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Introduction

In topological spaces, a double loop space is the space of based maps from the two-sphere
into a space with basepoint. If we identify all the points in the equator of a two-sphere
we get a wedge of two two-spheres. We can use this to define a multiplication on a double
loop space, making it a commutative monoid in the homotopy category. Given a double
loop space, we would like to find a commutative monoid that is weakly equivalent to the
double loop space. This is not always possible.

For infinite loop spaces the situation is similar. They are homotopy commutative
monoids, but not necessarily weakly equivalent to a commutative monoid. In [SS11],
Sagave and Schlichtkrull construct the symmetric monoidal diagram category S of Z-
spaces, which is Quillen equivalent to topological spaces. In this category every connected
FE.-space, that is, a connected space with structure corresponding to that of an infinite
loop space, is weakly equivalent to a commutative monoid. There is also a chain of Quillen
equivalences from the category of commutative monoids in S to the category of infinite
loop spaces in topological spaces. This means that every infinite loop space can be repre-
sented by a commutative monoid in SZ.

In this thesis we construct a braided monoidal diagram category S® which is Quillen
equivalent to the category of simplicial sets, §. The induced equivalence on homotopy
categories maps a commutative monoid in S® to a space that is weakly equivalent to a
double loop space, if it is connected.

This thesis is organized as follows.

In Chapter 1 we recall some definitions and results about braid groups and braided
monoidal categories.

In Chapter 2 we define the category B of injective braids. We give a topological
definition of the injective braids inspired by the topological definition of the braid groups.
Finally we define a braided strict monoidal structure on ‘B.

We begin Chapter 3 with some examples of B-spaces, i.e. objects in S®. Then we show
in general that if A is a small braided monoidal category, the diagram category S* inherits
a braided monoidal structure. The monoidal product of two objects is defined as a left Kan
extension. We use the functoriality of the left Kan extension, proved in the appendix, to
define the rest of the structure and prove that this is in fact a braided monoidal structure.
In the last section of Chapter 3 we give S® a projective model structure. Here a morphism



is a weak equivalence if the induced map on homotopy colimits is a weak equivalence. With
this model structure the adjunction, colimg: S® = S : const, is a Quillen equivalence.

In Chapter 4 we follow [Fie] in defining the concept of braided operads. A braided
operad is a sequence of spaces with the same structure as an operad, except that there
is an action of the braid groups instead of the symmetric groups. A B, operad is a
braided operad where each space is contractible and the action of the braid groups are
free. We construct a braided operad such that the associated monad is the same as the
monad associated to the little rectangles operad. This implies that a connected B.,-space
is weakly equivalent to a double loop space. We also construct a braided analog of the
Barratt-Eccles operad and show that it acts on the nerve of a braided strict monoidal
category. All of this can be found in [Fie], but in this reference there are few details in
the definitions and constructions and no details in the proofs of the results. Therefore we
construct and prove everything carefully here. Then we show that the braided analog of
the Barratt-Eccles operad acts on the homotopy colimit of a commutative monoid.

In Chapter 5 we show that the two B-spaces X* and M A,, constructed in Chapter
3, are in fact commutative monoids. Then we show that taking homotopy colimits yields
spaces that are weakly equivalent to Q232X and N A respectively. In the latter case we
construct a chain of weak equivalences where each map is a morphism of N B-spaces. In
conclusion we have represented the Bs-spaces 9?X2X and N A as commutative B-space
monoids.

The Appendix A is devoted to studying the functoriality of the left Kan extension.



Chapter 1

Preliminaries

1.1 Braid groups
In this section we define the braid groups, and review some results about these from Section
1 in [Bir74].
Definition 1.1.1 (Page 5 in [Bir74] ). Let
FouR? ={(21,...20) |z € R® and z; # z; if i # j fori =1,...,n},

we call the fundamental group 7 (Fp ,, ((1,0), ..., (n,0))) the pure braid group on n strings,
denoted by P,.
Let
BOVnRQ = F(),nRQ/(Zl, c. Zn) ~ (Zo.—l(l), .. Za—l(n))

for any permutation o of the set {1,...,n}. We define the braid group on n strings, B,, to
be the fundamental group m(Bo ., [(1,0),...,(n,0)]).

Remark 1.1.2 (Geometric interpretation of braids, page 5-6 in [Bir74]). Any element in
m1(Bon, [(1,0),...,(n,0)]) is represented by a loop

f:(0,1],0,1) = (Bon, [(1,0),...,(n,0)])
which lifts uniquely to a path

f:([0,1],0,1) = (Fon, [(1,0),...,(n,0)]).

If f(t) = (fi(t),..., fu(t)) for 0 <t < 1, then each of the coordinate functions f; defines
an arc

a; = {(fi(1),1) [0 <t <1}
in R? x [0,1]. Since f(¢) is in Fy,R?, fi(t) # f;(t) if i # j, and so the arcs ay,...a, are
disjoint. Their union a = a; U---Ua, is called a geometric braid. The arc a; is called the
1th string in the braid.
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From this geometric interpretation we can illustrate braids by picture like these:

' l N

Proposition 1.1.3 (Proposition 1.1 in [Bir74]). The natural projection

J

T
XX

Fo.R* — By, R?

1 a reqular covering map. The group of covering transformations is the symmetric group
Y, on n letters. Therefore we get a short exact sequence

P, B, 2y

Proposition 1.1.4 (Theorem 1.8 in [Bir74]). The braid group B, admits a presentation
with generators (1, ...,(,—1 and defining relations

GG = GG ifli—jl>2, 1<i,j<n-—1
GiGir1G = Git1GiGit 1<i1<n—-2.

In the geometric interpretation, Remark 1.1.2, the generators yield pictures like these:

Gi Gt

We say that ¢; braids the ith string over string i + 1, and ¢; * braids the 4th string under
string ¢« + 1. An illustration of the first type of relation in Propostion 1.1.4:

AR RN

(3C1 ¢1¢3

An illustration of the second type of relation in Propostion 1.1.4:
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Cl C2 Cl CZ Cl <2

1.2 Braided monoidal categories

Here we state the definition of a braided monoidal category and other related definitons
for easy reference.

Definition 1.2.1 (From Section 1 in [JS93] ). A monoidal category, (A, ®,1,a,l,r), con-
sists of a category A together with a functor &: A x A — A, called the monoidal product,
an object I, called the unit object, and natural isomorphisms

a=a.pc: (@Bb)Bc—ad (b o),

l=1,: I ®a—a, r=ry,: adl —a

called the associativity, left unit and right unit constraints respectively, such that, for all
objects a, b, ¢,d in A, the following two diagrams commute:

(a®(bdc)dd—>a® ((bDc)Dd) (1.1)

((a@b)@c)dd id®a

(a®b)®(cdd) —>ad (LD (cdd))

(adI)Ddb 2 a® (I®b) (1.2)
a®b
A monoidal category is called strict when all the constraints a, | and r are idetity

morphisms.

We sometimes write: “Let A be a monoidal category”, then the rest of the structure is
implicit.
Definition 1.2.2 (From Section 1 in [JS93] ). Let (A, ®,I,a,l,r) and (A", &', I',a',I', )
be monoidal categories. A lax/strong/strict monoidal functor (F,g,d) from the former
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monoidal category to the latter consists of a functor F': A — A’, a family of natural
morphisms/isomorphisms/identity morphisms:

ap: Fla)® F(b) = F(a®b),

and a morphism/isomorphism/identity morphism ¢: I" — F(I), such that the following
diagrams commute:

(#(b) (1.3)
ido’ v
(Fla) & F (1)) / \ ) F(b® o)
Lp@’idl Lso
Fla®b) @ @ (bdc))
\ /
Fla)®'I' F(a) I'® Fl(a) Fl(a) (1.4)
id@’ﬁj TF(r) ﬂ@’idj TF(I)
Fla)® F(I) 2= F(a® 1) F(I)® F(a) 2= F(I @a).

Definition 1.2.3 (Definitions 2.1 and 2.2 in [JS93] ). A braided monoidal category,
(A, @, 1,a,l,rb), consists of a monoidal category (A, @, I,a,l,r) and a family of natural
isomorphisms

b=byp: a®b—=bDa

in A, called the braiding, such that the two following diagrams commute:

_ Geaec—-teGag (15)
e e

\ ©(b®c)— (b@c) /

» @ (c®b) 2> (a® (1.6)

\ /

(a©b)@c—>c®(adD)
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A braided strict monoidal category is a braided monoidal category such that the
moinidal structure is strict.

Definition 1.2.4 (Definitions 2.1 and 2.2 in [JS93] ). A symmetric monoidal category is
a braided monoidal category (A, ®, I, a,l,r,b) such that

bb,a o ba,b =id
for all a,b € A.

Definition 1.2.5 (Definition 2.3 in [JS93] ). A lax/strong/strict monoidal functor
(F7 g07 19) : <A7 697 '[’ a7 |7 r7 b) % (‘A,7 @,7 ],7 a,7 |,7 rl? b,)

between braided monoidal categories is called braided when the following diagram com-
mutes:
F(a)® F(b)¢—>F(a@b) (1.7)

b’l lF(b)
F(b) & F(a) =—F(b® a)
for all a,b in A.

Proposition 1.2.6 (Braided coherence). Let (A, ®,I,a,l, r,b) be a braided monoidal cat-
egory. Let X be an n-fold monoidal product of objects Xi,...,X, in A. Let X' be an
n-fold monoidal product of a permutation of the objects X4, ..., X,. Suppose we have two
morphisms fi, fa: X — X' where

fi=(deg, @id)o - o(id® g ©id)

fori=1,2 and some j; and js, where each g. is either a or b. Ignoring the associativity
morphisms, f; induces a braid & on n-strings. If & = & then fi = fs.

Proof. This is a direct consequence of Theorem 2 in Section XI.5 [ML98]. O

Lemma 1.2.7. Let (A, ®,1,a,l,r,b) be a braided monoidal category. For every object a
in A the equations
bI,a o ba,I =id ba,[ o bI,a =id

hold.
Proof. 1t is proved in Proposition 2.1 in [JS93] that lob, ; =r and rob;, = |. Combining

them yields rob;, ob, ; = r and since r is an isomorphism, the first equation follows. The
seqond equation follws from the first. ]
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Lemma 1.2.8. Let (A, ®,1,a,l,r) be a small braided strict monoidal category. Let the
braids &1, . ..,&n_1 be the generators for the braid group B,,, see Proposition 1.1.4. Given
an n-tuple (ay,...,a,) of objects in A, let & also denote the morphism

id@bai,aHl @ld a1@--~@ai@ai+1@~--69am%al@---®ai+1@ai@-~-®am.
Similarly let &' denote the morphism

ideb !

@i41,04

@ id: a1®--~@ai@ai+1@~--@am—>a1®---®ai+1@ai@-~-@am.

Let £ be a braid on m strings, write & as a product C, ---(; where each (; s either a
generator or the inverse of a generator. This induces a morphism

Cn...Cl: al@ ...... @am_)aq)(é.)_l(l)@...@ai(é)_l(m)_
This morphism only depends on & and not on how & is factored.

Proof. 1t is only the last statement that requires a proof, but this is a consequence of
braided coherence, see Lemma 1.2.6. O

Definition 1.2.9 (From Section VIL.3 in [ML98]). A monoid in a monoidal category
(A, @, 1,a,l,r) is an object a together with two arrows pu: a ® a — a and n: I — a such
that the diagrams

a@(a@a)%(a@a)@aﬂa@a (1.8)
id@ul Lu
a®a a a

[®a apa apI (1.9)

| r
a
are commutative.

A morphism of monoids f: (a,u,n) — (a/,1/,n) is a morphism f: a — o’ in A such
that
fou=po(fdf):a®a—d fon=n":1-=d.

Definition 1.2.10 (Commutative monoid). A commutative monoid in a braided commu-
tative category (A, @, I,a,l,r,b) is a monoid (a, i, n) such that

pobys=p: a®a— a.

We finish this section with two categorical definitions.
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Definition 1.2.11 (From Section I1.6 [ML98]). Given functors
T:£E—=C<+D:S

the comma category (1" | S) has as objects all triples (e, d, f) with e an object in &, d an
object in D and f: T'(e) — S(d) a morphism in C. The comma category has as morphism
(e,d, f) — (¢/,d', f') all pairs (k,h) of arrows k: e — ¢/, h: d — d' such that the diagram

fj lf’
S(h)

S(d) "L s

commutes. The composite of two composable morphisms (k, h) and (k’, h') is (k' ok, k' oh).

For an object ¢ in C, we can view ¢ as a functor from a category with a unique object
and only the identity morphism. Objects in (¢ | S) are then pairs (d, f), d € D and
f: ¢ — S(d). A morphims from (d, f) to (d', f') is a morphism h: d — d such that
S(h) o f = f'. Similarly we get the comma category (T | ¢).

Definition 1.2.12 (Example 1.4 in Chapter I [GJ99]). Let £ be a small category. The
nerve, N&, of £ is the simplicial set with
(NE), = {e, ELNE N LN | for composible morphisms f; in £}.
The simplicial structure maps are defined by
dileg = ...~ ep)=(eg— ... > €1 = ey — ... > eg) for 0 <i <k,

do(eg = ... = ex) = (e1 = ... = ep),
dp(eg = ... = ep) =(e0 = ... = €x_1)

and
sileg = ... = ep)=(eg—= ... 2 e,=€ — ... > e) for 0 <i<k.

A functor T': £ — D induce a simplicial set map on the nerves of the categories by

) T(fl) ) T(f2)\ T(fk)

N(Drleo ey 5. I ) = (T(e, T(es

s T(e).

It is easy to check that the nerve is a functor from the category of small categories to
simplicial sets.



Chapter 2

The category of injective braids ‘B

2.1 Injective braids

In this section we will define the concept of injective braids, and a category 8 where the

morphisms are the injective braids.
Very informally we can say that injective braids relates to injective functions the same

way as braids relates to permutations. Where braids can be illustrated by pictures like in
Figure 2.1, the pictures in Figure 2.2 illustrate injective braids.

/J \
8 9

Figure 2.1: Two braids with underlying permutation 1 — 2, 2 +— 1, 3 +— 3.
/7 J \?

Figure 2.2: Two injective braids with underlying injective map 1 — 3, 2+ 1, 3 — 4.

We can generalise the topological definition of the braid groups 1.1.1 to a definition of
injective braids. In this definition a braid on n strings is a homotopy class of an n-tuple of
paths in R? such that the endpoints of the paths is a permutation of the starting points,
and sucht that at any given time none of the paths intersect.

11
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Definition 2.1.1. Let m and n be integers greater than or equal to 0. For m > 0, an
injective braid « on m strings into n points is a homotopy class of an m-tuple (aq, ..., a,)
of paths

a;: I =101 — R?

in R?, satisfying the following: Each «; starts in (i,0) and ends in one of the points
{(1,0), ..., (n,0)}. We also require that a;(t) is not equal to o;(¢) when i # j for all ¢ in I.
Two m-tuples (v, ...,q,) and (5,...,,) are homotopic if there exists an m-tuple
of homotopies
H;: I xI—>R?

from o to f3;, fixing endpoints, such that H;(s,t) # H;(s,t) for i # j and all (s,t) in I x I.
It is easily seen that this is an equivalence relation.

For m = 0 we say that there is one, and only one, injective braid on 0 strings into n
points for each n > 0.

Note that the condition that o;(t) # «;(t) when ¢ # j implies that the «;’s have
different endpoints, so n is nessesarily greater than or equal to m for an injective braid on
m strings into n points. When m = n, the definition of an injective braid coincides with
the topological definition of a braid.

Definition 2.1.2. An injective braid a on m strings into n points defines an injective
map ®(«): {1,...,m} — {1,...,n} by choosing a representative (a, ..., a,,) and letting
®(a)(i) = prya;(1). This is well defined since the homotopies fix endpoints. When m is 0,
the map ®(«) is the inclusion of the empty set.

Definition 2.1.3. Let 8 be the category with objects the sets n = {1,...,n} for each
natural number n and 0 = (), and with morphisms from m to n the set of injective braids
on m strings into n points.

We compose a morphism a: k — m with a morphism 5: m — n by choosing repre-
sentatives (a,...,a) and (B, ..., Bm), and define the composite foa to be the homotopy
class of

(Baoa) 1) = @1, s Ba(ay k) = )

The product path Bg(a)@) - i is defined by

' { Bo@n(2t —1) te]

o~ O

3]
1]

It is easy to check that this is well defined. When k£ = 0, the composite § o « is the unique
injective braid on 0 strings into n points.

There is a unique morphism from 0 to each object in B, so 0 is an initial object in the
category. For n less than m there are no morphisms from m to n, and when n = m, the
set of endomorphisms of n is the braid group on n strings.
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Definition 2.1.4. We define categories B, ¥, Z and M with the same objects as B and
where

* B has braids as morphisms,
* 2 has permutations as morphisms,
* T has injective functions as morphisms and

* M has injective order preserving functions as morphisms.

We define a functor ®: B — Z by &®(m) = m and ®(«) the injective function defined
in Definition 2.1.2. This restricts to a functor B — X which we also denote by ®.

For an injective order preserving function p: m — n let (uq,..., 4n) be defined by
pi(t) = (4,0)(1 — ¢) + (u(é),0)t for 0 < ¢ < 1. Since p is order preserving, pu;(t) # p;(t)
for ¢ # j and for all ¢ in I. Therefore (1, ..., u,) represents an injective braid which

we denote Y(u). If v is an order preserving function from n to p it is easy to see that
T(v)oY(u) = Y(vopu). This together with T(m) = m determines a functor T: M — B.

Lemma 2.1.5. The funtors from the previous definition fit into the commutative diagram:

B < B (2.1)

oo

X ¢ I 2> M.
Proof. Follows directly from the definitions. O]

Lemma 2.1.6. Every morphism « in homg(m,n) has a unique decompostion as a pair
(i, ¢) where p € hompy(m,n) and ¢ € B, such that oo = Y (u) o C.

Proof. Let ji,...,jm be integers between 1 and m such that ®(a)(j1) < -+ < D(a)(Jm)-
It follows that u(i) = ®(«a)(j;), for i = 1,...,m, determines an injective order preserving

function from m to n.
We define paths f; fori =1,...,m by i;(t) = (u(i),0)(1 —t) + (¢,0)t for t € I. Choose

a representative (a,. .., a,) for a. Since the path fi;, starts in (u(j;),0) = a;(1) and ends
in (j;, 0) the homotopy class of (i, - 1, ..., fi;, - Q4) is & braid on m strings and we define
this to be (.

Each path fi;, is the reverse path of y1;, in the definition of Y (x). Hence it is clear that
T () o ¢, which is represented by (1), - fij, - 1, .-, [, - Bj - Qi) 1S equal to a.

The morphism g is uniquely determined by the numbers ®(«)(j;) and we see from the
construction that ¢ is then also uniquely determined. ]

Lemma 2.1.7. Given p in hompy(m,n) and & in B,, let p*(§) in B, and &(p) in
hom(m, n) be the uniquely determined morphisms such that the diagram

T (p)

ﬁ.n

m
u*(é)t 3

T(x (1))
m-——n
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15 commutative.
The morphism set homg(m,n) can be identified with homp(m,n) x B,,, and under
this identification composition is given by

(1,8) o (1, ¢) = (v o &ulp), p*(§) 0 ).

Proof. The identification homg(m,n) = hom(m,n) x B, follows from Lemma 2.1.6.
The equation

yields the composition rule. ]

2.2 A braided monoidal structure on ‘B

The purpose of this section is to define a braided strict monoidal structure on 8. By
restricting this structure, the category of braids B is also braided strict monoidal.
We start with a monoidal structure.

Definition 2.2.1 (A strict monoidal structure on B). We define the monoidal product

m @ n of two objects m and n to be the set {1,...,m +n}.
Before we proceed with the definition, we observe that for a morphism « from m to m’
there is always a representative (aq, ..., a,,) with

L<priog(t) <m(l—t)+m't+1

for all 7 and ¢, for an illustration see Firgure 2.3. We call such a representative a good
representative for a.

Given two morphisms a: m — m’ and 8: n — n’ we choose good representatives
(a,..., ) and (B, ..., 5,) for @ and 3 respectively. Let « @ f: m @& n — m' & n’ be
the homotopy class of (a, ..., am, 51, ..., ,,) where

Bi(t) = (m, 0)(1 — 1) + (m', 0)¢ + f;(t)

for 1 <j <n.

We have to check that this tuple satisfies the conditions in Definition 2.1.1. Each of
the paths 3} starts in (m + j,0) and ends in (m’,0) + 3;(1) so the requirements for the
endpoints are fulfilled. Since (aq,...,a,,) and (B, ..., 5,) represents injective braids we
know that

Bi(t) = (m, 0)(1 —t) + (m/,0)t + Bs(t) # (m,0)(1 — ) + (m',0)t + 3;(t) = B;(t)

for 1 <17 < j < n and for all £, similarly for the paths a;. What is left is to check that
a;i(t) # Bi(t) for 1 <i <m, 1 < j < n and for all ¢, but this follows from the inequality

pryc;(t) < (1 —t)m +tm’ + % < (L —=t)m+tm' + pr8;(t) = prlﬁ;(t).
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Hence (o, ..., am, B1, ..., Bl,) represents an injective braid.

If we have two good representatives (ai,...,al ) and (a?,...,a?%) of a morphism «,
then it is possible to choose a good homotopy between them. That is a tuple of homotopies
such that

2 <priHi(s,t) <m(l—t)+m't+3

for each of the homoptoies H;. Suppose we have good homotopies H: (ai,...,al) —

a?,...,a2)and G: (BL,...,BL) — (B2,...,32) between good representatives for o and
1 m 1 m 1 m

§ respectively. Then we can let H & G be the tuple (Hy,...,H,,G,,...,G)) where

. . . . . . / /
G’ is defined similarly to 8;. This will give a homotopy from (af,....al Bl ..., BL) to

(a2,...,a2,, 3, ..., 8%). This shows that o @ 3 is well defined.
It is clear that if we have morphisms a;: m; — m;; and §;: n; — n; 4 for ¢ = 1,2
then
(1 ® Br) o (g ® B2) = (a1 0 avp) @ (B 0 fa),

so we get a functor @: B x B — B which is the monoidal product.
The monoidal product is strictly associative,

ké(men)={1,....k+m+n}=(ke&m)dn
and this is natural in k, m and n. The object 0 is clearly a strict unit,
Oem={l,...,m} =m,

similarly m @ 0 = m, and this is natural in m.
When we have strict associativity and a strict unit, the associativity pentagon (1.1)
and the triangle for unit (1.2) automatically commute.

Figure 2.3: Good representatives.

5 1%
EaENAN

Figure 2.4: Illustration of the monoidal product of two morphisms.

Definition 2.2.2 (A strict monoidal structure on Z). We define the monoidal product
m @ n of two objects m and n to be the set {1,...,m +n}.
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Given two morphisms ¢: m — m’ and ¥: n — n’ define ¢ @ ) by

N (i) l<i<m
MMD(Z)—{ m 4+ d(i—m) m+1<i<m-+n.

As in Definition 2.2.1 we have strict associativity and 0 is a strict unit.

Lemma 2.2.3. The strict monoidal structure on B from Definition 2.2.1 restricts to B.
The strict monoidal structure on I from Definition 2.2.2 restricts to ¥ and M.
The functors in Diagram 2.1 are strict monoidal functors.

Proof. Everything follows easily from the definitions. ]

Lemma 2.2.4. Let a = (,() and 5 = (v,£) be morphisms in B, then

a®f= (0o W =rer(sl)
under the identification homg(m, n) = homy(m,n) x B,,.

Proof. The functoriality of the monoidal product implies that

a®f=(T(n)o()d (Y(¥)o&) = (T(w)&T()) e (&)

This is equal to (T(u @ v)) o (( @ &) since T is a strict monoidal functor, see the previous
lemma. O

We now turn to the braiding of the monoidal product on 8. Intuitively there are two
ways to define a braiding. For a product m@®n we can move the m strings over the n strings
while all the way keeping the order internally among the m and n strings respectively. Or
we could move the m strings under the n strings. We choose the first option, but the
second would work just as well.

i aR

Figure 2.5: Different representatives for the braiding 244 — 4 ¢ 2.

N,

The following definition only defines the isomorphisms for the braiding. The naturality
and the commutativity of the hexagon diagrams will be proven in subsequent results.
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Definition 2.2.5. For objects m and n in B we define the braiding by n: m®n - n®m
to be the homotopy class of

m,n m,n pm,n m,n
(B R pmn o pme

where the paths in the tuple are defined like this:

(i, —t) tel0,4]
b)) =< (i+2mt—%,—1) telry forl<i<m
(i+nt—1) te[31]
and
(m+j,t)  tel0,q]
bty () = (3 —2m+3,3) teli,3] forl1<j<n

It is easy to check that this tuple represents an injective braid.

Lemma 2.2.6. The braiding bmn s a braid on m + n strings, so we can write it as a
product of the generators of By, 1n. Two easy ways of doing this are:

bm,n = (Cn to <m+nf2Cm+nfl) e (CQ T CmCerl)(Cl T Cmflgm) (2'2)
bm,n - (Cn e CQCI) e (Cm+n—2 e CmCm—1>(Cm+n—1 e Cm—l—lCm) (23)

Proof. The first one moves each of the m strings one step to the right, starting with the
rightmost one, and then starts over agian until all the m strings has been moved over the
n strings. The second one moves string number m all the way to the right, and then moves
string m — 1 and so on. See Figure 2.5.

It is intuitively clear that any two ways of moving the m strings over the n string
while all the way keeping the order internally among the m strings and the n strings are
homotopic. ]

Lemma 2.2.7. The braiding is natural in m and n.

Proof. Given maps a: m — m’ and 8: n — n’ we have to show that

(B S¥) Oé) o bm,n = bmﬁn’ © (CE D B)

Let (a1,...,q,) and (B, ..., 0,) be good representatives for a and /3 respectively, as in
Definition 2.2.1, that in addition satiesfies

—i < pryey(t), pryf;(t) < %

fort1<i<mand1<j<n.
Then we can write up an explicit homotopy from

aj(t) - 0 () = ((n, 0)(1 — ) + (n', 0)t + ai(t)) - ;" (¢)
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t0 bigays) (1) - ci(t):

bt (2t) t €0, 5]
a;(2t+s—1)+((7,0) = 0;"™(1 — 5)) (2t + s — 2)
Hils.t) = O =) —a() @ s =) re [l 2]
Dty (2t — 1) te 2,1
for each 1 <i < m and an explicit homotopy from j3;(t) - by (t) to
D o)) (B) + By () = bl iy (8) - (m, 0)(1 = £) + (m, 0)t + B (£)) -
bR (2t) te 0,55
Hyo (1) — B;(2t + sm/—nll) +((5,0) = b1 = 8)) (2t + 5 — 2) o
" 7 "’(bm#@(m(j)(l —s) = Bi(1)(2 +s—1) te 3% 57
D e (2t — 1) te (%21

foreach 1 < j <n.
These homotopies gives a homotopy from the chosen representative of (8@ ) 0 by n to
the chosen representative of byy o 0 (a @ f3). [

Figure 2.6: An illustration of the naturality of the braiding.

Lemma 2.2.8. The hexagons, (1.5) and (1.6), for the braiding commute.

Proof. Since we have a strict monidal product the hexagonal diagrams reduce to triangles.
We show the commutativity of the first one

mokdn (2.4)

kémodn mondk

bk,m@n

by using the equation (2.2):

1 ©® bk,n o bk,m ©® 1= (<m+n e <k+m+n—2<k+m+n—1> et (<m+2 T Ck+m<k+m+1)
(Gt Cerm—1Chm) (G~ Cham—2Ckm—1) = (G2 ++ + CeCr1) (C1 - Cr—1Gr)

- bk,m@n-
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The commutativity of

k&ndm (2.5)
kéma®n Pemn n®k®m

is just as easy, using the equation (2.3):

bun P10l @ bmn = (G- G) -+ (Chrn—2 - CuCho1)(Chtn—1 - CGt1Ck)
(Cotn ot 2Cog1)  * (Crgman—2 * CGopmCrm—1) (Cotman—1  * * Cotmt1Chtm)

M B

Figure 2.7: An illustration of the two hexagons commuting.

- bk@m,n-

]

We have now completed the proof of:

Proposition 2.2.9. B is a braided strict monoidal category with the monoidal product
from Definition 2.2.1 and the braiding from Definition 2.2.5.

Proposition 2.2.10. For objects m and n in I we define the symmetry isomorphism
Cmpn: M@&N - ndm by

) n+i forl<i<m
mn(l) =13 . _
’ 1—m  form+1<i<m+n.
This determines a symmetric strict monoidal structure on Z.

Proof. Let ¢: m — m’ and ¢: n — n’ be morphisms in Z. Direct verification shows that
Cm' © (@B 1Y) = (Y B P) 0 cmn. The left side evaluated at i is:

w(@i) = wl4el)  1<i<m
(M + (i —m)) = m'+¢iEi—m)—m' m+1<i<m+n,

which is the same as the right side evaluated at i:

{(¢@¢)(n+i) = n4+on+i—n) 1<i<m
W@)(i—m) = V(i —m) m+1<i<m+n.
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Similary direct computation shows that ¢y m © ¢mpn = idmaen S0 that c is indeed sym-
metric. For a symmetric structure it is enough to show that Hexagon 1.5 commutes. Since
we have a strict monoidal structure this diagram reduces to a triangle like Diagram 2.4,
with the 0’s replaced by the corresponding ¢’s. The computation

(idm @ ckn)(m+1) 1<i<k
(idm @ ckn) © (Ckm @ idn) (1) = ¢ ([dm B cxn)(i—k) E+1<i<k+m
(idm @ cxn)(7) E+m+1<i<k+m+n

n+m+i 1<i<k
= 1 —k Ek+1<i<k+m = Ckman ().
i1—k k+m+1<i<k+m+n

shows that this commutes. O

Recall from the definition of symmetric monoidal category 1.2.1 that a symmetric struc-
ture is also a braided structure. So the last statement in the following lemma makes sense.

Lemma 2.2.11. The braided strict monoidal structure on B restricts to B. The symmetric
strict monoidal structure on I restricts to 2.
The functors in the square part of Diagram 2.1 are braided strict monotidal functors.

Proof. Everything follows easily from the definitions. O

Note that the symmetric structure on Z does not restrict to M since the symmetry
morphisms are not order preserving.



Chapter 3

Diagram spaces

3.1 Examples of B-spaces

Definition 3.1.1. A B-space is a functor from B to the category of simplicial sets, which
we denote by S.

Example 3.1.2 (Free B-spaces). For every m in 98, and every simplicial set K, we can
construct a free B-space Fi,(K) as follows:

Fn(K)(n) = homg(m,n) x K,

and for a morphism «: n — p we define Fi,,(K)(«) to be postcomposition by «.
Note that the functor Fo(K) is a constant B-space in the sense that Fo(K)(n) = K
and Fo(K)(a) = idk for every object n and every morphism « in 98 respectively.

Recall that the category Z is the category with the same objects as 8 and with injective
functions as morphism. An Z-space determines a B-space by precomposition with the
functor ® from B to Z defined in Definition 2.1.4. We give a couple of examples of Z-
spaces.

Example 3.1.3 (Z-space). Let X be a based simplicial set, with base point *. For a
morphism ¢: m — n in Z we define a function X? from X*™ to X*" by

Xf(&?l, e ,LEm) = (37¢—1(1)7 e ,$¢—1(n))
in degree s, where x4-1(;) = * if 7 is not in the image of ¢. It is easily seen that X wod —
X% 0 X? and Xm is obviously the identity on X*™, so we get a functor X*: Z — S with
XM= Xxm
Definition 3.1.4. Given an injective function ¢ from m to n we can extend it to a
permutation of n points in several ways, but an obvious choice would be to let it be order

preserving in the n — m last points. To be precise, let j,, 11 < --- < j, be the elements in
the complement of the image of ¢. We define a permutation ¢4 by

N o) 1<i<m
%(Z)_{ ji m+1<i<n.

21
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Lemma 3.1.5. If two permutations o, o' in ¥, have the property that o(i) = o'(i) for
1 <i<m for somem <n then

oo (w®didym)oo ' =0"0(wdidym)oo’ "

for any w € X,,.

Proof. The stated property is equivalent to o’ = o o (idy, @ 7) for some 7 € %,,_,,,. Substi-
tuting o o (idy, @ 7) for ¢’ in the above equation yields the result. O

Example 3.1.6 (Z-space). Let %, denote the group of permutaions of the elements in
the set m, that is 3,, = hom;(m, m). We define a functor NX,: Z — S on an object m
to be the nerve, see Definition 1.2.12, of the group >,,. An injective function ¢: m — n
determines a group homomorphism »,, — X, by

0+ Gy 0 (0 ®idp_m) 0 g(;l,

where ¢, is the permutation defined in the previous definition. This group homomorphism
induces a simplicial set map on the nerves of the groups.
If we have injective functions ¢: m — n and ¥: n — p, then the equation

S © (Sp @ idp_n) (1) = Spog (i)
holds for 1 <7 < m so by the previous lemma
w0 (G Bidpn) 0 (0 @idpm) 0 (5" Bidpn) 0" = Guop 0 (0 B idp-m) 0 0y
for any o € X,,,. This proves the functoriality.

Definition 3.1.7. Let ¢, ., denote the injective braid 0 — n — m. Given an injective
braid o from m to n, let {, be a braid on n strings, such that ®(S,) = Sa(a), and such that
S 0 (idm P tn—m) = « . Informally the latter condition says that if we take away the n —m
last strings from ¢, we get a. We say that any such ¢, extends the injective braid « to a
braid. See Figure 3.1.

Figure 3.1: Two extensions of an injective braid to a braid.
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Remark 3.1.8. There is not an analogous of Lemma 3.1.5 for braids. One could still try to
get the equation

S0 (Sa ®idp—n) o (( B idp—m) o e idp-n)© 66_1 = $goa © (( B idp_m) © 6B_oloé

for braids ¢,, ¢g and {go, extending injective braids «, 8 and 8 o a respectively.

We would then have to braid the extensions in a consistent manner. We could try by
letting all the new strings lie under the strings from the injective braid, and let it be order
preserving on the new strings, see the middle braid in Figure 3.1.

This does not work. The illustration shows, from left to right, the injective braids
a:2—3,0:3—3and foa: 2 — 3:

N I X 1.

We map a braid ¢: 2 — 2 first to ¢, o (( ®idz_2) o<, ', and then on to

G50 (S, ®idg_g) 0 (C @ ids_g) 0 (&' @ids_g) 0G5t

Then we map the same braid, ¢, to $goq 0 (( @ id3_2) 0 65_0106:

SRS

We see that the two results are not equal.

No matter how we extend a we can always find a  such that the results are differ-
ent. Therefore there is no B-space analog of Example 3.1.6 with the permutation groups
replaced by the braid groups.

Example 3.1.9. Let A be a small braided strict monoidal category, with unit I. For n € B
we define categories A, where Ay is the category with one object and one morphism. For
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n > 0 we construct A,, in the following way: The objects are n-tuples of objects in A, and
the set of morphisms from (ay,...,a,) to (by,...,b,) is

homA(al@---GBan,bl@"'@bn)-

We want to define a functor A, from B to the category of small categories that is A,
on objects. For a morphism « in homg(m, n) we have to define a functor A,: Ay, — Aj.
On an object (CLl, c. ,am) we let it be (aq,(a)—l(l), . ,aq,(a)—1(n)) € An, where an(a)—l(i) =1
if 7 is not in the image of ®(a).

Extend a to a braid ¢, as in Definition 3.1.7. We use the braiding in A to define the
map

fa: a1®---®am@f@---@[—>aq,(a)_l(l)@---@aq,(a)_l(n)
braided the same way as ¢,, see Lemma 1.2.8.
For a morphism f: a1 ® -+ ®a,, = by B+ B by, in Ay, we set A, (f) to

Apa)-11) D+ D Ad(a)y-1(n) > a1 D DAy BID DI
@ Obn @I &I b1 B B boa)-1(n),

for an illustration see Figure 3.2. Since
Golg@id)od, oduo (f@id) ot =Cuo(gf ®id)o T,

for any two composable morphisms f and ¢ in A, and identity morphisms are clearly
preserved, it follows that A, is a functor.

It remains to prove that A, is a functor. Suppose we have «: m — n and 5: n — p,
we must show that Az o A, = Ag.,. This is easily seen to hold on objects. Let f be a
morphism in A,,, we have

As(Aa(f)) =S o (G @idpn) o (f ®idp-m) 0 (G @idpn) 0 6[3_1
and
Agoa(f) = Sgoa © (f ®idp-m) 0 Sop
Let tx be the injective braid 0 — k for k in 8, then
S50 (o @ idp-n) © (idm @ tp-m) = g0 (@ D tp-n) = f 0@ = Goq © (idm S tp-m),

we will show in Lemma 3.1.10 that this implies that Az o A, = Apo,. Hence A, is a
functor.

Finally we get a B-space, V' A,, by composing A, with the nerve functor, see Definition
1.2.12.
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a; ®Ida;

bz $ 1@ by

Figure 3.2: A,(f)

Lemma 3.1.10. Let (ay,...,am,¢,...,c) and (by,..., by, ¢, ..., c) be two n-tuples of ob-
jgects in a small braided strict monoidal category (A, ®,1,a,l,r), such that

_ k-1 _ k-1
b(li,C - bc,ai and bbzvc - bc,bi

for 1 < i < m. In particular this holds if ¢ is the unit I, see Lemma 1.2.7, or if A is
symmetric, see Definition 1.2.4.

Let ty_m denote the injective braid 0 — n —m. Let & and &' be two elements in B,
such that

€0 (idm @ tn-m) =& 0 (idm D tn-m)-

We call this injective braid . Informally & and &' becomes equal if we remove the n —m
last strings. Then for any map f: a1 @ --- D ay — by B -+ - D by, the two maps

& foid
Aa(a)-1(1) B - D Aa(a)-1(n) o mO S BcO--De o

by®d--- @b, DPcd---Dc ?) bq)(a)—l(l) PP b@(a)—l(n) (31)

are equal. Here ag(a)-13) = ba(a)-1) = ¢ if © 1s not in the image of a.

Proof. Write £ as a product (, - - - (; where each (; is either a generator or the inverse of a
generator. The last map in 3.1, £ factors as (id @ (, ®id) o---o (id B ¢ D id).

If ¢; braids c over b; or if ¢; braids b; under ¢ for some j, then replace ¢; with ¢, ! This
yields a new braid é , but the maps

EE DD Dby ®cD D — ba@)y-1) D+ B ba(a)-1(n)
are equal since the two maps
Ci,Ci_li c@bj—>bj®c

are the same by assumption. And the same holds if we replace the b’s by a’s.
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Let p be braid on n —m strings such that when we only consider the n —m last strings
in € o (idy @ p) it is orderpreserving with no braiding.

Repeat this procedure with & to obtain &0 (idym@p'). Now £o(idm@p) and & o (idm @ p')
are equal on the m first strings, on the n —m last strings both are order preserving without
braiding. And in both cases the n —m last strings will lie under the m first strings, hence
they are the same braid. We have

o (idm@p)o(f@id)o(fo(idm@p) =Eo(f@(pop ™)) ol =¢Co(f@id)ot™
and similarly

£ o (idm®p) o (f@id) o (fo (idm @ p)) " =& o (f@id) 0.
Since € o (idm @ p) = £ o (idm @ p') it follows that o (f @id) o™ = o (f@id) o™ . O

Example 3.1.11. Let A be a small braided strict monoidal category, with unit 7, and S
be a subset of the objects of A, containing I. We can generalise the previous example by
constructing a B-space N'AJ in the same way as we constructed N A,, with one difference:
The objects in A3 are n-tuples of objects in S.

It does also make sense to define N A3 for a category A which is not small, when S is
a set of objects in A.

Note that S does not not need to be closed under the monoidal product. If it is, then
NS, = NAZ, where S is the full subcategory of A generated by S.

Example 3.1.12 (Z-space). When C is a small symmetric strict monoidal category, the
functor NC,: B — S factors through Z.

For the B-space N' A, we used the unit I to define A, (ay, ..., a,) so that Lemma 3.1.10
would give Ag(An(f)) = Apoa(f). In the symmetric case this is no longer necessary. For
any object ¢ € C let .Cyy = Cyy for m € C. For an injective function ¢: m — n let

CC¢<01, ce ,Cm) = (C¢—1(1), e ,C¢—1(n)),

where cy-1(;y = c if 7 is not in the image of ¢, and let .Cy(f) =<0 (f @ idn-m) © g(;l for f
in .Cm. Now Lemma 3.1.10 implies the functoriality of .C; by a similar argument to that
in Example 3.1.9.

Composing with the nerve functor we get an Z-space N .C,. If S is a subset of the
objects in C, including ¢, we get a Z-space N.CS in the same way as we got the B-space
in Example 3.1.11.

Remark 3.1.13. The category lIf;ll} has one object, the m-tuple (1,...,1), and morphisms
homz(m,m) = %,,, so N 1L{nl Vs isomorpic to N'Xy,. This isomorphism is natural in m,
so the two Z-spaces N/ lI;{l} and N'X, isomorphic.

This highlights that the reason why we can not define a B-space version of 'Y, with
the braid groups, is the same reason as why there are objects a such that we can not use
any object a instead of I to define A, (aq,...,an).
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Remark 3.1.14. Let a = (i, ¢): m — n be an injective braid. For a morphism f in A,
the morphism
Sa o (f @idn-m)o 6071

is equal to

Cofol™ ap)11) @ @ o)1 (m) = Do -1(1) B -+ D ba(0)-1(m);

since A is a strict monoidal category, so we could have defined A, (f) in this way. Functo-
riality of A, would then have been easier to show, but this approach relies heavily on the
fact that [ is the unit for the monoidal product. It would obscure the role I plays in the
definition of N' A, and the connection to N .C, would then at best be harder to see.

3.2 A braided monoidal structure on diagram spaces

In this section A4 denotes a small monoidal category (A, @, I,a,l,r). We denote by S is
the category of simplicial sets. This is a symmetrict monoidal category with the categorial
product as the monoidal product and the terminal simplicial set * as unit. The goal is
to show how we get a braided monoidal structure on the category of A-spaces. We will
achieve this by using the functoriality of the left Kan extension, see Appendix A.

Definition 3.2.1. Let S* denote the category with objects the functors from A to S and
with natural transformations as morphisms. The objects in S* are also called A-spaces.
For two A-spaces X and Y let

XxY: AxA—S

be the functor defined by (X xY') (a1, a2) = X(a1)xY (a2) and (X xY)(f,9) = X(f)xY(g).
We now define the functor X which will be the monoidal product in S*.

Definition 3.2.2 (Monoidal product). We define the functor X: S4 x SA — S4 on an
object (X,Y) as the left Kan extension of X x Y along @, the monoidal product in .A.
By Corollary 2 in [ML98, Section X.3] this Kan extension always exists because S has all
colimits and A is small. The same section shows that we can write the left Kan extension
as a pointwise colimit, in this case we get:

XXY(a)= alcg(lérgaX(al) X Y(as).

A morphism (), ¢): (X,Y) — (X', Y') in S x S consists of two natural transforma-
tions A\: X — X’ and ¢: Y — Y, so we get a natural transformation A x ¢: X xY —
X' xY'. By the functoriality of the left Kan extension, see Theorem A.0.4, we get a natural
transformation AK ¢: X KXY — X’'KY’. See Diagram (3.2).

This preserves identity morphisms and composition, again by the functoriality of the
left Kan extension, so X is indeed a functor.



CHAPTER 3. DIAGRAM SPACES 28

X
XxY
Xqﬁ X A
:
X'RKY’

Lemma 3.2.3. Suppose we have functors X1, Xo: A — S and that (Xy,e) is the left Kan
extension of Vi: A — S along Wy: Ay — A and that (X, €?) is the left Kan extension
of Vo Ay — S along Wy: Ay — A.

(3.2)

/

b

A — g A, — 2 Y
%lé> Wlé>

X1 X2
S S

Let (Lang (X, x X3),0) be the left Kan extension of X1 x Xy along ®: Ax A — A. Let
(Lanw, aw, (Vi X V5), 1) be the left Kan extension of Vi x Va along

Wl(—) (&) WQ(—>Z ./41 X ./42 — .A

M W- Wa(—
Ax A—2= 4 Ay 5 Ay W) »
XlxXgl lze/ VIXVQl ‘é/
Lan@(Xl XXQ) Lanvvl@vv2 (V1><V2)
S S

Then Lang (X x Xs) is isomorphic to Lany,qw, (Vi x V3).
Proof. The functor Lanw,gw, (Vi x V2) equals Langew, xwy) (Vi x V2). By Lemma A.0.6
Langow, xwy) (Vi X V2) & Lang (Lanw, xw, (Vi X V2))
and by Lemma A.0.7
Lang (Lanyy, xw, (V1 x V2)) = Lang (Lany, Vi x Lany, Va),
which is equal to Lang(X; x X5). O

Definition 3.2.4 (Associativity constraint). We want to define the associativity contraint
for the monoidal structure on SA. First we note that Lemma 3.2.3 implies that (XXY)XZ
is naturally isomorphic to the left Kan extension of (X x Y) x Z along (— @& —) & —.
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Similarly XX (Y X 7Z) is naturally isomorphic to the left Kan extension of X x (Y x Z) along
—®(—®—). Then by Theorem A.0.4 the natural isomorphisms (X xY)x Z =2 X x (Y x Z)

anda!: —@®(—®—) = (—®—)® — induce an isomorphism
@ (XRY)RZ S XK(YRZ)
that is natural in X, Y and Z.

Ax Ax ALZED07

A

(XxY)xZ 0
| i %x T\A

S

YxZ

)

Lemma 3.2.5. The associativity pentagon (1.1) for ¥ commutes for all A-spaces W, XY
and Z.

Proof. The morphism ayw x ymzoawsx,y,z is the left Kan extension functor of the composite
of the morphisms:

4((69)@

s j§ /@J @(@\)
Ml 2L

\ 4~
Wx (X x(RxZ))
S

in the left Kan category. The morphism (id M axy.z) o aw, xmy,z © (aw,x,y Xid) is the left
Kan extension functor of the composite of the morphisms:

(WxX)x

e (—e-)o—-)o— A
(WxX)xY)xZ \(a@d)_/l’ \
S \A4 (—o(-e-))o— A
<Wx(XXg<z \ 3_1 \
S \A4 -&((-e—)8-) A
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in the left Kan category.

The natural transformations in the parallellograms to the right are the associativity
constraints for the monoidal product & in A. Since the associativity pentagon commutes
in A, the the parallellograms to the right compose to the same thing in the upper and lower
route respectively. Similarly the parallellograms to the left in the two diagrams compose
to the same thing in the upper and lower route respectively, since S is a monidal category.
So evaluating the left Kan extension functor on the two diagrams gives the same result
and the pentagon commutes. O

Definition 3.2.6 (Unit). Let U be the functor A — S with U(a) = homy(/,a) x * and
U(f) defined by postcomposition, for objects a and morphisms f in A.

Remark 3.2.7. Let x(—) denote the constant A-space taking all objects to *. Let I(—)
denote the constant functor A — A sending every object in A to I. It is then easy to
check that U is the left Kan extension of x: A — S along I: A — A.

The A-space U will be the unit for the monoidal structure on S*.
Definition 3.2.8 (Unit constraints). For a A-space X the product U X X is isomorphic
to the left Kan extension of *(—) x X along I(—) & — by Remark 3.2.7 and Lemma 3.2.3.
Using the left unit constraints in A4 and S we get isomorphisms *(a;) x X (az) = X (az)
and as = I(a1)®as that are natural in a; and ay. Theorem A.0.4 then gives an isomorphism

[: UKX — X that is natural in X. We let this be the left unit constraint. We get a right
unit constraint tv: X XU — X similarly.

Lemma 3.2.9. The triangle for unit (1.2) commutes for all A-spaces X and Y .

Proof. The proof is similar to the proof of Lemma 3.2.5 using that the triangle for unit
commutes in the monoidal categories A and S. [

We have now completed the proof of the following proposition.

Proposition 3.2.10. If A is a small monoidal category, the definitions in this section
define a monoidal structure on S™.

For the rest of this section let A be a small braided monoidal category (A, ®, I,a,l,r,b).
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Definition 3.2.11 (Braiding). The braidings in A and S give isomorphisms by, 4,: a1 @
as = ay ®ay and X (ay) x Y(az) = Y(as) x X(a;) that are natural in a; and a. Theorem
A.0.4 then provides an isomorphism bxy: X XY = Y X X that is natural in X and Y.
We let this be the braiding of the monoidal product.

Ax A—". A
Xij \tWit\; ﬂb\
SN\ AxA—5 Sy
leX
S

Lemma 3.2.12. The hezagons for the braiding (1.5) and (1.6) commute for all A-spaces
XY and Z.

Proof. We show that Diagram (1.5) commutes, the commutativity of the other hexagon is
proven similarly.

The morphism (idX by ) o ay x z o (bxy Xid) is the left Kan extension functor of the
composite of the morphisms:

—&-)o—
(XxY)x twist X 1d
l /b;eid) \

AB

g
S N\ A A
~&(-0-)
Y%\XX)
S

in the left Kan category. The morphism ay z x o bx yxz o axy,z is the left Kan extension



CHAPTER 3. DIAGRAM SPACES 32

functor of the composite of the morphisms:

A3 A
,@,)@,
(X><Y)><Zl \ /1 \
S X\ A A

in the left Kan category.

The parallellograms to the right in the two diagrams compose to the same thing in the
upper and lower route respectively, since A is a braided monidal category. The parallel-
lograms to the left in the two diagrams compose to the same thing in the upper and lower
route respectively, since S is a symmetric monidal category. So evaluating the left Kan ex-
tension functor on the two diagrams gives the same result and the hexagon commutes. [J

Theorem 3.2.13. Let A be a small braided monoidal cartegory and let S be the cartegory
of simplicial sets. The definitions in this section defines a braided monoidal structure on
the category of A-spaces, SA. The monoidal product is closed, that is, there is a functor
Hom: (S4)P x SA — SA and a family of natural isomorphisms

homga(X K'Y, Z) = homga(X, Hom(Y, Z)).

The functor Hom s defined as the end:

Hom(Y, Z) = /  Mapg(V(0).Z(~ @ )

on A-spaces Y and Z.

Proof. The first claim is proven by the lemmas in this section. In the category of simplicial
set we have a famliy of natural isomorphisms:

homg(X(d) x Y(a), Z(d @ a)) = homg(X(d), Mapg(Y(a), Z(d ® a))).

Using this the second claim now follows from the universal properties of the Kan extension
and the end construction. ]

Corollary 3.2.14 (Corollary of the proof). If A is symmetric monoidal, the definitions
in this section gives a symmetric monoidal structure on S™.
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Proof. The only thing to check is that by x o bxy equals idxxy, so that the braiding for
the braided monoidal structure on S#, Theorem 3.2.13, is in fact a symmetry.

The morphism by x o bxy is the left Kan extension functor of the composite of the
morphisms:

in the left Kan category. The natural transformations in the parallellograms compose to
the identity, since A is symmetric monoidal. The parallellograms to the left compose to
the identity since § is symmetric monidal. So evaluating the left Kan extension functor
on the diagram gives the identity on X X Y. O

3.3 A model structure on S%

The goal of this section is to define a model structure on B-spaces and establish a Quillen
equivalence between this model category and the category of simplicial sets. This will be
analogous to parts of what is done in Section 6 [SS11].

Lemma 3.3.1. S® is a simplicial category with mapping space defined as the end
Mapgs(X.V) = [ Maps(X(n), Y (n)
neB

where Mapg is the function complex defined in Section 1.5 [GJ99]. The tensor is defined

by
(X®K)(n)=X(1n)x K

and cotensor defined by
X*(n) = Mapg (K, X (n))

for B-spaces X and Y and a simplicial set K.

This is easy to verify using the simplicial structure on simplicial sets, see [GJ99, page
84] and the universal property of the end construction.

Lemma 3.3.2. For every object m in B there is an adjuncction

F: S 8% Evy (3.3)
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where Evy, evaluates a B-space on m, and Fy,(K) is the free B-space defined by
F(K) =homg(m, —) x K (3.4)
for a simplicial set K.

We want to use Theorem 2.1.19 in [Hov99] to get the model structure. In that theorem
there are some smallness requirements, so first we give the definitions necessary to define
smallness and then we prove a Lemma 3.3.6 which takes care of all smallness issues.

Definition 3.3.3 (Definition 2.1.1 in [Hov99]). Suppose C is a category with all small
colimits, and A is an ordinal. A X sequence in C is a colimit preserving functor A: A — C,
commonly written as

Ay > AL — ... > Ay — ...

Since A preserves colimits, for all limit ordinals # < A, the induced map
limAy — A
cqlip o = 4o

is an isomorphism. We refer to the map Ay — colimy.) Ay as the composition of the
A-sequence, though actually the composition is not unique, but only unique up to isomor-
phism under A, since the colimit is not unique. If D is a collection of morphisms of C and
every map Ay — Ay, for 9+1 < Aisin D, we refer to the composition Ag — colimy. Ay
as a transfinite composition of maps of D.

Definition 3.3.4 (Definition 2.1.2 in [Hov99]). Let x be a cardinal. An ordinal A is
r-filtered if it is a limit ordinal and, if S C X and |S| < &, then sup(S) < A.

Definition 3.3.5 (Definition 2.1.3 in [Hov99]). Suppose C is a category with all small
colimits, D is a collection of morphisms of C, X is an object of C and & is a cardinal. We
say that X is k-small relative to D if, for all s-filtered ordinals A and all A-sequences

Ay = A — - = Ay — -

such that each map Ay — Ay, is in D for ¥ + 1 < A, the map of sets

O: cgl<1)r\n home (X, Ay) — home (X, cglgn Ay) (3.5)

is an isomorphism. We say that X is small relative to D if it is x-small relative to C for
some k. We say that X is small if it is small relative to C itself.

The proof of the next lemma is similar to the proof of Lemma 3.1.1 in [Hov99] which
shows that all simplical sets are small.

Lemma 3.3.6. All objects in S® are small.
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Proof. Suppose we are in the situation of Definition 3.3.5 with C = D = S® and we want to
show that the map (3.5) is a bijection. Since every simplicial set is small, [Hov99, Lemma
3.1.1}], we know that X (m) is kpy-small. The proof shows that x,y, is the cardinality of the
set of simplexes in X (m). Let w be the cardinality of the natural numbers and define s by

w = sup{ | {m} U {}

meB

We will show that X is x small.

Injectivity of the map (3.5) is the easiest part. Suppose f and g are different ele-
ments in colimy.y home (X, Ay), then there is an m such that fy, is not equal to g, in
colimy ) home (X (m), Ay(m)). Because the simplicial set X (m) is small, we get

Q(f)m = @m(fm) 7é @m(gm) = @(g)m

s0 O(f) # O(9g).

To show surjectivity, let h: X — colimy-) Ay be an element in home (X, colimyy Ay).
Because simplicial sets are small, there is a 6,, < A such that h factors through Ay _, for
every m € ‘B . Let

0 = sup{Umes{fm}}.

The cardinality of {Umes{fm}} is w which is not greater than , so # < X since \ is
r-filtered. We get a collection of simplicial set maps hl,: X (m) — Ayp(m) which maps to
h by ©, but they do not necessarily determine a morphism of B-spaces. We define a set

{(z,a) | z € X(m)s, @ € homg(m, n), for some m,n € B and s > 0}.

The cardinality of this set is less than or equal to w - k- w - w = k. Since the collection of
h., map to a morphism of B-spaces by ©, they do commute with the structure maps of
the B-spaces in the colimit of the Ay’s. So for each pair (z,a) there is a ¥, o) sucht that
hm (X (a)(2)) is equal to Ag(a)(hy (7)) in Ay, . If we set ¥ = sup{U(z,a){V(z,00 } }, We get
¥ < A since A is k-filtered. This means that we can factor h through Ay, and the map
(3.5) is surjective. O

Definition 3.3.7 (Definitions 2.1.7 and 2.1.9 in [Hov99]). Let I be a class of maps in a
category C.

* A map is I-injective if it has the right lifting property with respect to every map in
I. The class of I-injective maps is denoted I-inj.

* A map is I-projective if it has the left lifting property with respect to every map in
I. The class of I-projective maps is denoted I-proj.

* A map is an [-cofibration if it has the left lifting property with respect to every
I-injective map. The class of I-cofibrations is the class (I-inj)-proj and is denoted
I-cof.
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* A map is an [-fibration if it has the right lifting property with respect to every
I-projective map. The class of [-fibrations is the class (I-proj)-inj and is denoted
I-fib.

* Let I be a set of maps in a category C containing all small colimits. A relative
I-cell complex is a transfinite composition of pushouts of elements of . That is, if
f: X — Y is a relative [-cell complex, then there is an ordinal A and a A-sequence
A: X — C such that f is the composition of A and such that, for each ¢ such that
¥+ 1 < A, there is a pushout square

Vy—— Ay
Wy —>A19+1

such that gy € I. We denote the collection of relative I-cell complexes by I-cell. We
say that X € C is an I-cell complex if the map ) — X is a relative I-cell complex.

Theorem 3.3.8 (Theorem 2.1.19 in [Hov99]). Suppose C is a category with all small
colimits and limits. Suppose W is a subcategory of C, and Z and J are sets of maps of C.
Then there is a cofibrantly generated model structure on C with Z as the set of generating
cofibrations, J as the set of generating acyclic cofibrations, and VW as the subcategory of
weak equivalences if and only if the following conditions are satisfied.

1. The subcategory VW has the two out of three property and is closed under retracts.
The domains of T are small relative to Z-cell.

The domains of J are small relative to J-cell.

J-cell CW NZI-cof.

Z-ing CWNJ-ing.

S A o e

Either W N Z-cof C J-cof or WN J-ing C Z-iny.
The next result is analogous to to a special case of Proposition 6.7 in [SS11].

Lemma 3.3.9 (Level model structure). There is a cofibrantly generated model structure,
called the level model structure, on ST, where a map X — Y is a weak equivalence (respec-
tiwely fibration) if X(m) — Y (m) is a weak equivalence (respectively fibration) for every
object m in B.

The generating cofibrations are

I, = {Fu(i) | m e B, i: A" C A* k> 0}
and the generating acyclic cofibrations are

Ji={Fu(j) |meB, j: Af CA* 0<1<k}.
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Proof. We use Theorem 3.3.8 to show that [; and J; are the generating cofibrations and
acyclic cofibrations, respectively, for a model structure with weak equivalences defined as
above. The fibrations in this model structure are the maps with the right lifting property
with respect to every map in J;. Using the adjunction (3.3) we see that these are precisely
the levelwise fibrations. In the same way we get that the I;-injective maps are precisely the
levelwise acyclic fibrations. This implies that condition 5 and 6 in Theorem 3.3.8 holds.

Condition 1 is obviously satisfied and the two smallness requirements follow from
Lemma 3.3.6.

We have Ji-cof C [;-cof since [;-inj C Ji-inj. Combining this with the fact that J;-cell
C Ji-cof [Hov99, 2.1.10], the thing that remains for condition 4 to hold, is that the maps
in Jj-cell are levelwise weak equivalencces. That the morphisms in J; are levelwise acyclic
cofibrations follows easily from the definition. A map in Jj-cell is a transfinite composition
of pushouts of maps in J; and the class of acyclic cofibrations in § is closed under such a
composition. Therefore every map in Jj-cell is a levelwise weak equivalence. ]

Lemma 3.3.10. With the level model structure from Lemma 3.3.9 and the simplicial struc-
ture defined in Lemma 3.3.1, ST is a simplicial model category.

Proof. Axiom SM7 for a simplicial model category is equivalent to the requirement that
for all cofibrations i: K — L of simplicial sets and all fibrations ¢: X — Y in S,
Xt — XK xyx YF is a fibration, which is acyclic if i or ¢ is, see Proposition 3.13 in
Chapter II in [GJ99]. This morphism evaluated at m in B is

Mapg(L, X (m)) — Mapg (K, X (m)) Xnapg(L,y(m)) Maps(L, Y (m)).

Since both the fibrations and weak equivalences in S® are the levelwise fibrations and
levelwise weak equivalences respectively, the axiom is satisfied because § is a simplicial
model category. ]

We now recall some general constructions that can be done in any simplicial model
category category.

Definition 3.3.11 (The pushout product map). Foramap f: X - Y inS® andi: K —
L in S the pushout product map f[Ji is the map

(X®L)Uixer) YOK) =Y ®L
induced by id®i: YO K - Y ®Land fid: X®L —-Y ® L.

Definition 3.3.12 (Simplicial homotopy). For two maps f,g: X — Y in S® we can define
a simplicial homotopy from f to g to be amap H: X ®@A! — Y such that Ho (id®iy) = f
and H o (id ® i1) = g, where iy, i; are the two inclusions of A% in Al

Lemma 3.3.13. Suppose we have a simplicial homotopy between f and g, then the sim-

plictal set maps
f* g% Mapgs (Y, Z) — Mapgs (X, Z)
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are homotopic for every object Z in S®.

In particular this means that if f: X — Y s a simplicial homotopy equivalence, then
f*: Mapgs (Y, Z) — Mapgs (X, Z) is a weak equivalence of simplicial sets for all objects
7 € S®.

Proof. A simplicial homotopy H from X to Y induces a map
Mapgs (Y, Z) 25 Mapgx (X ® Al, Z) 2 Mapg(A', Mapgs (X, 2)),
which has an adjoint map
Mapgz (Y, Z) x A' — Mapgs (X, Z),
and this is a homotopy from f* to g*. ]

Definition 3.3.14 (Mapping cylinder). The mapping cylinder M(f) of amap f: X =Y
in 8% is the pushout in the diagram below:

f

X ®A° Y

lid@io = ls
X @AY 2L X o AL (f)

The B-space Y is a strong deformation retract of M(f), meaning that rs = idy and there
is a simplicial homotopy from sr to the identity on M(f) relative Y. In particular r is a
simplicial homotopy equivalence. Let j: X ® A® — M(f) be the composition of id ® i,
with g. We can then factor f as ro .

The mapping cylinder is also the pushout of the following diagram:

id

Y

XX 22y o Al

o ]

XII)—=XIIY —— M(f)

J

The morphism ¢y IT 4 is a cofibration, see Lemma 3.5 [GJ99, Chapter 11|, and if Y is
cofibrant, the inclusion 7 is also a cofibration,hence the pushout of that map is a cofibra-
tion. Then j is a cofibration since it is the composition of two cofibrations, and we get a
factorisation of f into a cofibration followed by a simplicial homotopy equivalence if Y is
cofibrant.
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Definition 3.3.15. [GJ99, Section I1.8] We say a commutative square of morphisms in a

proper closed model category
X—Y

vt

is homotopy cartesian if for any factorisation of f into an acyclic cofibration i followed by
a fibration p, the induced map i, is a weak equivalence.

Y

!

WXZ}N/ﬁ?
o

-

Remark 3.3.16. In fact, it follows from Lemma 8.16 in [GJ99, Chapter II] that it suffices
to find one such factorization f = pi such that i, is a weak equivalence. We will also
use Lemma 8.22(1) in in the same section. It says that if the two horizontal maps in a
commutative square are weak equivalences, then the square is homotopy cartesian.

Definition 3.3.17. [BK72, Section XII.5.1] For a functor X from a small category A to
simplicial sets, the homotopy colimit is the simplicial set with k-simplices

(hocgth)k = H X (ag)k (3.6)
ap<—a1<—<ag
for morphisms ag < aq,...,ap_1 < a; in A. The simplicial structure maps are defined by
di(ag <+ 4= ag,x) = (ag ¢ - < Qj_1 ¢ Qi1 < -+ < ag, d;i(z)) for 0 <i < k,

do(ag <+ < ag,x) = (ag < -+ < ag, do(x)),
dp(ag < -+« ag,x) = (ag < -+ < ag_1,di(x))

and

silag =+ < ag,x) = (ag < -+ a; = a; < -+ < ag, s;(x)) for 0 <7 < k.

Lemma 3.3.18. The homotopy colimit preserves colimits, more precisely, given a colimit
colimgep Xy in SA, then there is a natural isomorphism

hocghm(cgé%n Xy) = c((j)é%n(hocghm Xyq).

The homotopy colimit preserves tensors, that is, given a simplicial set K and a functor
X: A— S, there is a natural isomorphism

hocil)lim(X) x K = hoc;)‘lim(X ® K).
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Proof. The homotopy colimit is left adjoint to the functor
Mapg(N(— | A),—): S — 8%,

see Section XI1.2.2 [BK72|. This proves the first claim, since left adjoint functors preserve
colimits, for the dual result see Theorem 1 Section V.5 [ML9Sg].
The equations below define a simplicial set map that is natural in both X and K:

(hocolim(X) x K); = ( [T Xexge= [ (Xlah x K

aQ<—a1<— - <ag aAQ<—a1<— - <ag

= J] ((X®K)(aw = hocolim(X @ K,

ag$—al<— <—ag
this proves the second claim. O
We will need the following result from [RSS01] for the proof of the next proposition.

Lemma 3.3.19. [RSS01, Proposition 4.4] Let C be a small category, let X —'Y be a map
of C-diagrams in S, and let a: k — 1 be a morphism in C. Consider the two squares

X(k)—=Y(k) X (k) Y (k)
CC
X(1)——=Y() hocolim¢e X —— hocolim¢ Y

If the left hand square is homotopy cartesian for every «, then the right hand square is
homotopy cartesian for every object k.

Definition 3.3.20. For a morphism a: m — n in B, we factor o*: Fy(*) — Fm(*)
through the mapping cylinder, see Definition 3.3.14,

a*: Fu(x) 25 M(a*) 22 Fu(%).

The map r, is then by construction a simplicial homotopy equivlaence, see Definition
3.3.14, and therefore also a levelwise weak equivalence. The space Fy,(*) is cofibrant
because the map ) = Fi,(0) — Fi(x) is a generating cofibration. By the argument made
after the definition of the mapping cylinder, the morphism j, is a cofibration in the level
model structure.

Lemma 3.3.21. The simplicial set map
hocglim(a*): hocglim Fa(x) — hocglim Fn(x)

15 a weak equivalence for any a: m — n in *B.
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Proof. From the definition of the homotopy colimit 3.3.17 and the definiton of Fj,(x), in
Lemma 3.3.2, it is easy to see that hocolimg F}, () is isomorphic to the nerve, see Definition
1.2.12, of the comma category (n | *B), see Definition 1.2.11. This comma category
has an initial object, so hocolimg F,(*) is contractible for every n in %B. It follows that
hocolimg (a*) is a weak equivalence. O

The next result is analogous to a special case of Proposition 6.16 in [SS11].

Proposition 3.3.22 (Model structure). There is a cofibrantly generated model structure
on 8%, where a map X =Y is

* a weak equivalence if the induced map on the homotopy colimits is a weak equivalence
of simplicial sets,

* a cofibration if it is a cofibration in the level model structure from Lemma 3.3.9,

* a fibration if it is a levelwise fibration and for every morphism a: m — n in B, we
get a homotopy cartesian square

X(m) XL x(n) (3.7)

.

Y (m) &Y(n).

The set of generating cofibrations for this model structure is I = I;, and the generating
acyclic cofibrations are

J=JUJ:=JU{j0i| a: m—n, j, defined in 3.5.20, i: OAF — A¥ k> 0}.
Lemma 3.3.23. The J-injective morphisms are precisely the fibrations defined above.

Proof. This is the same argument as in the proof of Lemma 3.4.12 in [HSS00] in the case
of symmetric spectra. We have J-inj = J-injnJ-inj and Ji-inj= {levelwise fibrations} as
before.

A map f: X — Y in S® has the right lifting property (RLP) with respect to all j,Ji
if and only if every Map(Ja, f) has the RLP with respect to all 7. This is because the
diagram

(M (o) ® OAF) Hr. woar (Fa(*) ® AF) —= X

ljaDi ‘f

M(a¥) @ AF Y

is adjoint to the diagram

OAF Mapgs (M (a*), X)

% LMapD(jOHf)
Ak R MapS% (M(O(*)7 Y) XMapS% (Fn(*)7Y) Maps% (Fn(*), X)
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The map Mapy(ja, f) has the RLP with respect to all ¢ if and only if Mapg(ja, f) is an
acyclic fibration of simplicial sets. We know that j, is a cofibration in the level model
structure, see Definition 3.3.20, so if f is a levelwise fibration, Proposition 3.3.10 implies
that Mapy(Jja, f) is a fibration. So f is J-injective if and only if it is a levelwise fibration
and Mapg(Ja, f) is a weak equivalence for all a.

In the next diagram of simplicial sets, the lower square is a pullback. The map r, is a
simplicial homotopy equivalence, see Definition 3.3.20, so by Lemma 3.3.13, r} is a weak
equivalence. When we assume that f is a levelwise fibration, the map p is a fibration which
then implies that ¢ is a weak equivalence since S is proper. Then from the top square we
get that Map(a*, f) is a weak equivalence if and only if Mapy(ja, f) is.

*
Ta

Maps‘B (Fm(*)vx) MapS‘B (M(a*),X)
Mapg(a*,f)j lMapD(ja,f)
q
Mapgs (Fm (%), Y) XMap o (Fn(+),Y) Mapgs (Fn (%), X) —— Mapga (M(a”),Y) XMap g (Fn(+),v) MaPgs (Fn (%), X)

| - . v

Mapgs (Fm(*),Y) Mapgs (M(a*),Y)

Since we have natural isomorphisms Fp, (K x L) = F,,(K) ® L for simplicial sets K and
L, Lemma 2.9 in Chapter II in [GJ99] says that Mapgs (Fm(*), X) is naturally isomorphic
to Mapg(*, X(m)) = X (m). Therefore Map(a*, f) is naturally ismorphic to

X(m) = Y (m) xXymn) X(n).

The conclusion is that f is J-injective if and only if it is a levelwise fibration and X (m) —
Y (m) Xy m) X (n) is a weak equivalence for every morphism a: m — n in B, which is the
criterion for being a fibration in Proposition 3.3.22. [

Proof of Proposition 3.3.22. Again we use Theorem 3.3.8 to show that this defines a model
structure. Condition 1 follows from the two out of three property of weak equivalences in
S. Lemma 3.3.6 implies that the two smallness requirements hold.

The I-injective maps are the levelwise acyclic fibrations. For a levelwise weak equiva-
lence the diagram (3.7) is homotopy cartesian for all maps « in B, see Remark 3.3.16. A
levelwise weak equivalence also induces a weak equivalence on the homotopy colimits, this
is a consequence of Proposition 1.8 [GJ99, Chapter IV]. So an I-injective map is both a
weak equivalence and J-injective, which is condition 5 in Theorem 3.3.8. For the inclusion
in the other direction, we apply Lemma 3.3.19 to a map which is both J-injective and a
weak equivalence on the homotopy colimits, and get that the map is a levelwise acyclic
fibration. Hence condition 6 is satisfied.

By the same argument as in the proof of Lemma 3.3.9 we get that J-cellC I-cof which
is the first part of condition 4. The second part is that relative J-cell complexes should
be weak equivalences. The strategy for this is to show that the homotopy colimit of a
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generating acyclic cofibration is an acyclic cofibration. Then the same will hold for the
relative J-cell complexes because the homotopy colimit preserves colimits, see 3.3.18.

The free B-space Fiu(K) is isomorphic to Fi,(*) ® K. The homotopy colimit preserves
tensors, so hocolimg (Fi, (K)) = hocolimeg (Fp, (%)) @ K. We see that the generating cofibra-
tions are taken to cofibrations in S, and the elements in J; are taken to acyclic cofibrations.
Since the homotopy colimit preserves colimits, it takes all of I-cell to cofibrations of sim-
plicial sets. By Corollorary 2.1.15 in [Hov99] any map in [-cof is a retract of a map in
I-cell. So the homotopy colimit of any map in I-cof is a cofibration.

Lemma 3.3.21 shows that hocolimg (a*) is a weak quivalence. The map r,, is a levelwise
weak equivalence, so the induced map on the homotopy colimits is also a weak equivalence.
Therefore by the two out of three property hocolimg(j,) is a weak equivalence. The homo-
topy colimit preserves colimits and tensors, see Lemma 3.3.18, so hocolimg (j,[Ji) is iso-
morphic to hocolimg (j,)0i. The weak equivalence hocolimg (j,) is also a cofibration, since
Jo is an I-cofibration. This and the fact that i is a cofibration implies that hocolimg (j, )i
is an acyclic cofibration.

Now we know that all the generating acyclic cofibration are taken to acyclic cofibrations
by the homotopy colimit, this also extends to J-cell since the homotopy colimit preserves
colimits. In particular the morphisms in J-cell are weak equivalences, and this completes
the proof of condition 4 and also the whole proof. ]

Proposition 3.3.24. With the model structure in Proposition 3.3.22 and the simplicial
structure in Lemma 3.3.1 the category of B-spaces is a simplicial model category.

Proof. SM7 is equivalent to the requirement that for all cofibrations j is S® and all cofi-
brations ¢ in S, the map j[i is a cofibration which is acyclic if j or 7 is. We have the same
cofibrations as in the level model structure, and this together with the same simplicial
structure is a simplicial model structure, so j[i is a cofibration which is acyclic if ¢ is.
Since hocolimg (j0i) = hocolimg (j)0i, it is also acyclic if j is acyclic. ]

The next result is analogous to Theorem 3.3 in [SS11].

Proposition 3.3.25. There is a Quillen equivalence between S* with the model structure
i Proposition 3.3.22 and simplicial sets with the usual model structure by the adjunction

colimg: ST = S : constey.

Proof. The constant functor preserves fibrations and acyclic fibrations, so the adjunction
is a Quillen adjunction [Hov99, Lemma 1.3.4].

Since 0 is an initial object in 28, the constant functor is isomorphic to Fy, and using the
adjunction (3.3) and that the acyclic fibrations are the levelwise acyclic fibrations, we get
that const(K) is cofibrant for every simplicial set K. Proposition 18.9.4 in [Hir03] shows
that the map hocolimg X — colimg X is a weak equivalence for all cofibrant 2B-spaces X.
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The commutative diagram
hocolimg X ——— hocolimyg constg (K)
colimg X — colimg consty (K) = K

shows that if X is cofibrant, then a morphism X — consteg(K) is a weak equivalence if and
only if colimg X — K is a weak equivalence, so the adjunction is a Quillen equivalence. [



Chapter 4

Braided operads

In this chapter we define braided operads, which are similar to operads, see Definition 1.1 in
[May72], but with the actions of the symmetric groups ¥, replaced by actions of the braid
groups B,,. We also define a certain class of braided operads called B, operads similar to
the F, operads. Then we construct a B,, operad which acts on double loop spaces, and
show that if a braided operad acts on a connected space, then the space is weakly equivalent
to a double loop space. Finally we construct a braided analog of the Barratt-Eccles operad
and show that it acts on the nerve of any small braided strict category.

All of this can be found in the article [Fie|, but there are few details in the definitions
and constructions and no details in the proofs. So we prove everything carefully here.

4.1 Braided operads and monads

In this section we work in the category of compactly generated Hausdorff topological spaces,
see Section VII.8 in [MLI8], denoted by U. We write spaces for short. Let 7 be the
corresponding category of pointed spaces.

Definition 4.1.1 (Braided operad). [Fie, Definition 3.2] A braided operad C consists of
spaces C(j) for j > 0 with C(0) a single point *, together with the following data:

(a) Continuous functions
v: C(k) x C(ja) x --- x C(jr) = C(j)

where j = 37, such that the following associativity formula is satisfied for all ¢ €
C(k), ds € C(js) and e, € C(iy):

’}/(’}/(C’ dl?"'adk>;el7"'7€j) = ’7(67 f17"‘7fk>7

where fs = v(ds; €40 tjo 1415+ -5 €j4etjs ), and fs = x if jo = 0.

(b) An identity element 1 € C(1) such that v(1;d) = d for all d € C(j) and (c; 1¥) = ¢
for ce C(k), 1" = (1,...,1) e C(1)~.

45
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(c) A right action of the braid group B; on C(j) such that the following equivariance
formulas are satisfied for all ¢ € C(k), ds € C(js), £ € By, and (, € B,,:

(& dy, ... dy) =y(cide1qy, - - de-1))E (G, - - -, k) and

7(67 dle .. 7dka) = 7(67 d17 D 7dk)<C1 D Ck)a

where £ € By acts on {1,..., k} via the projection By — Xy, £(j1, - - -, ji) is the braid
obtained from & by replaing the ith string of £ by j; parallel strings, and (; ®--- & (i
denotes the monoidal product of the braids (i, ..., (; in B.

Definition 4.1.2. A morphism of braided operads ¢: C — C’ is a sequence of By, equiv-
ariant continuous functions

or: C(k) — C'(k)
such that ¢g(1) = 1 and the following diagram commutes:
C(k) x C(31) x -+ x C(jg) ———=C(j)
Pk XPjq X"'Xsﬁjkl j%‘
C'(k) % C'(ja) x - % C'(jr) ———=C'(j)
where j = j1 + -+ - + Ji.

The next definition is analogous to the definition of an E,, operad, see Definition 3.5
and following paragraphs in [May72].

Definition 4.1.3 (B, operad). [Fie, Page 14] A By, operad is a braided operad C where
each space C(j) is contractible, and the action of B; on C(j) is free for every j > 0.

The next definition is analogous to the description in [May72, Lemma 1.4] of an action
of an operad.

Definition 4.1.4. An action of a braided operad C on a pointed space X consists of maps
Op: C(k) x X% = X
for £ > 0 where 6, maps the single point of C(0) to the basepoint of X, and such that

(a) the following diagrams are commutative, where j = j; 4+ - -+ + jx and u denotes the
evident shuffle homeomorphism:

yxid

C(k) x C(j1) X «++ x C(jJp) x X>J C(j) x X

idxu X
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(b) 0:(1;x) =z for z € X, and
(¢) Or(c&;y) = Or(c; ®(E)y) for ¢ in C(k), € in By, and y in X<

Definition 4.1.5. Let C be a braided operad, and 7 be the category of pointed spaces.
We define a category C[T] with objects pointed spaces with an action of C. A morphism
from X to X' in this category is a pointed continuous function f: X — X' such that the
following diagrams commute for all £ > 0:

Clk) x X*k 2 x

idxfkl Lf

C(k) x (X/)k —2eu x7

Definition 4.1.6 (Monad). [May72, Definition 2.1] A monad (C, i, n) in T consists of a
functor C: T — T together with natural transformations

pw: CC — Cand n: idyr — C
such that the following diagrams are commutative for all X in 7
Cn(X)

n(CX) w(CX)

CX C2X CX o3x M0 2x (4.1)
\ lu@/ wX)l lu(X)
CX czx — "9 | cx.

A morphism ¥: (C,u,n) — (C', 1/, 1) of monads in 7 is a natural transformation of
functors ¢: C — C’ such that the following diagrams are commutative for all X in 7

CCX LCO=CV v x

2N | X

C'X CX Ll C'X.

CX

Definition 4.1.7 (Algebra over monad). [May72, Definition 2.2] An algebra (X, x) over
a monad (C, u,n) in a category T is an object X in 7T together with a map

x: CX - X

in 7 such that the following diagrams are commutative:

X" Ccx CCx L-CXx

! ok

X CX —X.
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A morphism f: (X, x) — (X', x’) of C-algebras is a map f: X — X’ in 7 such that
the following diagram is commutative:

cx —Y cx
! v
X ! X',

The category of C-algebras and their morphisms will be denoted by C[T].

Definition 4.1.8. [Fie, Definition 3.3] Let T be the category of pointed spaces. The
monad C in 7T associated to a braided operad C, is defined as follows:

CX = (JJcn) x x*™)/ ~

n>0

with basepoint [1,%], for a space X with basepoint *. The equivalence relation ~ is
generated by the following relations:

1. (¢€,y) ~ (e, ®(€)y) for ¢ in C(n), £ in B,, and y € X*". The functor ® is defined in
Definition 2.1.4 and the permutaion ®(£) acts on X*™ by permuting the coordinates

2. (Y 10,5, 17 (wy, ooy wn1)) ~ (¢ (T1, ooy Ty, %, g1, o, Tyq)) for 1 <6 <, c
in C(n), xs € X, 7y is the structure map of C, 1 is the unit in C(1), * represents the
single point in C(0) in the left side of the equation and the basepoint in X in the
right side of the equation.

One can show that CX is in 7 in the same way as this is shown for the monad associated
to an operad in Propostion 2.6 [MayT72].
The multiplication p: CC — C is the natural transformation determined by

px (e [di il - lde wel]) = [v(edas ooy di), vy - - Y]

for ¢ in C(k), ds in C(j,) and y,s in X7s. That this respects the first generating relation
follows from the first equivariance condition for a braided operad. That it respects the
second generating relation follows from the associativity of v together with the condition
on the unit. That p is associative follows again from the associativity of ~.

The unit n: idy — C is the natural transformation determined by

nx () = [1, ]

for x € X. That Diagram (4.1) commutes follows from the equations v(1;d) = d and
V(e 1F) = e

The next result is analogous to Proposition 2.8 in [May72| for operads and monads
associated to operads. It can be proven in the same way too, so we leave out the proof.
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Proposition 4.1.9. Let C be a braided operad and let C be its associated monad. Then for
a pointed space X there is a one-to-one correspondence between C-actions 8 and C-algebra
structure maps x: CX — X defined by letting 6 correspond to x if and only if the following
diagrams are commutative for all k:

C(k) x X**
\ /

where the horisontal morphism is the inclusion into the colimit. Moreover, this correspon-
dence defines an isomorphism between C[T], see Definition 4.1.5, and C[T], see Definition
417,

Lemma 4.1.10. A braided operad C determines a contravariant functor C(-) from B to

Uu.

Proof. We use that any morphism from m to n in 8 can be decomposed as a pair (i, ()
where 1 € homy(m,n) and ¢ € B,,, see Lemma 2.1.6. Compostion is then given by the
formula

(v,6) 0 (1, ¢) = (v o &ulp), p*(€) 0 C),

with &.(u) and p*(€) defined in Lemma 2.1.7.

We define C(m) to be C(m). For u € homy(m,n)let /(i) = 1 € C(1) if 7 is in the image
of p and * € C(0) otherwise. Then we can define the the function C(u,(): C(n) — C(m)
as

Cu, Q)(c) =v(c; 1/ (1),..., 1 (n))C

for (1,¢): m — nin B and ¢ € C(n). Identity morphisms are preserved since
v(e;1,. .., )id = c.

We check that composition is preserved:

Cp, O(C(w,€)(c))

=y(v(e v/ (1), V()& 1 (1), ..., 1 (n))

=y(v(e V' (1), V' (0) (€71 (1))s - 1 (€7 () (7 (§) 0 Q) by 4.1.1(c) & def of 47 (€)
=y(v(e V' (1), -V (P)); (& () (1), - (& () (n)) (u7(€) © C) by def of &, (u)

By 4.1.1(a) this is equal to v(c; f1,. .., fp) (1" (&) 0 ¢), if 4 is not in the image of v

fi=x=(vol(n) (),

otherwise

fi =160 (v™1(3))) = &) (v (0) = (v 0 & (1)) (0).
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So we get
Cu, O)(C(¥,€)(c))
=y(c; (Vo &(w) (1), ..., (v o &) (p)) (1" (§) @ €)
=C(v o &), *()OC)()
=C((v, &) o (1, ())(¢)
which shows that C(-) is a contravariant functor. O

Definition 4.1.11. From a pointed space X we can construct a functor Z to U, the
category of spaces, in the same way as we do in the simplicial case in Example 3.1.3. Let
X* denote this functor precomposed with ®: 8 — 7.

Proposition 4.1.12. Let C be a braided operad, and let X be a pointed space. The monad
C associated to C evaluated at X is homeomorphic to the coend

/ “e() < X,

with basepoint [1,*], where C(+) is the functor B°° — U from Lemma 4.1.10 and X*: B —
U is defined in Definition 4.1.11.

Proof. The coend [ e () x X© is the coequalizer of the diagram

H Cln) x X*™ = HC(m) x Xxm

(1,¢): m—n mc'B

So f% C(-) x X* is homeomorphic to (]|
relation generated by

mes C(m) x X*™) [ ~" where ~' is the equivalence

(Clp, O(e)yy) ~ (e, X2 (1, () (w))

for ¢ € C(n), y € X and for all morphisms (u,(): m — n in B. More explicitly the
generating relations are of the form

(Ve p/' (1), i (n)C ) ~ (e, X2(id, 1) (2(C)y). (4.2)

To see that this space is the same as CX = (J],,c C(m) x X*™)/ ~ from Definition 4.1.8
we must show that the two equivalence relations are the same. The first generating relation
(cC,y) ~ (¢, ®(¢)y) from Definition 4.1.8 is of the form (4.2) with p = id. The second one:

(y(e; 18, %, 17719 (2, .. 1)) ~ (€ (@1, Ty % Tty ooy Tp1))

is of the form (4.2) with ( =id and p: n — 1 — n the injective order preserving function
with image {1,...,i—1,i+1,...,n}.
The only thing left is to check that

[7(0; :u,(l)’ ce ,,U/(TL))C, y] = [07 X(ida M)(I)(C)y]
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in CX. Write pu as a composition fi,_,, o -+ o uy, where p; € homy/(m+1i—1,m+1i).
Then we have a chain of generating relations in CX:

V(e ' (1), 1 (n)C,y)

(G (1),... 1 (), 2(Q)y) by 4.1.8(1)
(id, g1 )(c), 2(C)y)
(
(

2

C(id, 1) o+ - 0 C(id, ftn_m)(c), ®()y)
Cid, p2) 0 -+ 0 C(id, ptn— ) (c), X*(id, 111)(2(¢)y)) by 4.1.8(2)
~ (e, X*(id, 1) (@()y)) by 4.1.8(2)

(
(v
(€
(
(

2

¢

so the two equivalence relations are equal. The baspoint in both CX and [ e (1) x X*is
[1, %] so they are the same pointed space. ]

4.2 Braided operads and double loop spaces

In this section we construct a B, operad and show that the monad associated to this
braided operad is the same as the monad associated to the little rectangles operad, see
Definition 4.1 [May72]. Then we use this to show that if any B;nfty operad acts on a
connected space, then the space is weakly equivalent to a double loop space.

Here we work in the category of compactly generated Hausdorff topological spaces,
see Section VII.8 in [MLI8], denoted by U. We write spaces for short. Let 7 be the
corresponding category of pointed spaces.

Example 4.2.1 (Little cubes operad). [May72, Definition 4.1] Let I™ denote the unit n-
cube and let J" denote its interior. An little n-cube is a linear embedding f of J" in J",
with paralell axes; thus

f=hxxfa

where f;: J — J is a linear function f;(t) = (y; — x;)t + x;, with 0 < z; < y; < 1.

Define C>(j) to be the set of those j-tuples < cy,...,¢; > of little n-cubes such that
the images of the ¢, are pairwise disjoint. Let /J" denote the disjoint union of j copies
of J*. Regard < ci,...,c, > as a map *J" — J", and topologize C>(j) as a subspace of
the space of all continuous functions #.J" — J". Write C>(0) =<>, and regard <> as the
unique “embedding* of the empty set in J".

The requisite data are defined by

(a) v(e;dy, ... dy) =co(dyI1---T1dy,): A JP I -« ITk J™ — J™,
for ¢ € CZ(k) and d, € CZ(j,).

(b) 1 € CZ(1) is the identity function; and

(c) <c1,...,¢5 >0 =<Co1),---,Co(y) > for o € 3.
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The associativity, unitary, and equivariance formulas requires of an operad are trivial to
verify, and the action of 3; on C(j) is free in view of the requirement that the component
little cubes of a point of C>(j) have disjoint images.

Definition 4.2.2. [May72, Page 31| Define a morphism of operads

Cr—Coy
by <ci1,...,¢; >—=<c; x1,...,¢; x 1>, where 1 is the identity on J.
Lemma 4.2.3. Let i

A-Lox

A

B-1-y

be a commutative diagram of continuous functions with p a covering map, and

fe(mi(B,i(a)) € pu(mi(X, f(a)))

for some a € A. If in addition A is path connected and fi(A) is evenly covered, there exists
a unique lift in the diagram.

Proof. We can lift f to a unique map f such that fz'(a) = f(a) for some a € A, see for
instance [Hat02, Proposition 1.33]. So we need only show that fi = f. Since A is connected
and fi(A) is evenly covered, the image of A under fi is contained in one of the sheets.
This sheet is homeomorphic to fi(A), so now a diagram chase will show that fi = f. [

Construction 4.2.4. [Fie, Example 3.3] We will construct a By, operad C5 from the little
rectangles operad C3 from Example 4.2.1. Let C2(j) be the universal covering space of
C>(j) for each j > 0. For convenience we denote the covering map by p regardless of j.

Let Ci(j) denote the path component of the little intervals operad Ci'(j) where f; <
-++ < f;. The identity element 1 € C*(1) is in Cy(1) and ~ restricts to the C;(j)’s. But
there is of course no action of ¥; on Cy(j). This type of structure, that is a sequence of
spaces together with the data of (a) and (b) in Definition 4.1.1 is called a non-% operad.
Each of the spaces Cyi(j) is contractible. We identify C; with its image under the operad
morphism Ci* — Cj', Definition 4.2.2. The morphism takes an interval to a column with
the same width and horisontal position.

Since C1(j) is contractible the inverse image under the covering map p: CE(j) — C5(j)
is homemorphic to a disjoint union of copies of C;(j). Choose one of the copies and denote
it by C1(j). Let h: C1(j) — C1(j) denote the homeomorphism that inverse to p.

We will use the homeomorphism h: Ci(j) — Cy(j) to specify what the structure maps
should be on C;(5), and then lift the structure maps in C3 to structure maps on C5(5) that
respect this.

As the identity element 1 in C(1) we choose the element h(1) € C;(1), where 1 € Cy(1).
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By Lemma 4.2.3 there exits a unique lift in the diagram below, and we define 7 as this
lift.

Ci(k) % C1(j1) x -+ x Cu(jn) = Cak) X C1(G1) x -+ X Cu () ——> C1() —= C1 () — C5())
CE (1) x CB(i) % -+ x CB (i) —2m CE (k) % CF (i) x -+ x C3 ) " Ccr(j)

Recall the definition of Fj,R? from Defintion 1.1.1. The pure braid group, P,, on n
strings is defined as the fundamental group of Fy,R? with basepoint ((1,0),...,(n,0)).
The space Fy,R? is path connected so if we change basepoint we get an isomorphic group.
For convenience we can exchange R? with J2, see Example 4.2.1, and the fundamental
group of Fy,,J? with any basepoint is still isomorphic to P,. The fundamental group of
(FonJ?)/3, with any basepoint is isomorpic to the braid group, B,.

There is a homotopy equivalence ©: Cy'(n) — Fy,J?, see Theorem 4.8 in [May72].
Informally © takes each little rectangle to the midpoint of the rectangle. Let P denote the
composite

C(n) 2 Fopd® = (Fod?)/Sn,

where the last map is the projection. We will use P to define the action of B, on C§(n).

Let & be an element in B, and ¢ be the projection of it in ¥,,. Choose any point = in
Ci(n), and let az ¢ be any path in Cy'(n) from x = pi to o such that P(ag¢) represents &
in 7 (Fy,,J%/3,, P(x)). The next illustration shows one possible choice of such a path for
a generator (.

By writing £ as a product of generators we can therefore always find such an o .

Lift cz ¢ to a path @z ¢ in C8(n) starting in #, and define ¢ to be the endpoint of d; .
This is well defined, because if [Pag ] = [Pa | in 71 (Fo,nJ? /%0, P(x)), the two paths az ¢
and ozgz’5 are path homotopic in C3(n) via a homotopy that fix the endpoints, so they lift
to paths that have the same endpoint.

We define the action of &€ on C;(n) to be the lift in the diagram below.

(3} —— {7 — ()

|

C(n) 2= €y (n) —= 3 (n)
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We want to know that this definition is independent of the point z. Let § be any other
point in G, (n), and y = p(y). From the proof of the lifting propety, [Hat02, Proposition
1.33], we learn how ¢ acts on §. Take any path w from = to y in Cy(n), and let @ denote
the reversed path. Lift the product path w-aze - @ to a path in C5(n) starting at §. Then
g& is by definition the endpoint of this path. The path P(w) determines an isomorphism

7T1<F0,n‘]2/2m P(l‘)) - 7T'I(Fb,nJQ/va P(y))

Since C;(n) is contractible this isomorphism is canonical. Therefore the result would have
been the same if we had started with & in m; (Fy,,.J?/%,, P(y)). So th action of £ on Cy(n)
is independent of 7.

Now we can define the map &: C8(n) — CB(n) as the lift in the diagram below.

Ci(n) ; CB(n)

|

5 (n) 2 C(n) > CF(n)

To see that this determines an action of the braid group, we have to check that £o( = &C.
It is enough to check this for an element & € C;(n) since two lifts of the same map are the
same if they agree on a point. We know how Z(£¢) is defined, but Z€ is not in Cy(n), so we
go the construction of the lifting in [Hat02, Proposition 1.33] to see how (Z£)( is defined.
We take the path d;¢ from Z to Z€, map it with p({)p to az¢p(¢) in C3'(n). We lift the
path (az¢p(C)) - az ¢ to a path starting in Z, then (&) is the endpoint of this lift. So since

[P((azep(C)) - azc)] = [Plazep(Q)][Pazc] = 0 ¢ = [Pazg]
in 71 (FonJ?/2n, P(p(Z))) we are done.
Proposition 4.2.5. The construction in 4.2.4 is a By, operad.

Proof. We first check the associativity condition. Writing out the definition of (% xid) and
A(Ad X 43 X - - - X k), we find that they are lifts in the next two outer diagrams respectively.

ihy(yxid)h !

m

Cl(k) X Cl(jl) Xoee 1(i1) X+ X Cl(lj) —>C1( ) X Cl(Zl) X e X Cl(ZJ) éCQB(EZS)

N P b

~ S ~  ih(yxid)h ™4 S .
Ci(k) x Ci(j1) x -+ x Co(ji) x Ca(in) x -+ x Cy(4;) =5 CB(5) x CB(iy) x -+ - x CB(i;) L CF (i)

e T

~ o S o (yxid)p . .
CB(k) x CB(j1) x -+ x CB(jx) x CB(ir) x -+ x CB(i) L €3 () x CP(ir) x -+ - x CF (i) —— CF (i)



CHAPTER 4. BRAIDED OPERADS 95

ihy(id X1 X Xyi)h L

h(idxy1 XXy, )h ™!

Ci(k) x Ci(j1) X -+ x x Cy(iy) x - x Ca(ij) Cr(k) x Ci(l) x -~ x Co(I) 222 @B(1,)
H th(id Xy X XyE)h ™ L l / lp
/\
C1(k) x C1(j1)  --- x C1(jr) x C1(i1) x --- x C1(i5) CB(k) x CB(ly) x --- x CB(ly) 22—~ CZ(Z1y)
| / | |
CB (k) x CB(j1) x -+ x CB(j) x CB(ir) x -+ x CE(i;) C3(j) x C3(i1) x -+ x C3 (i) —= CF(Sy)
\—/’

(idxy1 X Xvk)D

The two outer diagrams are equal since 7 is associative in C; and C3, so 7 is associative
as well.

If we write 1: * — C5(1) for the map taking the single point to 1 in CF(1), the first
condition in Definition 4.1.1(b) is that the map

i« x CB(k) 29% CB(1) x CE(k) 2 CB(k)
is equal to the projection pr: = xCE(k) — CB(k). The following diagram shows how
7o (1 xid) is defined.

pr(idxz)
w3 Co(k)" S0 C (1) x Gy (k) 2 G (k) —— = CB(k)

i x CB(k) 225 CB(1) x CB(k) —~CF(1) x CF (k) — C (k)

\E/r

The projection onto CE(k) is also a lift in the outer diagram, so pr = 7(1 x id).
The second condition in 4.1.1(b) is that the map

CB(k) x 5 x - x % DD 6By o @By s x CB(1) T CB(k)

is equal to the projection pr: CB(k) x * x - x ¥ — CB(k). The following diagram shows
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how 7 o (id x I x --- x 1) is defined.

pr(ixidx---xid)

~ h(idx1x--x1)h =~ 5 hyh 5 i 5

Co(k) x s X oo x % —— " G (k) x C1(1) x ---C1(1) Ci (k) CB(k)

A‘/
Lixidxmxid li jz)

CB(K) x % x -+ x x dx XXl CB(k) x CB(1) x ---CB(1) —L=CZ(k) x CF(1) x ---CF (1) —— CZ(k)

\ﬂ/

The projection onto C5(k) is also a lift in the outer diagram, so pr = F(id x 1 x --- x 1).
There are two equivariance conditions to check. Let £ be an element in By, then the
map

H(Exid x -+ xid): C5(k) x C3(j1) x -+~ x C5 (jx) = C5(4)
is a lift of y(§ x id x - -+ x id)p, and

CE(k) < CE(j1) x - - X CE(jr) = CE(k) X CE (jer1)) X - - - X CB (e 1)) 2 CB(j) LIy 65

is a lift of

Since Cy is an operad, y(£ x id x --- x id)p is equal to (v&(j1,...,Jx)) o p. Therefore
the two maps ¥(§ x id x - -- x id) and ¥¢(j1, . . ., jx) are lifts of the same map, so if we can
show that they agree on one point, they agree on every point.

Let ¢, denote the path that is constant . Take any point (&, &1,...,4) in C(k) x
Ci(j1) X --- x C1(jx), and lift the path

Y(ze X Cqy X -+ X Cg)

to a path in C5(j) starting in 5(Z,Z1,...,4x). Then 5(Z&, &y, -+, &) is the endpoint of
this path. If we map this path to F'(R?;j)/%; it is not in general a loop. So let w be any
path in Ci(j) from y(x, xe-1(1), ..., Te-1x)) to y(x, 21,.. ., 2), then the image of

Y(ze X Cay X oo+ X Cgp ) W (4.3)

in F(R?j)/%; is a loop that represents £(ji,...,Jjx). Since w is a path entirely in C;(j),
we know that if we lift w to a path @ starting in (&, Te-1(1), ..., Te-1()) it will end in
(&, %1,...,Zx). That means that (Z&, Z1, -+ ,Tx) is also the endpoint of the lift of the
path (4.3), but this is by definition J(Z,Z¢-1(1), ..., Te-11))§(J1, - -, Jk), s0 they must be
equal.

The maps

(@D ®E)T: CE(k) x CE(jr) x -+ x C5(ji) — C5(j) and
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Fid x & x -+ x &) CB(E) x CB(j1) x -+ x CB(jx) — CE(j)

are lifts of (§1 @ -+ @ & )yp and y(id X & X - -+ x & )p respectively. The last two maps are
equal since Cy' is an operad. So if we can show that the two lifts agree on one point, they
must agree on all points. Let (Z, %1, ..., Z)) be any point in (fl(k:) xCy (j1)x -+ xCy (jx). Lift
the path v(cz, az, g5 - -+, 5, ¢ ) to apath in CB(j) starting in 5(Z, Z1, . . . , &), the endpoint
of this is (%, #1&1, . . ., @x&). The endpoint is also A(&, &1, ..., 7)(&1 & - - - ® &), since the
image of vy(c,, « a; ¢ ) in F(R?j)/%; is a loop that represents & & -+ & &. O

21,610 777 T EeEk

Proposition 4.2.6. [Fie, Page 17] The monad @g associated to the braided operad C§
from Construction 4.2.4 is the same as the monad C¥, associated to the operad C5 from
FExample 4.2.1.

Proof. Recall from Proposition 1.1.3 that the pure braid group on m strings, P,,, is the
kernel of ®: B,, — Y,,. The space Cy(m) has fundamental group P,, and universal
covering space C8(m). Hence CE(m)/P,, is homeomorphis to C3'(m).

For a pointed space X,

CEX = (] CF(m) x X*™)/ ~,
meB

where ~g is the equivalence relation generated by the two relations in Definition 4.1.8.
The action of any pure braid p on C5(m) defines a map C8(m) — CE(m) which is the same
as the deck transformation corresponding to p. The first relation in Definition 4.1.8 implies
that [cp,y| = [c,y] for any pure braid p. Hence

(C5'(m) x X*™) [ (&€, y) ~ (&, 2(¢)y)
for € € B,,, is homeomorphic to
(C5(m) /P x X*™) /(&) y) ~ ([], oy)
for o € ¥,,, which again is homeomorphic to
(C5 (m) x X™™)/(p(€)a,y) ~ (p(€), 0y)

for o € ¥,,, and where p is the covering map p: C&(m) — C3(m). Under this homeomor-
phism the generating relation

(’7(67 1ia *, 171—1—2')’ (:L‘h s 71:71—1)) ~ (67 (xly vy Ly K L1y - e 7xn—1))

in éfX corresponds to the generating relation

(7(}9(5)7 1ia *, 171—1—2')’ (:L‘h s 71:77,—1)) ~ (p<6)7 (xla ey Ty K Ty 1y - - 7xn—1))

in C3 X, this follows easily from the definition of the braided operad structure on Cg” , see
Construction 4.2.4.

The structure maps of the monads are defined similarly, so it is easy to see that the
homeomorphim respects them, hence the two monads are homeomorphic. [
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Definition 4.2.7. A space X in 7 is a double loop space, if it equals the space of based
maps from the two-sphere into Y, for some Y in 7.

Proposition 4.2.8 (Proposition 3.4 in [Fie]). If a By, operad acts on a connected pointed
space X, then X is weakly equivalent to a double loop space.

Proof. Let D be any B, operad, and let C~§3 be the By, operad from Construction 4.2.4.
We form the braided operad D x C¥ in the obvious way by (D x C5)(j) = D(j) x C5(j),

(v x 3)(c x & dy ><d~1,...,dk xclNk):fy(c;dl,...,dk) x*}(é;(fl,...,dk),

1=1x1and (¢x &&= cf x &. Denote the monad associated to D x C8 by I x C5 (this
is not necessarily the product of D and (@g in the category of monads.

The braided operad D x CF is again a By, operad, and the projection 7: (D x C8)(j) —
(f'f (7) is a homotopy equivalence for each j. Similary to in Proposition 3.4 in [May72| one
can show that this implies that the associated map

m (DxCEX - C5X (4.4)

is a weak homotopy equivalence.

If D acts on X we can use the projection 7 to get an action of D x C~§3 on X. Let
x: (D x @g)X — X be the associated algebra morphism, see Proposition 4.1.9. There is
a weak equivalence of (D x C5)-algebras

x &Y B(D x €8, D x €8, X) (4.5)

see Theorem 9.10 and Corollary 11.10 in [May72]. Here B denotes the realization of the
two sided bar construction defined in Section 9 [May72].

The monad C% is the same as C3, see Proposition 4.2.6. In Theorem 5.2 [May72] a
morphism of monads ay: C5 — Q22 where ¥ denotes suspension.

Since the map (4.4) is a weak homotopy equivalence the same arguments as in the proof
of Theorem 13.1 shows that there is a I x CE-algebra morphism

B(,id,id)
—_—

B(D x CE,D x C8, X) B(C3,D x C8, X)

B(a,id,id)
T

B(O222,D x C8, X) X5 0?B(32,D x €&, X)

which is a weak equivalence. Together with (4.5) this gives a chain of weak equivalences
from X to a double loop space. O

4.3 The braided analog of the Barratt-Eccles operad

In this section we go back to working in the category of simplicial sets. By braided
operad, B, operad etc. we will mean simplplicial versions of the structures defined in the
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topological setting in Section 4.1. We start by constructing a braided operad analogous to
the Barratt-Eccles operad defined in [BE74]. Then we show that this acts on the nerve of
a small braided strict monoidal category and on the homotopy colimit of a commutative
monoid in a certain diagram space.

First we translate Proposition 4.2.8 into the simplicial setting.

Proposition 4.3.1. If a simplicial By, operad acts on a pointed simplicial set X, then X
18 weakly equivalent to a double loop space.

Proof. By Proposition 4.2.8 the realization | X| is weakly equivalent to QT for a pointed
space T'. From the proof of Theorem 11.4 Chapter I in [GJ99] we get that X — S|X]| is
a weak equivalence where S denotes the singular functor from spaces to simplicial sets.
The singular functor preserves weak equivalences, see page 63 [GJ99], so S|X| is weakly
equivalent to SQ*T. This is by definition

homy, (|A™[, 2*T) = hom(|A™ |, Q*T),

where + denotes a disjoin basepoint. The functor 22 is right adjoint to S? A —, see Section
VIIL.9 [ML98] hence we get an isomorphism

hom(|A~|y, Q2T) & homy (S2 A |A],, ).
The realization preserves products so
homr(S2 A [A™[+, T) = homy(|(A2/9A2) A AT, T),
and finally, from the adjunction | — |: S, = T : S we get

homy(|(A%/0A%) A AT|,T) = homg, ((A2/dA%) A AT, S(T))
= Mapg_(A%/0A? S(T)) = Q*S(T).

So there is a chain of weak equivalences connecting X and Q2S(T). O

Proposition 4.3.2. [Fie, Example 3.2] There is a Bo, operad, NB, constructed from the
braid groups similar to how the Barratt-Eccles operad is constructed from the symmetric
groups.

Proof. We construct the braided operad by first defining categories B(k) for k& > 0 and
a “braided operad structure” on the category level, such that when we apply the nerve
functor, see Definition 1.2.12, we get a braided operad.

Let B(k) be the comma category (k | Bg), see Definition 1.2.11, where we view By, as
the full subcategory of B with one object k. The objects of B(k) are braids on k strings
and between any two objects £ and ¢ there is a unique morphism ¢ 1: € — (.

We define the functor

vi B(k) x B(j1) % -+ x B(js) = B(). for j = ji + -+ + i



CHAPTER 4. BRAIDED OPERADS 60

on an object (§,(1,...,(x) as

Y& G Ce) =& I (G D D )

where £(j1, ..., ji) is the braid obtained from & by replaing the ith string of £ by j; parallel
strings, and (; @ - - - @ ( denotes the monoidal product of the braids (y,...,(; in B.

Since there is a unique morphism between any two objects we do not have to specify
~ on morphisms. But when we want to define an action of the braided operad on a space,
we have to know what it is. So we will say what the sturcture maps are on the morphisms,
but we will only check associativity and equivariance on objects. On the morphism

(€€ €= &) < (G G =) % x (GG 6= G)

~ has to be

(€€ Gerqays -+ Je1) (G Cg @ GCei):

The associativity condition for v holds:

l(SHTSHETNNGR I "7’Y<§k;<j1+"'+jk71+17'-~7<j))

=7(&; & (21, g (G B DGy, 7£k(ij1+---+jk71+17 ) (Gt 1 B B )
=§((t1 + - +ij), - (%1+ ikl T )

(51(217 )G OB G) B D ittt - ) (Gt 11 B B ()
=E((ir+ - +ip), - (Zj1+"'+jk71+1 + et 15)

(51(@1, ) @ @ Gyt 4 1s - GG D B G)

=&, - - ;]k)(£1 c @ &) (s J) (G D D)
=y(v(& &, ) G G)

We denote the unique object in B(1) by idp,. Then
P)/(ldBla 5) = idB1 (k)f = 1d3k€ = § and

’y(f;idgl, . ,idgl) = 5(1, ceey 1)(1d31 @ e @ldgl) = 5,

so idp, satiesfies the conditions for the unit in Definition 4.1.1.
There is a right action of By, on B(k) by right multiplication,

£ &0
for an object € in B(k) and a braid ¢ in Bg. The action on a morphism &¢71: € — ¢ in

B(k) is
(&t e = (€ o= o),
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for p € By. Direct computation shows that the equivariance conditions for v, Definition
4.1.1, are satiesfied. We check the first one:

SI(NCHTNGY

=(&0)(J1,-- )G D DG

=E(Jg-11)s -+ -+ Jorm) 015 )G B B G)
=E(Jo-1(1)s - - - ajgfl(k))(élrl(l) @D Crry)o1s -5 k)
=Y(& Co1(1)s - - -5 Co1(k)) 0(J15 - - -5 k)

Then the second one:

(& Gty - - -5 Gro)
:(5)(j1,---,]k)(C1Q1 D Crok)
=)0, )G @ e G) (o @D k)
(& Gy 7<k)<@1 © - D on)

Applying the nerve functor, we get a braided operad N'B. The category (k | By) has
an initial object idg, so N'B(k) is contractible for each k, and the action of the braid group
is free for each k, so NB is a By, operad. O

Proposition 4.3.3. [Fie, Page 18] The By, operad N'B acts on the nerve of any small
braided strict monoidal category (A, @, I,a, | r,b). Hence it follows that if N'A is connected,
then it is weakly equivalent to a double loop space, see Proposition 4.3.1.

Proof. We define all the structure on the category level, when we then apply the nerve
functor we get an action of N'B on the nerve.
Now we define a functor 6;: B(k) x A** — A by

({,al, R ,ak) —> Ac=1(1) D---D Ae=1(k)
(€ (=& 1, fi) = Eo(fery @ - @ fey),

for K = 0 let 0y(idg,) = I, where on the right hand side ¢ is the morphism that the braid
¢ induces, see Lemma 1.2.8. Composition is preserved:

On(§': €C = EEC fLo o fi) 0 Ok(§: C = &G frse o, i)
=(¢ o (f(/gg)—l(l) DD f(/gg)—l(k)>) o(§o (fC*l(l) G- fC’l(k‘)))
=¢o (flgm@y @ @ f/g)*l(k)) o (fery @+ D fe-1(m))
=£'¢ o (f(/g) fc LHD--D f(/g)*l(k:)fé_l(k))
=0,(§'¢: ¢ = EEC fifr, s frfh),

the second equality follows from the naturality of the braiding in A, the third is the
functoriality of the monoidal product, the others are by definition.
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There are three things to check for this to be an action of the braided operad, see
Definition 4.1.4. Condition 4.1.4(b), #,(idg,;a) = a, is immediate from the definition. Let
0 € By, the next equations show condition 4.1.4(c) for objects:

Or(Cosan, ... an) = ago-1(1) ® -+ B a1 (k)
= ac-io ) B Bac-ierawy = Ok(G olan, - ar)).

Similarly it also holds for morphisms, since (£: ¢ — £C)o = (£: Co — &Co). The upper
route in the diagram in condition 4.1.4(a) for objects gives:

9](7(€5 01y Qk;), ar, ... ,aj)
=0;,(C(J1, - de) (01 ® - Do) as,...,a))
T 15k (1@ @) TE(1) -+ 5 AC (i) (018 B0k)) () 5

the lower route in the same diagram gives:

6k(<7 6]'1(Q1; ay, ... 7aj1)7 v 76]k(Qkﬂ Ajy 4 tjp_q+1s - - - 7aj))
=00(C (ag10) @ D i) (@ gy yon) @ @ ap015)

=(agr, @ Bag ) @ (a0 Gy B B G )

S (1) (010 @Bor) "1 (1) D D A in) (01 @01)) 1 ()

we see that the two composites are equal. Now we check the same for morphismes, first the
upper route:

0;(v(&: ¢ = ECG&: o = &on, - &k ok = &eok), f1, -0 5)
=0;(§e-1(1)s - > de1 k) ey D B 1) CUL -5 Jk)(01 B - D o)
— (&) (s Jk) (G101 B - B &row), fr, -5 1)
=E(c-11)s -5 Jem10) (Ee—10) @ -+ D €1 wy)
© (fcGrrmin)@@®e) 1) D+ B f(Grmii)@18@e) (7))

then the lower route:

9k(€ g — €<7 le (51: 01 — ngla f17 ) fj1)> s 79jk(€k: Or — gk’Qka fj1+~--+jk_1+1a s 7fj))
=0p(§: ¢ = &0 (firy @ B forgn)r - &l st @ - B Fi )
=¢o (e, @ ®fpr, )& ®

Cc1a
(fC‘l(k)(f (j))))

0.1 4y U1tk —1+1) @8

-1
Oc=1(k)

=E(Je-1)s -+ - Je=10) (e-10) B - B Ee-1(y)

o ®  ® St G0 @SS G © - B )

=£(Je-1(1)s - - Je1 ) 1y @ - B &)

and they are the same. [
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Proposition 4.3.4. Let A be a small category and S the category of simplicial sets. Let x
be a one point set, and denote the nerve functor by N'. The homotopy colimit of a functor
X: A — S is the simplicial set with s-simplices

hocolim(X), = X
ocJ(‘)‘lm( )s H (as)s,

see Definition 3.3.17 for the definition of the simplicial structure maps. The simplicial set
hocolim 4(X) is isomorphic to the diagonal of the bisimplicial set

s N+ L X))

Proof. The comma category (* | X(-);) has as objects pairs (a,z), where a € A and z is
an element in X(a);. A morphism from (a,z) to (a/,2’) is a morphism f: a — a’ in A
such that X (f):(x) = 2’. The set of morphisms in (x | X(-);) is isomorphic to

{(f,2)|lr € X(a);, f: a—d'}.
The set of pairs of composable morphisms is isomorphic to
{(9. f2)|lx € X(a)e, f: a—d, gt a' = a"}.

Continuing like this, we see that

NELXOs= ] Xla)e

If we use the simplicial structure of X to make a bisimplicial set ¢ — N (x | X (+);), then the
diagonal of this is a simplicial set with the set of simplices isomorphic to set of simplicies
of hocolim 4(X) and corresponding simplicial structure. O

Lemma 4.3.5. Let (A, ®,1,a,l,r, (b)) be a small (braided) monoidal category and S the
category of simplicial sets. The category S* has an induced (braided) monoidal structure,
(84, ®,U,a,1x, (b)), see Proposition 3.2.10. Let (X,pu,n) be a (commutative) monoid in
SA, see Definitions 1.2.9 and 1.2.10. The comma category

(e 4 X()e)

is (braided) monoidal for all t > 0. In both cases the monoidal structure is strict if the
monoidal structure on A is.

Proof. The monoidal product Y X Z in for objects Y, Z € SA is defined via the left Kan
extension, this construction also comes with a natural transformation

2. YxZ - (YRZ)(-®-).
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If we have two natural transformations #: Y — Y’ and ¥: Z — Z’, the product 0 X9 is
the natural transformation Y X Z — Y’ K Z’ such that

eV 70 x 9) = (0K 9)eVZ. (4.6)
We define a monoidal product on (x | X(-);) in the following way:
(a1,21) ® (a2, 22) = (a1 B a2, flayGasC: uy (1, T2))
for objects and
(f1: (a1, 1) = (a1, 1)) & (fo: (a2, 22) — (a3, 23))
= [1® for (1 ® a2, faywarCan i, (X1, 72)) — (a] B a’z#ag@ag&?i’é(iﬁﬁv%))

for morphisms. That f; & f5 is really a morphism in the comma category follows from the
naturality of p and X,

We want to use a: (a1 ®ay) ®ag — a1 ® (az B as) as the associativity isomorphism, but
first we have to show that it is a morphism in the comma category. From the definitoin
of the associativity isomorphism in S* via the left Kan extension, we can extract that
a: (XKX)XKX - XX (XX X)is the unique natural transformation such that

((X®X>®X) (a(a1®a2)@a3)€(a1@a2),a3 (501,112 Xidas) = a(_all@az)@aggal,(@@%) (idal X€a2,a3>' (4'7)
The isomorphism a(,; @as)@a; i @ morphism in the comma category if
Xt(a(a1®a2)@a3)“(m@az)@asg(al@az),as ((:u(tu@az) X ida3)€(a1®a2) (1’1, 1‘2), 1’3)
= Ma1€9(a2€9a3)8a17(a2€9a3)(xh (:u(m@az) X ida3)€(a1@a2)(ff2, .173))
Using the equations above this will follow from the fact that u is associative.
Xt(a(a1€9a2)69a3)N(m@az)@ass(m@az),azz (M(m@az) X ida3)<5(a1@a2) X idag)

:Xt(a(al@az)@as)N(al@az)@as (,U X id)(m@az)@asg(m@@),as (5(a1€Ba2) X idas) by (4-6)
=H(a1®az2)Pas (nX id)(m@az)@as ((X X X)X X)t(a(mﬁaaz)@as)

E(ar®as),as (E(ar@ag) X 1day) by naturality
=H(a1Gaz)eas (1t B id)(al@az)@aga@ll@a2)@a3€a1,(azeaa3)(idas X €as,a3) by (4.7)
::ual@((ZZ@CLS)(id X /j“)(ZlGB(azEBag)gal,(azéBa;;)(idag X €a2,a3) by ass. of u
=lha,@(as@as)Ear (az@az) (1day X H(ar@as)) (1day X Eay,as) by (4.6)

The unit for the monoidal product in S* is U where U(a); =hom4(I, a). The left unit
constraint [: U X X — X is the natural transformation such that

[0 = X(I"Y) o pry. (4.8)
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As unit in the comma category we take (1, 7;(id;)). We check that we can use the left uint
constraint l,: I ®a — ain (x | X(-);) as well.

Xe(Dp1sacry (n1(ids), @)
=Xi(Dreacry (1 X ida)(ids, )
=Xi(Dprea(n ®id)rgacty (i, 7) by (4.6)
—Xt(l)[]@a 6Ia (1d1, ) since X is a monoid
pry(id;, z) = by (4.8)

The argument for the right unit constraint is similar.

Since we used the associativity and unit isomorphisms from A we know that they
are natural and that the associativity pentagon (1.1) and triangle for the unit (1.2) are
commutative. This shows that (x | X(-);) is a monoidal category. It is obious that this is
a strict monoidal structure if A is a strict monoidal category.

If (A,®,1,a,l,r,b)is abraided monoidal category, and (X, i, n) a commutative moniod,
we show that we can define a braiding

(a1,21) ® (az, z2) = (a2, 22) ® (a1, 21)

by b: a; ® ay — as & a;. The braiding b: X X X — X X X is the unique natural
transformation such that

eXX 0 bayay = (XK X) (b7 0eXX o twist. (4.9)

ai,a2 az,a1

When we show below that b is a morphism in the comma category we really need X to be
a commutative monoid.

Xt(b>y’(11€9a2€g(17§2 (21, 2)

—ftaywar (X B X)(b)ep X (21, T2) by naturality
/’LU«Q@al bag al gi‘;(l ($27 '1.1) by (49)
:MaQ@mEiﬁl(m, 1) since X is commutative

The hexagons (1.5) and (1.6) for the braiding commute and the braiding is natural since we
used the braiding from A, so this defines a braided monoidal structure on (x | X(-);). O

Proposition 4.3.6. Let (A, @, 1,a,l,r,b) be a small braided strict monoidal category and
(X, 1,m) a commutative monoid in S*. Then the braided operad N'B acts on

hocglim(X) =t N1 X))

Hence it follows that if hocolim 4(X) is connected, then it is weakly equivalent to a double
loop space, see Proposition 4.3.1.



CHAPTER 4. BRAIDED OPERADS 66

Proof. The previous lemma combined with Proposition 4.3.3 shows that N'B acts on the
space N (*x | X(-);) for every t. If we can show that the actions are compatible with the
simplicial structure maps in the ¢ direction, N'B will also act on the homotopy colimit.
The action of NB(k) in degree (s,t) is

(gla"'7§87<:) X (fllafslaxl € X(ai)t) X X (ff7 f)xk € ‘c(alsg)t)
1 1 _ —
=@t Veaff W), LT g g flEraaTi),

—1 1 -1 k
(#(ag*(l)@,,,@ag*l(k)) st a§’1<’“>))($< RN )))'
A simplicial structure map in the ¢ direction will only affect the 2 on the left side, and
pe(z M <7 ®) on the right. Since p and e are natural transformations of simplicial
diagrams, they commute with the simplicial structure maps. O



Chapter 5

Commutative monoids in S®

In this chapter we fix a small braided strict monoidal category (A, @, I,a,l,r,b), and N A,
denotes the B-space constructed in Example 3.1.9. In the first section we prove that this
B space is a commutative monoid in S®. We also show that X* from Example 3.1.3 is a
commutative B-space monoid.

In the next section we show that the homotopy colimit of this commutative monoid is
weakly equivalent to the nerve of A.

5.1 Examples

Example 5.1.1. Let X be a pointed simplicial set, with basepoint *. Then the B-space
X* from Example 3.1.3 is a commutative monoid in the braided monoidal category S®.

Proof. The natural isomorphism X *™ x X*" & X >+ induce a B-space morphism
X*XX*— X*

which we take to be the product p. For m let U(m) — X*™ be determined by sending
the one point in U(m) to (x,...,*). We let the resulting functor n: U — X* be the unit.
It is easy to verify that this is a monoid.

From the definition of the braiding of S* and the functoriality of the Kan extension
we see that the composite

X*XX* S X)X xe
is induced by
XXM XX o2 XX o XXM o xXmdm Xbin X xmtn

This is obviously equal to the map that induces u, so the monoid is commutative. O

Proposition 5.1.2. The B-space, N A,, constructed in Example 3.1.9 is a commutative
monoid in the braided monoidal category S™.

67
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Proof. First we have to define the product p: N A, X NA, — NA,. By the universal

property of the Kan extension, we can do this by specifying a natural transformation from

NAd x NA, to NA.,(— @ —). Because of the natural isomorphism N Ay, x N A, =

N(Am x Ay) it is enough to give a natural transformation p': Ae X Ag = Ao(— @ —).
We define the functor up, @ Am X An = Amen by

um’n((al, ces @) X (b, 0,) = (a1, . m, b1, o, by)
on the objects and by
Foan(f X 9) =f@g
on the morphisms.
To check that this is natural in m and n, let «: m — m’ and #: n — n’ be morphisms

in %B. To shorten notation, we write a~1(7) for ®(a)~1(7) for any injective braid a. First
we check on the objects:

Acap(tmn((@1, . am) X (b1,..., b)) = Aagplar, ..., am, by, ..., by)
= (Aa@p)-1(1)s - - - » Ua®B)~1(m")s D(a@B) 1 (m/+1)—m> - - -  D(a@B) =1 (n")~m)

it follows from the definition of the monoidal product in 8 that this is the same as

/Jlirn/,n’('Aa X .Ag)((al, . ,am) X (bl, ey bn)) = (aa—l(l), -+ Qo=1(m/Y, blg—l(l), . 7b,3—1(n/))-

Then for the morphisms, we have

Aoes(tran(f X 9))) = Sasp o (f ® 9@ idm —min'—n) © Soap (5.1)
and
H e ((Aa X Ag)(f % g))

=G o (f ®idm-m) 0 ") @ (Spo (9 ®idw-n) 0S5
=(a @) 0 (f @ idmm © g B idw_n)o (' D)
—=(Sa ® ) © (idm @ (bn,m—m © by 1) @ 1dnr—n)

o (f ®idmy—m ®g®idy_n)o (' &)
=(S0 ®S5) 0 (idpm D bpm/—m @ idy _p) © (f B gD idm—m D idy _n)

0 (idm ® by 1y Bidwn) 0 (&' @),

The last equality is by naturality of the braiding, the others are just by definition. Using
Lemma 3.1.10 the equations

(Ga S GB) (ldm D bn m’'—m D idn’—n) © <1dm S ldn D lm/'-m D Ln’—n)

=(Co B S5) © (idm & (bpm/—m © (idn ® tm—m)) B to/—n)

=(Ca @ S3) © (idm @ ((tm'—m @ idn) 0 bno) & tnr—n) by nat. of b
=(So B Ss) © (1dm @ tm/—m @ idn B tn/—n)

=a® by Def. 3.1.7

:éa@ﬁ o <1dm @ ldn @ lm/—m @ Ln’—n) by Def 3]_7
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show that the two functions are the same. The next illustration is of the naturality for the

morphisms.
a3 ®lda®bs &by &1® by

a1®1\@a2@b2@b3@1\€ab1 %%\
velive L( \
W QW

Pas®Idby by dbsdl 1Daz®b; @b @bz dIDGI

el ] = L

ay ®a, @TODb, Gby @by @l L Day®b, Oby, by G T T

Al AR
NI Al
ay I da,®by @by Lo b, [ {

a)®ldga, &by by I by

\

¥

[

Y

_
f

Let T: 8 — Cat be the constant functor that takes every object to the terminal
category. For every n there is a functor that sends the only object in the terminal category

to the object (I,...,I) in A,. These functors induce a natural transformation

It requires a little work, but it is straightforward to check that the axioms for a monoid

holds.

Finally we want to show that this monoid is commutative. From the definition of the
braiding of S® and the functoriality of the Kan extension we see that the composite

NARNA S NAKNA S VA,

is induced by
’ A

Before applying the nerve functor, this functor acts on objects in this way:

(al,...,am)x (bl,...,bn)l—><b1,...,bn) X (al,...,am)

— (bl,...,bn,al,...,am) — (al,...,am,bl,...

and on morphisms in this way:

fxgmgx frg®frbyio(g® f)obmn.

(5.2)

>bn)
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By naturality of the braiding, the map b;ll’n o (g® f)obmn equals f @ g, see also the next
figure for an illustration of this. This shows that the functor (5.2) is equal to

N(Am X An i;n—’r; Am@n)a

which induces the multiplication, pu, so the monoid is commutative.

a; Gaz®agBby Bby

NS
20)

b1 &by da; GazSas ay©azdaz &by &by
gJ, 52 J/f = f\l/ 2] J/g
b} &by @ a) Gap ay aj da,day &bl &by

JJ/
dés

a) ®a, daydb) ®bh

5.2 Commutative monoids and double loop spaces

We proved in Proposition 4.3.6 that the homotopy colimit of a commutative B-space
monoid is an N B-space. The natural question now is: Given a simplicial set K with an
N B-action can we find a commutative B-space monoid Z such that hocolimg Z ~ K via
a chain of N'B-space morphisms? In this section we show that if K = N A, then Z = N A,
will do.

But first we show that the double loop space Q32X is weakly equivalent to the ho-
motopy colimit of the commutative monoid, X*, from Example 5.1.1, if X is a connected
pointed simplicial set. This result is analogous to Proposition 4.5 in [Sch07].

Theorem 5.2.1. If X is a connected pointed simplicial set then there is a chain of weak
equivalences from QX2X to hocolimy(X®), where X* is the commutative monoid from
Example 5.1.1.

Sketch of proof. The double loop space Q32X is weakly equivalent to C3 X by Theorem 2.7
in [May72]. From Proposition 4.2.6 we get C} X = CEX. As in the proof of Proposition
4.2.8 we can construct the product of the braided operads N'B and C~2B and get weak
equivalences
CEX « (C5 x NB)X — NBX.
Let X, be the set of ¢ simplices of X except the basepoint. The relations of type 2 in
Definition 4.1.8 implies that

(NBX), = | | (NB(n); x5, X;").

n>0
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Now we can use the same teqnique as in Section 4.1 [Sch07], to get a weak equivalence
N(x | X)) — (NBX),.

Viewing NBX as a bisimplicial set, constant in the vertical direction we get a morphism
of bisimplicial sets {t — N (x | X?)} — NBX that is a weak equivalence in the horisontal
degrees. Taking diagonals yields a weak equivalence

hocglim(X') — NBX.

So we have a chain of weak equivalences from Q2X to hocolimg(X*®). O
For the other theorem we will need some definitions and auxiliary results.
Definition 5.2.2. Let 8, denote the full subcategory of B with all objects except 0.

Lemma 5.2.3. For each a: m — n in B, the simplicial set function
NAQ: NAm — NAH
is a weak equivalence, where N' A, is the B-space constructed in Example 3.1.9.

Proof. For any k we can define a functor T'y: Ay — Ay by T'k(ar,...,ax) = a1 @ -+ ® ay,
and T'y(f) = f. Let 8 be any injective braid from 1 to k. Is easy to see that there is a
natural transformation from I'y o Ag to the identity on Ay, and one from Ag o I'y to the
identity on Ay. Therefore N' A is a weak homotopy equivalence.

Now let 8 be any injective braid from 1 to m. Then the following diagram commutes

N A,
./\y %\xoﬁ
NA,

NA NAa

and by the two out of three property N A, is a weak equivalence. O

Definition 5.2.4 (From Definition 19.6.1 in [Hir03]). Let D be a subcategory of a small
category C. The subcategory D is a homotopy right cofinal in C if for every object ¢ in C
the space N(c | D) is contractible.

Lemma 5.2.5 (From Theorem 19.6.13 in [Hir03]). Let D be a subcategory of a small
category C. If D is homotopy right cofinal in C then for every functor X: C — &, the
canonical map

hocglimX — hocglimX

s a weak eqiuvalence of simplicial sets.

Lemma 5.2.6. The subcategory B is homotopy right cofinal in B.
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Proof. Fix k in 8. The comma category (k | %) has an initial object, so N'(k | 9B) is
contractible. We have a functor

it (k1B,)— (kB

induced by the inclusion of B, in B. Let ¢; denote the map 0 — 1 in *B, it induces a
functor

p: (k] B)— (k|By)

by sending an object a: k — m to a @ 1;: k — m+ 1 and a morphism S to 8 & id;.
The map ¢y induces natural transformations id s,y — pi and idgyes) — ip. A natural
transformation from a functor F' to a functor G induces a homotopy from the nerve of F
to the nerve of G. Therefore

Nk 4 B.) = Nk | B) =
so N(k | 9B,) is contractible for every k in 8. O
Definition 5.2.7. Let A'A, be the B-space defined by
NAwm = NAigm and NA, = N Aig, 60

for objects m and morphisms « in 8. This is obviously functorial.
For m in 8 we can define a functor

.Am —>A1@m
by (a1, ...,am) — (I,a1,...,a,) and g — id; ® g, and a functor
Ar = Aigm

by a v+ (a,I,...,I)and f+— f@®id; @ --- @ id;. Both functors are natural in m and we
get morphisms of B-spaces

const(VA) = N A, — NA,. (5.3)
Lemma 5.2.8. The morphisms in (5.3) are morphisms of N'B-spaces.

Sketch of proof. First we have to show that A'B acts on the B-spaces. The action of N'B
on A A from Propositoin 4.3.3 gives an action on const(NA).
We can define a functor

B(k) X Am, X -+ X Amy, = Amy@-om,

(C,(a%,... al ),...,(alf,...,ak ))H(ag_l(l),... as ' ..,ag_l(k),... as ) )

M PUMe—1y P M1k

(5: C - €C7 f17 tr fk) = g(mcfl(l), ce ,mg—l(l)) @) (fcil(l) D---P fcil(]f))7
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the functoriality is a consequence of the naturality of the braiding. The same type of
argument used in Proposition 5.1.2 to show that fy, ,, is nautral shows that the functor
here is natural in my, ..., my. The family of such functors satisfy diagrams like those in
Definition 4.1.4, by similar arguments as in the proof of Propositoin 4.3.3. By the universal
property of the left kan extension this determines an action of N'B on N A,.

We now combine the action of N'B on const(N.A) and N A, to get an action of N'B on
N A, We define a functor

B(k) X AlEBml X X Al@mk — Al@ml@“'@mk

on objects by

(¢, (aé,a%,...,ai“),...,(alg,a'f,...,afﬁ%))

@S Ve mal P eSO GO G0 R ),

o mc 1y’

Send a morphism

(&: C—>§C,f1,...,fk): (C,(aé,a%,...,a#l),...,(a’g,a’f,...,afnk))
— (€€, (bg, by, - bpy ) (BG VY, BE)

to
braido £o (f¢ W @ ™) o braid ™!,

where

-1 -1 -1 - B
V. oa ™ g d (1)@--@@%:,(321)@ oaf Po- @ ®

rai -1 —1 -1 1 1 —

braid ag (1)@(141; (1)@ @ al C(lgl)@”_@ag (k )@a1 (k)@ @Stk
braids the ag’s under the a;’s and all the time keeping the order between the a;’s for ¢ > 0
and similarly for

BEOTID @ 0TI @ gy €O gy g plEOTHR) g €OTR) g e (k) braid,

Me)=1(1) M e¢)=1(k)
— —1 —1 _ —1 —
bgso W .. a b(()sc) ®) o blgc Dg...q 6%201_(11()1)@...@ bgso <k>@...@bg§2€)1_(lk(>k)‘

That this gives an action of N'B on N A, can be proved by carefully combining the corre-
sponding arguments in the cases of N'A and N A,.
The morphisms preserve the action of N'B by construction. ]

Theorem 5.2.9. There is a chain of weak equivalences

NA + hocglim(const(./\f A)) — hocglim(./\f Ay) hocglim(./\f A.) (5.4)

connecting N'A and hocolimg (N A,). Each of the maps is a morphism of N B-spaces.
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Proof. The simplicial set hocolimg (const(N A)) is isomorphich to N*B x N' A and the left
map is the projection. The action of N'B on N8B x N' A is diagonal, so the projection is is
an N B-morphism. Since N8B is contractible the projection is a homotopy equivalence.

The other two maps are hocolimg of the maps in (5.3). In Proposition 6.5 in [Sch09]
it is proven that hocolimz determines a functor

STE] — SIE x €],

where Z is defined in Definition 2.1.4 and £ is the Barratt-Eccles operad. Then we can
precompse with the diagonal £ — € x £ to get to S[€]. The same theqnique can be used
to show that hocolimg determines a functor

S®INB] — SINB.

So what is left is to show that the two rightmost maps are weak equivalences. By
Lemma 5.2.3, the B-space morphism const(N.A) — N A, is a levelwise weak equivalence,
hence the induced map on homotopy comlimits is a weak equivalence of simplicial sets.
Likewise N A, — N A, is a weak equivalence in all levels except for 0 and the simplicial
set map hocolims, (N A.) — hocolimg, (N A,) is a weak equivalence. In the diagram

hocolimas , (NA.) == hocolimys , (N'A,)

Nl jw

hocolimss (A".A,) — hocolims (A A,)

the vertical maps are weak equivelences by Lemma 5.2.6 and Lemma 5.2.5, and so the
result follows from the two out of three property for weak equivalences. ]

Remark 5.2.10. The action of N'B on hocolimg(N A,) from Theorem 5.2.9 is the same as
the one from Proposition 4.3.6.



Appendix A

Functoriality of the left Kan
extension

The purpose of this appendix is to show that the left Kan extension is functorial. This
property is used extensively when we in Section 3.2 use left Kan extensions to define a
braided monidal structure on a diagram category.

We start by fixing some notation. We will denote by & the category of simplicial sets.
Suppose we have two functors G, H: C — D, a natural transformation §: G — H and a
functor F': B — C. There is an induced natural transformation from G o F' to H o F' which
we denote by 0p, it is determined by (0r), = 0r@). In diagrams we will use a double arrow
to indicate a natural transformation.

Definition A.0.1 (Dual to the definition of a right Kan extension in Section X.3 [ML98]).
Given functors K: M — C and T: M — A, a left Kan extension of T" along K is a
pair (LangT,¢) consisting of a functor LangT: C — A and a natural transformation
e: T — LangT o K with the following universal property:

For every pair (F: C — A,9: T — F o K) there is a unique natural transformation
0: LangT — F such that i o e = 0.

M—E ¢
é
T LangT
N
A F

We often refer to the left Kan extension Lang T, the natural transformation ¢ is then
implicit. From the univiversal property it follows that if a left Kan extension of 7" along
K exists, the functor LangT' is unique up to natural isomorphism. This justifies writing
the left Kan extension.

75
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When the left Kan extension Lang T existsion exists we can write it as a pointwise
colimit
LangT'(c¢) = colim T'(m), (A.1)

K(m)—c

where the colimit is taken over the comma category (K | ¢). Furthermore, the map
colimg (m)—e T'(m) — colimg sy T'(m), induced by a morphism f: ¢ — ¢/, agrees with
LangT'(f: ¢ — ). This is straightforward to check from the definitions. The converse is
also true: The dual of Theorem 1 in Section X.3 [ML98] implies that if the colimit in (A.1)
exists for each ¢ in C, then the left Kan extension of T" along K exists.

As corollary we get that if the category M is small and A has all small colimits, then
the left Kan extension of any functor 7: M — A along any K: M — C exists.

Definition A.0.2. We define the Left Kan category £ where an objects is a pair
(T:- M—S,K: M—C)

with T is a functor from a small category M to the category of simplicial sets S and K is
a functor from M to a category C. A morphism

F:{T" M—-8K: M=C) —-{T: M =8 K: M=)
consists of two functors Fi: M — M’ and F;: C — C’ and two natural transformations
0: T — T oFyand k: K'oFy — Feo K.
The composite F' = F’ o F' is defined by the equations
FM = F.;\/l’ OFM and FC = Fé/ OFC
for the functors, and the morphisms

9/
Om: T(m) m, T' o Fy(m) —2422 T" o F\y o Fpq(m) and

Ke om F!,(km
ot K" 0 Fluy 0 Fag(m) =2 B o K70 Fou(m) <% B, o Fy o K(m)

for the natural transformations.

The diagram on the left illustrates a morphism, and the one on the right illustrates two
composable morphisms.

M K C M K C

[N N AN A S
NS N vt N
\T/ \T/ N \

S § N M —— "
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Definition A.0.3. We define the Lax Twisted Arrow category 7 with functors to simplicial
sets as objects. A morphism G from a functor L: C — S to a functor L': C' — S consists
of a functor

Gc: C—C

and a natural transformation
A L—Lo Gc.

The composite G = G’ oG is determined by the equation Ge = G 0 Ge for the functor,
and the morphism
> Ae ’ )‘,Gc(c) " !
At L(c) =5 L' o Ge(c) —— L" o G 0 Ge(c)
for the natural transformation.

The diagram on the left illustrates a morphism, and the one on the right illustrates two
composable morphisms.

a,
C Ge c' C Ge C’ ¢ c"
o L” Ll o [l v jy/
S S 5§

Theorem A.0.4 (Functoriality of the left Kan extension. Together with Martin Stolz).
There is a functor

L—T
defined on objects by
(T M —S8,K: M—C)— (LangT: C — S),

where (LangT, ¢) is the left Kan extension of T along K.
A morphism

F: {T:- M—>8K M-=C) = (T M-—=>SK: M —=C

is sent to the morphism LangT — Lang:/T’ consisting of Fe: C — C' and the natural
transformasjon \: LangT — Lang:/T" o F¢ defined below.
We can define a natural transformation

o: T — Lang/T" o Fp o K

by

Lan g/ T" (Km)
EE—

T(m) 22 T' o Fyy(m) =% Lang T o K' o Fay(m) Lang/T" o F¢ o K(m).

We let \ be the unique natural transformation \: LangT — Lang/T" o F¢, with ¢ = Agoe,
that the universal property of the Kan extension provides.
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M—E C
T =€> H/@ Fe
LanKT
AN o
S \ M c
=
T’ Lan /T’

Proof. This clearly preserves identity morphisms, so the only thing to check is that com-
position is preserved.

Let F: (T,K) — (T",K') and F': (T", K') — (T”, K") be two composable morphisms
in £, and let (LangT,e) be the left Kan extensions of 7" along K, and similarly for
(Lang/ 1", €") and (Lang/T",€").

The comoposition of F' and F" in £ is determined by F, o Fiyq, Fp o Fe,

O =0, ) © 0, and (A.2)

= YFrp(m
Fm = Fo(Km) © Ky (m)- (A.3)

This is then sent to
FC,"OFC: C%CU

and the unique natural transformation \: LangT — Lang~T" o F}, o F¢ such that
(,5 = XK oe£ (A4)

for ¢ defined by

@m = LanK”Tﬂ(/’%m) O gg'leM(m) O ém (A5)
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If we instead apply the functor to each of the morphisms we get the two morphisms
picutred in the diagram:

Fe Fé/
C C/ C//
Lan Tl AL | T X lL T
K e ani{’ e an gerr
) ) S

The natural transformations A and )\ are defined using the universal property of the
left Kan extension. We define A: LangT — F4 o Lang/T’ o F¢ as the unique natural
transformation such that

p=Ak o€, (A.6)

for ¢ induced by
¢m = Lang:/ T (km) © Fa(€r,,(m)) © Om (A.7)

Similarly the natural transformation \': Lang/1" — F'jLang»T"F}, is the unique one
with
QO/ — )\,I(/ O 8/, (A8)

for " induced by
©h = LangT"(k],,) o 5F/ ) © O (A.9)

We then compose in T and obtain the morphlsm consmng of the functor
FiooFe: C—=C"

and the natural transformation
)\%C o\ (A.10)

For the two resulting morphisms, we see that the functors are equal, so what is left to
show is that the natural transformations A and A, o A are the same. Since A is determined
by (A.4), we will achieve this by showing

Pm = ARe(K(m)) © AK(m) © Em
for each m in M. We expand the right side of the equation:

AngK(m) © )\K(m) O&m

= )‘IFCK(m) © Pm by (A.6)
= Npei(m) © Lang T (Km) © €, (1m) © Om by (A.7)
= Lang»T"F} (k) © )\’K,FM( ) © Eyy(m) © Om naturality of \’
= LangnT" Fei (Km) © €% (my © Om by (A.8)

= Lang»T"F} (k) © LanKuT "(Kpyg(m)) © 5’}/ Fng(m) © Ok imy © Om by (A9)

= LangT"(F¢i(Km) © K (my) © 6/1%/\4, (m) © Opi(m) © Om
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And then the left side:

Prm
o 1"~ "
= Lang/T"(Ry,) © EFL, Fa(

(m) © OFri(m) © Om by (A.3) and (A.2)

Fap(m

m)

= Laner T"(Fe (Km) © K, (my) © SF!Frm

We see that the equation FA()‘IFC(K(m))) © AKk(m) © Em = @ holds for all objects m in M,
which completes the proof. ]

Remark A.0.5. This can be done more generally by considering functors 7: M — A and
K: M — C such that the left Kan extension of T" along K exists. The functoriality in .4
is contravariant. For our purpose we only need the case where A = S and Fs = ids. This
simplifies the notation in this appendix considerably, we have therefore chosen not to write
the result in full generality.

We conclude this appendix with a couple of other useful results about left Kan exten-
sions.

Lemma A.0.6. Suppose we have a functors X: A—= S, F: A= B and G: B— C. Let
(Lanp X, ™)
be the left Kan extension of X: A — S along F': A— B,
(Lang(LanpX), %)
the left Kan extension of LangpX: B — S along G: B — C, and let
GoF)

(Langor X, €

be the left Kan extension of X: A — S along Go F: A — C. Then Lang(LanpX) is
isomorphich to Langop X .

F G GoF
—F B B————=C A——""—=C
eF G gGoF
X| = Lanp X | — x| =
LanpX Lang(LangX) angor X
) ) )

Proof. By the universal property of the left Kan extension, the natural transformation
@ X — LangorX oG o F induces a unique morphism 6: LanyzX — LangopX o G such
that

Op o ef' = &°F, (A.11)

This again induces a unique morphism : Lang(LangX) — Lang.pX such that

kgoe® =40. (A.12)
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The natural transformation e%oe: X — Lang(LangX)oGoF induces a unique morphism

A: Langop X — Lang(LangX) such that
Agop 09T =G o el (A.13)

If we can show that x and A are inverses of each other we are done. By the univeral
property of the Kan extension, x o A is the identity if

(K, o )\)GOF o SGOF — gGoF.

This follows from equations (A.13), (A.12) and (A.11). Similarly A o & is the identity if
(Aor)goe¥ =¢e%: LanpX — LangopX o G

using the universality of the Kan extension once again, this equality holds if

(Aok)gor oG ol =% 0l

This follows from equations (A.12), (A.11) and (A.13). O

For two functors Vi: A; — S and V5: Ay — Slet Vi x Vo: A x Ay — S be the
functor defined by
(Vi x Va)(a1, a2) = Vi(a1) x Va(as)

on objects a; € A; and
(Vi x Va)(f1, f2) = Vi(fr) x Va(fe)

on morphisms a; € A;, i = 1, 2.
Lemma A.0.7. Suppose we have functors V;: A; = S and W;: A; — A fori=1,2. Let
(Lany, V;, %)
denote the left Kan extension of Vi: A; — S along W;: A; — A fori=1,2, and let
(Lanyy, xw, (V1 x Va),€)

be the left Kan extension of Vi x Vo A; X Ay — S along Wi x Wy: A; x Ay = A x A.
Then Lany, Vi x Lany, Vs is isomorphic to Lany, xw, (V1 X V3).

A A, — " 4 Ay x A, -2 A A

el g2 €
Vl = V2 - Vl % ‘/2 ——
Lany, Vi Lany, V2 Lany, xw, (Vi xV2)
S S S
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Proof. By the universal property of the left Kan extension, the natural transformation
el xe?: Vi x Vo — (Lany, V; o Wy) x (Lany, Vs o Wy) = (Lany, Vi x Lany, Va) (W, x Ws)
induces a unique morphism x: Lany, xw, (V1 X V2) — Lany, Vi x Lany, V5 such that
Ky, xw, 06 = & X 2. (A.14)

The natural transformation

e: Vi x Vo — Lany, xw, (V1 x Vo)(W7 x W)
is a family of simplicial set functions

Vi(ar) x Va(az) — Lanw, xw, (Vi x Va)(Wi(ar1) x Wa(az))

that is natural in a; € A; and ay € A,. Under the bijection

homg (K, Mapg(A, B)) — homg(A x K, B),

which is natural in the simplicial sets A,B and K, see [GJ99, prop 5.1], k corresponds to
a family of simplicical set functions

Vi(a1) = Mapg(Va(az), Lanw, xw, (Vi X V2)(Wi(a1) x Wa(as)))

that is natural in a; € A; and ay € Ay. The universal property of the Kan extension now
gives a family

LanW1‘/i(a) - Maps(‘@(‘h)a LanVVlXWz(Vl X V?)(a X WQ(GQ)))

that is natural in a € A and ay € Ay. Using the bijection from [GJ99, prop 5.1] the other
way, we get a family

Lany, Vi(a) X Va(ag) — Lany, xw, (Vi X V2)(a x Wa(as))
that is natural in a € A and as € A,. Doing the same for V5 we get a natural transformation
A: Lany, Vi x Lany, Vo — Lanw, sw, (V1 X V3),
that is the unique one such that
A\, s, © (! x €%) = . (A.15)

What is left is to check that k and A are inverses of each other. That Aok is the identity
follows from equations (A.14) and (A.15) similarly as in the previous proof. Going back
and forth with the bijection from [GJ99, prop 5.1] as above we can show that x o A is the
identity if

(/{ © )‘)W1><W2 o (51 X 82) = el x 527

this follows from equations (A.15) and (A.14). O
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