.), as desired. .
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Proposition 4.9. C(D,G) and C*(D,G) are dual to each other.

Proof. We must show that the scalar product of any element from C(D,G) with any element
from C*(D, Q) is 0, and that k* =n — k.
Let f € L(G) and n € Q(G — D). The dot product of the corresponding codewords is

n

a(f) ’ 04*(77) = (f(Pl)v .- ’f(PTL)) ’ (reSPl(n)v <. ,TeSPn(ﬁ)) = Zf(B) ’ feSPi(U)-

i=1

Now consider one such P;. Let t; be a generator for the maximal ideal of Op,. For s >> 0,
let
f=ao+ait; +ast? +---+ as—ltf_l + gst;,

where vp,(a;) = 0 for all nonzero a; and gs € Op,, and

n= t

where vp,(bj) = 0 for all nonzero b; and hs € Op,. It follows that

b ti T+ h;;) dt;,

b_
fn= <a0t * + (aobo + arb_1) + (aoby + arby + azb_y )t + - + gshst%8> dt;.
Therefore, f(P;) - resp,(n) = agb—1 = resp,(fn) for all 7.

Also, since f € L(G) and n € Q(G — D), then div(fn) = div(f)+div(n) » - G+G—D =
—D. So fn has no other possible residues other than in the points P, ..., P,. We have

> resp(fn) = Y resp(fn) =0,

=1 PeX

according to the residue theorem. (See e.g. Theorem 4.24, page 89 in [10].)
To show that k* = n — k, the Riemann—Roch theorem gives us k + k* = I(G) — (G —
D)+ l(K+D-G)-U(K-G) = (l(G)-I(K-G)) - ((G-D)—-I(K - (G- D)) =

(deg(G)+1—g) — (deg(G — D) +1— g) = deg(D) = n, as desired. O
Lemma 4.10. Let n > 2 be an integer and q > 2 be a prime power. Given points Py,... P, €
X, there exists a rational differential form w with simple poles in Pi,..., P, and no poles
elsewhere. In particular, resp, (w), ..., resp, (w) are all nonzero.

Proof. Let w be a rational differential form, div(w) = K. Since all rational differential forms
can be written as fw for some f € Fy(X), we shall show that fw fulfills the claim in the
lemma for some f € Fy(X).

Such an f must be an element of L(K + P; + P, + --- + P,), since this is equivalent with
div(fw)=div(f)+ K = —PL— P, —--- — P,.

Let U= L(K+ P+ P, +---+ P, — P;). We must show that

n

L(K+P1+P2+---+Pn_1+Pn)7éUUi. (4.1)
=1

We will prove this by calculating the dimension on the left- and right-hand side of the inequal-
ity, using Riemann—Roch.
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First of all, we have

UK) = g,

(K+P) = g,
(IK+P+P) = g+1,
(K+Pi+P,+P) = g+2,

IK+Pi+Po+--+Pyq) = g+n—2,
IK+Pi+P,+---+P,) = g+n—1

From this we see that the left-hand side of (4.1) has dimension g + n — 1, while each U; has
dimension g +n — 2. If we were working over an infinite field, the proof would already be
done, since a finite union of vector spaces of dimension < g+mn — 1 can’t fill a vector space of
dimension g +n — 1. However, for finite fields, this isn’t necessarily true.

If A is a set, let |A| denote the number of elements in A. Since X is a curve over the field
F,, we have

LK+ P+ P+ -+ P,)| = ¢,
n
LUl U-- U, = Y U= [UinUj[+ > [U;NU; N Ty
j i<j i<j<k
Fo k(DM UL NN Uy,
11 <o <fp—1

+ (=) Uin---nU,

= (e G (e
(o2 ()

= Qe (e (e

(o)

+ (_1)n—1 <n> qgfl 4 qg+n71
n
+ (D" ()"
= ¢ Ng-D)"+ ¢ ()" g - 1)
= ¢ ("= (g-1)"+(=1)"g-1)).
We want this last expression to be strictly smaller than ¢! ie. that ¢" — (¢ — 1)" +

(-=1)""1(q — 1) < ¢™. This is equivalent to (¢ — 1)® — (=1)""1(¢ — 1) > 0, which we rewrite
as (g —1)" > (=1)""1(qg — 1). Since ¢ > 2, this last bit is clear for n > 2. O

Fe (1)

Proposition 4.11. Let w be as in Lemma 4.10, div(w) = K. Then the codes C(D, K+ D —Q)
and C*(D, Q) are equivalent. In particular, C(D,K + D — G) and C*(D,G) have the same
dimension k and minimum distance d.



4.2 Some Examples 27

Proof. We show that we obtain all codewords in C*(D,G) when we direct-multiply each
element in C(D, K+D—G) with the vector (resp, (w), ..., resp, (w)), thus showing by definition
that the codes are equivalent since each resp, (w) is nonzero.

A codeword in C(D,K + D — G) is of the form (f(P1),...,f(Pn)), f € L(K + D — G).
Since vp,(K) = —1 for each P;, then f has no polesin P;, i =1,...,n. So f is of the form
f=ap+ art; + agtf + -+ gst;, where t; is a generator for the maximal ideal of Op,, and
where vp,(a;j) = 0 for all nonzero a; and gs € Op,.

We now direct-multiply the codeword with (resp, (w),...,resp, (w)), use the same reasoning
as in the proof of Proposition 4.9, and get (resp, (fw),...,resp, (fw)). For all f € L(D, K +
D — @), this yields the image of 3*, and by Proposition 4.7, this is the same as the image of
o, and so we have the entire code C*(D, G). O

Remark 4.12. From this proposition it follows that whenever we speak of a code C*(D, G), it
suffices to regard C'(D, K + D — G). Proposition 4.8 then follows easily from Proposition 4.11.

Definition 4.13. Let w be as in Lemma 4.10, div(w) = K. We will denote K + D — G by
G*.

Definition 4.14. A strongly algebraic-geometric code, SAG-code, is a code C(D,G) satisfying
n > deg(G) > 2g — 2.

Recall from Corollary 4.4 that if n > deg(G), then « is an injection and k = [(G). In
particular, this is satisfied if the code is SAG.

Proposition 4.15. C(D,G) is a SAG-code if and only if C*(D,G) is a SAG-code.

Proof. Because of Proposition 4.11, it suffices to show that C'(D, G) is a SAG-code if and only
if C(D,G*) is a SAG-code.

Suppose C(D,G) is a SAG-code. We have deg(G*) = 29 — 2 + n — deg(G), where n >
deg(G) > 2g — 2. The first inequality yields deg(G*) > 2¢g — 2, and the second inequality
yields deg(G*) < n. From this, the converse follows trivially. O

4.2 Some Examples

Example 4.16. Let X = P! over the field F,, ¢ > 2. Choose a positive integer n < ¢, n > 2,
and let P; = (a;,1) for i = 1,...,n so that all the a; are distinct. Choose a positive integer
m < n and denote the point (1,0) =: Ps. Let G = mPyx and D = P, + --- + P,.

It is clear that I(G) =m+1—g=m+ 1 and

box™ + b1y 4 -+ by™
ym

L(G) = {

bo,...,meFq},

where x,y are homogeneous coordinates for P'. We then get as basis for L(G) the elements
()" (%)m_l, .-» 1. Note that this fits in with the fact that I(G) =m + 1.
Let (7)® =: fs, so that the basis for L(G) is fo,..., fm. The Goppa-code C(D,G) is
defined by
LG) — (
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It follows that a generator matrix for C(D,G) is

fo(P1) ... fo(Pp) 1 1 ... 1
B [P .o filP) | @ a2 an
PP e (P2 an Q... am

Note that C (D, G) satisfies 29 —2 < m < n, since the genus is 0. By Definition 4.14, C(D, Q)
is a SAG-code. It follows that k =m+1—g=m+landd>n—-m=n—(k—1)=n—k+1,
which we call the Goppa bound. According to the Singleton bound, d < n — k + 1. Equality
follows, and so the code is MDS.

From the above, we conclude that C*(D, G) is also MDS (see Corollary 15.7, page 195 in
[5]). We then have from general coding theory that &* = n —k =mn —m — 1, and so, using
that C* is MDS, d* =n—k*4+1=n—(n—m —1)+ 1 =m+ 2, which is the Goppa bound
(see Proposition 4.8).

Let’s find the rank of 4. We know that d* equals the minimal number of linear dependent
columns in ¢ (see Theorem 8.4, page 85 in [5]). We found that number to be d* =m + 2 =
(k—1)4+2 = k+ 1. It follows that the rank of ¢ is k, and so all submatrices of ¢4 have a
nonzero determinant, and that fits in well with the fact that ¢ is van der Monde, from which
the same conclusion can be drawn and the argument reversed.

Example 4.17. A Hermite curve X is a curve over [F 2 given by
ylz 4 yz9 = 7L,

Its genus is
L9
9=5(a—a).
According to the Hasse-Weil bound (see Theorem 5.2), the number of F.-rational points on
this curve is
| X(Fp2)| < P +14+29V¢2 =g+ 1.

We shall show that we obtain equality with this curve.

If z=0, we get =0, and so the only point at infinity is Hs = (0, 1,0).

If z =1, we get the equation y? + y = 297, If = 0, we get y? + y = 0. This equation
has ¢ solutions, and with some calculations we find that they are all in F 2. That gives us g
points. If x = xg # 0, then we get the equation y? +y = xgH. For each zg, we find g values
for y, and they are all found in F2. That gives us (¢* — 1)g new points.

It follows that X has 14+q+ (¢ —1)¢ = ¢> +1 points. This shows that the Hermite curve,
as desired, is maximal with respect to the Hasse—Weil bound.

The most usual way to make SAG-codes on X is to choose 29 — 2 < m < n, let {Pz}g;
be the set of all Fj-rational points different from H,, and let

q3

Gm=mPsx, D=)»_ P,
i=1
We then get the parameters
2

20—-2=¢*—qg—2<m<n=g, k::m—l—l—gzm-l-l—q 2_q7 d>n—m=q¢ —m.
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4.3 A Lower Bound on Goppa Codes

In 2005, Xing showed in [18] that Goppa codes achieve the Gilbert—Varshamov bound (see
Corollary 2.13). The main idea of Xing’s proof is to choose good divisors G such that the
minimum distance d increases compared to deg(G). He furthermore shows that such a divisor
exists provided that M; (D) < h(X) (see definitions later in this section). It follows that the
code attains the Gilbert—Varshamov bound. Xing’s idea is based on an earlier paper that he
published (see [15]), where he finds sufficient conditions for M;;(D) < h(X) by finding an
upper bound on My (D). However, the upper bound that he finds here is much better. This
is actually the whole difference between [15] and [18|. I here only give an outline of the main
results of Xing’s paper, but in the proof of Theorem 4.23 I have filled in calculations that Xing
in his article left to the reader.
Recall that X (F,) denotes the set of Fy-rational points on X.

Definition 4.18. For any integer | and any effective divisor D with deg(D) > 1, let
(D) :={G| deg(G) =1,0< G < D}.
Furthermore, let t be a nonnegative integer and
M (D) ={H+G|deg(H) =t, H >0, G e «(D)},
and let My (D) denote the cardinality of #:(D).

Before presenting the following lemma, note that for a curve X and any integer s, the
number of divisor classes of degree s is always h(X). Le., the number of divisor classes of a
certain degree s does not depend on s. (Proof: Let Aj,..., A, be all the divisor classes of
degree 0, and let B be a divisor class of degree s. Then I claim that B + Ay, ..., B + A are
all the divisor classes of degree s. To prove the claim, suppose B’ is a divisor class of degree
s not among the ones listed. Then B’ — (B + A;) 0 for i = 1,...,h. Including 0, we then
have h + 1 distinct divisor classes of degree 0, a contradiction.)

Lemma 4.19. Suppose there is atl least one Fy-rational point on the curve X, and let h(X)
be the number of divisor classes of a certain degree. Let s > g be a positive integer and let S
be a set of Fq-rational divisors of degree s such that |S| < h(X). Then there exists an effective
divisor H of degree s such that H isn’t equivalent to any divisor in S.

Proof. Tt is clear that there exists a divisor H' (not necessarily effective) such that deg(H') = s
and H' is not equivalent to any divisor in S. According to Riemann-Roch, [(H') > deg(H') +
1 —g > 1. So we have at least ¢ functions f such that H' + div(f) > 0. Choose such an f
and put H := H' + div(f). Since H = H’, then H isn’t equivalent to any element in S, as
desired. O

In the following proposition we find sufficient conditions for the existence of good divi-
sors G that increase the minimum distance of Goppa codes. Here we will use the Strong
Approximation Theorem, which is Theorem 1.6.4 on page 31 of [11].

Theorem 4.20 (Strong Approximation Theorem). Let S be a proper subset of the
set of all closed points on X of degree 1,2,3,.... Choose points Py,...,P. € S, functions
x1,..., 2 € Fo(X), and integers ni,...,n,.. Then there exists a function x € Fq(X) such that
vp,(x —x;) =n; for allie {1,...,r} and vp(z) >0 for all P € S\ {P,...,P.}.
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Proposition 4.21. Let Py,..., P, be the set of Fy-rational points on X and D = P1+---+P,.
Let 1, t be nonnegative integers satisfying | <n and t+1> g. Suppose My (D) < h(X). Then
there exists a divisor G of degree t + | such that Supp(G) N Supp(D) = 0 and C(D,G) is an
[n, k, d]g-linear code with

E=1(G)>deg(G)—g+1=t+l—g+1 and d>n—-1+1.
If deg(G) > 2g — 1, then k = deg(G) — g + 1.
Note that according to the theory of standard Goppa codes, d > n —deg(G) =n —1 —t.

Proof. According to Lemma 4.19, My ;(D) < h(X) implies that there exists an effective divisor
H of degree t + 1 such that H isn’t equivalent to any divisor in .#;;(D). I now claim that
L(H — ) pc; P) = {0} for any subset I C Supp(D) with |I| = I.

Suppose the claim is false. Then there exists an Iy C Supp(D) with |Ip| = [ such that
L(H — > pey, P) # {0}. Choose a nontrivial f € L(H — Y pe; P). Then div(f) + H —
Yoper, P = 0. Put L=div(f)+H—> pcy P. Then H=L+} p.; P. The effective divisor
L is of degree t. We have » p.; P < D and of degree I. So L+ > p.; P € 4, and H is
equivalent to an element in .#;;, a contradiction.

Since n is less than the number of closed points of X, we can apply the Strong Approxi-
mation Theorem—Theorem 4.20—to choose functions z; € Fy(X), ¢ € {1,...,n} such that

vp,(zi) =vp (2 —0) =0, j#i,
vp,(z) = vp (2 —0) = 1.

Let
n
G := H +div (H zivpi(H)> .
i=1
Then G = H, and we have that Supp(G) N Supp(D) = 0, since whenever a point P; has

. . —vp, (H . .
nonzero coefficient in H, then the order of the pole of z; o (H) at P; is the same. Since

L(H = pc; P) = {0} for any I C Supp(D) such that |I| = I, the same applies for G. I.e.,
L(G =) pe; P) = {0} for any I C Supp(D) such that [I| = 1.

Choose a nontrivial f € L(G) and let r = wt(f(P1),..., f(Pn)). Then f € L(G—=>_pc; P)
for some J C Supp(D) with |J| = n — r, since Supp(G) N Supp(D) = 0. Tt is clear that
n—r=|J| <l and so r > n —1+ 1. Since we put in the conditions that [ < n, we have
r > 1, and so ker(¢) = {0}. It follows that ¢ is injective, the number of codewords is L(G),
and the dimension is k = I(G). O

To find out when M ;(D) < h(X), Xing finds a good upper bound for M;;. I here only
give an outline of how this is done. He first shows that

t
n n—Il—i
Mt,l(‘D) = Z <l + Z> Al(f—l )7
=0

where, if S is a set of Fj-rational points of cardinality 0 < s < | X (F,)|, then AES) is the number
of effective divisors with support disjoint from S. So if he can find a good upper bound for
each Agﬁ;l_l), he is done. He uses the s-zeta-function to do that. We have

o0 A * X (F)| = s,
ZO(X,T) =3 APT! = exp (§ WT) = Z(X,T)(1-T), 0<s<|X(F,)
(3
=0 =1
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where

ZA T = exp (Z |X( ”T@)

=1

He uses this to show that AES) =h(X)-(¢g— 1)t 95 for i > 29+ s — 1.
Using the fact that

2g9+s—2 00
S AT = Z2(x, 1)1 -1~ Y APT
=0 i=2g+s—1

and putting 7' = 1/¢, he finds that

Al(s) < (29(\/6-1— 1? —|—2n)h <1 1)8—1.

i~ g

And so we have

Mt7l(D) 2g(\f—i— 1 + 2n n l—ie1
h = getn—t-i-1 Z I+ (q—1)" (4.2)
=0
We can now rephrase the above proposition with the following:

Proposition 4.22. Letl <n andt+1> 1. Suppose

BT ()

Then there exists an [n, k, d)y-linear code with k = 1(G) and d > n — 1+ 1.
We now show that these conditions are sufficient to achieve the Gilbert—Varshamov bound.

Theorem 4.23. Goppa codes achieve the asymptotic Gilbert—Varshamov bound for any 0 €
(07 1- %)

Proof. The idea of the proof is to start off with the Gilbert—Varshamov bound, find the
necessary parameters, and use Proposition 4.22 to show that there exists a code satisfying
these conditions.
Choose a sequence of curves (X;)7°; with genus ¢g(X;) defined over F, such that
| Xi(Fq)|

lim ——4= = :
ooy el

Choose a small € > 0 and a pair (0, R) with 0 < § <1 — % and 0 < R < 1 such that
1—-Hy(0) —e < R<1—Hy(9).
Choose positive integers {n; := | X;(Fq)|}72,, {ki}2,, and {d;}5°, such that

lim & =R and lim é =9.

i—00 T 1—00 Ny
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We will show that there exist Goppa codes C; with these parameters. For simplicity, 1 will
drop the i-indices.
The following inequality deserves a little argumentation:

1 dgn(k+d+g—n+1)(")(¢— 1)1 — k-1
H,(8) = lim o8, (497( g-ntD@@-V") | gy, mokl (4.3)

n—o0 n n—00 n

To prove the left-hand side equality of (4.3), we have

%logq <4gn(k +d+g-n+1) (Z) (q— 1)d—1>

1
== (logq (4gn(k+d+g—n+1)) +log, (

. ,}Lnolo%logq <<Z> (¢ — 1)d>
= tim Do, (1@ (%) 0 1),

And in between these two last expressions we have according to Lemma 2.11

Tim % log, (zd: <?> (q - 1)i) :

=0

n

d) +1log,(q — 1)? — log,(q — 1)>

which according to Lemma 2.12 equals Hy(9).
To return to (4.3), the inequality Hy(d) < 1— R follows from the choice of R. The equality
1 — R =lim, o(n — k — 1)/n follows from the definition of R and the fact that + — 0.

The choice of 0 < § < 1 — % implies that d < (¢ — 1)n/q for sufficiently large n. We also
have the inequality

n

4gn(k+d+g—n+1)<d

)(q — D < g s>

Using a similar argument as in the proof of Lemma 2.11, it can be shown that

(ot )@ (4.4)

n—d+1

decreases for 0 < i < (¢—1)n/q. Recall that d < (¢—1)n/q and note that if we define () =0
for d > ¢, then (4.4) is 0 for ¢ > d. It follows that

k+d+g—n
Agn i V=1 < 2 dtrg—n+ (") =1 < 1.
qnfkfl par n—d + 4 — qnfkfl d

Puttingt=%k+4+d+g—nand l =n — d, we get

t
4gn n n—l—i—1
qotn—t=1-1 ; <l + Z) (¢—1) <L
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Our aim was to get

29(\/G+ 1) +2n i
qg+ntl1 Z l—{—l - )" ' <1,

=

which has now been satisfied since we have for sufficiently large n (demanding that g # 0,
which is OK), 2¢9(\/q + 1) 4 2n < 2gn + 2n < 2gn + 2gn = 4gn. O

Remark 4.24. In order to construct a code that has a code rate close to the Gilbert—
Varshamov bound, we need a large length n of the codewords. To get an idea of this, we
can choose F s with ¢ =5, and § = 2. We then get Rgv(5) = 1 — Hy(6) = 0.1347815102.. ..

Put R = 0.1347. In [1] a tower of function fields has been constructed over Fg s with

| Xi(Fys)| > ¢'(g+1) and g(X;) = 2(q1_1) (¢t +2¢" — 2q(iH2/2 _94i/2 4 q) — % qli=2)/2. (q+1)
if i = 0 (mod4). It is given by Fy = Fys(z1) and for i > 1, Fj11 = Fj(7;41) with

1_1'@'—1—1 _x?—i—xi—l

q .
Tit1 i

and satisfies lim; oo | X;(Fy3)|/g: = 5+;1) > 0. Put n; = 5" 6 and define k; = [Rn;] and
d; = |6n;]. We want to have

ti
20ilva+ 1) + 2n ( ) — el (4.5)
0

qu+nz ti—l;—

Jj=

where t; = k; +d; + g; — n; and l; = n; — d;, which we know will be satisfied for large
enough i. For ¢ = 4, (4.5) is not satisfied. For ¢ = 8, we have ng = 2343750, gs = 339360,
ks = 315894, dg = 1757812, I3 = 585938, ts = 69316, and deg(Gg) = tg + lg = 655254.
Computational problems arise when we try to find the binomial coefficients, so we don’t know
if these parameters satisfy (4.5).

However, we know that for i >> 0 we have (4.5). When we find such an i, we know that
My, 1,(D;) < h(X;). We then choose n; distinct points that define the divisor D;, and we know
according to the proof of Proposition 4.21 that there exists an effective divisor H; such that
L(H; = pe; P) = {0} for any [;-subset I of Supp(D;). We find that divisor and calculate
G; as was done in the proposition. Then C(D;, G;) will have dimension k; = [0.1347n;| and
minimum distance at least | 2n;].

In Chapter 8, we will see that linear codes are frameproof codes and that this § will
correspond to s = 4 in s-frameproof codes. See Remark 8.6.
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Chapter 5

The Tstasman—Vliadut—Zink Bound

In 1982, about one year after the Goppa codes were discovered, Tsfasman, V1ddut, and Zink
published an asymptotic improvement of the Gilbert—Varshamov bound. This improvement
used standard Goppa codes together with an infinite sequence of curves with an optimal
number of F,-rational points. In this chapter I start by presenting some results concerning
how many [F,-rational points a nonsingular projective curve defined over F,; can have. 1
conclude this chapter by presenting the proof of the Tsfasman—VIddut-Zink bound.

The zeta-function of a curve can be found on pages 111-120 in [10]. The Drinfeld-VIidut
theorem is taken from page 162 of [10].

5.1 The Drinfeld—Vladut Bound

Theorem 5.1 (Drinfeld—V1adut). Given an infinite sequence of non-singular projective
curves (X;)2, with genus g(X;) and | X;(Fy)| Fq-rational points such that lim;_, | X;(Fq)| —

o0, we have
| X ()|
lim ———= < —1.
i—00 g(Xz) - \/a

To prove this, we need some facts about the number | X (F,)| for a non-singular projective
curve X, but to do that, we must first study the zeta-function of X.
The zeta-function is defined as

((X,5) =) (N(D))™®  Re(s) > 1,
D
where the sum is taken over all effective F-rational divisors on X and N(D) = q4°8(”). The

function converges for all Re(s) > 1.
The zeta-function can be written as

1
C(Xas)_l;ll_(N(P))_s, Re(s) > 1,

where the product is taken over all prime Fy-rational divisors P on X. The product is abso-
lutely convergent. The function converges to

P(q™?)
(L—q*)(1—g'*)’

29
((X,s) = where P(q¢™°) = Zajqus,
=0

35
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where o; are real constants. By putting ¢~° =: ¢, we define the function Z(X,t) := ((X,s).
Hence, Z(X,t) = i). If | X(Fg )| is the number of Fgv-rational points on X, then

= T=ni—at
— | X (Fg)
Z(X. 1) = 28 )l
(X,t) = exp (; V

This is used to show that if P(¢~*%) = P(t) factors as

29
P(t) = [[(1 = wjt),
j=1
then
2g
IX(Fp)l =q"+1-> wb. (5.1)
j=1

Furthermore, each w; satisfies |w;| = \/q.
A consequence of this is that a curve of genus 0 has ¢ + 1 F4-rational points, as expected.
Before proving the theorem of Drinfeld and V1ddug, we include an important bound that
is immediate from (5.1).

Theorem 5.2 (the Hasse—Weil Bound). The number | X (Fy )| of Fgv-rational points on a
non-singular projective curve X satisfies

X (Fgr)| < ¢”+ 1+ 294",

Remark 5.3. A curve X of genus g satistying | X (F;)| = ¢ + 1 + 2g,/q is called a mazimal
curve. As we see from Theorem 5.1, we are not able to find maximal curves of arbitrarily large
genus g.

Another simple proof of that fact follows from the resently published article [21]. In
the article, it is shown that for any maximal curve X over ¢ with genus g(X), we can
improve the Goppa code parameter k + d by approximately g(X) when ¢ is large. If we now
assume that ¢ >> 0 and that there exists a maximal curve X over ¢ for arbitrarily large
genus g(X), we can construct a sequence of Goppa codes (C;(D;, G;))2, with parameters
ki + d; > deg(G;) — g(X;) + 1+ n; — deg(Gi) + g(X;) —e(q) = 14+ n; — e(q), where e(q) > 0
and £(q) — 0 as ¢ — oo. By dividing with n; on both sides and letting n; — oo, we obtain
the bound R > 1 — 4, which exceeds the asymptotic Plotkin bound, an upper bound for ag(d)
which we proved in Corollary 2.6, a contradiction to the original assumption that there exists
a maximal curve of arbitrarily large genus.

We now prove the theorem of Drinfeld and Vl1adut.

Proof of Theorem 5.1. Let X have genus g and let

2
Hjil(l - wjt)
(1-t)(1—qt)
Let a; = wj/\/q. Then |a;| = 1. If v > 1, we have

Z(t) =

29 29
X () -7 < |XEp)] -2 = ¢ +1=Y o | g2 =g+ g7 = ot
Jj=1 j=1
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Rearranging, we get
2g
Yol <g P g |X(Fy)| g (5.2)
j=1

Now, we have for any positive integer n,

n

v
Zo‘j

v=1

n n

2 n n
= v. v — v. oY
=D aj- ) af=) of -} @
v=1 v=1 v=1 v=1

where & denotes the complex conjugate of the complex number &. If we pick an of from the

0<

first sum and an @;" from the second sum, then of - @;" = \a}-P o277, And since |oj| = 1,
then this simply becomes o/~ ". Hence,
n n n
v —v __ v—T
Doaf-d a = e
v=1 v=1 v,7=1
We divide the sum into two parts: When v = 7, we have a? = 1 n times, so the total

contribution is n. When v # 7, note that v — 7 takes all nonzero values between —(n — 1) and
n — 1. We pick a positive integer kK < n — 1 and count the possibilities for when v — 7 = k.
(The same will apply for negative k.) If 7 =1, then v =k + 1. If v =n, then 7 =n — k. So
we have n — K possibilities. We get

n n—1
Yol T =n+) (n—r)(a]+a;").
v, 7=1 k=1
We sum this expression over j =1,...,2¢g and get
29 n n 29
0<2gn+ Z Z(n —K)(af +a; ") =2gn + Z(n —K) Z(af +a;").
Jj=1r=1 k=1 j=1

7 af =1, and so the complex conjugate of o is aj_".

It follows that for each j, af + ;" = 2Re(c). The sum Z?il o is a real number, since

Z?il wj is the only complex part of the formula for | X (Fgv )|, so Re ?il af = Z?il aj. We

therefore get

Now note that since [aff| = 1, we have «

29 29

0< 2gn—|—Z(n— K) Z(af +a;") = 2gn+22(n — /-@)Zoz?.

k=1 7j=1 k=1 Jj=1

Using (5.2), we get
n 29 n
0<2gn+ QZ(n —K) Za? < 2gn + 22(71 — k) ("% + % — | X (Fq)l - ).
k=1 j=1 k=1

Rearranging and dividing by 2gn, this becomes

‘X(Fq)‘ ~n—kK —K/2 lg~n—k K/2 —K/2
<1 Y (P ).
o PR
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We let g,n — oo such that n/log,(g) — 0. Then, for any e > 0,

X (F >
i X E)l <1y
gee 9 k=1

Since the infinite sum starts at x = 1 instead of 0, it becomes
1 1
— -1 :
1—q /2 Va—1

This proves the theorem. O

5.2 Attaining the Drinfeld—Vliadut Bound

Using towers of function fields, it is possible to find a sequence of nonsingular projective curves
that attains the Drinfeld-V1ddut bound. T here briefly present a construction found in [3].

Let (X;)$2; be a sequence of nonsingular projective curves defined over Fp2 with genus
g(X;) such that | X;(F2)| — co. We know from the Drinfeld-Vladut bound that

X;(F
i iER)
1—00 g(Xz)

This means that is suffices to find a tower of function fields such that

X;(F
lim M >q—1.
1—00 g(Xz)

To obtain that inequality, we need a large number of F 2-rational points, and we must have
control over the genuses of the curves. I here present a tower of function fields that meet this
demand.

For the definition of ramified points and different exponents, see pages 130-138 in [10].

Definition 5.4. Let Fy := Fpa(x1). Forn > 1, let Fyy1 := Fy(2n11), where zgﬂ + Zpt1 =

1
It , and where for n > 2 we have Ty, = zp/Tp_1.

We must find the number of Fg-rational points of F}, and the genus g,,. The genus is
found by recursive usage of Hurwitz’s genus formula,

200 — 2 = [Fy : Fp_1)(2gn_1 — 2) + deg Diff (F,,/F,,_1).

The degree of Diff(F,,/F,,—1) is the sum of all the different exponents d(P’/P) taken over
all prime divisors P of F,,_1 and prime divisors P’ of F,, lying over those P. The following
proposition is part of proposition 1.1 in [3] and is also presented as Proposition 5.33 on page
138 of [10]:

Proposition 5.5. Let P be a prime divisor of F,—1 in the tower as defined above, and suppose
P is totally ramified. Then

AP /P) = (g 1) (~op (#173) +1).
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So here it will be a good idea to study the ramification index of the prime divisors of F,_1.

I will call prime divisors for points from now on, but will consider them as DVRs of the
function fields we consider. In the article, it is shown that there is a unique common zero @,
for x1,29,..., 2y in Fy,, and that @, splits into ¢ distinct points of Fj, 11, one of them being
Qn+1- The following definition involves points lying over Q.

Definition 5.6. Let Q, be the unique point of F, that is a common zero of x1,22,...,2n.

e Forn >2, let S(n) := {points P of FE,, such that PN Fy,_1 = Qn—1 and P # Qy}.
o For1<i<|(n—3)/2), let ™ := {pomts P of F, such that PN F,_; € S"7V}.

o Let Py, denote the pole of x1 in Fy. Let SU) := = {Px} and 52 .= = {points P of F5 such
that P € S(()g) or PNF, € SW}.

e Formn odd, n > 3, let S") := {points P of F,, such that PNF,_, € S =11 For n even,

n >4, let S™ := {points P of F,, such that PN F,_; € S® Dy S " 1)/2}
S(gn) consists of ¢ — 1 points, since Q),,—1 splits into g distinct points of Fi,. S’i(”)
of all points of F,, lying over Qn—;—1. The set S@) consists of points of Fy that are either a
pole of z1 or a point # Q2 lying over Q. If n > 5, then S consists of points lying over
the pole of 21 and points # Q(,—1)—(n—4)/2 lying over Q,_1)_(n— 1)/2-1 if n is even and points
# Q(n—2)—(n—5)/2 lying over Q,_2)_(n—5)/2—1 if n is odd. The union of these sets consists of
all points lying over Py, Q1, . .. ,Qn.

Garcia and Stichtenoth show that the ramified points of F;, for the extension F,,1/F), are
exactly the points in S, and that they are totally ramified. Thus, we can use Proposition 5.5,
and for each of the ramified points P of F},, we have

d(P'/P) = (¢ — 1)(~vp(af™) +1).

consists

It is also shown that P is a simple pole of z,, and that the number of elements in S is
ql"/2]. The degree of each field extension is ¢, and so Hurwitz’s genus formula gives us

20n41 — 2 = q(29n — 2) + """ (g + 2)(¢ — 1),
with the initial condition g; = 0. We then get the following proposition:
Proposition 5.7. The genus g, of F}, is

. { q" + gl — gt 1)/2 _9q(n=1)/2 4 if n is odd,

q" _|_qn71 _ %qn/2+1 _ %qn/2 _ qn/271 +1 ifn is even.

Proof. We induct on n. Forn =1, we have ¢ +1—-¢q¢—2+1 = 0. For n = 2, Hurwitz’s
genus formula gives us 2gs — 2 = —2q + (q +2)(q — 1) = ¢*> — ¢ — 2. The proposition gives us
B=C+q—3*—3q-1+1=13¢—1q.

Now suppose n is even and the proposition is valid for n. Then Hurwitz’s genus formula
gives us

1 3
29n+1_2 — q<2 <qn+qn—1_2qn/2+1_2qn/2_qn/2—1+1> _2)

+4¢"(¢+2)(¢ - 1)
2qn+1 +2¢" — 2qn/2+1 _ 4qn/2’
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which agrees with the proposition. Now suppose n is odd and the proposition is valid for n.
Then the recursion formula gives us

2n41—2 = q2(¢"+¢" " — g2 —2¢n" D2 1) —9)
+q" V(g +2)(g - 1)
2qn+1 + 2(]” o q(n+3)/2 _ 3q(n+1)/2 o 2(](”_1)/2,

as desired. O

Now that the genus of each F), has been calculated, it remains to find the number of points
of degree 1. Some of those points are:

e all points of F), lying over a point in {points P of F} such that P is a zero of 1 — a,

0#ac ]FqQ}

e all points of F, lying over a point in S@)

e all points Sén) U{Qn}

It is shown that a zero of 1 — o, a # 0 in F} splits completely in F,,. Then we have a total

of (¢ — 1) - ¢! points of the first type. To determine the number of points of the second

type, remember that points in S () are totally ramified. This means that the number of points

lying over a point in S () equals the number of elements in S, and there are ¢ of those. The

number of points of the third type is the number of points of F,, lying over @,_1, which is q.
It follows that the number of points of degree 1 of F), is

No>(¢*—1)-¢" " +2¢.

We then get
. gn : " +q"!
In <
am - S Hm @ —1)-¢"112g
1+q¢ !  14q7! 14q71 1

g—q ' q(1—-¢2) ql+g¢H(l—g) q-1
We have now reached the desired conclusion.

Theorem 5.8. There exists a sequence of nonsingular projective curves (X;)52, over Fq, ¢ =
p%, p prime, with genus g(X;), | Xi(Fy)| the number of Fy-rational points, such that | X;(F,)| —
oo and Xi(F,)|

lim S2 0 q—1.

Corollary 5.9 (the Tsfasman—V1iddut—Zink Theorem). Suppose

1
0<Ry<1-— .
Vai—1

Then there exists a sequence of linear codes over Fy, ¢ = p?*, p prime, such that n; — oo and

Ry>1— lim ¢; — and lim R; = Ry.

1—00 \/a —1 17— 00
Equivalently,

1
lim §; > 1— — li i = lig.
ziglo > Ry i1 and iggoR Ry
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Proof. Let Ry be as in the theorem and define
1
Vi1

Let (X;)$2; be an infinite sequence of nonsingular projective curves with genus g(X;) defined
over Fy such that | X;(F,)| — oo and lim; .o | X;(Fq)|/9(X;) = /g — 1. For each i, choose an
F,-rational point P; on X; and let

Di = Z Pa

P+£P;

po == Ro +

where the sum is taken over all Fg-rational points on X;. Let n; = deg(D;). Choose a
nonnegative integer m; such that
lim i _ 10-
1—00 1
This can be done by e.g. letting m; = |uon;| + ¢/ where y' is a constant. We can then
ensure—possibly by putting x4/ = —1—that m; < n;. Let G; = m;P;,. We have that the
dimension k; = I(G;) > m; + 1 — g(X;).
We have now defined a Goppa code C(D;, G;). If k; > m; +1— g(X;), then choose a linear
subset of C'(D;, G;) of dimension k] such that k, = m; +1— g(X;). Otherwise, define k, := k;.
We get
Ro=Ri_mi 19X g _
n; g n; T, \/a —1
Since k; = m; +1 — g(X;) and d; > n; — m;, we have k, > n; — d; + 1 — g(X;). Dividing
on both sides by n;, we get

Ry.

1 X;
Ri21—(5i+*—M.
i n;
If we let ¢ — o0, then also n; — 0o, and so we have
X; 1
R(): hmRZZI— hméz— lim M:l— liméi—i,
1—00 1—00 i—oo My 1—00 \/a -1
as desired. (]
Corollary 5.10. Let ¢ = p*, p prime. If
1

0<6<1—

then

Proof. Choose any &g such that

and put




42 The Tsfasman—VIadut-Zink Bound

According to the above theorem, there exists a point (91, Ro) in Uy (see Definition 2.1) such
that 09 < d1. For that given 41, it is clear that ozgn((h) > Ry, since (61, Ro) € U,. According to
lin

Proposition 2.2—which also applies for the class of linear codes—ay

alqin is positive, so agn(éo) > oz}]in(&) > Rp, which we defined to be

is decreasing wherever

1

1—50—\@_1.

Remark 5.11. For any prime power g and any nonnegative integer g, put
Nq(g) = max{| X (Fq)},

where the maximum is taken over all nonsingular projective curves of genus g defined over F,.
Define

N,
A(q) = lim sup ﬁ.
g—oo g
It then follows that 1
ag(0) >1 -6 — —.
=170

The Tsfasman—VI1ddut-Zink theorem is a consequence of this when ¢ is a square.



Chapter 6

Improvements of the
Tstasman—Vladut—Zink Bound

To my knowledge, the Tsfasman—VIddut—Zink bound wasn’t improved until after the turn of
the century. In this chapter I present two of the improvements that have been made, both
first published in 2003. However, when it comes to the improvement of Elkies, I use a proof by
Xing and Stichtenoth that was published in 2005. To this date, I have not found any bounds
that have improved the one of Elkies.

There is one earlier improvement of the Tsfasman—VI1adut—Zink bound that I know of,
which Xing published in 2001 and is found in [15]. Although I don’t present it here, I have
used his method on a generalised version of the Goppa codes in Chapter 11.

6.1 Xing’s 2003 Improvement

The following construction is found in [17] by Chaoping Xing. I have put in calculations that
Xing in his article left for the reader.
The improvement is given by

1 > q—1
aq(5)21—5—m+210gq <1+C_]27’>7
1=2

where A(q) = limsup,_, ., N";g) and Ny(g) is the maximal number of F,-rational points on a

nonsingular projective curve of genus g defined over . If ¢ is a square, then A(q) = /g — 1.

Let X be a nonsingular projective curve defined over I, and let tp be a generator for
the maximal ideal of the DVR associated with the point P on X. Let Pi,..., P, be F4-
rational points on X and let G be a divisor on X such that Supp(G) N {Py,...,P,} = 0. Let
P e {P,...,P,} and t := tp. Suppose f € L(G). The following can easily be shown by
induction on s: For an integer s > 0, we have f = ag + a1t + ast? + -+ gst®, where g € Op
and vp, (a;) = 0 for all nonzero a;. Now let s >> 0 and define recursively () (P) := f(P) and

= fOP) — fOP)— fOP)2 — - — (P!

7(P) = — (P)

for all integers m > 1. In other words, let f(™)(P) be the function a,, + ami1t + Gmyat?® +
<+ + gst® evaluated in P. It then follows that if vp(f) > m, then ag = -+ = a;—1 = 0, and

43
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so fO(P) = ... = f(»D(P) = 0. On the other hand, if fO(P) = ... = fm=D(P) =0,
then ag = -+ = ayp_1 = 0, and 50 f = apt™ + a1 t™ ' + -+ + g5t°, and it follows that
vp(f) > m.

For each © = 0,1,2,..., define the map
¢ : L(G) — Fy

and for each ¢; define a radius r;, 0 < r; < n such that r; is an integer.

Lemma 6.1. Fiz a nonnegative integer i. Let ¢;, the divisor G, and r; be defined as above.
For each element c € Fy, define #,,(c;G) = {f € L(G) | ¢i(f) € Sr,(c)}, where Sy, (c) is the
sphere of radius r; with centre c. Then there exists an element c; € IF;‘ such that Ay, (ci; G)
has cardinality ot least

(@) ;z;(q— v (%)
=

i(q - 1) (n>

j=0 J

Proof. Sy,(c) has

elements. Therefore, for any f, the point ¢;(f) lies in exactly E;i:o (g —1)7 (?) such spheres.
Now, assume the cardinality of every ., (c; G) is strictly less than

o) (a1 ()

j=

0
qn
and let ¢; be chosen such that ., (c;; G) is maximal. Then
n = i
S MG < -ty (sG] < |26 - | St~ 19 (")
ceF? 3=0 J
Since each ¢;(f) is in exactly > (g — 1)7 (?) spheres, the above inequality gives us

U #.(e:G)| < LG,

celky
but UceIFg My, (c;G) = L(G), a contradiction. O

For some cg,...,cpn—1, define

ﬂ//a« ci;G) = {f € L(G) | ¢s(f) € Sr,(ci), i =0,1,...,m —1}.
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Lemma 6.2. There exist cg,...,Cmym_1 Such that
m—1 1 T In
ol 210G TT (2 =17 (")
i—0o \?" =0 J

Proof. We induct on m. If m = 1, this is simply Lemma 6.1. Suppose now that m > 2 and
that

m—2 T

il = 1@ T (S 07(%)

i=0 §=0

is at least

Then it follows from the proof of Lemma 6.1 (using .#,,—1 instead of L(G)) that there exists
some Cp,—1 such that the number of elements f € ., satistying ¢pm—1(f) € Sr,, ,(Cm—1)

"m—1

(n
- [ 3 (g - 1>ﬂ( )
=0 J
q?’L
O
We are now ready to define the desired code. Let

T @ M — Ty,
fo— (ff(P),..

()
and let the code Cy, := im(my,)
Proposition 6.3. Let
m—1
deg(@) < =) 2(m+1—i)r.
=0
Then Cy, is a q-ary (n, My, dy,) code with
m—1
My, = | Ay, and  dp > (m+1)n —deg(G Z2m+1—z
=0
Proof. Let f,h € My, f # h. We prove that
m—1
Wt(Tn (f) = Tm(h)) > (m + )n — deg(G) — > 2(m +1 — i)r,
=0

which is strictly positive since we assumed that deg(G) < (m + )n — Y7 2(m 41— i)r.

It then follows that 7, is injective so that M, = |.#,].
Since f,h € %my then ¢;(f), ¢i(h) € Sn(cz)

2r;. Let I; € {1,2,...,n} such that (f — h)®(P.

=0,1,...,m—1, and so wt(¢;(f)—¢i(h)) <
) =0 < j € I;. Then
|1i] = n = wt(gi(f = h)) = n —2r,

1=0,1,...,m—1.

(6.1)
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Let w := wt(mp (f) — mm(h)) = wt(mm(f — h)). Then
[ m| = n = wt(¢m(f = h)) = n = wt(mm(f = h)) = n —w, (6.2)

since 7y, is simply ¢, restricted to .#,.
For k, 0 < k < 'm, we have

k

jeli= (F-mOF) == -nPE)=0.
1=0

This is equivalent with vp,(f —h) >k + 1, and so

f=heL|G=> > P,

k=0jenio I

(We see that a point P; with j € IpN---N 1} is counted once for k =0,k =1,..., k=1, ie.
I+ 1 times.) Since f and h are distinct, then f —h # 0, so

ze—i > P =0

F=0jeMizo 1

It follows that

m m k
deg(G) > degd . > Pi=> |[]Ll-
k=0

k=0 ek, 1, i=0
Now,
k k
ﬂ[i zn—ZQri, 0<k<m-—1
i=0 i=0

because of (6.1), and

m m—1

mIi >n—w— 22”

i=0 i=0
because of (6.2). Then

m | m m—1 k m—1
deg(G)ZZ ﬂ[i > (n—z2n>+n—w—z2n
k=0 [i=0 k=0 i=0 i=0
So .
—
w > (m+1)n — deg(G) — Z 2r;(m + 1 — i),
i=0
as desired. ]
Lemma 6.4. Let
qg—1

g; = qg(m+1—i) +q— 1

Then 1
Hy(omi1-i) — 2iom41-; = log, (1 + qq2z> :
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Proof.

B q—1 q— g—1
Hq(gm+1—i) - q2(m+1—m—1+i) n g 1 . logq(q - 1) - q2l‘7—}— - 1 . logq (qQZ + q— 1)

—1 —1
(-t e (-
_(g=1log,(¢g—1) (a- 1) log(¢—=1) (¢g—1) logq(qz" +q-1)
_(1_ qg—1 )log( +q—1—q+1)
q2i+q_1 q q22+q_1

_(g=Dlog,(¢* +q—1) (¢ 1log,(¢* +¢—1)

> +q—1 g% +q -1
o 7> +(q—1)10gq(q )
Sa\ 2 g1 %1 g1
T\a* g o Pty
Cog, (LiFa-1y, 2ia—1)
q q2i q2z_|_q_1
q—1

= logq 1 + ? + 2'L.O'm+17i.
O

Theorem 6.5. Let g be a prime power. Then there exists a sequence of codes (C;)2, over Fy
with length n;, code rate R;, and relative minimum distance §; such that n; — oo and

1 > g—1
R021—50—M+210gq<1+q2i>,
=2

where R; — Ro and 0; — &g as i — 00.

Proof. Let (X;)22, be a sequence of nonsingular projective curves defined over F, with growing
genus ¢g(X;) and number of rational points | X;(F,)| such that | X;(F,)| — co and

X;(F
L X(F)

From now on I will skip the indices ¢ and consider X to be some X € {X;}2°,
Let m be a positive integer, n := | X (F,)| — 1, and r; := |ojn] with

qg—1
@2m+1-3) 4 g — 1’

05 1=

and pick an Fg-rational divisor G such that Proposition 6.3 is satisfied. Call the code we have
just made for C),, and let the number of codewords be M,,. Proposition 6.3 and Riemann—

Roch then give us

log, My, d _ deg(G +1 T Tk (n m - log, ¢"
e L Zg()—g+z logq Z(q_l) (Z) _+

n n X
k= 0 =0

3|

m—1
2(m+1—10)r
1=0

deg

1
+(m+1)— -
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We now let n — oo and get
m—1 1 Tk /n m—1
R+0>—-A(q) +7}Lrgo kz_o ;logq (;(q— 1)’<Z>> +1- ZO 2(m+1—1)o;.

Using Lemma 2.12 on lim, . %logq (>ik (g —1)"(")), we find that the right-hand side of
the above inequality is

1 m—1 m—1 r
- 1- ~ S 2m+1—i)o;+ lim S H (i)
A(q) =0 ! n—0o0 kzzo 4 n
1 m—1 m—1
q i=0 k=0
1 m—1
q i=0
1 m—+1
= 1 — + Z (Hq(O'm_;_l_i) + 2iam+1_i)
Alg) =
1 m+1 q
= -5 + ) log, <1+ — >
i=2
according to Lemma 6.4. Letting m — oo, we get the desired result. O

The following was in [17] presented with proof as in our proof of Theorem 6.5. I here
present it as a corollary instead.

Corollary 6.6. For any prime power q and § € [0,1— (A(q)) ™1+ 3272, log,(¢+ ¢ % (¢—1))],

we have
)

Proof. Since a4(9) is continuous and decreasing in the interval [0, q%ql], it suffices to show that
given any Ry € [0,1— (A(q)) ' + Y252, log,(¢+ ¢ *(¢—1))], we can find a sequence of codes
(Ci)2, such that R; — Ry, where the sequence of codes is defined as in Theorem 6.5 and R;
denotes the code rate of C;.

It is clear that we can make R; — 0 simply by choosing divisors G; so that deg(G;) = 0.
Then, since the number of words in each code C; is M; < |L(G)|, we will never have more
than ¢ words in each code. Then

1 > q—
=2

log,(q)

1

0<R; <

— 0.

On the other hand, it is clear that given a curve X, the greater deg(G) is, the greater the

code rate of Cy, is. Because of the condition that deg(G) < (m-+ 1)n—2?§01 2(m+1—1i)r;, we

can find out how big we can make R by putting deg(G) = (m+1)n— Z?;ol 2(m+1—1)r; —1.
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We then get the following calculation:

m—1 i
1 1 1 (& (n
~logy My > ~log, | LG [T | Z(q—l)]<j>

m—1 T
1 1 2 . (n
= UG+ log, » (g — 1) (J) -n

i=0 j=0
Letting n — oo, Riemann-Roch and Lemma 2.12 give us

m—1
1 Ty
s> 1 L _ : A
R > T}LH;O n(deg(G) +1—g9) +n1Ln;O ZZ; H, <n) m
m—1
Substituting (m + 1)n — 2(m+1—14)r; — 1 for deg(G), we get
i=0

m—1

1
= lim<(m+1)n— 2(m+1—i)ri—1+1—g>
n—oo N

=0
m—1
+ Hy(o;) —m
=0
1 m—1 1 m—1
= m+1— lim — 2(m+1—d)r; — — + Hy(o;) —m
n—oo N, (q)
=0 1=0
m—1 1 m—1
=0 =0

We now have the same expression as in the middle of the proof of

Theorem 6.5, which gave us
1 m—+1 q— 1
= 1—— 1 14+ ——
A(Q)+iz; qu< T )

and, again as in the proof of Theorem 6.5, we obtain the desired result by letting m — oo.
Now we know that we can make R(C;) approach 0 as well as 1 — (A(q)) ™'+ 3272, log, (¢ +
g *(g—1)). Now let Ry € [0,1 — (A(q))™" + 272, log,(q + ¢ % (g — 1))]. We want to find a
sequence of codes (C;)?2, such that R; — Ro.
In the previous calculations we found that

log, M, 1(G) ’”Z‘l
nh—I;go n _nh—{rolo n * = q(o-l) m
1=

That followed from the fact that

Mmz!L(G)\'nﬁl qln i(q_l)j(D

i=0 j=0

Now, since the codes C), are not necessarily linear, we can remove codewords from C,, (if
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necessary) and obtain equality for M,,. It then follows that

log, M,,
lim gqf

n—00 n

1
1@ %
= n]LngO e + Z Hq(O'i) —m.
1=0
Recall that for each positive integer n, we are considering a code Cj, on one of the curves
X € {X;}2, for a positive integer m. Let

m—1

S = Z Hy(o;) —m.
i=0
I now claim that we can choose G such that

UG) = [(Ro—S) .

It will then follow that
. log, M,
lim —— — Ry.
n—oo n

To prove the claim that we can choose such a G, it suffices to use Proposition 8.3 page
192-193 in [2] (the proposition is meant for characteristic 0, but the proof is valid for all
characteristics) and induction. If deg(G) = 0, then I(G) = 1 or 0. Suppose I[(G) > 0 and
choose G’ such that G’ = G and deg(G’) = deg(G) + 1. Then it follows from the proposition
that [(G') = I(G) + 1 or I(G') = I(G). As soon as deg(G) > 2g — 1, then I(G') = I(G) + 1
always.

It follows that given any nonnegative integer, we can choose G such that I(G) equals that
integer. From the argument in the beginning of this proof, it also follows that deg(G) won’t
exceed the bound in Proposition 6.3. O

The proof of this bound is nonconstructive, since the code C, that was defined uses vectors
c € Fy such that ., has big cardinality. But Xing never shows how to pick these vectors.

6.2 An Explicit Construction

In [8] it is shown that the codes defined in the previous chapter can be constructed explic-
itly. The main idea is to prove that given certain conditions, Lemma 6.2 is fulfilled for any
Coy--.,Cm—1. This makes it possible to choose such vectors explicitly. The drawback is that
the choices of § (or R) will be limited compared to the codes of the previous chapter.

For a nonsingular projective curve X defined over [F, with at least one F,-rational point,
a nonnegative integer 4, and a function f € F,(X), let f@)(P) be defined as in Section 6.1.
Let m be a positive integer, G an Fy-rational divisor, and let P,..., P, be F,-rational points
such that Pp,..., P, ¢ Supp(G). Furthermore, let Mat,,xn(F;) be the Fy-vector space of all
m X n matrices over ;. Define

Um : L(G) — Mat;x,(Fy)

f(O)

( fOpy) o fOR)
FO(

) U)o fO(Ry)

aches

f —

FD(py) fn(py) L. fmeD(p,)
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For given nonnegative integers ro, ..., m—1, we want to consider all functions in L(G)
such that each row ¢ of the above matrix is a vector in By, (0). (In the previous section,
we considered functions such that each row i was a vector in By, (c;) for some vector c;,
i=0,...,m—1.) We denote that set by }7(7“0, ey Tm—1), L.e.

Y (ro, ... rme1) :i={f € L(G) | wt((fO(P),..., fD(P)) <75, i=0,...,m—1}.

Now, the crucial bit of the proof of the bound in the previous chapter was that we had enough
functions in the subset of L(G) that we considered. Our goal is to show that given certain
conditions,

Tl = 1@ TT [ (37 —1>j(”)
Os+-+3Tm—1)| = i qn par q ]

It will appear that a sufficient condition is deg(G) > mn + 2g — 1, as the following proposition
shows.

Proposition 6.7. If deg(G) > mn + 2g — 1, then

m—1 i

i=0 =0

Proof. Note that if J is the set of all matrices satisfying that row 7 is an element in By, (0),

i=0,...,m—1, then Y(ro,...,rm_1) = v;;}(J). Since the number of elements in .J is
m—1 i n
=11 (Sa-v(?) ).
=0\ j=0 J

we only need to show that given any matrix 7' € Mat,xn (Fy), we have |v,,1(T)| = |L(G)|/¢™".
Now, before proceeding, note that the condition deg(G) > mn + 2g — 1 and the fact that
mn > 0 imply that [(G) = deg(G) — g + 1, and so |L(G)| = ¢lee(@)-g+1,
We start the proof by showing that v, is surjective. Then, since vy, is linear, we have that
[ 1(0)] = |v,,,}(T)], and so it suffices to find the kernel of v,.

m

We show that vy, is surjective by finding |L(G)|/| ker(vy,)|. The kernel is
ker(vp,) = L(G — mD),

where D = Py 4 - -- + P,. This follows from the discussion of f)(P) in the previous section,
where we concluded that fO(P) = ... = f(m=D(P) = 0 if and only if P is a zero of order
> m of f. Since deg(G) > mn + 2g — 1, then |L(G — mD)| = q8(@)=mn=g+1 "and it follows
that

Vm (L(G))| = [L(G)| /| Ker(vp,)| = g18l@) ot mdeal@rbmntg=t _ gmn,
which is exactly the number of possible m X n matrices. So this proves that v, is surjective.

It follows that v (T)=|ker (v, )| = q1e8(@)—mn=9+1 — |L(G)|/¢"", as desired. O

The rest of the construction is the same as in the previous section. A calculation similar
to the calculation in Corollary 6.6 reveals that these codes can be constructed for any

2 20+ ¢* — 1)
e T R PR T Py y | B
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6.3 Another Way to Reach Xing’s Bound

In Section IV of [8] another construction has been made which reaches the same bound. T will
here only show a special case involving the bound we get when we put m = 1 in the previous
two sections.

The following construction involves a standard Goppa code and some of its cosets. This
will make the minimum distance smaller, but the code rate will be much larger. Note that the
code will no longer be linear, since a coset C’ of C doesn’t contain 0 and hence itself won’t be
linear. I first present the construction and next show that this code will be the same as the
code presented in the previous section with m = 1.

Let (X;)72,; be the curve sequence from the last two sections, let X € {X;}°,, let n =
| X (Fy)| — 1, and let = be a nonnegative integer such that n — 4r > 1. This r will serve
the same role as ry did in the two previous sections. Let the Goppa code be C(D,G) with
D =P +---+ P, and deg(G) < n—4r. Let ey, ..., e, be functions in Fy(X) such that e; has
a simple pole in P; and vp,(ej) > 0if i # j, 4,5 =1,...,n. Let ¢ : Fo(X) — Fy(X)/L(G)
be the canonical homomorphism and put

S(r) =@ ! ({Zaiei +L(G)| I C{l,...,n},0< || <randa; € F}, i€ I}) ,
1€l

where for I = () we put >, .; aze; := 0. Note that S(r) contains L(G) as a subset. Now define

o S(r) — Fy where pmaps f to (u1(f), ..., un(f)), where p; maps f to its free coefficient

in the Pj-adic power series expansion as described in Section 6.1, but where we choose a single

t such that vp,(t) = 1fori=1,...,n. (Such a t exists according to the Strong Approximation

Theorem, Theorem 4.20.) Note that the free coefficient in a P-adic power series expansion

can be 0 even though f has a pole in P.
We define the code CL.(D,G) to be

Co(D,G) = p(S(r)).

The Goppa code C(D,G) is a subset of C/(D,G). Furthermore, whenever there exists
a function f with poles in some of the P;, then f + L(G) maps to a coset of C(D,G) (not
necessarily unequal to C(D, Q) itself) because of the linearity of p. The coset representative
of least weight always has weight of at most . It is explicitly proved in [8] that this code
reaches the Xing bound. (It is in that proof that we use the condition that deg(G) < n — 4r.)
Here I will show how C from the previous section is equal to such a code.

Suppose G’ is a divisor such that P; ¢ Supp(G’), i = 1,...,n. Define the map

™ L(G") — Ty,
fo— (fO@),....fO(P)).

Note that this is the special case of Xing’s codes where m = 1, and in the previous section
we showed that if deg(G’) > 1-n + 2g — 1, then we could reach Xing’s bound for m = 1
by defining the code Cy.(D,G’) == 7 (¢g/ (B-(0))), where ¢gr : L(G') — Fy is defined by
f s (P, F(Pa).

Now, with ¢ defined as above, redefine G to be G := G’ — D+div(t). It then clearly follows
that Supp(G) N Supp(D) = 0. Since G' = G + D — div(t), we have

ker(pe) = L(G' — D) = L(G — div(t)).
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Define an isomorphism L(G) — L(G — div(t)) by f — tf and note that 7(tf) = ¢(f).
From this, we obtain that

m(ker(¢gr)) = m(L(G — div(t))) = im(¢c) = C(D, G).

Because of linearity, it follows that C, is a union of cosets of C(D, G).
The author also presents a way to find the elements ey, ..., e, in polynomial time.

6.4 Elkies’s 2003 Improvement

I here present a construction that improves Xing’s 2003 bound. The bound we obtain here is
given by

1 1

The bound was originally found by Elkies in 2003 for square prime powers ¢ and by H. Nieder-
reiter and F. Ozbudak in 2004 for any prime power q. However, the following construction
is due to Stichtenoth and Xing in 2005. In this section I give a proof of the main results of
Stichtenoth and Xing. In the end of this section I have made a proof that this bound is indeed
better than Xing’s 2003 bound.

N will here denote the set of positive integers {1,2,3,...}. T define Ny := {0,1,2,...}.

We shall here construct a map from a certain subset J of L(mPy+ G) such that we always
have at least ¢ zeros in any codeword. This gives us very good control over the minimum
distance d. With a proper choice of m and G, the map becomes an injection, and so we get a
high amount of codewords. If we take the union of all L(mPy+ G) where we vary G, then the
minimum distance is not very much affected, but the code rate increases so that we obtain
the desired bound.

I will here skip the proofs of the lemmas and the first proposition and rather focus on the
construction of the code sequence.

Lemma 6.8. Let n,s,t be integers such thatn >t >0 and s > 0. Let

B(n,t,s) = [{(m1,...,my) € Ny |wt(mi,...,mp) =1 and Zml = s} .
1=1

s = (1) ()

Lemma 6.9. Let g be a positive integer and (n;)5°, and (t;)52, be sequences of positive integers

such that n; — oo and t;/n; — o as i — 0o, where o is a real number satisfying 0 < o < 1.

Then .
log, (t;)

2

Then

— —olog,(0) — (1 —0o)log,(1 — o).

Proposition 6.10. Let X be a nonsingular projective curve defined over Iy with function field
F and at least two Fy-rational points, let D be a divisor with support consisting of F,-rational
points and such that deg(D) > 2g — 1, and let P, ..., P; be Fy-rational points on X such that
P; ¢ Supp(D),i=1,...,t. Let G = 25:1 m; P; where my, ..., my are positive integers. Let

Fp(G) == {f € L(D + G)|vp,(f) = —ms, i =1,...,t}.
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Then

1)’ :
|Fp(G)| = g™t (1 - q) ,  where m =deg(D), s= ZmZ = deg(G).
i=1

We now start defining the desired code. Let the curve X have function field F' and genus
g. Let Py, Py, ..., P, be distinct Fs-rational points on X. Define

S =8(mPy; Py,...,Ppy;s,t):= UFmpo(G), m,t,s €N, t<n, t<s,
G
where G runs over all divisors of the form
t
G = ZmijPij, 1<ij<n, my €N, deg(G)=s.
=1

In other words, S consists of all elements f in all vector spaces L(mPy + G) such that f
has poles in the entire support of G and of the same order for each point, and where Supp(G)
consists of exactly ¢ points among Pi,..., P, and G is of degree s.

It is clear that G1 # G2 = Fu,p,(G1) N Fpp,(G2) = 0, since the elements in F,p,(G1)
must have poles in all points P € Supp(G1) and of exactly the same order as those points.
The following map is therefore well-defined. Let

¢:S —Fy
such that f € F,,p,(G) = ¢(f) = (z1,...,2,) with

e { S0 ¢S,
10 if P; € Supp(G).

An immediate consequence of this definition is that any element in im(¢) will have Hamming
weight at most n — ¢, since any divisor G has t points in its support.

Definition 6.11. We define the non-linear code
C =C(mPo; P1, ..., Py s,t) == ¢(5) CFy.
Proposition 6.12. Let m,s,t € N such that

m>2g—1, s>t, n—m-—2s—2t>1.

Then C is a q-ary (n, M, d) code with
1\ /n\ [s—1
M = qm+s+1—g 1—- =
q t t—1

d>n—m —2s — 2t.

and
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Proof. Each G gives us |Fpp, (G)| = ¢ 7179(1 — ¢ 1)t elements in S. The number of ways
to change the divisor G is the same as the number of ways to give Py, ..., P, nonnegative coef-
ficients such that the sum of the coefficients is s and the weight is . According to Lemma 6.8,

there are (1) - (‘ij) ways to do that.

We now show that given f,h € S, then wt(¢(f) — ¢(h)) > n —m — 2s — 2t, which we
assumed was at least 1.
Suppose

f eFmP()(Gl); hEFmPO(GQ), f;éh

Since f — h can’t have poles of higher order than either f or h has, we have that f — h €
L(mPy+ G1 + G2). Now define

Z = {P;| P; ¢ Supp(G1) U Supp(Ga2), f(P;) = h(F;),i=1,...,n}.

Then (f — h)(P;) = 0 whenever P, € Z, and so

f—hEL(mP0+G1+G2—ZP>.

pPez

Since f — h # 0, the above vector space is nontrivial, and so

deg(mP0+G1+G2—ZP> =m+2s—|Z| >0.
pPez

To determine the weight of ¢(f) — ¢(h), remember that wt(4(f)) < n —t, and the same with
wt(¢p(h)). It follows that

wt(¢(f) — @(h)) = n —|Z] - 2t.
We have from above that —|Z| > —m — 2s, and so
wt(d(f) —od(h) >n—m —2s —2t,
as desired. B

Theorem 6.13. Let q be a prime power and let
2 4qg — 2

N R P e s
Then
1 1
ag(d) > 1—5—m+logq <1+q3).
Proof. Since oy(d) is continuous, we assume that

2 4q — 2
P A T @@

Let (X;)2, be a sequence of nonsingular projective curves defined over F, with genus g(X;)

such that g(X;) — oo and % — A(q). Put

n; n;
ni = |Xi(Fg)| =1, si= {(q_lq)(ng%_l)J , b= {q3 j_ 1J . omy =mn; — |[0ing| — 2s; — 2t
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For simplicity, I drop the ¢-indices, but always assume that the curves in question are elements
in {Xz}gil

Because of the upper bound we put on 0, we have that
4q — 2 2 2g

m
Iim —=1-4§— > = lim —.
n—oo n (g—D(¢2+1) " A(q) n—on

Multiplying with n on both sides, we have m > 2g, or rather m > 2g 4+ 1. Also, note that
s without the floor-function is ¢ without the floor-function multiplied with q%’l. Sos>t. It
follows that for big enough n, we have from the previous proposition that there exists a g-ary
(n, M, d") code where d’ > d and

1\* —1
M=qgntstlizg(1 - = ") (° , d=n—m—2s— 2t.
q t)\t—1

Since we defined m =n — |dn]| — 2s — 2t, it follows that for n >> 0,
. d
d=|on] and lim — =4.

This brings us to

log, (M 1 ' DY)y
log,(M) d _ 1 m+s+1—g+log, |1—~ log, B¢ d
n n n 4 AR

We replace m with n — d — 2s — 2t, we note that

1 t _1t
(1_) = (g ; ) , and get:
q q
1
— n<n_d—23—2t+s+1—g+tlogq(q—1)—t
n)[(s—1
1 d
o (()(50)
1 n s—1
= n<n—g—s—3t+1+tlogq(q—1)+10gq <t>+10gq <t—1>)'

We now let n — oo and apply Lemma 6.9 on the two last logarithms. On the last logarithm
we note that (s —1)/s — 1 as n — oo, and similarly with ¢. We then let s act as n does in
the lemma and note that

im Llog (*) = tim 2 tog (*) = tm T e (*
n—oo n gq t _'n,—><>on S gq t _n—><>o(q—1)(q3—|—1) S gq t)

We get:

1ogq(M)+§ N U q Ik +logq(q—1)
n n Alg) (¢—D(¢*+1) ¢ +1 ¢ +1
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_ q _ 3 logle—1)
Alg) (@—-D(@F+1) ¢#+1 #+1
3 3 3
logf]gaT D _ log,(¢%) +log,(¢* + 1) + k;iqiql) - logéquj D
_gq(g—1)log,(¢ — 1) q(q —1) q
ql¢-1D(@E+1)  qla—-D(@@+1)  ql@g—1)(¢*+1)
o1 q 3 log, (¢ —1)

Alg) (@-1)(PA+1) F+17 B+1

log,(¢* +1) 3 log,(¢* +1)
?+1 #+1 #+1

B log,(q —1) 1 N 1

¢?+1 #+1 0 (¢—1)(¢*+1)

1 1
R <1+>.
A(q) %8 ¢

Since d’ > d, the theorem follows. O

-3+ logq(q3 +1)+

Remark 6.14. The following calculations show that Elkies’s bound is better than Xing’s
bound for ¢ > 2. Let g be a prime power.

1 = 1
log, (1+—5 ] = Zlogq 1+ —;
q prs q
)
1 B ( 1 > 11 1 1 1
1+ > I+ — | =1+ +—+5+2- —+2 - — +--
PE };[2 g% PO q'0 q'2
)
1 1 = |i—1| 1
5|5
=3
The last expression follows because of the number of ways we can multiply together distinct
pairs of 1,¢%,¢%,...,¢?2) ... ¢% to get ¢*. Before continuing, remember that if |z| < 1, we
have
2 3 1
l4+x+z+2°+---= .
1-2z

If we differentiate on both sides and multiply with x, we get

X

2 3 _
T+ 2z° + 3z +~--—m.

Note that the sum in our expression begins with ¢ = 3 instead of ¢ = 0. We now have

1 X|i—1] 1 1 1 Xi-1
| < a i

EA— q q i=s
- G+3 (Zi a7 - Z«r?)i)

i=3 =3
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when ¢ > 2, as desired.



Chapter 7

Transitive Codes

An important question that has arisen in connection with finding new bounds for () and
ozg“(é), is whether special kinds of codes have as good asymptotic properties as codes in
general. An unsolved question is whether or not cyclic codes are asymptotically good at all.
In February this year, a new article (see [6]) proved that several classes of cyclic codes are
asymptotically bad. However, if we losen up on our restrictions a bit and consider the more
general class of transitive codes, they actually reach the bound that we found in Section 6.4.
This was proved by Stichtenoth in [12]. The idea of Stichtenoth was to let the Galois group
of the function field over the rational function field define the permutations of each codeword.

I will here go through the main parts of the proof.

Stichtenoth first proves that the class of transitive codes meets the Tsfasman—VIddut—Zink
bound. With ¢ = 12, [ a prime power, he defines a tower of function fields Fy C F} C Fp C - - -
by Fy := Fy(xo), the rational function field, and for all i > 0, Fi4q1 = Fj(xiy1) where
ol + i1 = 2t/(271 + 1), Furthermore, he lets w := o} + 20 and 2 := w'™! and defines
a new tower Ey C Ey C Ey C --- where Ey := Fy(z) is the rational function field and
for all ¢ > 1, E; is the Galois closure of the field extension F;_1/Fy. This tower meets the
Drinfeld—V1&dut bound.

Given an n, we define the divisors Gg and D on E,, in the following way: We let Gg be the
sum of all points of E), lying over the pole of z in Fy(2), and we let D be the sum of all points
of E, lying over the zero of z — 1 in Fy(2z). It is shown that z — 1 splits completely in the
extension F, /Fy(z). Define N := [E,, : Fy(z)]. It follows that deg(D) = N. Given a number
0 between 0 and 1, we next choose a nonnegative integer r such that the relative minimum
distance of C'(D,rGy) is at least ¢. Stichtenoth then shows that N grows quickly enough to
ensure that the code rate can be placed arbitrarily near 1 —¢ — 1/(l — 1).

We now show that each C(D,rG) is transitive. Since Py, ..., Py are all the points lying
over the zero of z—1, we have that Gal(E,,/Ep) acts transitively on Py, ..., Py. Since Supp(Gp)
are all the points lying over the pole of z, we have that rGy will remain invariant under the
action of any o € Gal(E,/Ey). So if f € L(Gp), then also o(f) € L(Gp). This means that
if (f(P1),-..,f(Pn)) € C(D,rGyp), then also (o(f(FP1)),...,0(f(Pn))) € C(D,rGy). But
(o(f(Py)),...,o(f(PNn))) = (f(6Py),..., f(cPN)), which is a permutation of the codeword
(f(P1),..., f(Pn)). This proves that C(D, Gy) is transitive.

The choice of the divisors Gy and D also works in Section 6.4. We let rGg, r > 0 from this
chapter substitute mFPy from Section 6.4 and let the support of D from this chapter substitute
the points Py,..., P, from Section 6.4.
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60 Transitive Codes

Stichtenoth’s proof is not valid for cyclic codes, since this would demand a tower of function
fields Fyp C E1 C E9 C --- where each Gal(E,,/Ep) is cyclic, and it has been proved that any
such tower of function fields satisfies

lim N(E;)/g(E;) =0,

1—00

where N (E;) is the number of Fy-rational points of E; and g(E;) is the genus of E;. With this
limit, we would get the trivial bound on R.



Chapter 8

Separating and Frameproof Codes

Another kind of codes that are asymptotically good are separating and frameproof codes. In
this chapter I present a new bound on frameproof codes presented by Chaoping Xing in 2002.
Details can be found in [16].

An (s,t)-separating code is a code C' C Fy (or more generally, vectors over a set S with
|S| = ¢ elements) such that whenever disjoint subsets A C C' and B C C satisfy |A| = s and
|B| = t, then there exists a positive integer ¢ € {1,...,n} such that any (a1,...,a,) € A and
(b1,...,by) € B satisfy a; # b;. Separating codes are useful in constructions of hash functions
and authenticating ownership claims. If we put ¢ = 1, the code is said to be s-frameproof.
We say that the code is an FPC(n, ¢*)-code, where n is the length of the code and ¢* is the
number of codewords. As the name suggests, frameproof codes are used to prevent framing,
such as when the set of codewords is a set of different fingerprints and we want to prevent
people from forging other people’s fingerprints.

From the above definitions, it follows that an FPCg(n, M)-code has the property that for
any A C C satisfying |A| < s, and for any element (x1,...,2,) € C\ A, there exists an
i €{1,...,n} such that for all (y1,...,yn) € A, we have y; # x;.

From this, it is clear that any code C'is 1-frameproof. It also immediately follows that for
a g-ary code C to be g-frameproof, it is necessary that any g-subset of C has two codewords
that have a coordinate in common. We see here that the parameter s in an s-frameproof
code has put an upper bound on the minimum distance d. It can in fact be shown that an
[n, k, d]4-linear code C' is an s-frameproof code where s = [(n —1)/(n — d)]. It follows that
all bounds that apply for linear codes also apply for frameproof codes.

Now suppose we have a projective nonsingular curve X defined over Iy, two positive
integers n > 1 and s > 2, and Fg-rational points Py,...,FP,. Let P, +---+ P, = D.
Suppose an Fg-rational, effective divisor G can be chosen so that L(sG — D) = {0}. For each
i=1,...,n,let t; be a local parameter at P; and let v; = vp,(G). (These are all nonnegative
since G is effective.) Define

¢: L(G) — T,
fo— (P, (G ) (P)).

Define the code C'(D,G) := im(¢).

Proposition 8.1. Let D, G, n, and s be as above. Then C(D,G) is an FPCy(n, ¢"(%))-code.
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Proof. It ((t7* f)(P1), ..., (t2 f)(P,)) = 0, then vp,(f) > —vi+ 1, i =1,...,n. It follows that
f € L(sG— D), and so f = 0. Hence, ¢ is injective, and the number of codewords is g1,

We want to make sure that for any r-subset A of C(D,G) with 1 < r < s, any codeword
(b1,...,by) ¢ A has a coordinate b; satisfying b; # a; for any codeword (aq,...,a,) € A. For
any f € L(G), let ¢y denote ((¢7 f)(P1),..., (ty f)(Pn)). Let A = {cp,,...,cq.}. Suppose
¢g € C(D,G), and suppose that for any ¢ = 1,...,n, the ith coordinate (¢t;"g)(F;) of ¢, is
equal to the ith coordinate (t;"f;)(P;) of the word cy, for some j € {1,...,7}. We want to
prove that ¢ € A, i.e. that g = f; for some [ € {1,...,r}.

Fori € {1,...,n}, let m : F — Fy, (a1,...,an) — a;, be the ith projection map. Now,
with ¢4 defined as above, we have

T

0 =[] miles, —co) =Tt f; — t7i9)(P).
j=1

j=1

It follows that

T

o | TLC 55— t20) ) > 1.

j=1
Since ¢;"" is a factor in the above product, we find that

r

Up, H(fj — g) > —rv; + 1.

j=1
Now recall that v; = vp,(G). Since ¢ was randomly chosen, it then follows that
(f; — 9) € L(rG — D) C L(sG — D) = {0}.
=1

J

So fi =g for some [ € {1,...,r}, as desired. O]

We prove here that sequences of such codes have good asymptotic bounds. In his article,
Xing has found the existence of divisors G of large degree that meet the conditions of the
proposition. The proof of the following lemma can be found in [16].

Lemma 8.2. Let g be the genus of X, and let m, n, and s be nonnegative integers such that
s>2and g <m < n<sm. Let D be any effective divisor of degree n. If we have

Bva—1)g
(¢—D(va—1)

then there exists an effective divisor G of degree m such that L(sG — D) = {0}.

sm—n < g(1—2log,s)—1-log,

In the following theorem we fix m and show that these conditions hold. We then have the
code from the previous proposition and use that to find the asymptotic bound.

Let Ry(s) := lim sup,,_, %logq Mgy(n,s), where My(n, s) := max{M | there exists a g-ary
frameproof code FPCs(n, M)}. In the following theorem, we let A(g) = limsup,_,., Nq(9)/9,
where Ny(g) = max{|X(F,)|} where the maximum is taken over all nonsingular projective
curves of genus g. For ¢ a square prime power, we have A(q) = /g — 1. For all other prime
powers ¢, we have A(q) < /g — 1 from the Drinfeld—VIidut bound.
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Theorem 8.3. Let ¢ be a prime power and suppose s is an integer such that 2 < s < A(q).
Then

1 1 N 1—2log, s
s Alg) sA(q)

Proof. Let (X;)$2, be a sequence of nonsingular projective curves defined over F, with genus
g(X;) such that |X;(F,)| — oo and |X;(FFq)|/g(X;) — A(g), and put |X;(F,)| = n;. Let
Py,..., P, be all points on X; and put P, +--- + P, = D;. We shall here define an m;
and show that s and m; meet the conditions of Lemma 8.2. We then know that there exists
a divisor G; of degree m; that satisfies L(sG; — D;) = {0}. It follows from Proposition 8.1
that there exists a frameproof code C(D;, G;), and, letting i — 0o, we shall see that this code
sequence gives us the desired result.

Let 0 <& < 1—2log,s. This is possible since A(q) < /g —1 gives us s < /g — 1, and so
log, s < % Now put

Rq(s) >

e {n + (1 - 2log, s - E)g(Xi)J |

We show that the conditions in Lemma 8.2 are satisfied for ¢ >> 0. We have

L _A(q)+1—210gqs—€>A(q)

= >1
i—oo g(Xi) $ 5

from the assumption that s < A(q), and since we have assumed that A(q) > 2 and s > 2, we
have

m; Alq)+1-2log,s—¢ - Aq) +1 - 2A(q)

lim — = < 1.
i—0o M sA(q) sA(q)  sAlq) —
It is clear that 191
. smy —<zl0g,5 —¢
lim 14— ">
and that | X
sm; —n; — (1 —2log, s i
lim ( 8 $)9(Xi) =—e<0. (8.1)

i—00 9(Xi)

We conclude that for i >> 0, we have g(X;) < m; < n; < sm;, and so almost all the conditions
from Lemma 8.2 are satisfied. For the final bit, we have from (8.1) the following inequality
(8.2). We see that this must be true for ¢ >> 0 by dividing by ¢(X;) on both sides of (8.2)
and letting 7 — co. (Recall that g(X;) — oo, so log,(g9(X:))/9(X;) — 0.) Thus, for i >> 0,

we have

(32 — Dg(Xi)
“la-D(va-1)
So for @ >> 0, there is a divisor G; of degree m; such that L(sG; — D;) = {0}, and so the

proposition gives us that there exists a code C(D;, G;) for i >> 0. From the definition of m;
together with Riemann—Roch, we have

sm; —n; < g(X;)(1 —2log,s) — 1 —log (8.2)

log, ¢'(¢?) m; —g(X;)+1 1 1-2log,s 5 1
R,(s) > lim ——— > lim ———— —_ — _ 4 a” _ _ .
a(s) i—oo My i—00 n; s sA(q) sA(q)  Alg)

Letting € — 0, we get the desired result. O
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Remark 8.4. It could be tempting to substitute s = 1/(1 — ¢) and get

1 (1-0)(+2leg(1=6) 1_ . 1

1
Al T A(q) 2 Alq)’

which for square ¢ would be a much better bound than the one found in Section 6.4. The
problem with such an approach is that even though an [n, k, d]4-linear code is an s-frameproof
code with s = [(n — 1)/(n — d)|, we don’t know if an s-frameproof code in general will give
us a good minimum distance d. For the code sequence of the last theorem, we only found a
value for s independent of what the minimum distance was.

ag(6) >1—06—

Remark 8.5. It is possible to get a bound for (s,t)-separating codes using the construction
from this section. Generalising the proof of Proposition 8.1, we can show that if L(stG— D) =
{0}, then the code C(D,G) is an (s, t)-separating code. Let A and B be as in the beginning
of this chapter. We simply suppose that for any index 4, there exist a pair of codewords a € A
and b € B such that a and b are equal in the ith coordinate. We then get a product as in the
proof of Proposition 8.1, and we see that the condition L(stG — D) = {0} gives us a = b.

However, there are constructions for separating codes that give us much better bounds
than the one we get with this approach.

Remark 8.6. In Section 4.3, we saw that Goppa codes attain the Gilbert—Varshamov bound.
Since any [n, k,d]s-linear code is an s-frameproof code with s = [(n —1)/(n — d)], it im-
mediately follows that R,(s) > 1 — Hy(1 —1/s), where H,(6) is the g-ary entropy function.
Some numbers were given as an example in Remark 4.24, where § was set to be 3/4. This
corresponds to s = 4.



Chapter 9

Other Codes from Algebraic Curves

The improvements of the Tsfasman—VIddut—Zink bound that were presented in Chapter 6
were mostly based on constructions of codes different from Goppa codes. It seems that an
important part of the work to find new bounds for () is to find new ways to define codes
from algebraic curves.

A few articles have been published since the turn of the century where new constructions of
codes from algebraic curves have been attempted. I will here mention three constructions made
by Xing, Niederreiter, and Lam in 1999. In chapters 10 and 11 I will study the asymptotic
properties of the third of these classes of codes.

9.1 Two Constructions

One challenge that presents itself when it comes to defining new ways to construct codes is to
find constructions that don’t give codes that are equivalent to already existing ones. 1 here
present two constructions that are equivalent to Goppa codes. The constructions were made
by Xing, Niederreiter, and Lam in [19], and the proof that they are equivalent to Goppa codes
were made by Ozbudak and Stichtenoth in [7]. I have filled in the calculations that Ozbudak
and Stichtenoth left to the reader in [7].

9.1.1 The Construction of C!

I here present the first construction, which I call C'.

Let g be a prime power and let X be a nonsingular projective curve defined over [F, with
at least two [Fg-rational points. Let g be the genus of X. Choose n + 1 distinct points
Py, Py, ..., P, of degree 1 and an effective divisor E of degree 2g with Py, ¢ Supp(E). Then
[(E) = g+ 1. Note that [(E — Ps) = g. This means that there exists a basis element wq for
L(FE) such that vp_(wp) = 0. (There are actually ¢ such elements to choose from.) Similarly,
there exists an integer n; such that I(E — n1Px) = g while [(E — (n1 +1)Psx) = g — 1, so
that there exists a second basis element w; for L(E) such that vp_(wi) = ny. Continue in
that manner until we have g + 1 basis elements

wo, . . ., Wy with vp, (w;) = ni, ng = 0.

It is clear that 0 = ng < n; < -+ < ng < 2¢. The last inequality follows because I(E —
2gP) < 1.
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66 Other Codes from Algebraic Curves

Since FE is nonspecial, we can for each ¢ € {1,...,n} choose an
fi € L(E+ F;)\ L(E).

We then have that wo, ..., wy, fi,..., fn are linearly independent and a basis for L(E + P; +
cee 4 Pn)_
Let ¢ be a local parameter at Ps,. Let

’ '_{ t" forr ¢ {nog,...,ng},

" wy forr=mny € {no,...,ng}.

In other words, if r = n; = vp_(w;) for some i € {0,...,¢g}, then we set t, = t,, = w;. Let s
be a positive integer. Since no f; has a pole in Py, then any f; can be written as

s
fi= E ar,itr+hs+1,its+17 1=1,...,n,
r=0

where a,; € F, and hst1,; € Op,. We will assume that s is large enough for the rest of the
construction to make sense.
Let m be an integer with g < m < n, and (supposing for a moment that ny # m + g) let

—_—

C;, = (ano’i,au, vy Quyiy ey Augyiy v - ,aerg,j), 1= 1, Lo, n.

Here, & means that the element = has been deleted. This means that we have m+¢g+1—(g+
1) = m entries in ¢;. Simplify this vector as ¢; = (¢14,...,¢m,i). Let H be the m x n matrix

We define
Cl:=C(Ps, P1,...,Py; E;m)

as the code with parity-check matrix H.

9.1.2 The Construction of C!!

The second construction of Xing, Niederreiter, and Lam I call C™. Let ¢, g, and X be as
before and let D > 0 be a nonspecial divisor with deg(D) = g. (See [19] for details on how
to prove that such a divisor exists.) Then [(D) = 1. Let Py, Pi,..., P, be distinct points of
degree 1. For 1 <7 <n, choose

9i € L(D + F;) \ L(D).

Since (D) = 1, we have that L(D) consists of all constant functions. From this it follows that
1,91,...,9n is a basis for L(D + 1" | P;).

Let t be a local parameter at Py, and put v = vp,_ (D). We have v > 0 since D is effective
and v < g since deg(D) = g. Let s be a positive integer. For each i € {1,...,n}, we can write

S
gi=t"" (Z brit" + ks+1,its+1> ;

r=0
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where each b,; € Fyand ksy1; € Op, . Assume s is large enough for the rest of the construction
to make sense. For i = 1,...,n, define

)

S br—1,; forl<r<w,
R for r > v+ 1.

So ¢; runs through all non-free coefficients in the power-series expansion of g;. Let m be a
positive integer such that g <m < n. For i =1,...,n, put

Cc; = (Cl,’i7 ey Cmﬂ') S ]FZL

Define the m x n matrix

The code
C' = C(Py,Py,...,P,;D;m)

is defined to be the code with parity-check matrix H.

9.1.3 Proof that the Codes Are Goppa Codes

To prove that the codes in [19] are Goppa codes, Ozbudak and Stichtenoth make another
construction, which I call C™. Next, they prove that C! and C' are special cases of C'I.
Finally, they prove that C™! is a special case of the Goppa codes.

To construct C, let ¢, g, and X be as before, let B be a non-special divisor, and let
Pi,..., P, be points of degree 1. Then [(B+ P;) =1(B)+1fori=1,...,n. Let

fi€e L(B+ F;)\ L(B)

for i =1,...,n. Then any f € L(B+ Y., P;) can be uniquely written as
n
F=>cifit+w (9.1)
i=1
where each ¢; is in F, and w € L(B). We see easily that the map

n
a:L(B+) P)—TFy
=1

defined by f —— (c1,...,¢,), with ¢1, ..., ¢, defined by (9.1), is surjective with ker(a) = L(B).
Choose A > 0 with Supp(A) N{Py,...,P,} = 0. We then define

cm ::C’(B;Pl,...,Pn;A):a<L <B+ZR—A>>.

i=1

Proposition 9.1. C' is a special case of C'T.
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Proof. We show that C' = C(E;Py,...,Py;(m + g+ 1)Ps). We use notations from the
construction of C.

The proof is in two parts. We first prove that (Ag,..., \,) € Fy is in C" if and only if
AMfi+- -+ Afn =w+u for some w € L(E) and u satisfying vp, (u) > m+ g+ 1. Next we
show that such vectors are exactly the codewords in C(E; Py,..., Py;(m+ g+ 1)Py).

Suppose (A1,...,A,) € C'. Then M1+ Mo+ -+ Acin =0fori=1,...,m. Let
ki, ..., km besuch that ¢; = (ak, is- - ., ax,,i) (i-e. k; are all of the indices among ao, . .., Gm4g
that are not equal to any n;). Recall that

S
fi - Z a’/‘,itr + hs—&-l,its—l—l-
r=0
We have for all 1 <7 <m that
MGk, 1+ Aoag, 2+ -+ Apag,n =0 = (Mag, 1+ -+ Apag; n)tr, = 0.
If we do that for ¢ =1,...,n and add the expressions together, we get
(Mag, 1+ - 4 Mgy o)ty + -+ (M1 + -+ Anaryy n)te, = 0.

Now add similar expressions for all the other ¢; that we haven’t included here, and note that
ti = w; if i = ny for some [ € {0,...,g}. We get

()\1a0,1 +- Ana(),n)t() +-+ (Alam—l—g,l +---+ /\nam+g,n)tm+g
= ()\lano,l +-- 4+ )\nano,n)wo +-- 4+ ()\lang,l +-- 4+ )\nang,n>wg'
Remember that w, ..., w, is a basis for L(F), so the element on the right-hand side of the

equation sign is in L(FE). Denote it by w. We reorganise the expression on the left-hand side
and get

)\1 (a(),lto + al,ltl + -+ am+g,1tm+g) +---+ >\n<a0,nt0 + (117nt1 +---+ am+g,ntm+g) = w.

Now, since
S
fi = g ar ity + hsy1itst,
r=0

where we let s > m + g+ 1, we have

Al(fl _f{)++/\n<fn _f7/1) = w,

where each f! = Zi:m-{-g—i—l aritr+hst1its+1. Note that f1,..., f, have order at least m+g+1
in Py. It follows that

AMfit o Mafp=w+ M+ Mafy = w+u,

where u has order at least m + g + 1 in P., as desired. This shows that if (A1,...,\,) € C,
then A\ifi + -+ + A\ fn = w+ u where w € L(E) and u satisfies vp_(u) > m+g+ 1.
Now suppose
Mfi+-Ffa=wtu



9.1 Two Constructions 69

where w € L(E) and u satisfies vp,_(u) > m + g + 1. We want to show that Ajay, 1 +--- +
AnGi,n = 0 for t =1,...,m. We have that

s s
A1 (Z G 1ty + hs-i—lts-i—l) +o A (Z Gty + as—i—l,nts—i-l) =w+u.

r=0 r=0

We want the right-hand side to have the ¢y,-coefficients equal to 0 (because then the same
applies for the left-hand side).

Since each k; < m+g and vp_(u) > m+g+1, the coefficient of ¢, in wis 0. Furthermore, w
can be written as a unique linear combination of wo, . .., wgy, and those are exactly tpn, ..., tn,,
which are the elements not among ty,, ..., %, . This shows that if \; fi +---+ A\ fr, = W+ u,
then Mag; 1+ -+ Mag,, =0fori=1,...,m.

We now prove that A1 fi + -+ A\ fn = w+u with w € L(E) and vp_(u) > m+g+ 1 if
and only if (A1,...,\y) € C(E; Py,...,Py;(m+ g+ 1)Py). We know from the construction
of O that

(Cla”'acn) EC(EvplaaPn7(m+g+l)POO)

-~ le1+"‘+cnfn+w/€L<E+Zpi_(m+g+1)Poo>a
i=1
where w' € L(E). Recall from the construction of C! that P, ¢ Supp(E).

Suppose A1 fi+- -+ fn = wtu withw € L(E) and vp, (u) > m+g+1. Then uis a linear
combination of fi,..., f, modulo L(E), so vp,(u) > —1 for each i = 1,...,n because of how
we chose fi,..., fn. It follows that A1 fi+- - -+ A fn—w=u € L(E+>." | Pi—(m+g+1)P).
Since —w € L(E), this shows that (A1,...,A\p) € C(E; P1,...,Py;(m+ g+ 1)Px).

Suppose (A1,...,\n) € C(E; Py, ..., Py;(m+g+1)Psx). Then A\ifi + -+ A\ fn + ' €
L(E+)"" | P,—(m+g+1)Px), where w' € L(E). We then have that Ay fi+-- -+, fn+w' = u
with vp_(u) > m+ g+ 1, as desired. O

Proposition 9.2. C" is a special case of CML.

Proof. We use notations from the construction of CY. We first prove that (A,...,\,) €
Cl & Mg+ -+ Mgn = b+w with b € L(D) and vp,_(w) > m — v + 1. Recall from the
construction of C™! that I(D) = 1, and so L(D) = F,. Recall also that v < g < m.
Let v1,...,7%mn be the m first nonzero exponents of ¢ in the power series expansion of the
gi- (E.g. if v =2, then 74 = =2, 7o = —1, 73 = 1.) We have
(A1,..., ) el
)\10171 + )\261,2 + -+ )\ncl,n =0

AMCm1+ A2Cma+ -+ A =0
= (Mg +Xcig+ - F )t + - (Mema + - F Anemn)t’™ =0
= M(g1—bo1—91)+ +M(gn —bon—gy) =0
= Mg+ Agn = b+ w,

where vp_(g}) > m —v+1fori=1,...,n, the element w is a combination of the g; (which
means that also vp_(w) >m —v+1),and b € F, = L(D).
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Suppose now that Adjgi1+---+A,gn = b+w where b € F, = L(D) and vp_(w) > m—v+1.
We then have

s S
At <Z br1t" + bs+1,1ts+1> o At <Z brnt" + b8+1»nt8+1> =b+uw.

r=0 r=0

Since the right-hand side of this expression doesn’t have negative order at Py, the sum of the
coefficients on the left-hand side for negative powers of ¢ will be 0. If m = v, we are done. If
m > v, then since b is a constant function and vp,_(w) > m — v + 1, we will also get 0 when
we sum the coefficients of t" for 1 <r < m — v.

We now show that Ay fi + -+ + A\ fn = b+ w for some b € F, and vp_(w) >m—v+1if
and only if (A1,...,An) € C(D;Py,...,Py;(m+1)Px). If A1 fi + -+ A\ fn, = b+ w, then
Mfi++Mfn—b=we LD+>",P— (m+1)Py), as desired. (Remember that
v=uvp (D)) fNfi+ -+ Afn—beE LD+ P,—(m+1)Pyx) for some b € L(D),
then A\ f1 + -+ A\ fn — b= w with ’Upoo(w) >m—uv+ 1.

This gives us C(D; Pi,...,Py;(m — v + 1)Ps) where I(D) = 1 and D is non-special.
(m — v + 1) Py is effective because m > g > v. This finishes the proof. O

The last step of Ozbudak and Stichtenoth in [7] is to prove that C™! is a special case
of standard Goppa codes. The notations are the same as in the construction of CI. The
existence of z in the following theorem follows from the Strong Approximation Theorem,
Theorem 4.20. The code C (D, G) denotes the code from the Goppa construction presented in
Section 4.1.

Theorem 9.3. Let z € Fy(X) so that vp,(z2f;) = 0 and (2f;)(P) =1,i=1,...,n. Then
CM =C(D,G) with D=Py+---+ P, and G=B+ 1" | Pi— A —div(z).

Proof. Since f; € L(B+ P;) \ L(B), i = 1,...,n, we have vp,(G) = vp,(B) + 1 —vp,(z) =
—vp,(fi) —vp,(2) =0, and so Supp(G) N{Pi,..., P} = 0. Define the map

B L(G) — Fy
by h— (h(Py),...,h(P,)) and the map
¢: LB+ Y P, —A) — L(G)
i=1

by f +—— zf. The map ¢ is an isomorphism. Let o be as defined in the construction of C'I.
We have the following diagram:

LB+Y", P—A)-"

We want the image of 3 to be the same as the image of a. Let f € L(B+Y ;" | Pi—A). Then
[ =>"cifi +w for some c1,...,¢, € Fg and w € L(B), and so a(f) = (c1,...,cn).



9.2 A Generalisation of Goppa Codes 71

Recall that (zf;)(P;) =1,i=1,...,n. We have ¢(f) = zf = > | c;izfi + zw, and
Bo(f) = (ENHEP), -, (2f)(Fn))

= <<Z cizfi + Zw) (P1),..., (Z czfi + zw) (Pn)>

i=1 i=1
n n—1
= <cl + <Z cizfi + zw) (P1),...,cn+ (Z cizfi + zw) (Pn)> .
=2 i=1
Now note that since vp,(zf;) = 0, we have vp,(z) = vp,(B) + 1. Also recall that vp,(f;) >
—vp,(B),i# j,4,j =1,...,n. This means that the above expression becomes (ci,...,cy), as
desired. ]

9.2 A Generalisation of Goppa Codes

The fourth construction that Ozbudak and Stichtenoth comment on is found in [20] and is
a generalised version of the third construction in their article, which Xing, Niederreiter, and
Lam made a bit earlier the same year. I here only present the fourth construction.

Let X be a nonsingular projective curve defined over IF, with at least one F,-rational point.
Denote its genus by g. Let Pp,..., Ps be distinct points with deg(F;) = k;, and let Cy, ..., Cy
be [n;, k;, d;]4-linear codes with isomorphisms m; : Fpri — C;. Note that given a function
f € Op,, then f(F;) is regarded as f modulo mp,&Op,. This is regarded as an element in F ;.

Let

m: L(G) — Fy

be defined by f —— (71 (f(P1)),...,mn(f(Ppn))).

Definition 9.4. Let the map 7 be defined as above. We then define the linear algebraic-
geometric code C := C(Py,...,Ps;G;Cq,...,Cs) to be the image of m. We will call C a
generalised AG code.

The length of the code is obviously n:=n1 + -+ - + ns.

Let
D ki < deg(G) } :

€S

SGZ}.

Proposition 9.5. Suppose g < deg(G) < >°7_, ki. Then C(Py,...,Ps;G;C,...,Cs) is an
[n, k, d]q-code with parameters

Z:{Sg{l,...,s}

Define the integer

V= min{Zdi

i¢S

k=1(G)>deg(G)+1—g and  d>w.

Proof. Note that the code is linear. To show that k = [(G), we must show that 7 is injective.
Suppose h € L(G) and w(h) = 0. We show that h = 0. We have m;(h(F;)) =0fori=1,...,s.
Since the m; are isomorphisms, we have h(P;) =0fori=1,...,s,andso h € L(G—)_7 4 P;).
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Since deg(P;) = k; for i = 1,...,s, we have deg(G) < >_7 | k; = deg(>_;_, P;), which means
that h = 0.

To find the minimum distance, we only need to find the non-zero codeword of minimum
weight. Suppose 0 # f € L(G). Let

S={ie{l,... s} f(P) =0}

We want to show that S € Z, which we defined above. Next we will show that the weight

wt((f(Pr, .-, f(Ps)) 2 X igs di-
We have

O#feL(G—ZB) = deg(G) > deg (ZR) => ki

€S i€S €S

So Se”Z.
Since f(P;) =0 < m(f(F)) =0, we have i € S < m;(f(F;)) = 0. It follows that

wi(n(f)) = S wi(m(£(P) = Y w(m(F(P)) = > ds > v.
i=1

i¢s i¢s
The second last inequality follows because the codes Cf,...,Cs are linear. This finishes the
proof. O

Proposition 9.6. Goppa codes are a special case of generalised AG codes.

Proof. Let the cardinality of a set A be denoted by card(A). For i = 1,...,s, put k; = 1,
n; = 1, and s = n. Then the map 7 is exactly the same as the Goppa-code map. Note that the
previous proposition with these parameters gives us Z = {S C {1,...,n}|card(S) < deg(G)}
and v = min{card({1,...,n} — 5)|S € Z} = n — deg(Q), as expected. O

In the rest of this thesis I will study different ways of how we can construct infinite
sequences of such codes.



Chapter 10

Asymptotic Properties of Generalised
AG Codes

In this chapter I present three ways to construct an infinite sequence of generalised AG codes.
The first involves an infinite sequence of curves where I use closed points of degree 1 and 2. The
second involves letting the degree of the points in question approach infinity and was found
by Antonino Spera in [9]. The third is a combination of the first two constructions. I close
with a graph showing the three bounds compared to the Gilbert—Varshamov and Tsfasman—
Vl1adut—Zink bounds.

10.1 The First Construction

This construction involves using the proof of the Tsfasman-Vladut-Zink (TVZ) bound on
generalised AG codes where C1,...,Cs are fixed. I have made several attempts on getting
relatively good asymptotic results for different versions of the Cj. I here present the attempt
that gave the best result. The bound we find here comes close to the Gilbert—Varshamov
bound for small values of §.

Before presenting the construction, we need the following theorem.

Theorem 10.1. For prime powers q, there exists an infinite sequence of projective nonsingular
curves (X;)i2, defined over Fy such that | X;(Fp)| — oo and | X;(Fp2)|/9(Xi) — q — 1, where
9(X) is the genus of X.

Proof. A desired sequence of curves is presented by Garcia and Stichtenoth in [4] and is given
by Fp2(X;) :=Fp(r1,...,2;), where

q
i+1 i+1 xg—l + 1’
It is shown there that lim; oo | Xi(F2)|/g(X;) = ¢ — 1. Tt is clear that we for each X; have a
prime ideal with generator polynomials with coefficients in [F,. O
The following proposition will also be important to us.

Proposition 10.2. Let X be a nonsingular projective curve defined over Fy. If s; is the
number of closed points of degree i on X over Fy, then |X(Fg2)| = s1 + 2s2.

73
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Proof. See page 179 in [13]. O

Let ¢ be a prime power and let (X;)°; be an infinite sequence of nonsingular projective
curves defined over Fy such that lim; .o [X;(Fy2)| = oo and lim; .o |X;(Fyp2)|/9(X;i) = ¢ — 1,
where g(X) is the genus of the curve X. For some curve X in {X;}32,, let s; = | X (F,)| — 1
and so = 3(|X(Fgz)| — |X(Fy)|). Then s is the number of closed points of degree 2 on X.
Let Pp,..., Ps, be all points of degree 1 except for one—say P'—and let Ps,11,..., Ps, 45, be
the closed points of degree 2. Let C1,...,Cs, be [1,1,1],-linear codes and Cg,41,...,Cs 45,
be [2,2,1],-linear codes.

Let m > s1 be an integer with m < s1 + 2s9 and G = mP’. Say that

deg(G) =51+t

for some nonnegative integer t < 2s. We see that deg(G) < Zf;{” k; is fulfilled. Note also
that we can assume that g(X) < deg(G) since we are naturally interested in positive values
of deg(G) + 1 — ¢g(X). Substituting deg(G) — s; for t, we have from Proposition 9.5 that

t 1 1
d> S|+ 89— 81 — {2J > 581 + 59 — 5 deg(G). (10.1)
This gives us deg(G) > s1 + 2s9 — 2d. The dimension k satisfies & > deg(G) + 1 — g.
By choosing, if necessary, a linear subspace of the code we are constructing, we can say that
k = deg(G)+1—g > s1+252—2d+1—g. Since the length of the code is s1+253 = [ X (F2)| -1,
we divide by |[X(F,2)[ — 1, let | X(F2)| — oo, and get
1
R>1-26 — ——.
qg—1
Theorem 10.3. Let q be a prime power. Then for any 6 € [0,,/q/(2(1 + \/q))], we can find
an infinite sequence of generalised AG codes (C;)2, with minimum distances d;, dimensions
ki, and lengths n; such that d;/n; — 6 and k;/n; — R satisfying
1
R>Ry:=1-20 — ——.
qg—1
Proof. The only thing left to show is that it is sufficient to put deg(G) > s; in order to obtain
0 </q/(2(14/q)) in the above construction, as it is clear that larger deg(G) gives us smaller
0.
A sufficient way of achieving 0 = ,/q/(2(1 + ,/q)), is putting

)
= VYT (s 28]
{2(1 Y U
We want to find what deg(G) must be. Using (10.1), we get
NG 1 1
VT (5 42s)| > = — = deg(G).
{2(1 " \/@ (s1+2s2)| > 231 + 89 5 eg(@)

This gives us
deg(QG) S 1

s1+ 289 — 1+\/§‘
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I now show that deg(G) must be at least s in order to satisfy this. We have

i S s1/9(X)
s1+2s2  (s1+2s92)/9(X)

Letting | X (F,2)| — oo, we get ¢ — 1 in the denominator and at most /g — 1 in the numerator.
This gives us
X 1
s1/9(X) —a< _
(s1+ 2s2)/9(X) 1+./q

as |X(Fp2)| — oo. So it follows that deg(G) must be at least s; in order to obtain 0 >

Va/ 21+ /4)). O

Remark 10.4. In Section 11.1 I show that the curve sequence from Theorem 10.1 satisfies
s1/s2 — 0, so the construction from this section could have been simplified by only using the
points of degree 2. In that case, the bound would be valid for all 6 € [0, (¢ — 2)/(2(¢ — 1))].
However, I have here chosen to hold on to the points of degree 1 so as to show how it can
be done. This is practical for other curve sequences where s1/sy doesn’t approach 0. (In
constructions with other curve sequences we may of course need to change ¢ — 1 for some
other value of lim; . | X;(F,2)|/g(X;).) In the next chapter I stick to points of degree 2.

It is easy to verify that this bound is better than the TVZ bound for 6 < ,/q/(q—1) when
q is a square. We also know that the Gilbert—Varshamov bound is better than the TVZ bound
for small §. One could hope that there were some interval on the § axis where this new bound
was better than both the TVZ bound and the Gilbert—Varshamov bound. Sadly, as far as I
know, this is not the case.

Lemma 10.5. For prime powers ¢ > 4 and 6 = \/q/(q — 1), we have 1 —20 —1/(qg —1) <
1 — Hy(0).

Note that for ¢ < 3, this value for 0 lies outside of the interval where R; is defined.
Proof. We have Rqv(y/q/(q — 1)) > R1(y/q/(q — 1)) if and only if

L \/alogq(\/al>+q_q1_\/alogq<q_ql_\/a>>1—2\/§+1

— qg—1 -1 -1 qg—1

7 log(q —1) +

i
Vqlogy(q —1) — \/qlog,(v/q) + /qlogs(¢ — 1) — (¢ = 1 — \/q)log,(¢ — 1 — \/q)
+(g—1-q)log,(g—1) <2y/qg+1
¥
(4= 1+ V@) logyla — 1) = (¢ = 1 = V@) logyla — 1 = V@) — 3v4 < 2/ + 1.

This is correct for ¢ = 4,5,7,8,9. To show the last statement for larger ¢, it suffices to show
that

(0= 1+ )~ (g~ 1~ V@) log,(a — 1~ V@) ~ 5/a <2+ 1
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If ¢ > 11, this last bit becomes
1=2-5V4
q—1-4/q

Suppose 1+ ,/q = eq for some €. It is then clear that € — 0 as ¢ — oo. The above expression
becomes

log,(¢ —1—+/q) >

(1-3e)g—3
log,(1—¢)+1> ——=—7—=
ol =€) (1-e)q
To ensure this, is it sufficient that
1- 3¢
2
log,(1—¢)+1> T
which becomes )
5€
log, (1 —¢) > —2—. 10.2
og,(1-2) > 2= (10.2)

Note that € < 1 for all the ¢ we are interested in. Also note that when € = 0, we have equality
in (10.2). This means that if 3¢/(¢ — 1) decreases more quickly as a function in ¢ (with ¢
constant) between € = 0 and ¢ = 1 than log (1 —€) does, then (10.2) is satisfied for all ¢ > 11
and all € between 0 and 1, and then especially for all e = (/g +1)/q.

For e = 0, it is easy to check that the slope is steepest on the right-hand side. Since
the derivatives are continuous functions, I put the two derivatives equal to one another and
check that we then can’t have 0 < e < 1, thus proving the lemma. Using the assumption that
q > 11, we have

L
(e=Dn(g) (1)
)
1 - —
In(q)  2(e—1)
)
2e—1) = —In(g)
! In(q) In(e?)
—In(q —In(e
e = —5 1 — +1=0.
This finishes the proof. 0

What remains is to show that this is also the case to the left of 6 = /q/(¢ — 1), which
is much more difficult. R; is worse than Rgy for all 0 < 6 < /q/(q — 1) for all values
of ¢ T have tested, but I have yet to prove the inequalities for general ¢, as this involves
solving second-degree logarithmic equations. I will here therefore only present what needs to
be shown.

Let ¢’ :== /q/(q — 1). Consider the line
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We see that f(0') = Rgv (') and that f(0) = R1(0). It follows that if Rgy has a steeper
slope than f for every § € [0,d'], then Rgy will never cross Ry to the left of ¢'. However,
Rgv doesn’t have a steeper slope in ¢'. But we know that Rq(d') < Rgy(0’), and since Ry
has positive second derivative, it is sufficient to show that when R1(6”) = Rgv(d’) for some
0" < ¢, then f(8") < Rgv(0”). This means that Rgy has grown more than f has between ¢’
and 0”, and Rgv becomes even steeper when we approach 0.
The value for §” is given by the equation
1

1 - 25// - q—il — ]. - Hq(6/)7

which becomes

)
f(6") < Rgv(d”) is the second-degree logarithmic expression which I have yet to prove.
Another possible approach is to find a ¢ that doesn’t involve logarithms and that lies
between 6" and ¢’ and show that f(8"”) < Rgv(8”). However, it has proved difficult to find
such a 6",

10.2 The Second Construction

The second way to make infinite sequences of generalised AG codes is to use only one curve
and let the degree of the points in question approach infinity. This is done by Antonino Spera
in [9]. T here only briefly present what is done.

Let X be a curve and a be a positive integer such that a? < ¢. Then it is shown that for
n >> 0, there exist s, := [a",/q"] points of degree n over F,. It follows that ¢" > s,,. Let
C1,...,Cs, be [n,n,1]slinear codes and ¢; : Fgn — C; be isomorphisms. For a given n, let
the desired points of degree n be Pj,..., P, and let G be a divisor with support disjoint from
{P1,...,Ps,}. Let n be an element of order ¢" — 1 in the group IFan. Let ¢ : Fgn — Fy de
defined by ¥ : a1 +asn + -+ + apn™ ! — (a1,a2,...,a,), and put & := (). Then we have
defined a field structure on Fy, and it makes sence multiplying elements with each other in
Fy.
We now define ¢ : L(G) — F2"*» by

fre=(o1(F(P1)), o1(F(P1): d2(f (P2)) Ed2(f (P2))s - -5 s ((Ps,))s €5 s, (f (Ps)) -

Note that since ¢" > s,, each & is different in the codewords. This ensures us that
if f(F;) = [f(P;) for some [ and some P; and Pj, i # j, then we are guaranteed that
(i (P)).E26i(F(P))) # (6;(F(P}), €77 0;(f(P}))). Spera uses this fact to find a good
bound for the minimum distance. When n — oo, he finds that for ¢ > 16 and 0 < R < %, we
have

R>—-—6.
-2

10.3 The Third Construction

This construction is based on an obvious question: Suppose we have an infinite sequence of
codes (Ci(Pr, ..., Ps; i:Gi; Crg, . .., Cs, )2 such that the lengths of C1 4, ..., Cs, ; approach
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infinity. If Ci4,...,C, ; have good asymptotic properties, will we obtain good asymptotic
properties for (C;(Pi,...,Ps;i;Gi;Cri,...,Cs4))2, as well? To give this a test, I have
considered an infinite sequence of nonsingular projective curves (X;)72, defined over F, which
obtain the Drinfeld-V1adut, bound over [Fy, and for each such curve X;, T havelet Cy;,..., s,
be codes defined in the proof of the TVZ bound, Corollary 5.9. Now, note that for each X;, we
are given the length niTVZ of the codes C14,...,Cs, i, and that the length approaches infinity
as ¢ — 0o. When that happens, the dimension k:ZTVZ approaches infinity as well (unless it is
0). The consequence is that we must also let the degree of the points Py, ..., Ps, ; approach
infinity as ¢ — oc.

So suppose q is a square prime power and that we are given a sequence of nonsingular
projective curves (X;)$2; defined over F, with | X;(Fq)| — oo such that | X;(IFq)[/g(X;) — /q—
1, where g(X;) is the genus of X;. For each curve X;, we first construct the codes C1 4, ..., Cs, ;.
It is already decided from the construction of these codes in Corollary 5.9 that the length is
to be n} V% = |X;(F,)| — 1. There is also defined a divisor GFVZ = |pTVZnTVZ|QTVZ where

QiTVZ is a point of degree 1 on X; and pTVZ is a constant satisfying 1/(yg—1) < utVZ < 1.
Let the divisor
DIV% = > P.
PEX;(F)\{QTV?}

We have then ensured that Supp(D}V%) N Supp(GiV%) = ), and so we can define C;; =
C(DIVZ GTVZ) for each j. As we did in the proof of the TVZ bound, we let each code Cj
have dimension k] V% := deg(GFV%) + 1 — g(X;), if necessary by only considering a linear
subspace of the code.

For all i > 1, define s; to be the number of points on X; of degree kY2, but if kv = 1,
let s; = | X;(Fy)| —1 (to ensure that we have a spare point @Q; of degree 1 for our “main” divisor
Gi), and let Py, ..., Ps, ; be those points. For some g such that 0 < p < 1, let G; = [ un;] Qs,
where n; is the length of the code Cij(Pi, ..., Ps,;i;Gi; Cy,...,Cs, i) and Q; is a point of
degree 1 on X; not among P ,..., P, ;, even though they might be of degree 1. It is clear
that n; = sm?vz.

For the time being, assume that we always have g(X;) < deg(G;) < s;kV%. Then the
conditions in Proposition 9.5 are satisfied. In the end of this section, I will prove that these
are met.

A code Ci(Pr,...,Ps, i;Gi; Cig, ..., Cs, ;) has the dimension k; = [(G;). On the other
hand, we are allowed to choose a linear subspace of the code such that the dimension is

k; = deg(GZ) +1-— g(X,L)
Before continuing, we need a small lemma.

Lemma 10.6. If u™V% > 1/(,/g — 1), then

9(Xy)
T™VZ

i

lim

i—00 §;N

= 0.

Proof. Since lim;_. g(X;)/n}V% =1/(,/g — 1), we only need to show that lim; . s; = ©.
From the proof of Lemma 3.1 of [9], we have that if

VAT 24 Tg(X))
LIVZ = + LIVZ

TVZ
ki

(10.3)
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then s; > \fkiTVZ, which will imply that s; — oo since k;rvz — 00.
The left-hand side of (10.3) obviously approaches infinity, so it suffices to show that the
right-hand side remains constant. We first calculate lim;_,, g(X;)/k;V%:

i 90 _ ) (deg(GiTVZ) ) 1>—1

1im = 1m
1—00 k;I‘VZ 1—00 g(Xz)

The right-hand side thus approaches

1

= (™1 —1) 7

7
NTVZ(\/&_ 1) -1

as i — oco. Since pTV% was assumed to be strictly greater than 1/(,/g — 1), this proves the
lemma. O

1+

Z

From Proposition 9.5, we have

(o252

(e |G|

deg(Gi)
> dTVZ i — .
- (8 [ TVERTVE] 1 — Q(Xi)>

v

d;

Putting deg(G;) on the left-hand side of the expression, we get

deg(Gi) > (dMV%s; — ) ( e (Xi)) - (10.49)
We substitute in the expression for k; and get
ki = deg(Gi) +1—g(Xi)
> s (WT\/ZniTVZJ 1 g(Xz')) —d (LMTVZnZTV;%V_; 1- Q(Xi)) 1 g(X)

I (X))
nTV% ~ deg(GTV7) g

TVZ, TVZ
eV en; +1—-9(X;
= S; (ULTVZTL;I‘VZJ + 1-— g(XZ)) — di <L nTVZ _ UJLTVZnTv;J )) + 1-— g(Xz)

> sy (LMTVZniTVZJ +1-— Q(Xi)) —d; (

The length of Ci(Pr,..., Psi:Gi;Cry ..., Cs, ) is sint V% so we divide by smiTVZ and let

7

i — oo. We have that g(X;)/(sinfV%) — 0 from Lemma 10.6. The rest of the expression

becomes
1 . \/61 .
R>putvE - ~4 — . 10.5
> p Ji—1 = ,Vz (10.5)
Now two obvious questions arise: What values of uTV?% are we allowed to use, and for what
value is R greatest with respect to d7 In the following, I will do things a bit backwards

(making calculations a bit simpler). T will first find the value for u7V% that makes R greatest
and afterwards show that this is a “valid” value for uTV24,
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Lemma 10.7. The value for u*V% that makes (10.5) the greatest is
JTVZ 5(\f—2)‘
Va—1
This function of 6 T will denote by &.

Proof. 1 differentiate (10.5) with respect to p™V% and find what value of u™V% makes the
derivative of (10.5) equal to 0.

T™VZ 1
d MTVZ _ o 5 H Va1
dﬂTVZ \/a -1 1— MTVZ

1. (1— V) - <MTVZ _ ﬁ) (=1)
(1= Ve

=1-9

We put the expression on the right-hand side equal to 0 and get:
| (1— u™V%) 4 V% \/6171 1
(1= tv2y?
5 va-1-1 1
(VT 1) (L 7%
2
(Va—1)(1-p™%)" = 0(/7-2)
1_MTVZ _ 5(\[_2)'
(va—1)

O

There are two things we now have to check. First of all, we need to find out for what values
of § we have £ € (1/ (\/a — 1) , 1). Secondly, we must show that the conditions in Proposition
9.5 are kept.

Lemma 10.8. For ¢ >3 and 0 <6 < (\f— 2) / (\/a— 1), we have
1
Vi1
Proof. 1t is clear that £ < 1 for any § > 0. To find out when 1/(,/g — 1) < &, we have

(VWA
: ( (\/6?1)>\/3 va-1 7"

<€< 1.

>

2 ¢
(1—%—[1)_(2\@—1) L

¢
(1 71 mll)?)(ﬁ‘l) L,
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=

(Va-)-2(a-D+1

Va-2(va-1
i
(¢-4va+d)
(vi-2) (va-1)
T
Va2
i1 > 0,
as desired. (]

Lemma 10.9. Let ¢ > 32 be a prime power. The expression

£0) - 7=
(1-£(0)—9) <1_5<§))

is strictly decreasing as a function in 6 in the interval (0, (\/q —2)/(v/q —1)).

Proof. This can very quickly be done in Maple. Differentiate the function with respect to §
(with ¢ just a symbol) and note that the derivative is a continuous function in the interval
0,(va—2)/(y/g—1)). Let § = 0.1 and find out for which ¢ the derivative is negative.
Maple gives the answer ¢ € [0,1) U (4.46,00), and in particular all ¢ > 32. Now find out
for which ¢ the derivative is 0. Put that value of ¢ equal to &’ and find out for which ¢ we
have ¢’ > (/g —2)/(y/q — 1). The answer is ¢ € [0,1) U (1,4) U (4,00), and in particular all
q> 3% O

Lemma 10.10. When u™VZ% = ¢ in (10.5), the conditions in Proposition 9.5 are met for all
0 €(0,(vg—2)/(\/q—1)) for large enough 1.
Proof. The condition that g(X;) < deg(G;) is simply the condition that the dimension of the
code is nonzero, since k; is given by deg(G;) + 1 — g(X;).
Next we must show that deg(G;) < s;k} V% when pTVZ% = ¢. This is the same as showing
lusint V2] < s (deg(GFV%) +1 - g(X;)),
Lusint V2] < si ([€nd VA +1 - g(Xa)) -

Dividing both sides by s;n} V% and letting i — oo, we get

<§ !
K - =1
Va—1
which is what we want to show.

Now consider (10.4). Substitute us;n} % for deg(G;), substitute n}V? — deg(G}V?) for
dIVZ, substitute ptVZnIVZ for deg(G1V%), substitute £(8) for pTVZ, divide by s;ni V% on
both sides, and let ¢ — co. We then obtain the following:

£(8) — 2=
p=(1—=¢&(8) —9) (1_5{6)1> :
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In the previous lemma we showed that the expression on the right-hand side above is strictly
decreasing with respect to d in the interval (0, (/g — 2)/(y/q — 1)). It is therefore possible to
choose (formally) ¢’ < ¢ such that we get

_ / / 6(5,) B \/‘51_1
p=(1-¢0) =) (1—5(5) |
We want to show that

/ ! 5(5,)_\/‘;_1 /
(1-¢ (&) - o) (1_5(5)> <€) -y

(1-60) =) () - -7 ) < (60) = oo ) (1-€@))
)

We get

_(5(5/))2+(1_5/+\/61—1>5(5/)+<_\/?1—1+\/51—1

5/
&6 (8) + <0,
)
which means that ¢ (8') > 1/(,/g — 1) if and only if deg(G;) < s;k1V% for large enough i and
where § > ¢’, and so the result follows from Lemma 10.8. O

This finishes the proof that all requirements are held in the construction of (10.5) for

V% = ¢, and so we have the following theorem:

Theorem 10.11. For any square prime power q > 3* and 0 < § < (/g — 2)/(/7 — 1),
there exists an infinite sequence of generalised AG codes (C;)2, with minimum distances d;,
dimensions k;, and lengths n; such that d;/n; — 6 and k;/n; — R satisfying

1 £— o
R>Ry:=¢— —5(”1),

Va—1 1-¢
where
) [t
Va—1

However, this does not exceed the TVZ bound.

Remark 10.12. There is another formula for the minimum distance d;, where we must con-
sider separate cases when d} V2 < kIVZ and dTV% > kI'VZ. When d} V% < kIVZ, Corollary 3.3
in [20] tells us that d; > s;d} V% — deg(G;). When dIVZ% > kIVZ we get from Theorem 3.2 in
[20] that d; > sik;fvz — deg(G).

On the next page we have a figure showing some of the different bounds we have encoun-
tered so far for ¢ = 81.
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Chapter 11

Improvements of R

In this chapter I attempt to improve R; around the area where it is closest to the Gilbert—
Varshamov bound. Since the construction of generalised AG codes is done in a similar way
to that of Goppa codes, I will use methods taken from improvements that have been made on
Goppa codes.

In this chapter, all curves will be assumed to be nonsingular projective curves, and all
divisors will be assumed to be [F -rational divisors. The divisor-class number of a curve X will
be denoted by h(X), and its genus will be denoted by g(X).

11.1 The First Improvement

In [15] Chaoping Xing finds good divisors G for Goppa codes C'(D, G) such that the minimum
distance is improved. The method he uses is the same as in Section 4.3, only that the evaluation
of My is a bit simpler in [15]. Here he finds an upper bound of M;; (or N, which it is called
here) and finds out when it is strictly less than the divisor-class number h(X). He then finds
an asymptotic improvement of the Tsfasman—VIddut—Zink and Gilbert—Varshamov bounds.

I here show that the same method can be used to improve R;. In the following con-
struction I will use the curve sequence (X;)?2; mentioned in Theorem 10.1, which satisfies
lim; o0 [ Xi(Fy2)|/9(Xi) = ¢ — 1 and is also defined over F,. Before continuing, we need the
following proposition.

Proposition 11.1. For the curve sequence presented in Theorem 10.1, we have

| Xi(Fy)|
lim ——= =0.

Proof. Let the function field F2(X;) be denoted by Fp2(x1,...,;), with each x; satisfying

zl
2y, =—2=2"— j>2.

A x?j +1

Let Q% be the set consisting of [F 2-rational points on X satisfying i +x1 =0and 21 = .
In [4] it is shown that for ¢ > 2, the set of points on X; not lying over the points of Q°°
has cardinality N; satisfying lim; o, V;/g(X;) = g — 1. Hence, if some of the points on X;
lying over 2% should have cardinality M; satisfying lim; .., M;/g(X;) = A > 0, the number

85
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lim; o | Xi(F,2)[/g(X;) would exceed the Drinfeld-V1ddut, bound, a contradiction. It follows
that llmlﬂoo Ml/g(Xz) = 0.

I now show that for each Fg-rational point (z1,...,2;) with z; = a on Xj, there is only
one Fg-rational point (z1,...,zi+1) with ;41 = b on X, 41 lying over z; = a.

First suppose I, is of characteristic p # 2. Suppose ;41 = b € F, and let ; = a € F,.
We then have

al
A
* al=l +1’
which becomes a
b+b=—
e
which becomes b = a/4. Since a point (7,...,2}) on X; is Fy-rational only if each 27 is IFy-

rational, it follows that—disregarding points lying over the elements of 2°°—there are fewer
[F4-rational points on X; than the total number of Fy-rational points on Xj.

Now suppose Fy is of characteristic 2. Then if 71 = a € Fy, then x(f +xy=21+2 =0,
and so x1 = a belongs to the set Q2°°, and we have previously argued that the points lying
over Q2 give no contribution to lim; .. | X;(Fq)|/g(Xi).

It follows that there is a maximum of ¢ — 1 Fg-rational points on each X; that could
possibly give any contribution to lim; . |X;(Fq)|/g(X;), and since lim;_, g(X;) = oo, we
can conclude that lim;_, | X;(Fy)|/g(Xi) = 0, as desired. O

Corollary 11.2. Let the curve sequence (X;)72, be as in Theorem 10.1. If rgj) 15 the number
of closed points of degree j on X; over Iy, then

0

lim - =0.
1—00 Tz@)
Proof. This follows from the previous proposition and Proposition 10.2. O

A consequence of this is that we only need to consider points of degree 2 for the rest of
this section.

Lemma 11.3. Let X be a curve over Fq with genus g(X) and at least one Fy-rational point.
Let S be a set of divisors of degree s with s > ¢g(X). If |S| < h(X), then there exists an
effective divisor H of degree s such that H is not equivalent to any divisors in S.

Proof. This was proved in Lemma 4.19. O

Suppose we have r closed points of degree 2 on X denoted by P, ..., Pr. Let s and m be
integers such that s > m and m is even. Denote

Ss,m(Plv"'apT) :{ZP+D|IQ{P177PT}aZdeg(P):m7

pPel pel

D is an effective divisor of degree s — m}

and Ns = [Ss.m |-
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Proposition 11.4. Let X be a projective nonsingular curve with genus g(X), Pi,..., P,
defined as above, s, m positive integers with m even such that m < min{s,2r} and s > g(X).
Let Cy,...,C; be [2,2,1]4-linear codes. If N, < h(X), then there exists a divisor G of degree
s such that Supp(G)N{Py,...,P.} =0 and C(Py,...,P;G;Cy,...,C}) is an [n, k, d|4-linear
code with !

k>s—g(X)+1, er—§m+1.

Proof. Since N, < h(X), there exists an effective divisor H of degree s such that H is not
equivalent to any divisors in Sg,,. I claim that

L (H - P) = {0}
pel

for any subset I C {Py,..., P} satisfying ) p.;deg(P) = m.

If0# f € L(H—)_ pcg, P) for some I satisfying the above, then div(f)+H = p.p P >
0. Put D =div(f)+H —>_pcy, P- Then D is effective of degree s —m, and so H is equivalent
to D+ ) pep,, @ contradiction.

Since {Py,..., P} is a proper subset of all closed points on X of degree 1,2,3,..., then
according to the Strong Approximation Theorem, Theorem 4.20, there exists an [F-rational
function ¢; for each ¢ = 1,...,r such that

N R
“Pﬂ'“l)_{ 1 if g =i,
Define
G = H +div (H t;“’i(H’) .
i=1
We have Supp(G) N {Py,...,P.} =0 and G = H, so

L (G - P) = {0}
pel
for any I C {P,..., P} satisfying ) p.;deg(P) = m. Suppose 0 # f € L(G) has zeros in
all the points of a subset {P;,,...,P,} C{Pi,...,P}. Then f € L(G—P;, —---— F;)), and
S0 22:1 deg(P;;) < m — 2. (The sum of the degrees can’t be m — 1 since they all are even.)
From the conditions we put in this proposition, it follows that [ < r, and so the mapping is
injective, in which follows k = I(G) > s — g(X) + 1.
To find the minimum distance, define

Z:{Tg{l,...,r}

Zdeg(Pi) gm—Q}

€T
and v = min{r — card(T") | T € Z}. For a nonzero f € L(G), let

Since 0 # f € L(G = >_,cq Pi), we have ), gdeg(P;) <m —2,s0 T € Z.
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From the end of the proof of Proposition 9.5, we now have that the minimum distance is
at least v. This is easily reformulated as

1
er—§m+1,

as desired. O

Let A; be the number of effective divisors of degree [. An upper bound for N ,, is then

N < <mr/2> Ag—mm. (11.1)

So if we can show that the right-hand side of (11.1) is strictly less than h(X) for some
parameters s, m satisfying m even, m < min{s,2r}, and s > ¢g(X), then all the conditions of
Proposition 11.4 are satisfied.

Before presenting the asymptotic results for generalised AG codes satisfying these condi-
tions, we need some lemmas. In the following, I will consider the sequence of curves (X;)5°,
presented in Theorem 10.1. The number of closed points of degree 2 of X; is denoted by 7;.
Recall that lim; oo [X;(F2)|/9(Xi) =q — 1.

In the following, we will let the binary entropy function be defined as

Hy(9) := —dlogy(d) — (1 —0)logy(1 — 0), 0<d<1,
HQ(O) = Hg(l) = 0.
The following lemma follows from Stirling’s formula.

Lemma 11.5. Let n be a positive integer and 0 < § < 1 a real number such that on is an
wnteger. Then

") < onfa(9),

on/) —

The following result gives an upper bound on (11.1).

Lemma 11.6. For each i, let m; = 2r; — 2d;, where d; are nonnegative integers such that
di/(2r;) > d asi — 00, 0< 5 <1. Then

lim 10gq (m77/2)

qg—1
< L 1 (26) log, 2).

Proof. Since m;/2 = r; — d;, the previous lemma gives us

T (T i Hp(26)
= < 2 .
(mz’/ 2) (dz’> =2

Hence,
log, ( r.i/Q) log (2”H2(25)) riH2(20)log,(2) q¢—1
lim$§limq—:limZ q = H5(20) log,(2).
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Proposition 11.7. Let o satisfy 0 < o < 2/(\/q+1). Then

log (Al xer1(X;
tm sup 2B ol )
i—00 g(X;

Proof. See Poposition 3.4 in [15]. O

< % + 2H, (%) log,(2).

Proposition 11.8. We have

log, (h(Xi))
lim inf —+——2 > 2log qg—1).
Proof. This follows easily from Theorem 2.3.15, page 177 in [13]. O

Define the function

fo(z) = g +2H, (g) log, (2).

fq is continuous and strictly increasing on [0,1], so its inverse exists. Since fy(1) = 1/2 +
2log,(2), then for any real number u € [0,1/2 + 2log,(2)], there exists a unique solution to
fo(@) = u.

Note that the positive number 2/(,/g + 1) < 1/2 + 2log,(2) for all prime powers q. This
can easily enough be checked for all 2 < ¢ < 8. For ¢ > 9, we see that 2/(,/g+1) < 1/2 while
1/2 +2log,(2) > 1/2.

Define the function

hq(y)_{ foty) if0<y<2/(yg-1),

0 otherwise.

Note that h¢(y) is continuous in the interval (0,2/(y/g — 1)). It can easily be shown that
when 0 <y < 2/(\/q — 1), then also 0 < hy(y) <2/(\/q—1).

Theorem 11.9. Suppose q is a prime power and 0 < < (¢ —2)/(2(q — 1)). With notations
as above, there exists an infinite sequence of generalised AG codes (C;)2, with minimum
distances d;, dimensions k;, and lengths n; such that d;/n; — 0 and k;/n; — R satisfying

R>Ry:=1—-26— qil + qilhq <2logq Vq—1)— %Hg(%) logq(2)> .
Proof. Fixd € [0, (—2)/(2(q—1))]. If 2log,(y/G—1)— +(q—1)Hs(26) log,(2) & (0.2/(\/3+1)).
this is the same bound as R; from Section 10.1. (See Remark 10.4 about for which § the bound
is valid.)
Now suppose 2log,(\/q—1) —
enough such that 2logy(\/q — 1)
such that

%(q— 1)H2(20) log,(2) € (0,2/(/g+1)). Choose € > 0 small
— 2(g — 1)Ha(26) log,(2) —e € (0,2/(\/q + 1)) and choose o
filo) = 2og, (Vi — 1) - 5= Ha(26) log, (2) — .

Then )
o = hy (2l0gq (Vi—1)— %HQ(%) log,(2) — e) .

Since 0 < y < 2/(\/q — 1) implies that 0 < hy(y) < 2/(\/q — 1), we now have that 0 < 0 <
2/(\/q—1). Let the sequence of curves (X;)72; be as in Theorem 10.1, and let all notations be
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as previously in this section. For each i, put m; = 2r; — 2d; where the d; are chosen such that
lim; .o d;/(2r;) = 0. Then m; is even and lim;_,oo m;/(2r;) = 1—24. Let s; = m; + |0g(X;)].
Then (s; — m;)/g9(X;) — o.

We want to show that

log,(Ns, m, log,, (h(X;
. gq( simi) < lim gq( ( Z)) (11.2)
On the right-hand side, we have according to Proposition 11.8 that a lower bound is
log, (h(Xi))
21 —1) < lim 44—
o (V1) b =

On the left-hand side of (11.2), we combine (11.1) with Lemma 11.6 and Proposition 11.7,
using the facts that (s; —m;)/g(X;) — o and 0 <o <2/(\/q — 1), and get

1 g -
im ogq(Nsumz) < q 1
im0 g(X3) T2

Hy(26) log, (2) + % +2H, (%) log, (2).

From the definition of f;, we have 0/2 + 2H3(0/2)log,(2) = fy(0) = 2log,(\/q — 1) — %(q —
1)H3(26) log,(2) — €, and so the above becomes

logq (st 1M )

im < 2log q—1)—e.

So Ngm < h(X) for i >> 0. In addition, we obviously have m; < 2r; and m; < s;. It follows
that there exists for each ¢ >> 0 a generalised AG code C; with parameters

ki > s; —g(X;) + 1, di >r; — -m; + 1.

The asymptotic parameters are

, , o
lim infﬁz lim <1—1-W>:hm (1_1.M>:5
J 2 2Ti

i—o0 2T; i—oo \ 2 i—oo \ 2 2 2r;
and
lim inf —- >  lim mi = 9(Xe) + (s —mi) +1
1—00 4T i—00 2r;
~ lim 2r; — 2d 1 L o
i—oo 21y qg—1 qg—1
1 1 q—1
Letting € — 0, we get the desired result. O

The following proposition shows that R4 is an improvement of R; for some nonempty
subinterval of [0,1/4] for each prime power ¢ > 5. We use the fact that 2log,(\/q — 1) —
(g — 1)Hy(26) log,(2) is continuous and show that when & varies between 0 and 1/4, then
2logq(\/q—1)— 1 (q—1)H(20) log,(2) will vary from something negative to something positive
if ¢ > 5. If ¢ > 8, then we actually get 2logy(y/q — 1) — (g — 1) H2(20) log,(2) >2/(\/q—1)
for 0 = 1/4. It then follows that hy(2log,(\/q — 1) — %(q — 1)H>(20)log,(2)) is nonzero and
positive for some subinterval of [0,1/4].
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Proposition 11.10. Let ¢ > 5 be a prime power. Then

-1 1
2logy (Vg —1) — qTHQ (2 . 4) log,(2) <0 and 2log,(y/q—1)>0.

If ¢ > 8, we have
2

Vi1

Proof. The only bit we need to show is that 2logg(y/g — 1) — 5(¢ — 1)Ha(2 - 1) log,(2) < 0.
Since Ho(3) = 1, we must show that 2logy(y/g — 1) — 3(¢ — 1) log,(2) < 0. For ¢ = 5, this is
true.

Suppose ¢ > 7. It is then sufficient to show that 2log,(,/q) — %(q —1)log,(2) =1~ %(q —
1)log,(2) <0, i.e. show that

2logq (Vg —1) >

qg—1
5 > logs(q).

For ¢ = 7, this is true. So if we can show that the derivative with respect to ¢ on the left-hand
side is greater than the one on the right-hand side for all ¢ > 7, the proposition is proved.
On the left-hand side we have
dg—1 1
dg 2 2
On the right-hand side we have

d 1
e 1 = —
i 0g(q) ()’
which is less than % for all ¢ > 3. This finishes the proof. 0l

I here show two examples where R, is better than R;.

Example 11.11. If ¢ = 81, we have for 0 < § =0.008 < (¢ —2)/(2(¢ — 1)) that
1
Ry =1-26— —— =0.9715.
qg—1
Since 0 < 2loge(1/q — 1) — §(q — 1)H2(26)log,(2) < 2/(,/q + 1), we have hq(2loge(,/q — 1) —
5(q — 1)H3(20)log,(2)) = 0.1532, which gives us

1 1 qg—1
In comparison, we have Rgy = 0.9814.

Example 11.12. If ¢ = 1024, we have for 0 < § = 0.00086 < (¢ —2)/(2(¢ — 1)) that
1
Ri=1-20 — —— =0.99730.
q—1
Since 0 < 2logq(\/q — 1) — %(q — 1)H3(20)log,(2) < 2/(/q + 1), we have hy(2log,(\/q — 1) —
%(q — 1)H3(26) log,(2)) = 0.047439, which gives us

1 1 -1

In comparison, we have Rgy = 0.99814.
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11.2 A Possible Second Improvement

The idea of the previous section was to use Chaoping Xing’s ideas of improving the bounds of
Goppa codes by using good divisors and an upper bound for Ny ,,. The tools of Xing’s article
[15] from 2001 were also used in [18] from 2005. As mentioned in Section 4.3, the difference
between the two articles is that the 2005-article finds a better bound for the number N,
This bound is so good that it is valid for all values of §, whereas the 2001-bound is only valid
for two small intervals of 4.

It should be expected that a similar improvement could be made for the bound we found
in the previous section. I will here give a sketch of how the improvement can—possibly—be
made.

The main proposition of the construction is still Proposition 11.4. Let X be a nonsingular
projective curve and let notations be the same as in the previous section. We need to find
a good upper bound for Ny ,,. Let M., := Nitm m and let S be a set of s closed points of

degree 2. Define 27 to be the set of all effective divisors of degree I, and let ,Qfl(s) be the set of
effective divisors of degree [ with support disjoint from S. Furthermore, for [ even, let & be
the set of all closed points of degree 2, and define 27 () to be all effective divisors D such that

D <> pc» Panddeg(D) = I. Forlanonnegative integer, m a nonnegative even integer, and
0<i<1/21et Mimi={H~+D|D € Api2(P), HE o_s;, Supp(H)N (L — Supp(D)) =
0}. Tt then follows that ), ; N M m; =0 for 0 <i < j <1/2. Tt follows that

li/2]

Ml,m = Z Ml,m,i-

=0
Furthermore, if we let Al(s) = \szl(s)| and 7 be the number of closed points of degree 2 over F,
on X, then we have

T (r—m/2-3)
s = (5, A
(s)

The first thing we need to do is to find an estimate for A;” for general [ and s. This can be
done by defining the s-zeta-function for points of degree 2. Define

e}

ZE)(X,T) = ZA

From Section 5.1, we have that

Z(X,T) = exp (Z ‘X(Z)‘T>

=1

It then follows that

> |X(Fi)| —2s .
ZO)(X,T) = exp (yX(Fq)yT+ > WT) .
(3
=2

Taking natural logarithms on both sides, rearranging, and then removing the logarithms again,
it can easily be shown that

ZED(X,T) = Z(X,T)(1 — T)*e>T,
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The rest of the calculations are pretty much the same as in Xing’s 2005-article, except that
we sometimes must choose upper or lower bounds where the sums are otherwise difficult to
find. It should however be possible to find an improvement of R4 with this method.
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