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Abstract

In our computational fluid dynamics (CFD) calculations the Kelvin-Helmholtz instability
(KHI) starts to develop in peripheral collisions. At high energies the shear viscosity of
the Quark Gluon Plasma (QGP) flow is becoming small and the Reynolds number will
exceed one, thus turbulent phenomena may start to occur, which enhance the rotation
effect in the expanding system. Due to the large initial state angular momentum, a new
directed flow structure may appear that the anti-flow peak observed at high energies
rotates forward, and directed flow will start to peak at positive rapidities at sufficiently
high beam energy, i.e. on the same side where the projectile spectator residues arrive
after the collision. This is because the initial angular momentum leads to a faster rotating
initial system, and this rotation moves the dominant directed flow peak forward before
the expansion from the pressure which would slow down the rotation. The observation
of this peak is not easy because of the beam directed fluctuations of the initial state,
and the directed flow is very sensitive and subject to significant perturbations from
these random fluctuations. Thus we can study other effects, which are induced by the
rotation of the expanding system. One is the polarization method: by calculating the
thermal vorticity it turns out that the Lambda polarization can reach several percent
in peripheral heavy ion collisions. The other is the Differential Hanbury Brown Twiss
method, which is sensitive to rotation and it has advantages compared with the flow

harmonics analysis.
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Chapter 1

Introduction

The early universe is produced after a Big Bang and it is filled with hot dense matter.
After a few milliseconds, this extraordinary hot and dense matter is composed by a fun-
damental form of matter, the Quark Gluon Plasma (QGP), behaving like a soup, with
the matter moving almost at the speed of light. The field theory, the Quantum Chromo-
dynamics (QCD), can describe these quanta and leads to the conclusion that the quarks
and gluons are confined by strong interaction. They do not live for long time and recom-
bine into ordinary hadronic matter moving in every direction, thus it can not be easily
detected in laboratory. It is assumed that the light produced in the early universe can
reach us thus we can observe it. This makes the cosmic microwave background (CMB)
studies of the thermal radiation possible. This year the polarization measurement of the
Cosmic Microwave Background radiation were reported by the Amundsen-Scott South
Pole Station. The observed circular polarization (the so called B-mode polarization),
the existence of which has been long predicted, paves the way for a definitive test of
inflation (a key theory in the Big Bang model of the universe). It is thought to be the
consequence of gravitational waves ("large ripples" in space-time) formed at the early
explosion of the "inflationary" universe. The CMB fluctuations, however, are dependent
on past events, and we can try to recreate similar conditions and generate hot dense

matter by ultra-relativistic heavy ion collision experiments. We can make the nuclei



2 Introduction

collide head on and the matter may melt into QGP, then it cools instantly and plenty of
particles will be produced at these high energy collisions. The particles which are flying
towards the detectors can be detected and recorded. These observed particles contain
the information about the QGP.

With increasing energies, the collective flow phenomena become increasingly domi-
nant, the multiplicity of final state particles is already several thousands after the colli-
sions, which makes the produced particles behave more like a continuum, and the Fluid
Dynamic approach can be used to study the heavy ion collisions. With the QGP produc-
tion confirmed in RHIC and LHC, the scope of the fluid dynamical studies is widening,
and at the same time their application becomes more dominant in recent years. The
advances in the collective flow studies have a wide spread of directions. Due to the low
viscosity of QGP near to the phase-transition threshold, both significant (i) fluctuations
and (ii) new Global Collective instabilities may occur, as turbulence in peripheral re-
actions, which is the main research subject of this thesis. The precise analysis of these
two types of effects would require both their theoretical study and their experimental
separation, and then their possible interaction and interference in the observables. The
necessity of this separation is pointed out and elaborated in more detail in this thesis.

In Fluid Dynamic model it is important to use a realistic 3-+1D initial states, which
can describe realistically the early evolution of the collision without unrealistic simplify-
ing assumptions, for example, all symmetries of a heavy ion reaction should be reflected
in Global Collective initial state. However this is usually not considered in the initial
state, as in numerous fluid dynamical models the x, y, n, 7 coordinates are used, thus
it is easy to assume uniform longitudinal Bjorken scaling flow, so that v, = 0. This is
frequently done even in 341D models, which immediately eliminates the longitudinal
shear flow, thus the arising vorticity. Once the longitudinal momentum distribution is
assumed to be uniform in the transverse plane, or if it is assumed to be symmetric around
the collision’s z-axis, the initial angular momentum will be lost, which violates the con-

servation of angular momentum and also disables the description of many fundamental



phenomena. There are few realizations where the conservation laws are fully satisfied.
For a realistic model, the initial state (in terms of z, ¢ or n, 7) should have longitudinal
ends, which do not exceed the projectile and target rapidities, rather we should take into
account the effects of the recoil and deceleration caused by the other colliding nucleus.
The initial state can be generated from a realistic molecular dynamics or cascade model,
which may reach states close to equilibrium, then the smooth average of such states
can serve as a realistic 34+-1D initial state. In fact a good analytic initial state can be
constructed by taking into account all symmetries and all conserved quantities and their
conservation laws. Such realistic initial state can be used as an input for our Particle in
Cell (PIC) hydrodynamic model for numerical simulation of the collision, where the space
is divided into many cells, i, and each cell is filled with particles which are randomly
generated following the distribution function f(z;,p). The number of cells filled with
matter increases as the system evolves and expands until the pressure approaches zero,
thus many cells in the center of space may became empty. The energy and net particle

numbers are conserved during the expansion.

Structure of the thesis

This thesis is written on the basis of 7 published papers [1, 2, 3, 4, 5, 6, 7] and 5 conference
proceedings [8, 9, 10, 11, 12] which are included in Appendix F. The other Appendices
are important parts of the thesis, which provide some details (not shown in the published
papers) necessary for the publications.

There are six chapters of the thesis. Chapter 2 introduces the theoretical fundamen-
tals including the Particle in Cell hydrodynamical model and the initial state, then the
measurables and the freeze out are also mentioned.

Chapters 3, 4 and 5 are brief introductions and summaries of my publications:

Chapter 3 (publications |7, 9]): Fluctuations from random initial conditions, not from

the phase-transition are shown in this part. The higher moments, the skewness and
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kurtosis changes sign both with and without the phase-transition. The global collective
flow and fluctuations can be separated by the azimuthal harmonics method.

Chapter 4 (publications [1, 2, 5, 6]): The rotation effect is predicted by our FD model
where the Kelvin Helmholtz Instability (KHI) is observed, this effect can lead to the flow
vorticity. The conditions for development of KHI are investigated analytically and the
rate of slowing down rotation is studied in an extended solution of the FD model.

Chapter 5 (publications [3, 4]): It is important to find some evidence that the explod-
ing system is rotating. In our FD calculation the A polarization observation for higher
and intermediate energy collision as well as the two particle Differential Correlation
Function (DCF) are introduced to detect rotation.

The conclusion and outlook are given in chapter 6.

Importance and innovative features of the topic of the
thesis

This thesis studies a new collective flow pattern, the KHI and the rotation due to the
large angular momentum for peripheral high energy collisions. This angular momentum
is a very important property for heavy ion collisions, however it is usually ignored up to
now. Thus these studies are very new.

In our work we take into account the big angular momentum by using a realistic
initial state model, where the participant zone is divided into streaks characterized by
the string tension. The momentum of the streaks varies and the most peripheral streaks
near the spectators contribute the most to the angular momentum.

The KHI is very sensitive to the viscosity thus it can be used to measure the QGP
viscosity in heavy ion collisions as shown in the thesis. One typical phenomenon induced
by the rotation is the vorticity, thus we also study it for peripheral collisions and its
value is impressive. Since the rotation and radial expansion of the fluid compete with

each other, for high energy collisions the antiflow peak might rotate forward and become



positive at positive rapidity, this is more obvious for higher and for more peripheral
collisions.

All these features are innovative in the study of this field. The strong dependence
of the occurrence of the KHI from the viscosity (which is expected to have a minimum
at the phase-transition to QGP) makes these studies very important as a specific direct
signal of the minimum of viscosity and at the phase-transition threshold at the same

time.






Chapter 2

Theoretical fundamentals

This chapter is based on the textbook "Introduction to Relativistic Heavy Ion Collisions"

[13].

2.1 Notations and conventions

We work in natural units where ¢ = h = 1. At high energy systems the relativistic
approach describes the dynamics of the variables better, thus we use the conventions at

special relativity which are repeated here.

2.1.1 Phase space variables

The space time coordinates take into account the time, ¢, in addition to the normal
spatial (x,y,z)-coordinates, thus it constructs a four dimensional space-time, which is
spanned by the coordinates z* = (¢, z,y, z) = (¢,r). Here z# is a contravariant 4-vector.
The four vector with a superscript is called contravariant and the subscripted ones are
covariant, i.e., the covariant space-time vector is z,. The contravariant and covariant
variables can be can be transformed to each other by the action of the metric tensor,
which takes the form g,, = ¢"¥ = diag(1, —1, -1, —1), thus z, = g,,z".

In relativity the Lorentz contraction should be considered, thus the contravariant
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four velocity is u* = (7,yv) and the covariant four velocity is u, = (v, —yv), where
v is three spatial velocity components and v = 1/4/1 — v? is Lorentz contraction factor.
The 4-velocity is a time-like unit vector pointing to the moving direction of a particle
since it has the norm w*u, = 1. When we mention about time-like, we mean a quantity
characterized by a 4-vector should be similar to the 4-velocity of the matter in the
space-time which is spanned by the time coordinate and lightcone. A four vector, ¢*,
is time-like when ¢,¢* > 0 and space-like when ¢,¢* < 0. For a unit four vector A#,
if A*A, =1, it is time-like and if A*A, = —1 then it is space-like. The time-like and
space-like four vectors can not be transformed to each other by Lorentz transformation.

The four momentum is p* = (p°, p), here p° = \/W is relativistic energy of
a moving particle, p is 3-momentum in the space. This 4-momentum is time-like because
p'p. = (p°)? — (p)? = m?. The three velocity is defined as v = p/p°.

Usually in heavy ion physics we denote the z component of a vector by subscript ||
and the other ones by L, i.e., the three velocity is v = (v}, v1), thus the four velocity is

u = ~(1,v),v,). Similarly the momentum vector is p* = (p°, p|;, P, ).

2.1.2 Rapidity

Rapidity is an alternative measure of the motion speed, it is defined as

P+ Py
n—

_ pp_ 1
y = arcthy) = arcth— = —1 ,
! P2 P —py

it is proportional to the velocity for small velocities, y ~ v)|. The rapidity can better de-
scribe the kinetic motion of particles, as the energies of the system increase, the rapidity
can take the values from —oo to oo, unlike the velocity, which can only approach the
light velocity ¢. Another important property is that the rapidity is additive. If a particle
in frame K has rapidity y; and at the same time the frame K is moving at rapidity
Y2 in frame K5, then the particle has the rapidity y = y; + y2 in Ky frame. This is the

Lorentz transformation property of rapidity.
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In experiment it is difficult to measure the particle energy directly, the pseudorapidity

7 is defined in terms of the momentum:

_ L Ip| +p
=_-ln—— .
2 |pl—py
At ultra high energy the mass energy mc? is negligible, the energy p° = \/p? + m? =~ |p|,
thus the rapidity and pseudorapidity are equal y = n = In(cot g), where 6 is the polar

angle between the momentum and the beam axis.

2.1.3 Particle four flow

Particle 4 flow N* = (n(z),j(z)) is a macroscopic quantity, which is composed by the
local density n(t,7) = n(z) and the local particle flow j = j(¢,7) = j(z), where z is the
space time coordinate.

The local density and the local particle flow can be expressed in terms of the particle

distribution function, f(z,p), in a given reference frame:

n(z) = / &p fla.p) | (2.1)
i) = / Ppv f(rp) (2.2)

where the particle distribution is a probability function, which can be used to calculate
the particle number in p space, i.e., in a 6 dimensional (x,p) space, the number of particles
in a phase space element is AN = f(x,p)A3zA3p. Since v = p/p°, the Egs. (2.1, 2.2)
can take a general form

3
N# :/% P f(z,p), (2.3)

here N* and p* are both 4-vector, thus [ % (x,p) should be an invariant scalar.
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2.1.4 Energy momentum tensor

The energy momentum tensor describes the energy density and flux of energy and mo-

mentum in space-time:
w Ep
T (z) = e ' p” fx,p) . (2.4)

It has the components of the energy density T%(z), the energy flow T%, the momentum
density T and the momentum flow tensor T%, where i and k take the values of 1, 2
and 3. The energy momentum tensor can be considered as the second order moment
of particle function f(z,p). It is symmetric since T* = T"#. Tt includes the rest mass
and the kinetic energy of the particles while it does not include the fields and potential

energy.

2.1.5 Local Rest Frame (LR)

The word line is a trajectories of a particle moving in 4 dimensional space time coordi-
nates, the flow velocity «* is a time like vector tangent to the world line of the particle
when there are particles in the matter. If there are no particles, the flow velocity is
parallel to the energy flow. These two types of flow will be shown via two definitions
later.

A four vector in n dimensional space can be projected orthogonally to the flow velocity

u* into a hypersuface which has n — 1 dimensions by the action of the projector A#:

ooV
A = g - 0

, (2.5)

(uruy,)

it is apparent that this projector acting on the flow velocity is 0 (A*u,, = 0). If the flow
velocity in some frame is u# = (1,0, 0, 0), this frame is called the Local Rest frame (LR)
with flow velocity ué‘LR). In this frame we have A&VR) = A, wr) = diag (0,-1,-1,-1)
and A” wry = diag (0,1,1,1) .

The invariant scalar density is the density in the Local Rest frame n = N*u, = N, (OLR).
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This density is different from the previous introduced local density n, which is not an
invariant scalar. They are equal only when we are in Local Rest frame. The invariant
scalar energy density, e = u, 7" u,, is T(OI?R) in the Local Rest frame. The pressure tensor
can be calculated by using the orthogonal projector, which is defined as P* = AKTTAY.
In the Local Rest frame we have P(OI?R) = P(ZER) = ngR) = 0 and P(ZER) = TZ{R) for
1,5 = 1,2, 3. In fact one can find more invariant scalar densities in the Local Rest frame,
ie., (p'uy)wr) = p? = E. Such invariant scalar is the same in all other reference frames.

The Local Rest frame can be obtained by performing a Lorentz transformation since
ut is a time-like vector. There are two ways to find the Local Rest frame by introducing

Eckart’s definition and Landau’s definition:

Eckart’s definition

In this definition the Local Rest frame can be obtained by the help of the particle 4-flow
N*" indicating there are conserved particles or charges in the flow. In this case the unit
vector of flow velocity is

NH

[
ut = (NN, )i ° (2.6)

thus the flow has the spatial 3-velocity v parallel to the particle current j since u* =
7(1,v). In this case the projector acting on the flow is 0 (A, N* = 0) and it eliminates

the spatial particle flow in its Local Rest frame
Nigy=0; i = 1,2,3,

which means the particle four flow is N* = (n(z),0,0,0). This definition does not work
for coherent flow systems with particles and antiparticles, which will yield vanishing
particle flow. It is not suitable for low baryon density system because the mass and
energy flow will be independent of the vanishing particle flow. Thus for ultra-relativistic
heavy ion collisions it is ill defined since the system would have very high energy density

and very low or zero baryon density.
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Landau’s definition

In this definition the Local Rest frame is tied to energy flow 4 vector where the spatial
components of energy flow T(OIfR) and the momentum density TZBR) (1 = 1,2,3) should
vanish. By assuming the flow velocity parallel to the energy flow T#"u,,, according to
Eq. (2.5), we have

Ag T u, =0 .

Since A, is an orthogonal projector, the flow velocity u* is a normalized eigenvector of

T and u* = constant x T" u,,, where the constant= (u,T""u, )™ .

2.2 Hydrodynamical model

Fluid dynamical processes can be used to describe heavy ion reactions in all energy re-
gions and it becomes a dominant direction of research in high energy heavy ion reactions
in recent years. With increasing energies, the hadron multiplicity grows up to thousands,
thus the matter generated is behaving more and more like a continuum. This makes the
fluid dynamic approach more realistic by assuming the matter reaching local thermody-
namic equilibrium and satisfying the conservation laws. The equation of fluid dynamics

are the conservation equations of particle and energy:

N* ,=0or d,(nu') =0, (2.7)

T =0 or 9,(T") =0, (2.8)

where the notation ,, has the form ,, = agu 0y = (0, V). For ideal fluids the energy

momentum tensor is

T" = (e + P)u"u” — Pg"" .

thus we have T = wyvu + Py, T% = —Tp; = wy?v; and T® = Ty = (e + Pv?)y?

where w = e + P. Here we can introduce the momentum current density M = T% and
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the apparent energy density £ = T%. The apparent density can also be introduced as
N = ny = n. By using these three quantities, the fluid dynamic equations take the more

familiar form:

ON +V - (vN)=0, (2.9)
OIM+V-(vM)=-VP, (2.10)
0E+V - (vE) = -V (Pv) . (2.11)

Here Eq. (2.9) is the continuity equation, Eq. (2.10) and Eq. (2.11) are Euler equation
of fluid dynamics and the energy conservation. These fluid dynamic equations can be

solved numerically with an Equation of State (EOS): P = P(n,T) or P = P(n,e).

2.2.1 Relativistic Boltzmann Transport Equation

To obtain the fluid dynamic Eqs. (2.9, 2.10, 2.11) one needs the particle distribution
function f(x,p). If we do not consider an external force and the particles do not col-
lide, the relativistic transport equation is p*0, f(x,p) = 0. The Relativistic Boltzmann
Transport Equation (BTE) takes into account two particle (binary) collisions and as-
sumes that the number of binary collisions at z is proportional to f(z,p1) X f(z,pa).
Collisions among particles change the particle distribution function. If two particles col-
lide at position x, their initial momentum p and p; change to final momentum p’ and p},
the Relativistic Boltzmann transport equation is:

L [ d&p Pp dph

O C ) —
p uf(CLJ)) D) p(l) po pllo

[f,f{W(p/7p/1 |pap1) - fle(papl |p/>pl1)] )

where W (p, p1|p/, p}) is the transition rate depending only on momentum p. The factor

% is introduced due to symmetric when we exchange p, p1 <> p), p’. We have the notation

f = f(flf,p), f, = f(xap,)v fl = f(xvpl) and f{ = f(xvpll)
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2.2.2 Jiittner distribution

The Jiittner distribution is the stationary solution of the Relativistic BTE which can be

used in perfect fluid dynamic equations. It has the form:

fJiLttner( ) _ (273h)3 exp ,u(l’) 77{)"111/(1') ) (212)

where (4 is the chemical potential, T' is temperature. In Local Rest frame (p“u,)Lr =
(p°)Lr = E, and it is the same in all other reference frame since it is an invariant scalar.
But pP is the time component of a 4-vector, thus it is not an invariant scalar. If f(x,p)
is a stationary solution of BTE, it should be f/#me(; p). Most of the time the local

fJ uttner

particle distribution f(z,p) is close to since the equilibrium stage can be reached

very fast.

2.2.3 The Particle in Cell (PIC) method

The PIC method is used as a tool for numerical simulation to solve a certain class of
partial differential equations. In this calculation we divide the space into grid cells and
one grid cell is denoted by ¢, j, k. The relations between these indexes and the spatial
coordinates x are shown in Appendix A. Each cell contains many randomly generated
particles according to the particle distribution function.

There are basicly two approaches to solve the fluid dynamic equations, the Eulerian
method and the Lagrangian method. The Eulerian grid is fixed in space and accounts
for the storage of momentum, energy and particles. The fluid can move across these grid
cells thus the number of cells filled with matter is increasing as the system is expanding.
On the other hand the Lagrangian mesh cells move with the fluid, thus the fluid does
not flow in or out of these cells. The Marker Particles in the PIC method are such
Lagrangian cells.

The equations are solved in two steps. The first step is the Lagrangian phase where

the Lagrangian fluid cells distort and follow the fluid, which means the grid and particles
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move together, thus the transport parts between neighboring Lagrangian cells in Egs.
(2.9,2.10,2.11) can be ignored.

In the second step we need to consider the transport properties between the bigger
Eulerian cells. The cell momentum and energy are distributed evenly among all the par-
ticles in this Eulerian cell thus each Marker Particle (=Lagrangian cell) has an effective
velocity, U; ;. In 6t time each Marker Particle moves a distance v;;,0t. After a move-
ment if the Marker Particle remains in the same cell, the energy and momentum of this
Eulerian cell does not change; If it crosses the Eulerian cell boundary, the momentum
and energy carried by this marker particle should be added to its new Eulerian cell and

subtracted from the old one.

2.3 Initial stage of collisions

Computational fluid dynamic models are widely used to describe heavy ion reactions,
the EoS can vary flexibly and can test the corresponding dynamic results. However,
the initial and final freeze out stages are outside the applicability of the fluid dynamical
model, thus an energetic heavy ion reaction requires a Multi Module Model to describe
the collision process more realistically, where the different stages can be studied by a
suitable theoretical approach. For hadronization and freeze out stages, the matter is
very dilute and can be well described by kinetic models, thus it is more important to
deal with the initial stage. This thesis uses the initial state developed in [14] where the
system is tilted for noncentral collisions. This initial state is in fact essential for large
initial angular momentum and leads to the KHI and rotation effect in hydrodynamical

calculations.

2.4 Freeze out and measurable quantities

The hydrodynamical model can simulate the collision and calculate the measurables,

which can be used to compare with the experimental data. In hydrodynamics the par-
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ticles generated may keep interacting as long as they become dilute and independent,
however, this is not the case in experiments where the particles reaching the detectors
have not interact for a long time already. Thus it is important to break up the interaction
in the hydrodynamical model, which needs the freeze out process. A gradual freeze out
and hadronization process can be handled in fluid dynamics assuming phase equilibrium
but it takes a long time, thus a sudden freeze out process is used in our calculation to

describe the freeze out process.

2.4.1 The freeze out process

The freeze out process can be usually replaced by a sudden freeze out where a hypersur-
face can be introduced in space-time. The particles interact according to fluid dynamical
laws before the matter reaches this surface. Once this surface is reached, the continuum
becomes independent particles where final interactions and collisions are neglected among
these particles. Usually we refer this surface pre-freeze out surface before crossing and
post-freeze out surface after crossing.

For one surface we calculate the entropy on both sides and make sure it does not
decrease otherwise another FO hypersurface is needed. On this surface, the conservation
laws should be satisfied, namely the particle 4-current N* and the the energy-momentum

tensor 7, should satisfy the ralations

N*do,) =0, [T*do,] =0, [sdo,] >0,

where [a] = a2 — a1 is the change of a quantity a across the hypersurface. The brackets
mean the conservation of a given quantity since the four current N* and energy momen-
tum tensor T are not continuous across the surface, but they can be calculated from
the total particle number, energy and momentum which should always be the same on
both sides.

The flow velocity will also change if its direction is not parallel to the freeze out
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surface normal (do*). This modifies the freeze out method of Cooper and Frye [15]
because even if the direction is the same as the surface normal but with different EoS,
the parameters of post-freeze out matter will also change, such as the temperature, since
the particle interaction energy should be added to the kinetic energy of noninteracting

particles [16].

2.4.2 The measurables

The measurables can be calculated from the particle distribution function after the FO
hypersurface. The experimental measurables are usually differential quantities normal-

ized per event, such as the quantity
dN
d3p

should satisfy the normalization

N = /—d3 /(/ (j:g)p“fo(mp)) do, :/Sn(x)u“dou, (2.13)

where fy is the ideal gas phase space distribution including collective flow. The overall
quantities can be calculated by the help of the particle number, such as the momen-
tum of emitted particles, which is frequently measured in experiments. The transverse

momentum in Reaction Plane is

dN d?
D :/dszdBp:/ (/ fp“pzfo(w,p)> doy, :/T‘“daw (2.14)
s a’p s p s

We usually use the assumption u* = do* in analytic models where spherical or cylindrical
symmetry is assumed, since this assumption can simplify the above equations.
Some most common measurables are the the baryon and pion measurables. The

local baryon momentum space distribution assumes the Jiittner distribution, and the
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pion distribution assumes a Relativistic Bose distribution:

9= 1
=\Z, = .
f ( p) (27Th)3 exp p#;# o 1

In both cases there are several measurables, such as rapidity distribution %;e“, the

dNcen

transverse momentum spectra —=it,
prdpy

see more details in [13].

It is important to mention that in Eqs. (2.13, 2.14), the post freeze out phase space
distribution of particles f(x,p) should not include particles which propagate backwards
into the mater not freeze out yet. To avoid these "negative contributions" one should

use the cut Jittner [17] or canceling Jittner [18, 19] distributions as post freeze out

distributions.



Chapter 3

Collective flow and fluctuations

Collective flow has been measured and azimuthal asymmetry was determined from v; to
vg in heavy ion reactions. The fluctuating initial configuration is the main source for flow
fluctuations in central collisions at high energies and the most dominant flow harmonic is
vg. These collective flow fluctuations have no direct connection to the fluctuations which
arise from a phase-transition in the Equation of State (EoS) [20, 21, 22, 23]. In our 3+1D
fluid dynamical model we study the dynamical development of expanding Quark-gluon
Plasma (QGP) flow for central collisions where the fluctuations are minimized by using
the azimuthally symmetric initial state. Then we present a method to split the two flow

patterns, the collective flow and the fluctuations.

3.1 Higher moments of QGP flow

The fluctuations arising from the pure fluid dynamics are studied in [7] without including
any effect associated with a phases transition in the EoS, in the transport properties, or
in special thermodynamical phase space trajectories [24, 25, 26], or in special freeze out
mechanisms. Ref. [27] studied the critical fluctuations generated from QGP phase to
hadronic phase and included a first order transition, while in Ref. [7] we complement a
large number of studies with the opposite goal, aiming to analyze the consequences of the

statistical properties when the phase-transition is not assumed and the matter undergoes

19
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a supercooling process. The higher moments for extensive densities are calculated such
as skewness and kurtosis, to see what kind of effects the conservative relativistic fluid
dynamical model would exhibit.

We choose the MIT Bag model with parameters fixed to the initial values which
includes two flavors and massless quarks and gluons. We use the simplest bag model
approach, which is in the pure QGP domain, yields similar results to more detailed
parametrizations fitted to lattice predictions [28]. The bag constant is B = 0.397
GeV/ fm? for positive pressure, while for originally negative pressure fluid cells we change
the bag constant to a smaller value in order to get zero pressure and nondecreasing en-
tropy, see more details in Appendix B. This is necessary since the zero pressure cells are

a big part of the fluid at late stages in our fluid dynamic model, see Fig. 3.1.

60 n 4
dx=04375  dx=0.350 § A

09 5 b=05 v b=0.6 ST ]
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401 2 b=07 < b=08 %ﬁyg 1
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]

16
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Figure 3.1: The percentage of the fluid cells with vanishing pressure as a function of time,
impact parameter and the cell size, calculated by the hydro code. Up to the typical freeze
out time of 5-8 fm/c, the pressure is zero in more than 15% of the fluid cells.

The viscosity is not considered (except the unavoidable numerical viscosity) in order
to omit its effects, thus neither the temperature dependence of viscosity near the critical
point [29] is considered, which may lead to additional changes of the critical fluctuations
in a viscous fluid dynamical evolution. The dimensionless shear viscosity over the entropy

density, n/s, of the QGP is becoming small [30] at high energies and 7/s as a function of
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temperature has a minimum at the critical temperature [31]. On the other hand, n/s at
a critical point does not necessarily have a minimum, since the dynamical universality
class of a possible critical point of QCD is the H-model in Hohenberg and Halperin’s
classification [32, 33], the shear viscosity may diverge at a possible QCD critical point
which would damp instabilities. Since the turbulence and instability appears only for
small viscosity indicating the critical point of the matter [31], it is a sensitive measure
of viscosity and its minimum at the critical point. The observed high flow harmonics
directly indicate a low viscosity and the lack of viscous damping.

The description of the final stage of the reaction is needed for a realistic reaction
model. We have a Multi Module Model approach to describe high energy heavy ion
collisions in the RHIC and LHC energy range. From the locally equilibrated QGP we
have to form hadrons. We do not assume that the hadronization happens in chemical
equilibrium since this would take too long time [34] and would not allow for baryons of
high strangeness. Thus, we assume a fast, non-equilibrium hadronization and freeze out
based on Cooper-Frye method, with a local sudden change, or a sudden transition to
a parton and hadron cascade model, e.g. [35], which can describe rapid hadronization
without the assumption of chemical equilibration. This final stage would increase the
deviations from the local statistical equilibrium additionally. The final calculated particle
distribution, which contains the influence of the rapid hadronization and freeze out,
should be compared to the basic fluctuations arising from a (least fluctuating) CFD
distribution estimate.

We first study the trajectory of fluid dynamical development of QGP fluid at different
beam energies for central collisions, see Fig. 1 in Ref. [7]. As a result the CFD evolution
is calculated well beyond hadronic freeze out curve [36]. This is possible because the PIC
Relativistic (PICR) model can well describe supercooled QGP fluid. In fact our fluid
calculation can be performed down to FAIR and NICA energies where the supercool
QGP EoS has constrained validity.

Then the higher moments are calculated in this CFD model by using the Particle in
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Cell model containing N fluid cells. With time development and expansion the number
of fluid cells is increasing, thus the baryon charge per cell is less and less. Therefore we

weight a quantity z of the fluid cells by the amount of baryon charge they carry:

CF . 1
<I>Ein.wi, wi:nz L (3.1)
i

N, tot

where w; is the weight, V; is the volume of i" fluid cell, ntF is the baryon density in

the Calculational Frame (CF), which is the c.m. frame in the present calculations. The

CF

baryon density in CF and in Local Rest Frame have the relation nfY = nlR~,; so that
Nt = >, nF®; Vi, thus the weight is normalized to 1 (3, w; = 1). The average of a
variable x to n'® order is < 2" >= [2"P(z)dz = Y, 27 w;, where P(x) is the spatial
distribution weighted by the baryon charge density in the CF, thus the moments can be

calculated as:

MW" =< (z— <2 >)" >= /(xf <z >)"Pa)dr =Y (z— <z >)"w;, (3.2)

i

M#)
(M®@)2

where M) is the square of spatial variance (02), % is the skewness (S) and
3 is the kurtosis (k). Usually most random fluctuations may lead to Gaussian distribution
while the dominant fluid dynamical expansion may lead to more complex non-gaussian
fluctuations and higher statistical moments even if all special sources are eliminated or
minimized.

We study the higher moments of different thermodynamical parameters (especially
intensives and extensives) since they do not show the same critical fluctuation properties,
such as the energy density, the baryon charge density, etc. The developments of average
energy densities and baryon densities as well as their variances show an expected, mono-
tonic dynamical behavior, even beyond the physical FO times, where we overstretched
the applicability of the fluid dynamical model.

However the Kurtosis and Skewness show a non monotonic behavior, in order words

the Kurtosis and Skewness of specific energy densities change signs during the time
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development, although we have applied the least questionable EoS for the highest energy
collisions and we do not include critical fluctuations generated from rapid hadronization
in our FD model. This means the spatial fluctuations of energy density and baryon
charge density certainly influence the final baryon charge multiplicity and specific energy
distributions. In addition different initial states and initial state fluctuations may also
influence the thermodynamical parameters. Thus, the effects of the FD expansion and
of the final hadronization and freeze out should be separated. This can be done in
theoretical hybrid models by analyzing the effects from all stages of the reaction dynamics

separately or more specific correlation measurements.

3.2 Splitting of collective flow and fluctuations

In hydrodynamical calculations the peak position of v; Global flow moves to "forward"
rapidities with increasing beam energy and initial angular momentum. This is a result
of our tilted initial state with shear flow [14], in which the angular momentum from
the increasing beam momentum may supersede the expansion driven by the pressure,
see Fig. 3.2. Our CFD simulations suggest that we can measure the collective directed
flow function v1(y) if the Globally asymmetric flow component and the random flow
arising from the initial state fluctuations are separated. The center of mass rapidity
can be affected by initial state fluctuations since the participant nucleon numbers from
projectile and target are not exactly the same event-by-event. These fluctuations have
two reasons [37]: (i) the unfixed position of a particle in the participant plane, and (ii)
the particles in the participant zone not always become participants since they may not
collide.
The collective global flow in noncentral collisions has the form:

#N 1 &N
dydpydp 2 dydp

[1 4 201(y, pr) cos(¢) + 2v2(y, pr) cos(2¢)]

where y is the rapidity and ¢ is the azimuthal angle in the transverse plane with respect
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Figure 3.2: (Color online) The energy density (GeV/fm?) distribution at time 4 fm/c
after impact (left) (when the fluid dynamical calculation starts) and at time 12 fm/c after
hydro initial state formation (right), for Pb-+Pb Reaction at energy /s=2.76 TeV. Figure
from [37].

to impact parameter. The center of mass rapidity, yca, fluctuates partly due to the
large rapidity difference between projectile and target and partly due to the event-by-
event CM fluctuations arising from the different participant numbers coming from the
projectile and from the target. The azimuthal angle of the Reaction Plane, Uzp will
also be modified by the event-by-event fluctuations, which is taken into account in Ref.

[38]. Thus the fluctuating collective flow is usually analyzed by:

d*N 1 d®N
= — 1+ 2uv1(y, p,) cos(¢p — WEF
dydpded 27 dydps [ 1(y, pr) cos(¢ ) (3.3)

+ 202(y, pe) cos(2(¢ — W5T)) + -]

where ¢ and WEP are measured in the laboratory (collider) frame. WEP maximizes
un(y,pr) In a rapidity range. For exactly central collisions this calculation is adequate
since the Global Collective flow will not lead to azimuthal asymmetries, but for peripheral
collisions the analysis is problematic since the flow patterns arising from the Global
Collective flow and from fluctuations are mixed up. Similarly for spherical or cylindrical

symmetry the separation is more subtle because it does not show up directly in the
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azimuthal flow harmonics. The fluctuations in the transverse plane and Global Collective
flow (background flow) were studied and separated in [39] in special model calculations.

Based on the final components of given types of symmetries arising from the initial
states symmetries in peripheral heavy ion collisions, the Eq. (3.3) can be reformulated
in order to make the splitting of the Global Collective flow from Fluctuations easier. By
using the relation cos(a — ) = cosacos 8 + sin asin 3, each harmonic expansion term

can be written as:

v, cos[n(¢ — VEP)] = v, cos(nWEP) cos(ng) + v, sin(n¥E?) sin(ne) ,

here we define “v, = v, cos(n¥FF) and v, = v, sin(n¥EF). We can introduce ®ZF =
VEP — Wpp and ¢ = ¢ — Wgp, if the unique Reaction Plane Wpp can be determined
event-by-event experimentally as in [40]. Thus we have VEP = ®EF 4 U and ¢g—VEP =
¢ — ®EP where ¢' is the azimuth angle with respect to the Reaction Plane. By using

these definitions the flow harmonic coefficients take the form:

v, cos[n(p — VEP)] = v, cos[n(¢’ — @E)] = v/, cos(ng’) + *v),sin(ng’) , (3.4)

where v/, = v, cos(n®EF) and *v!, = v,, sin(n®ZF). Thus we reformulated the harmonic
expansion in terms of both sines and cosines in the Reaction Plane as reference plane
with the new coeflicients “v}, = v}, (y,p;) and *v], = *v/(y,p;) where y is the rapidity

\I/EP

variable y = y — ycn. The parameters v,,, ¥,

, Vgp and ycps can be obtained from the
measured data directly in experiments. Since the Global Collective flow is £y symmetric
in the configuration space, the sin(n¢) terms should vanish (*v/, = 0), or it may have
some non-zero value arising from fluctuations only. Thus, these properties provide a
possibility to separate the fluctuating and global flow components [41].

This form, Eq. (3.4) has the advantage that in peripheral collisions the Global

Collective (not fluctuating) flow component, “v/, is odd (even) functions of y for odd

(even) harmonics. However this is not usually satisfied due to the fluctuations, thus
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we have to construct the even (odd) combinations from the measured data. We can
obtain the fluctuating component by subtracting the Global Collective component from

the total flow harmonic term:

ch\llen cos[n(¢ — |PsiZ?)) = % "(y,pr) + v (—y,p)] cos(ne) (3.5)

[ v
Fluct. EP 1
Uy et cos[n( — |Psi; )] = 3

[V (y,p) F v, (—y,pi)] cos(no)

+ %0/ (y, pt) sin(ng) . (3.6)

If the fluctuations show the same symmetries in some events as the Global Collective
Flow, this separation will provide a maximum magnitude for the Global Collective Flow
component. On the other hand the Fluctuating component term should also have a
maximum because the v/, term can not be affected by the Global Collective flow and it
must have the same magnitude for sine and cosine components as well as for odd and
even rapidity components. This separation may provide a better insight into the two
flow patterns if the experimental results are evaluated this way [41]. Furthermore, this
can also be used to help judge the theoretical model results as well as the theoretical

assumptions regarding the initial states.



Chapter 4

Rotation and turbulent instability

Recent theoretical developments and experimental observation of high multipolarity fluc-
tuations indicate that the QGP is a low viscosity fluid, which makes turbulent phenomena
possible [42, 43, 44]. Usually the KHI will occur when there is velocity shear in one con-
tinuous fluid or when the velocity is different across the interface between two fluids.
The QGP produced for high energy peripheral collisions can be treated as one fluid with
different shear velocity, under favorable conditions the initial development of KHI is then
observed in our high resolution and low numerical viscosity Fluid Dynamical model, see
[42]. This instability may lead to a significant rotation and it can be characterized by the
flow vorticity. Some other issues like what is the condition for KHI development, how it
depends on quantities (i.e., the viscosity and the surface tension), how this rotation can
be damped by the longitudinal and transverse expansion of the system are also studied

in this chapter.

4.1 Flow vorticity

In fluid dynamics the vorticity is a field vector, which can describe the local rotating or
spinning movement of some point. We can mark that point and observe the displacement
of the surrounding particles. A two-dimensional flow has vorticity which is always per-

pendicular to the plane of the flow, and therefore it can be considered as a vector field.

27
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Mathematically simple flows are usually considered as potential flows, whose velocity
can be calculated from a potential v = V¢, thus the vorticity of potential flow is zero
meaning that there is no vorticity in the potential flow. However the naturally occurring
flows are mainly vortical. Classically the vorticity of a flow is defined to be the curl
(rotation) of velocity field, and it is normally denoted by the symbol w. In 3-dimensional
space the vorticity is defined as:
1

w= §V XU . (4.1)
Here the factor 1/2 is introduced for symmetrization needed in our calculation in [6].
The vorticity is related to the flow’s circulation, which is defined as the line integral of
velocity over the curve C and can be calculated in terms of the vorticity by using Stokes’

theorem:

I'= ?{ vdl = /deS, (4.2)
c

where S is the closed surface element surrounded by the curve C.

In relativistic case the vorticity is defined as
1
Wy = 5(&,1@ — ) , (4.3)

where 0, = (0, 0, 0y, 0,) and u, = v(1, —v,, —vy, —v,). In the reaction [z, z] plane the

vorticity is:

1

Wycty = 5(@% - 8xvz) ) (44)
1

Wy(Re.) = 5(8277}1 - 8171)2) ) (45)

where "Cl."denotes classical case and "Re." denotes relativistic case.

In our PICR Hydrodynamical model the fluid cells are in three dimensions and we
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Average relativistic vorticity

dx=0.585fm, b/byqe. = 0.5 || dx=0.4375{m, b/bye. = 0.7
Timestep | Time (fm/c) | Relativistic | Classical Relativistic | Classical
Reaction plane
4 0.17 0.02415 0.05839 0.11846 0.14343
84 3.56 0.01677 0.01622 0.07937 0.04845
164 6.94 0.01295 0.00606 0.05116 0.01555
All layers
4 0.17 0.07241 0.09442 0.19004 0.1971
84 3.56 0.05242 0.03086 0.10685 0.0538
164 6.94 0.0344 0.01185 0.05881 0.0159

Table 4.1: Averaged weighted relativistic vorticity calculated for the Reaction Plane (at

y = 0) and for each [x-z| layer and averaged over all layers for Pb+Pb reactions at \/syn =

2.76TeV, reactions at different grid resolutions dx=dy=dz and impact parameters.
only calculate the vorticity in the reaction [x,z] plane in the y direction, more calculation
details are shown in Appendix C. Since the system is expanding and it becomes highly
nonhomogeneous, the number of cell with particles are increasing thus the energy per
cell is decreasing, we weight the vorticity by the energy density, that is €, = w(z, 2)w,,
where the average of weight < w(x,z) >= 1. Then the vorticity is calculated at LHC
energy in Ref. [6] as well as at NICA and FAIR energy just above the threshold of
transition to QGP in Ref. [1].

In Ref. [6] the vorticity is calculated for Pb + Pb collision at center of mass energy
VSnn = 2.76 TeV. The vorticity is 10 times larger (3 ¢/fm) than the one (0.2 ¢/fm)
[44] raised from random fluctuations in transverse plane, since in the Reaction Plane the
vorticity arises from the large initial angular momentum for peripheral collisions, while
in the transverse plane it is caused only by random fluctuations.

For more peripheral collisions, i.e., impact parameter b = 0.7 b4, the initial condi-
tion is favoring more the KHI thus the average velocity is larger when compared with
more central collision with impact parameter b = 0.5 b,,4,. This effect can be seen ap-
parently in table 4.1, with larger impact parameter and smaller cell size, the KHI is more
obvious characterized by the larger vorticity.

The vorticity and circulation decreases rapidly due to the explosive expansion of
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the system as shown in the figure series in paper [6], however the peak vorticity is 3
c¢/fm in favorable configurations with KHI development and is 1 ¢/fm for less favorable
configurations at time 4 fm/c after the beginning of fluid dynamical expansion (Fig. 12
in paper [6]).

As discussed not only the predicted average vorticity is substantial but also the peak
vorticity, thus it is possible to observe the consequences of this rotation and its sensitivity
to turbulent configurations.

In Ref. [1] the vorticity is calculated the same way as in Ref. [6] but only for lower
energies, in order to study the possibility of vorticity and circulation in dense plasma
at lower temperatures. We analyze the Au + Au collisions at /syy = 9.3 GeV for
NICA and U + U collisions at /syny = 9.0 GeV for FAIR. If the collision energy is not
sufficient to achieve QGP formation, the larger hadronic pressure will lead to earlier and
more rapid expansion thus the rotational energy will be reduced faster and converted
into more explosive expansion. Although the magnitude is smaller than the one obtained

for higher energy, the vorticity still remains significant.

4.2 Viscous potential flow analysis

The KHI will be affected by the surface energy and the viscosity. In fluid dynamics the
onset of turbulence has less possibility to develop in more viscous fluids with large surface
tension. Thus it is important to study how the KHI and rotation will be influenced by
the surface energy and the viscosity.

Following the work done in Ref. [45], we assume an initial state where the shear is
localized at the dividing plane between the top half and the bottom half of the fluids, see
Fig. 3in Ref. [5], the two parts are separated by an energetically motivated hypothetical
surface, characterized with a phenomenological surface tension. The collective flow is
considered as a "shear flow" since the top participant layers are moving nearly with

projectile velocity while the bottom layers are moving with the target velocity. We allow
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the fluid slip at the top and bottom boundaries and the dividing surface between them
will be referenced as unconstrained slip-condition. Then the growth rate of the instability
is computed as a function of phenomenological parameters characteristic for the QGP
fluid: viscosity, surface tension, and flow layer thickness.

The viscosity can be estimated from the cell size in PICR method, where small
viscosity corresponds to small cell size. The surface tension is neglected at early stage
compared to the energy of the collective flow for RHIC and LHC energy collisions, which
mainly hinders the early emission of low energy hadrons from the plasma, while it does
not hinder the rotation. This is not the case when the KHI develops between two fluids
(e.g. water/air or oil/air), where the large surface tension (e.g. between oil and air)
can hinder the development of KHI. In our case the KHI is developing within one fluid
(QGP), although there is no surface tension in the conventional sense, however, due to
the large shear between the two fluid layers, the layer with the high shear may have extra
energy, thus it can lead to an effective surface tension which can weaken the development
of KHI.

In this idealized analytic model [5], the KHI is developing under similar conditions,
as in numerical high resolution relativistic fluid dynamical calculations [42]. After some
calculations we get the growth rate, o, as function of the layer thickness [, the viscosity
n and the surface tension . In heavy ion collisions, the matter will expand after the
collision, thus in fact there is no external boundary (top and bottom) of the fluid, so we

can assume [ — 0o, we get the equation:

k*n E*n? kXU, —Up)2 k3
= — & - . 4.6
OR \/ 2 + 1 2 (4.6)
Then we assume that the top and bottom layers have velocity difference |U; — Uy| = 0.8
c. The effective mass density p of QGP and the wave number & are respectively p = 0.6
and k£ = 0.6 according to the estimation in [42]. After such assumption, we can obtain

the growth rate dependence of the viscosity and the surface tension. As a result the
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growth rate of KHI is influenced both by the viscosity and the effective surface energy.
The growth rate decreases when the viscosity increases suggesting that the KHI grows
weaker for a more viscous fluid, see Fig. 4,5 in Ref. [5].

As expected, larger surface tension or surface energy damps the growth of KHI, with
bigger surface tension the KHI effect is less probable to appear. We also find a critical
surface energy, Vet ~ 5.3 GeV/fm and interestingly this critical surface tension does
not depend on the viscosity. At this critical point the growth rate is zero and becomes
negative afterwards.

In order to have positive growth rate of KHI, the velocity difference V= U, — U,
between two layer should satisfy the condition V2 > pc#ﬁkl)' As investigated, the KHI
will only occur when the velocity difference is larger than this critical velocity. The wave

number of the fluids should satisfy

2w

— <k<
L, = =

> N
=15

, where [, is the beam directed longitudinal length of the flow and A\x is the Kolmogorov
length scale [42]. For more peripheral collisions the instability is able to grow faster and
the system tends to be unstable.

If we do not assume [ — oo, we can get the growth rate as function of the thickness
as well as viscosity and surface tension. Unlike the classical gravitational water waves
where the wave formation and wave speed depends strongly on the depth of the water,
the role of the layer thickness does not influence much of the growth rate of KHI in
heavy ion collisions, because there is no solid boundary and the system expands in all
directions. Thus the large or infinite layer thickness is more relevant in this model, even
if the initial layer thickness is finite and usually smaller than the longitudinal size of the
initial state.

This paper confirms that the dependence of the growth rate on the viscosity reflects

the usual tendency that instability and turbulence increases with smaller viscosity.



4.3 Rotation in an exact hydrodynamical model 33

4.3 Rotation in an exact hydrodynamical model

In heavy ion collisions the rotation can be neglected if we only consider head on colli-
sions. For more peripheral collisions this effect should be considered an the exploding
system which have a big non-vanishing initial angular momentum presented in the ini-
tial conditions. Rotating fluids are numerically investigated in relativistic hydrodynamics
[5, 6, 31, 37, 42] and exact analytic solutions of relativistic and nonrelativistic hydrody-
namics are also studied [46, 47]. By recapitulating the quantities from Ref. [47], we use
the fluid dynamical calculations to test a new family of exact rotating solutions, which
may provide a more fundamental insight to the interaction between the rotation and
expansion of the system in Ref. [2].

We consider the the solution of the conventional form of non-relativistic hydrody-

namics equations:
nm (0, +v-V)v=-Vp, (4.7)

where the pressure is p = nT'. The energy density is a function of pressure with the factor
 only depend on temperature € = k(7")p. If we assume x(7") is constant, which means
it is independent of temperature, this corresponds to the case of 1A in Ref. [47]. In
this case the temperature is 7' = Tj (%)UH T (s), where T (s) is an arbitrary normalized

du

1 rs
positive function. The energy density is n = no{2v(s) and v(s) = %@675[0 7 | where

the spatial scale s is chosen in a cylindrical coordinates in length dimension (r,,rg,7,)

instead of z, vy, z, then we have so called "out, side, long" directions with the variables:
5, = Y'z/RQ, S, = 7'2/52 Sy = 7'2/5/2 ,

in this inate svs ity is v — _ — B Y
in this coordinate system the velocity is v = v,e,~v,€,tvy €, = Fre,—wr e, +yrye, .

By solving the Euler’s equation, Eq. (4.7), with the help of energy conservation laws,

we estimate the rate of slowing down of the rotation due to the longitudinal and trans-
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verse expansion of the system. In fact in this work we neglected the z directed elongation
in the Reaction Plane, that the x and z coordinates are considered as azimuthally sym-
metric and can be characterized by the radial component R, thus the energy contains
the radial and longitudinal expansion energies as well as the rotational one. The calcu-
lation of the baryon density, the momentum inertia and the kinetic energy are shown
in Appendix D. The second order differential equation can be solved numerically by the
Runge Kutta method. The initial state parameters of the model are extracted from
our high resolution (small viscosity) PICR model calculation [42] of a Pb+Pb collisions
at /syny = 2.76 A TeV with impact parameter b = 0.7b,,.., where the initial angular
momentum of the system is L, = —1.05 x 10*%.

It turns out that the exact solution is only able to describe the monotonic expansion,
the rotation is decreasing steadily, unlike in our PICR fluid dynamical model where the
rotation first increases due to the initial angular energy from the initial state shear and
then starts to decrease. Thus in this exact model we start from a higher initial angular
velocity. As expected the total energy of the rotating system is conserved, the kinetic
energy of expansion is increasing while the rotation and internal energy are decreasing,
see Fig. 1 in Ref. [2].

The expansion velocity is increasing in the radial R direction and axial Y direction,
see Fig. 2 in Ref. [2]. The radial expansion velocity increases by 10 percent and increases
faster compared to the expansion in the direction of the axis of rotation (y), partly due
to the centrifugal acceleration of the rotation and partly due to the initially smaller
transverse size. In fact this exact fluid model overestimates the radial expansion due
to the lack of dissipation, thus the system is already 16 fm at 8 fm/c which means the
Freeze out happens earlier than this time.

The exact model describes a system with a single uniform angular velocity and pro-
vides an estimate of the rate of decrease of angular speed and rotational energy due to
the expansion in an explosively expanding system. This indicates that rotation effects

can be observed in case of rapid freeze out and hadronization. The uniform flow can



4.3 Rotation in an exact hydrodynamical model 35

develop from the initial shear flow at different times depending on the impact parameter,
the system size, the beam energy, and the transport properties. It is important to know
the parameters reached at some definite time in a collision which can enable us to obtain
the material parameters and the equilibration dynamics. This exact model provides us a
simple and straightforward tool to give a precise estimate about the time moment when

the rotation is equilibrated and what are the parameters of the matter at that moment.






Chapter 5

Methods to detect rotation

The rotation lead by the KHI can be detected by three methods. The first one is the
directed flow however it is weak at higher enengy collisions such as at LHC and RHIC
energy. The other methods are the A polarization observation and the two particle

correlation function of the system.

5.1 Thermal polarization of A particles

The polarization is one of the consequences of rotation and local vorticity induced by
the shear flow of the expanding system. In Ref. [48] a polarization formula is obtained
by assuming weakly interacting particles described by the Cooper-Frye method. With
the assumption of local spin degrees of freedom and its equipartition with rotation, the
polarization turns out to be proportional to the vorticity of the inverse temperature
4-velocity field:

) = ) 6.1

37
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LHC (Pb+Pb @ 1.38+1.38 A-TeV) RHIC (Au+Au @ 100+100 A-GeV)
neye C@ (@) neye O B ()
(fm/c)  (MeV)  (L/h) (fn/c)  (MeV)  (1/h)

88 3.72 379 0.0301 28 1.19 285 0.0976
132 5.59 299 0.0237 44 1.86 261 0.0915
180 7.62 246 0.0172 60 2.54 237 0.0851
268 11.34 201 0.0077 88 3.72 204 0.0664
360 15.24 186 0.0027 112 4.74 183 0.0453

Table 5.1: Averaged weighted relativistic thermal vorticity calculated for the Reaction
Plane for LHC and RHIC energies.

Similarly to the normal vorticity calculated in Eq. (4.2), the thermal vorticity is defined

as:
o = %(6”5“ — "B . (5.2)

We calculate the thermal vorticity in our hydrodynamical model [4]. As discussed before,
the vorticity is larger for higher energies thus we assume that the thermal vorticity is
also larger for higher energy collisions. However this is not true, to be more precise we
studied the thermal vorticity for both LHC and RHIC energies, see Fig. 5 in Ref. [9].
We introduced the weighting factor the same way as done for normal vorticity since at
late stages the energy density or the net baryon density tend to zero in the middle, which
domain then should not be taken into account.

The average energy weighted thermal vorticity is shown in table 5.1. As shown in
the table the average thermal vorticity is smaller for LHC energy compared to RHIC. At
ultra-relativistic energies the velocities are approaching the speed of light and the initial
state velocity distributions are essentially identical. At the same time the initial energy
density is much higher at LHC, thus the angular momentum and the initial temperature
also. As a consequence the thermal vorticity is smaller since the temperature is in the
denominator. The following expansion is more rapid at the higher energies, thus with
faster expansion the local vorticity decreases also faster as shown in Ref. [6], just as

the average temperature shown in Ref. [7]. On the other hand the final, freeze out
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temperatures should not be too different, although at higher expansion speed the freeze
out temperature is expected to be higher also.

The space integrated mean polarization vector can be calculated for relativistic heavy
ion collisions by assuming a 3-dimensional space like freeze out hypersurface (X), based

on the assumption of local thermodynamical equilibrium at freeze out, we have:

pT f (12)\]7)\ nF(l — np)dpzi'”
II - h oT ) .
#(p) Cue 8&m I(IZ)\]))‘TLF (5 3)

where np is the Fermi-Jiittner distribution of A. According to the Copper-Frye descrip-
tion we have doxp® — dVp° for constant time freeze out at a given stage of fluid dynamic
expansion. Also due to overall parity invariance, the polarization vector can be simplified

to

_ he [dVanp (V% B)

) = 5, [dVnp

(5.4
As shown in this equation, the polarization is essentially a thermo-mechanical effect,
namely calculated from the thermal vorticity, thus one important distinctive features is
that the polarization vector has the same direction for both particles and antiparticles.
Due to this definition the final observed polarization is less sensitive on beam energy
than the final (speed) vorticity or the temperature, because in the thermal vorticity
the changes of the temperature and vorticity balance each other, see Fig. 6 in Ref.
[9]. The polarization or the thermal vorticity change are only second order effects, and
these depend on the relative rates of decrease of the vorticity and of the temperature.
Therefore the final polarizations and thermal vorticities are not so different as the angular
momenta or the initial temperatures.

The polarization of A is investigated since its dominant decay mode is A — pr~
where the proton p is emitted in the polarization direction. However for lower energy
collision, the multiplicity of A particles is small thus we need to choose some other high

multiplicity particles to measure the polarization.
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Here for LHC and RHIC energies we can study the A particle polarization in its
local rest frame II;. As we can see in [4] the polarization increases with the transverse
momentum pr and it is sensitive to flow properties and asymmetries. Also the polariza-
tion is largest at the Reaction Plane, thus the utmost thing is to identify the Reaction
Plane. Without this the polarization is not possible to observe. One earlier measure-
ment at RHIC has the conclusion that the measured polarization is zero since they have
averaged the polarization overall azimuthal angles.

The thermal polarization may reach sizable and detectable values which is several
percent when the momentum is in several GeV magnitude. On the other hand if the
source of the expanding participant system does not have significant rotation, then we
can not measure the thermal polarization. Thus it provides a way to detect the rotation

effect for peripheral collisions with large initial angular momentum.

5.2 Differential Hanbury Brown and Twiss method

The two particle correlation method is originally used to detect the size of distant stars
[49]. It can also be used in heavy ion physics to determine the size as well as its ellip-
soidal tilted shape of the colliding system. Ref. [50] analyzed the effect of flow on two
particle correlations and the HBT radius should have a minimum at the phase-transition
threshold [51]. Due to the expansion of collective flow, the size estimated by the method
may be modified. In Ref. [52]| the two particle correlation method is used to study
the rotation for few source models, such as for two steady/moving sources, four moving

sources. We start from the pion correlation function which is defined as:

Clpr.po) = % , (5.5)

where p; and py represent the 4-momenta, P; is the inclusive one particle distribu-
tion while P, is the inclusive two particle distribution. Assume that two particles are

emitted from space time points x; and xs, the particle distribution can be calculated
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as Py(p1,p2) = [d'zid*z2S (21, p1)S (22, p2)|tha|>. Here S(z,p) is the source function
and we make Jiittner approximation for it in our calculation. The wave function is
ip1-r1+ip2Tz | eiP1'12+iP2-11).

iz = (e

1(p1+p2) and the relative momenta

By introducing the center of mass momentum k& =
g = p1 — p2, the momentum can be expressed as py = k + ¢/2 and p, = k — ¢/2. From
the mass-shell condition we get ¢° = kq/k°. Thus the two particle distribution takes the

form:

Py(p1,p2) = /d4x1d4x25(x1,k+q/2)5(12,k‘fq/2)

1 . .
% |:1 4 5 (€1q~(Z1*$2) + e—zq»(z1*$2)) . (56)

Then the correlation function is:

R(k,q)

Clkyg) =14 ————— |
k.9) Ud‘le(x,k)‘Q

(5.7)

where R(k,q) = [ d*zy d*zy coslg(zy — 22)]S(z1,k + q/2) S(z2,k — ¢/2) and it can be
calculated as R(k,q) = Re[J(k,q) J(k, —q)] where the function J(k,q) = [d*z S(z, k+

q/2) exp(igz). By using the local Jiitterner distribution we have

R(k,q) = /d41:1d4$2 S(x1,k)S(xq, k) coslq(z1—a2)] X

[ (-7
and the J function is
J(k,q) = / &'z S(z, k) exp {—qé;g)} exp(igr) . (5.9)

This can be used to calculate the systems with one-, two- and four sources. For example
for the four moving sources shown in the Lh.s of Fig. 5.1. On the r.h.s. of Fig. 5.1 the

size of the sources represents the possibility of reaching the detectors located on the k.
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Figure 5.1: (Color online) Four moving sources in the Reaction Plane. The blue lines
represent the detectors. Figure from [52].

and k_ directions. The pions emitted from the sources near the detectors have larger
possibility to reach them. This effects can be characterized by the weights.

The k-dependent coordinate system is introduced to classify the direction of g in
order to detect the correlation function in the Reaction Plane (which means the rotation

axis is y directed, we define
ki = (a,0,£b)fm™", k, = alk|, k. = £b|k], (5.10)

where a? + b?> = 1, see r.h.s. of Fig. 5.1. The source has a given "out-direction" of
momentum % which can be measured by two detectors on both sides of the emitting
sources with momentum %, and k_. In the mean time the relative momentum vector,

g, can be measured in the directions

qout - (a>07 ib)’ Qe = a/|q|a q. = ib‘q| ’
qside = (07 170)7 qy = |q| ; (511)

QIong = (?ILO,CLL Qe = q:b|q|7 qz = a‘q| :

Thus the difference of the forward and backward shifted correlation function of the out

component can be calculated:

Ac(k’i, qout) = C(k+7 qout) - C(k—v qout) . (512)
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This is called the Differential Correlation function (DCF) or Differential HBT (DHBT).
If the sources are static, spherically or cylindrically symmetric, or if the sources only
have the radial velocities, the DCF will vanish. But if the local velocities of the sources
have a "side" component or in other words if the system is rotating, the DCF is not zero
and increases with increasing rotational velocity.

This DHBT can be calculated for fluid dynamic cells where each cell can be considered
as emitting source [3], more detailed calculation of correlation function are shown for
two fluid cells, eight fluid cells and all the fluid cells in Appendix E. Here we show the

calculation in an simplified way, we first calculate the correlation function by using:

/ d*z S(z, k) > / d*zgdt, S(z,, k)

= (2nR) 27%“5(‘%5’““&@ exp [-’“‘8} AT

k) = Y e tE eiqzs/d4w S(x, k) e

where Oy is the path length of the time integral from the space time point of the source
s. The weight of each cell as emitting source is ws; = (ysko+kus) exp(—0%¢2/2), see
more details in Appendix E. It determines which cells contribute more and which cells
contribute less to the integrals. We reassign the summation in Eqgs. (5.14) from single
cell to cell pairs, which means the summation s = {4, j, k} will correspond to a pair of
cells: the cell {i,7,k} and its reflected pair across the c.m. point at the same time at

{#*, 7%, k*}. In order to simplify the calculation we introduce the following definitions:

2 2
Q.= (271'R2)3/2 exp [ qu } ,

YsTs ko u?
P. = — -
= 2 exp{ o } 7

0
(@) _ Qo Uy
Q" = exp { 5T, } )

) o?
ws = (k, oY) exp [—Zf}é] :
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Thus the Eqs. (5.14) become:

*

4 _ 2\ 3/2 ku, . %
/d xS(x, k) = (27rR) ZPS {wsexp< T > —l—wsexp( T >]

S S

) = QTP [Qﬁ‘”ws exp [(k+‘2’) ’” (e (5.15)

S

(@yy* (k E)uj iq;
+ @ wsexp[ +3 7|

The standard correlation function for an initial time (¢ = 0.17 fm/c) and for the final,
FO time (¢ = 3.56 fm/c) is shown in Fig. 5.2 for ky, g, direction. The k dependence
of the correlation function is negligible at early stage and it becomes significant at later
time. The width of the correlation function is narrower in ¢ at later time primarily due

to the rapid expansion of the system.

T T T T T
2.04 E
1.8 t=0.17 fm/c t=3.56 fm/c

—o—k=0.2/fm —0—k=0.2 /fm
16 —a—k= 5 /fm —e—k=5 /fm

Z with flow

o 141 E
1.2 N
1.0 N

T
0.0 0.3 0.6 0.9 1.2
q (1/fm)

Figure 5.2: (color online) The correlation function in the k4 direction from a 341D fluid
dynamical model at the initial and final times.

However the standard correlation is not only influenced by the emitting source ve-
locity distribution but also by its shape. In theoretical models we can switch off the
rotation component of the flow and analyze how the rotation influences the correlation
function. We can rotate the original K frame by a angle and get the K’ frame with axes

7' and 2/, the momentum in K’ frame is

ko k,cosa — k. sin«
E(a)= = . (5.16)
ko k. cosa + k, sin «
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If the system is symmetric around the x’ axis and if there are no flow, the DCF
AC,(K',q') = 0. Thus we first use DCF to find the symmetric axis of the emitting
sources. In our calculation « is 11 degrees for Pb Pb collisions at LHC energy, see Fig.
4 in Ref. [3]. Then we can calculate the DCF in the K’ frame which is deflected by
a angle for the configurations with and without rotation. In this case the effects con-
tributed to the DCF by the emitting source shape is eliminated, thus only the original,
rotating fluid sources contribute to DCF. As expect the DCF is vanishing or minimal for
the rotationless configuration. For rotational configuration the amplitude of the DCF
doubles for the higher energy (higher angular momentum) collisions, Fig. 5 in Ref. [3].
Thus this provides an excellent method to detect the rotation of the system. However in
experiment the rotationless configuration cannot be easily generated from experimental
data. Thus methods like global flow tensor analysis and azimuthal HBT analysis [53]

can provide an estimate for finding the deflection angle.






Chapter 6

Conclusion and outlook

In this thesis we have studied Kelvin Helmhotlz Instability induced by the large initial
angular momentum for peripheral heavy ion collisions in the fluid dynamic model. This
KHI will lead the turbulence and rotation effects. We first test how the KHI can be
influenced by the normal parameters characterizing fluids such as the viscosity and the
surface tension. Especially the viscosity is a key factor since the turbulence and the KHI
occur only in case of low viscosity. Then we proposed an exact hydrodynamic model
which provides a way to study the rotation and expansion analytically.

There are several methods to detect the rotation. The directed flow measurement
is difficult due to its decreasing amplitude at increasing beam energies. As we know
the flow vorticity is one direct phenomena induced by the rotation of fluid and this is
studied in detail for higher collision energies and also for lower energy, which is just
near the threshold of transition to QGP. Similarly with the vorticity we introduced the
thermal voticity which can be used to calculate the polarization of particles. This is one
method to detect the rotation of the expanding system. The observation of polarization
would indicate the rotation of the system. Another method is the DHBT method, the
differential correlation function should not be zero if the system has a rotating velocity,
since if the system is symmetric and if there is no rotating velocity, the correlation

function should be zero. We can have a better understanding of the Quark Gluon

47
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Plasma by using these newly developed methods. The DHBT method has some other
applications such as it can be used to study the rotation of binary stars in astrophysics,

this work is in progress.

The significance of the achievements reported in the the-
sis and their evaluation

This thesis focused on studying a typical feature of the collective flow, namely the rota-
tion of the flow, and the methods to detect the rotation in experiments. In this thesis we
succeed in developing two methods to detect rotation, the polarization and the DHBT
method.

The polarization is a consequence of rotation and vorticity arising from shear flow.
It is different from the polarization arising from the magnetic field. This is called the
thermal polarization and it has the same direction for both particles and antiparticles.
The DHBT method is sensitive to the rotation of the expanding system. If the system is
not rotating, then the Differential Correlation Function should be zero. It can correctly
detect the rotation when we separate the correlation function caused by the rotation and
by the source shape.

However, for these two methods, it is quite important to determine the Reaction
Plane and the c.m. geometry, otherwise the effects may be eliminated by the integration
over all directions.

These results are significant because they provide a substantially strong signal of
rotation and turbulent instability like the KHI. The applicability of these new signals is
presented in a convincing and transparent way, so we are confident that this will lead to

experimental detection and quantitative measurements of these effects soon.



Bibliography

[1] L.P. Csernai, D.J. Wang, M. Bleicher and H. Stocker, Phys. Rev. C 90, 021904 (R)
(2014). 3, 4, 29, 30

[2] L.P. Csernai, D.J. Wang and T. Csorgs, Phys. Rev. C 90, 024901 (2014). 3, 4, 33,
34

[3] L.P. Csernai, V. Velle and D.J. Wang, Phys. Rev. C 89, 034916 (2014). 3, 4, 43, 45

[4] F. Becattini, L.P. Csernai and D.J. Wang, Phys. Rev. C 88, 034905 (2013). 3, 4,
38, 40

[5] D.J. Wang, Z. Néda and L.P. Csernai, Phys. Rev. C 87, 024908 (2013). 3, 4, 30,
31, 32, 33

[6] L.P. Csernai, V.K. Magas and D.J. Wang, Phys. Rev. C 87, 034906 (2013). 3, 4,
28, 29, 30, 33, 38

[7] D.J. Wang, L.P. Csernai, D. Strottman, Cs. Anderlik, Y. Cheng, D.M. Zhou, Y.L.
Yan, X. Cai and B.H. Sa, Eur. Phys. J. A 48, 168 (2012). 3, 19, 21, 38

[8] L.P. Csernai, S. Velle and D.J. Wang, Nucl. Phys. A (2014), DOLIL
10.1016 /j.nuclphysa.2014.08.028. 3

[9] L.P. Csernai and D.J. Wang, EPJ Web of Conferences 71, 00029 (2014), DOI:
10.1051 /epjcont/20147100029. 3, 38, 39

49



50 BIBLIOGRAPHY

[10] L.P. Csernai, F. Becattini and D.J. Wang, Journal of Physics: Conference Series
509, 012054 (2014), DOI: 10.1088/1742-6596,/509,/1/012054. 3

[11] L.P. Csernai, A.M. Skalvik, D.J. Wang, D. Strottman, C. Anderlik, Y. Cheng, Y.L.
Yan and B.H. Sa, Cent. Eur. J. Phys. 10, 1271-1273 (2012). 3

[12] L.P. Csernai, A.M. Skalvik, D.J. Wang, V.K. Magas, H. Stocker, D.D. Strottman,
Y. Cheng and Y.L. Yan, Acta Phys. Polonica B 43, 803 (2012). 3

[13] Introduction to Relativistic Heavy Ion Collisions, L.P. Csernai, John Wiley and
Sons, Chichester, 1994, ISBN-471-93420-8. 7, 18

[14] V.K. Magas, L.P. Csernai and D.D. Strottman, Phys. Rev. C 64, 014901 (2001);
Nucl. Phys. A 712, 167 (2002). 15, 23

[15] F. Cooper and G. Frye, Phys. Rev. D 10, 186 (1974). 17
[16] L.P. Csernai, Zh. Eksp. Teor. Fiz. 92, 379 (1987); Sov. JETP 65, 213 (1987). 17
[17] K.A. Bugaev, Nucl. Phys. A 606, 559 (1996). 18

[18] Cs. Anderlik, L.P. Csernai, F. Grassi, Y. Hama, T. Kodama, Zs. Lazar and H.

Stocker, Heavy Ion Phys. 9, 193 (1999). 18
[19] K. Tamosiunas and L.P. Csernai, Eur. Phys. J. A 20, 269 (2004). 18
[20] M. Stephanov, K. Rajagopal and E. Shuryak, Phys. Rev. Lett. 81, 4816 (1998). 19
[21] M. Stephanov, K. Rajagopal and E. Shuryak, Phys. Rev. D 60, 114028 (1999). 19
[22] M.A. Stephanov, Phys. Rev. Lett. 102, 032301 (2009). 19

[23] Y. Zhou, S.S. Shi, K. Xiao, K.J. Wu and F. Liu, Phys. Rev. C 82, 014905 (2010).
19

[24] C. Nonaka and S.A. Bass, Phys. Rev. C 75, 014902 (2007). 19



BIBLIOGRAPHY 51

[25] C. Nonaka, M. Asakawa and S.A. Bass, J. Phys. G 35, 104099 (2008). 19

[26] C. Nonaka, M. Asakawa, S.A. Bass and B. Muller, Nucl. Phys. A 830, 291c¢ (2009).
19

[27] L.P. Csernai, G. Mocanu and Z. Néda, Phys. Rev. C 85, 068201 (2012). 19
[28] P. Huovinen and P. Petreczky, J. Phys. G: 38, 124103 (2011). 20

[29] H. Niemi, G.S. Denicol, P. Huovinen, E. Molnar and D.H. Rischke, Phys. Rev. C
86, 014909 (2012). 20

[30] P.K. Kovtun, D.T. Son and A.O. Starinets, Phys. Rev. Lett. 94, 111601 (2005). 20

[31] L.P. Csernai, J.I. Kapusta and L.D. McLerran, Phys. Rev. Lett. 97, 152303 (2006).
21, 33

[32] T. Schafer and D. Teaney, Rept. Prog. Phys. 72, 126001 (2009). 21
[33] P.C. Hohenberg and B.I. Halperin, Rev. Mod. Phys. 49, 435 (1977). 21

[34] L.P. Csernai and J.I. Kapusta, Phys. Rev. Lett. 69, 737 (1992); Phys. Rev. D 486,
1379 (1992). 21

[35] Ben-Hao Sa, Dai-Mei Zhou, Yu-Liang Yan, Xiao-Mei Li, Sheng-Qin Feng, Bao-Guo

Dong and Xu Cai, Comp. Phys. Commun. 183, 333 (2012). 21

[36] J. Cleymans, H. Oeschler, K. Redlich and S. Wheaton, Phys. Rev. C 73, 034905
(2006). 21

[37] L.P. Csernai, V.K. Magas, H. Stocker and D.D. Strottman, Phys. Rev. C 84, 024914

(2011). 23, 24, 33
[38] Abeleev B et al, (ALICE Collaboration), Phys. Rev. Lett 111, 232302 (2013). 24

[39] S. Floerchinger and U.A. Wiedemann, Phys. Rev. C 89, 034914(2013) 25



52 BIBLIOGRAPHY

[40] L.P. Csernai, G. Eyyubova and V.K. Magas, Phys. Rev. C 86, 024912 (2012). 25
[41] L.P. Csernai and H. Stocker, J. Phys. G in press, arXiv:1406.1153 (2014). 25, 26

[42] L.P. Csernai, D.D. Strottman and C. Anderlik, Phys. Rev. C 85, 054901 (2012). 27,
31, 32, 33, 34

[43] A. Bonasera, Nuovo Cimento A 109, 1405 (1996). 27

[44] S. Floerchinger and U.A. Wiedemann, Journal of High FEnergy Physics,
doi:10.1007/JHEP 11, 100 (2011); J. Phys. G: Nucl. Part. Phys. 38, 124171 (2011).
27,29

[45] T. Funada and D.D. Joseph, J. Fluid. Mech. 445, 263-283 (2001). 30
[46] M.L Nagy, Phys. Rev. C 83, 054901 (2011). 33
[47] T. Csorgs and M.I. Nagy, Phys. Rev. C 89, 044901 (2014). 33, 67, 68

[48] F. Becattini, V. Chandra, L. Del Zanna and E. Grossi, Annals of Physics 338, 32-49
(2013). 37

[49] R. Hanbury Brown and R.Q. Twiss, Phil. Mag. 45, 663 (1954); Nature 178, 1046
(1956). 40

[50] Yu.M. Sinyukov, Nucl. Phys. A 498, 151c (1989). 40

[51] Qingfeng Li, J. Steinheimer, H. Petersen, M. Bleicher and H. Stocker, Phys. Lett. B
674, 111 (2009); Qingfeng Li, M. Bleicher and H. Stocker, Phys. Lett. B 659, 525
(2008); Qingfeng Li, M. Bleicher, Xianglei Zhu and H. Stéecker, J. Phys. G 33, 537
(2007). 40

[52] L.P. Csernai, V. Velle, arXiv:1305.0385. 40, 42, 79, 80

[63] M.A. Lisa, N.N. Ajitanand, J.M. Alexander, et al., Phys. Lett. B 496, 1 (2000);
M.A. Lisa, U. Heinz and U.A. Wiedemann, Phys. Lett. B 489, 287 (2000); E. Mount,



BIBLIOGRAPHY 53

G. Graef, M. Mitrovski, M. Bleicher and M.A. Lisa, Phys. Rev. C 84, 014908 (2011);
G. Graef, M. Bleicher and M. Lisa, Phys. Rev. C 89, 014903 (2014). 45

[64] Sz. Horvat, V.K. Magas, D.D. Strottman and L.P. Csernai, Phys. Lett. B 692, 277
(2010). 58

[55] M. Abramowitz and I.A. Stegun: Handbook of mathematical functions (Dover, New
York, 1965), 6.5.2; 1.S. Gradstein and I.M. Ryzhik: Table of Integrals ..., (Academic
Press, 1994), 3.321/2., 3.361/1., 3.381/1., 8.250/1., 8.251/1., 8.350/1., 8.354/1. 69

[56] E. Molnér, L.P. Csernai, V.K. Magas, Zs.I. Lazar, A. Nyiri and K. Tamosiunas, J.
Phys. G 34, 1901 (2007). 80

[57] E. Molnar, L.P. Csernai, V.K. Magas, A. Nyiri and K. Tamosiunas, Phys. Rev. C
74, 024907 (2006). 80






Appendix A

The CFD cell structure

In computational fluid dynamics (CFD) the spatial space is divided into many fluid cells.
These fluid cells are spatially cubic and have the same cell size, d, in all spatial directions.
The z,y, z axes situate at the edge lines of the first row cells in 3 directions, thus they
are parallel to all the edges of the cells. The centers of the first row cells are at a distance
3d to the 3 axes.

It is sufficient to describe the cells only at positive y coordinate, since we have a
initial state which is symmetric on negative and positive y direction with respect to the
reaction [, z] plane. This means the negative y side cells are just the mirror image of the
positive side ones. Thus the cells with negative y values are not calculated and stored
in the code.

By labeling each cell center by the indexes i, j, k for x,y, z axes, the coordinate of
the cell with index 4, j, k is defined as:

- ((z’—z‘m,-d—;)d, (j—%)d, (k—kmid—;)d> , (A1)

%)
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where

v = Zminylmin+17 Zmin+27 - bmaz
J = 12,3, jmas ,

k = kmin: kmin"—lv kmin+27 kmaa: .

Here we always choose the values i,,;,, > 0 and k,,;, > 0 in order to avoid zero or negative
i,j, k indexes. i,q and k,,;q are used to determine the center of mass and the center
of our calculation frame at « = (0,0,0). The z = 0 line locates between the cells with
indexes i,,;q and 4,,;4+1. The z = 0 line locates between the cells with indexes k,,;q and
kmig+1. The y = 0 line just lie on the edges of j = 1 cells. Since the negative y-directed
cells are not stored in the list, when we calculate some measurable quantities, i.e., the
two particle correlation calculation and the A polarization, we should not forget to take
into account the contribution by the mirror image side. These mirror side cells have
the same invariant scalar quantities as positive cells while the 4-vector components take

different values:

a(—z,—y,—2) = qlz,y,2),
V=2, —y,—2) = zy.2),
Vo=, =y, —2) = —w(z,y,2), (A.2)
o=z, =y, —2) = —vy(z,y,2),
v(—z,—y,—z) = —v.(z,y,2),

where the 4-velocity is u* = (1, v,, vy, v,) and the spatial velocity v = (vy, vy, v,). The
cell with indexes (4, j, k) always has the corresponding mirror image cell with the indexes

(iv j7 k) — (2lmld_l+17 _j7 2kmzd_k+1 )



Appendix B

Entropy calculation in hydro for zero

pressure

We assume two subsystems, one is the parton gas and the other is the Bag field. The
parton gas is assumed to be an ideal Stefan-Boltzmann gas with P, = e,/3 where P,
is parton gas pressure and e, is parton gas energy density. After introducing the Bag

model the system will have
P=P,—B, e=e¢,+ B,

where B is Bag constant. By denoting ep as energy density of the bag, the pressure P is

e 4
P=-—--B. B.1
373 (B.1)

where e is the total energy density (e = e, + eg). In the Bag model it is possible that
P <0ifeg = B; If P <0, in the hydro P is taken as P = 0 in the PICR code. When the
pressure has reached 0, the work done on one Lagrangian cell by its neighbors vanishes,

PdV = 0, and the specific energy, ¢ = E/N of Lagrangian fluid cell will stay constant
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during the expansion:

Ecell = € = €p + €p = constant , (B~2)

because the Lagrangian fluid cells contain a fixed number of net-baryon charge. Thus if
we assume PdV = 0, the expansion is adiabatic, ds = ds, = 0. From above we conclude

that after the pressure dropped to zero the the parameters at time ¢ will become:

e; = o ( energy conservation ) , (B.3)
Y = ( because P =0) , (B.4)
oy = 0 ( because dS =0and dN =0 ), (B.5)

where o is specific entropy density and v = 1/v/1 — v2. Let us define the P = 0 state,
as the initial state of an expansion, so the parameters of the Stefan-Boltzmann parton
gas and of the total Bag model are:

P,

v =B, ey, =3B, eg =48, By =0.

The code calculates the entropy density s, correctly when pressure is positive. But
at a later time (t) when the pressure becomes negative, the hydro code sets the pressure
to P =0, and if the bag constant is still equal to B, this would lead to entropy decrease
[54]. Thus the values of s, would be incorrect. Also the temperature (T) calculated this
way is wrong.

For the Lagrangian fluid cell, we define the volume per nucleon vy as vy = 1/ng,

where ng is the nucleon density in the initial state. Then we have:

Epop = SBI/(), EBy = Bl/o7 Eo = 4BVO . (B6)
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The adiabatic flow is defined as follows:

%@)—<”)4mv (B.7)

so the parton energy at time t is

sAﬂ—SBm(W>4B. (B.8)

Vo

Because of the energy conservation, according to Egs. (B.2) and (B.6), we have ¢(t) =

ep(t) + ep(t) = £,(0) + e5(0) = 4By thus

es(t) = By (4 -3 (Z;) 4/3> . (B.9)

The total specific energy is:
e=To—-Pv+pu=To+p.

Since the expansion process is adiabatic, dS = dN =0 and P =0, so de = Tdo = 0. At

time g, €9 = 4Bvy = Tooo + jo, SO
Ho = 4BVO - T()O'O .

In the above equation, the Ty and o( are well calculated in the hydro code. Later at
time ¢ > to, £(t) = 4Bvy = T'oo + p.
For one Lagrangian fluid cell (LFC) in the calculational frame (CF), the expression

of the total particle number is:

NEFC = pa Ve = ngyo Ve ((where v = 9 because of Eq. (B.4) ) .
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From energy conservation e(t) = &¢, and e = ecr/7, we obtain

4B
e(t) = ccr 4Byy = —
n-y o

since n is calculated in hydro code, from this equation ngy can be calculated:

4B’y eCF
. ) — B.10
ng=n p— or vy =vy 5 ( )

Then if P = 0, the contribution from a calculational cell to entropy can be obtained
from Nppo = nyVEE = ngyVy where Vy = %VCSE and ng is calculated in Eq. (B.10).

The contribution of the P = 0 cell to the total entropy is then
AS = Nyre ai(w) = VL asv) | (B11)

where we have to calculate o((vp) from the EoS Eq. (B.1), i.e., 0§(v0) = 0p(n0, £p0)-

In order to keep the EoS Eq. (B.1) consistent at P = 0, we have to change B — b,
thus the EoS of zero pressure domain becomes P = (e — 4b)/3. Thus when P = 0,
b = e/4. After we change the bag constant to a smaller value when dealing with negative
pressure cells, the entropy is increasing as time develops. This is physically consistent. In
order to be more transparent, we separate the entropy contribution between the P > 0
and P = 0 cells. We conclude that the zero pressure cells contribute to the entropy
production, because at later time, the partons in these cells become dilute, thus the

pressure becomes zero.



Appendix C

Numerical vorticity estimate in the

PIC method

Let us first consider fluid cells in 3 spatial directions, for the classical case of vorticity.

The vorticity is defined as

X
8 1 5
° °
40 o e2
°
7 3 6
</ z

Figure C.1: (color online) The nearest four, side neighors indicated by 9,0+ =0 0= and
the four corner neighbors indicated by *+,~1 == += of a fluid cell at i, k indicated by % in
the Reaction [z, z] Plane to calculate the partial derivatives. In this section these locations
of velocity components and  factors are indicated by an index number given above.

Weg = Wz = %(axvz - az'Ux) . (Cl)

In this definition the sign convention is opposite to that of the mathematical rot op-

eration. Here we use the convention that if the projectile is moving in the positive,
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62 Numerical vorticity estimate in the PIC method

z-direction, and it is at the upper side of the x-direction, and the target is moving the
opposite direction, then the vorticity, w,,, of the flow is positive.

The vorticity at the central point of a fluid cell can be calculated in the following
steps. We have a contribution from the side points 1,2,3,4, and for the corner neighbor

points 5,6,7,8, see Fig. C.1, so that the vorticity is:

—wy = wy(l k)= X

— N

(i + 1, k) — 0.3, k)) /(2Az)
4 (ulisk) — v.(i — 1, k) /(2A)

— (ua(iy ke + 1) — 0,(3, k) /(2A%)

= (0a(i, k) = va(i k — 1)) /(2A2)

4 o(uali+ 1 k+1) — (i k + 1) /(4Az)

4 (ulik—1) —v.(i— 1,k — 1)) /(4Az) (C.2)
4 (uli+1k—1) —v.(ik— 1)) /(4Az)

+ (ulik+1) —v.(i— 1k +1) /(4Az)

— (pli 41 k+1) —v,(i + 1, k) /(4Az)

— (i — L k) — (i — 1,k — 1)) /(4Az)

— (i — Lk +1) —v,(i — 1,k)) /(4Az)

— (ve(i+1,k)—v.(t + 1,k — 1)) /(4A2)] .

Here each of the 12 lines corresponds to an x-directed or z-directed link among the cell
and its 8 neighbors. If all cells, also the neighbours are filled with matter with not
exactly zero velocity, in each of the above lines one of the two velocity values cancel with
another one, thus in the above list only 12 velocities should be evaluated. On the other
hand if not all neighbors of a cell are filled with matter, then the lines which include
an empty cell should be dropped from the list. These are usually the surface cells in a

heavy ion collision.
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We can also use the shorter notation of the indices - for -1 and + for +1, so that the

above equation takes the form:

(0 = 02) + (2 = 07?)) /(2A2)

(02" =) + (13" = vg7)) /(242) (C.3)
+ (I =) + (T = er ) (0T =)+ (02 =0l T)) /(4A)

(" =uf") + " = o )+ (0 =) + (0 —vf7) /(442)]
Here if all cells are filled with matter in the first two lines the % cells cancel each other
and the last two lines the °=,%F =0 +0 cells would cancel each other. In this situation
0— 0+ —0 +0

100

we could replace the the cells with the central * cell, without changing the

result:

1

—wy, = sz(ivk)E§X
[( + (0 —v;)) /(2A7)
= (02" =) + (vg” —vg7)) /(2A2) (C.4)
(0 =02+ (0 =)+ (0T =) + (0 =0l )) /(4Ax)
(v + (0 =g T) + (0T =) + (v — vl T) J(4A2)]

This would mean that the four corner links would be connected to the central cell.
Consequently not all of the links are now axis directed. For a domain where all cells are
filled, this gives exactly the same result. We could now drop all terms containing v, (4, k)
and v, (i, k) if all cells are filled.

For surface cells this cannot be done, because we have to delete each link where
there is an empty cell. To replace the empty cell by zero velocity would lead to a large
derivative, because neighboring cells have similar velocities (not necessarily close to zero).

So we use the above expression for general calculation of the vorticity, eliminating those
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lines, (i.e. those links) where one of the cells are empty.

If some cells are empty in the above expression the weights for the remaining cells
could be increased. However, in the present calculation we do not do this, we keep
Eqgs. C.5, and keep the weights the same. We drop the lines, which contain empty cells.
This results in somewhat reduced |w,| values in the vicinity of the boundaries, while the
result is much more accurate than dropping all cells which would cancel in a densely
filled domain.

For the internal cells where all neighbors are filled we can let the central cell cancel

in the expression, and for these inside cells we get:

200 — v ot —vr T o ot

— Wy = Wy (1, k)

8Ax
200t — %)+t —os T fogt -t
_ X z xT X xT T . C.5
8Az (C5)

In relativistic flow: Here for the vorticity development in the Reaction Plane we

calculate w?,, using the same convention as above for the classical case:

1 1 1
Wy = 5(8z7vz - az’)/vz) = 57(6907),2 - azvz) + 5(%817 - vzaz’Y) . (CG)

x

The first term is similar to the classical case. It has just to be multiplied by a factor

v, while the second term has a similar structure:

wo (i, k) = = %

| =

(7% (2 (0= o2)+ (0P —070)) + (v T =02)+ (0P —v; )+ (0~ —vP)+ (P~ 1)) /Ax

z z z z

= "2 (O =)+ =) + (=) vy ) (T =) ()

W—vf7)) /Az]

+ [ 2"+ A) + AT+ ")+ () JAe

o (2 (") +(* ") + A"+ =)+ A"+ () /A

Just as in the classical case if we have a neighboring cell which is empty, the whole
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corresponding link (i.e. (y—~) and (v—v) term) should be dropped from this summation.
In case if all neighboring cells are filled then all ¢"° terms cancel and the expression

simplifies considerably:

(0" =v, )+, T —vl ) /A7 (C.7)






Appendix D

Baryon density, momentum of inertia,

kinetic energy

Scaling of density distributions

Let us evaluate the baryon density, n(s), and for simplicity we assume that in case
1A of Ref. [47] the temperature is constant, 7 (s) = 1, then it follows that, v(s) =
(Np/V)exp(—s/2), where Ng = ng Vy. Due to the exponential density profile, if s is a
sum of the coordinates in two orthogonal directions, as s = s, = s, then n(s) separates
into two multiplicative terms: n,(s,) and n,(s,). For further simplifying the formalism,
we can introduce a coordinate change s = %u for integrals of type fOU/ ? f(u/2) du. Then
ds = %du and fOU/2 f(u/2)du = 2fos f(s)ds. This change will thus modify the upper
limits of integration, and the normalization by a factor of two. These adjustments are
included in the final expressions for the momentum of inertia and the kinetic energy.
The baryon density distribution is then

Cy 2/ p2 2 /72
TL(T/J77‘Z) = Np—-e o/ R € r:/2 )
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where (), is a normalization constant, which will be determined later.

C, R/ 2/ p2 /oo 2 /72
//n(rp,rz)drpdrz = NB—27T/ e /B rpdrp/ e dr, (D.1)
14 0 —Z/0

here the first integral up to infinity gives I'(1)R?/2, while the second one I'(0.5)Z = /7 Z.

In z, y, z coordinates this is:

00 3
NB% X (/ e—ri/xzdrz> = NB% (V7X)® = Nj x const. . (D.2)

Or in cylindrical coordinates

NB% x al(1)R*x /17 = NB%W?R?Z : (D.3)

which is the same. The integrals were evaluated up to limits in infinity. If we perform the
definite integrals up to a finite limit, we get similar scaling behaviour. Let us now change

the variables to scaling variables introduced in Ref. [47], but in cylindrical coordinates:
Ch
n(sp,s.) = NBV e 50/2 em5:/2

Now using the relations 27r,dr, = TR*ds, and dr, = %dsz we get

//( )ds,d NS R"‘x/l‘md w2 [ e B
n(s,, s;)ds,as, = ™ e S e
ne v 0 Tl s

7TR2Z 0.5 0.5 du

= NgC, 2></ e_“duX\/E/ e —

R o WV
TR*Z

= NpCo——2 14(0.5) V215(0.5) . (D.4)

This should be equal to Ng thus the normalization constant is

C, = 1/[2\/51A(0,5) 15(05)] .



69

Here 14(0.5) and I5(0.5) are constants, which do not change during the scaling evolution,
when the density profile remains the same. At infinity I4(co) = I'(1), while Ig(c0) =
['(0.5) = /m, but at different integration limits the ratio of the two integrals will be

different [55]:

Ia(u) = 1—exp(-u),
Ip(u) = Vr@(Vu), (D.5)

where

O(u) = erf(u) = /0“ exp(—2?) dx . (D.6)

e

The Moment of Inertia

Consider a body with scaling expansion, and with solid body rotation (i.e. the angular
velocity is uniform for the whole body, w = w(t) but it does not depend on the spatial

coordinates. Let us denote the moment of inertia with ©:
O = /mn(r) r*dr . (D.7)
Then the angular momentum and the rotational energy are
L=0w and E= %(—)w2 . (D.8)

Now we assume that our system has no external torque, and all internal forces are radial,
so the angular momentum must be conserved, during the scaling expansion driven by the
pressure gradient which is radial in a cylindrically symmetric system. Thus, the angular

velocity is not directly influenced by the dynamics, just via the angular momentum
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conservation. From L = 0 , it follows that
. S)
BOw = —0Bu 0= —w— .
w w or w w 5

Thus the change of the angualr velocity is a direct consequence of the change of the
moment of inertia ©, while © is proportional with the square of the radius of the system
in a scaling expansion where the density profile remains the same during the expansion.
Consequently
) G} R? d Ry
W= —w= = —w— and w = wy— .
e R? “R

We still have to evaluate the moment of inertia accurately to provide precisely the energy

of rotation. Thus by using the scaling variables we have:

2 7 1 1 d ;
0 = mNBﬂ-R RQCn/ efsf’/%pdsp X 6751/2i
0 0 Ve

= mNgR*C, 415(0.5)V215(0.5) , (D.9)

where Io(u) =1 — (1 +u)exp(—u) .

As before these integrals do not change during the scaling expansion, on the other
hand the volume and the moment of inertia have different coefficients in the energy
expression. As a consequence the kinetic energy of the rotation is

1 1
Ex = §GW2 = 5m Np Co4v21¢(0.5) I5(0.5) R*w?

1
= §a2mNB R%*w? . (D.10)

Here we have itroduced the constant
5 1 1
o = 4\/§Cn13(5)lc(§) , (D.11)

which can be used in the main course of the work.
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Kinetic energy of radial and longitudinal expansion

The radial velocity is given by v, = (R/R)rp and consequently Uﬁ = RQS,,. Thus the

kinetic energy of radial expansion is

2 1 1 :
Ex = miNp Tt ZRZCn/efsp/zspdSP/efszﬂ—déz
0 0

2 v 5=
N, .

— m2 B Cav21:(0.5) I5(0.5) K2

- m;VB o® R (D.12)

The longitudinal velocity is given by v. = (Z/Z)r, and consequently v? = Z2s,.

z

Thus the kinetic energy of longitudinal expansion is

NpnR?Z . ! !
EK _ miNp ™ Z2Cn/€_5p/2d5p/e_sz/Z@dSz
N )
- %Cn V2 1,4(0.5) Ip(0.5) 22, (D.13)

where Ip(u) = @CI)(\/E) — Vue™*. Here we can introduce the constant
9 _ 1 1
B = 4\F20,L1A(§)1D(§) : (D.14)

which will be used in the calculation.






Appendix E

Correlation function for fluid cells

We use the thermal velocity B, = us/Ts, and consider each cell with index j = 1 has
a corresponding mirror image cell with position j = —1. The indexes of fluid cells are
introduced in Appendix A. Fig. E.1 shows the cells placed symmetrically around the
origin of the Descartes coordinate system in the reaction, [x,z|-plane. All the cells and
their mirror image cells have equal scalar parameters while the vectors are different:
The cell in the top layer (z > 0) have thermal velocity B,, while it is —8, for the
bottom layer. The coordinates of the two corresponding mirror symmetry cell centers
are (txs, £ys, £25). The weights are not necessarily the same: ws(j > 0) # wi(j < 0),

where the symbol * denotes the parameter for the mirror cell.

Two fluid cells

Here we show how to calculate the correlation function for the two cells marked by the

red circles in Fig. E.1. First we calculate the integral of function S(k, q):

/ &'z S, k) = (2nR)™* Py [wsexp (kB,) + w! exp (—kB,)], (E.1)
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74 Correlation function for fluid cells

Figure E.1: (color online) Eight fluid cells placed symmetrically around the origin of
the Descartes coordinate system. The cells on the negative y-side of the coordinate space
(further away from us) are reflected around the point of origin (c.m.) and are not calculated
explicitly in the fluid dynamical model. The top layer has uniform velocity pointing to the
right (positive z-direction), while the bottom layer has a uniform velocity to the opposite
direction. Random fluctuations would violate this exact symmetry. For two fluid cells in
the calculation we only consider the two fluid cells marked by the red circles.

thus the denominator in Eq. (5.7) is

2

’/d% S(x, k)| = (27TR2)3P52 [w? exp (2kB,) + (w})? exp (—2kB,) + 2ww?] . (B.2)

In order to get the nominator of Eq. (5.7), we first calculate the J(k, ¢) function according
to Egs. (5.15):

J(k,q) = QPQ wsekﬁs e4P./2¢iq%: + w;‘e*kﬁs ¢~9B./2-iq. , (E.3)

where x is the position of the center of the cell on the positive y side, while the mirror

image cell has —x,. In the above expression we can insert
9% = cos(qx,) + isin(qx,) (E.4)
and we introduce the notations ¥(q) = €’9%+_ thus we have

Y(q) = cos qx, + isin qx,. (E.5)
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Notice that Re[%?(q)] = Re[2*(—q)] = CF — S7 and Re[X(q)%(—q)] = C7 + S2, where
C, = cosgx,, and S, = sin gx,.

Using this substitution the Re[J(k, ¢)J(k, —q)] product becomes:

RelJ(k,q)J(k, —q)] = (QcPx)*x
Re [(wsekﬂseqﬂb/zg(q) + wzefkﬁsefqﬂa/zz(,q)) x
(wsekﬁse—Qﬁﬂg(,q) i wZG—kﬂselIﬂsﬂg(q))} -
(QcPy)*x
Re [ w2ekB.caB.12 kB.~4B.12 5 (q)2(—q)+
wyw KB B2 kB B2 52(g) 4
w!w, e KB e=B.2 KB, ~aB.12 2 (_gq) 4

(wi)ze*kﬁse*quﬂ eikj’@*‘eq'gs/2 E(_q)z(q)}

(QcP.)*x
Re [w2eRB. w(q)5(—q) + w, w: DB 22 (q)+
wow e 9P: $2(—q) + (w))? e P. £(-q)%(q)| =
(Q:P.)? [2w,w cosh(gB,) (CF = S)+
(w2ekPe - (wiyze2RB.) (2 + 52

Here we use the the fact that Q7 Q;? reduces to unity in the product J(k,q) J(k, —q).

This is also true for eight and all cells. Thus the correlation function becomes:

C(k,q) = 1+ exp(—R*¢*) x
2wsw cosh(gB,) (C’g — Sg) + w?egkﬁs + (w;‘)Qe_Qkﬁs} (C(f + Sg)
w? exp (2kB,) + (w})? exp (—2kB,) + 2ww;

(E.6)

Due to the symmetric configuration the coefficients (C + S7) and (CF — S2) could be

simplified further. This is also true for eight and all fluid cells.
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Eight fluid cells

Now we need to calculate the correlation function for all the eight cells shown in Fig.
E.1. Similarly to the two fluid cell calculation, the integral of the source function S(k, q)
is

(20R%)"* 3 P, [exp (kB) + exp (~kB)

s=1

= 4 (27rR2)3/2 Pyws [exp (kB) + exp (—k3)] (E.7)

/d4m S(z, k)

= 8 (27TR2)3/2 Pawscosh (kB ) .

Thus denominator is:

‘ﬁ%ﬂam

and the function J(k, q) becomes

2
= 64 (2rR?)” P2w? cosh(2k0) (E.8)

4 *
T Q3P Qe | (1 2) 3] 92 4 Quusens | (s 2) 2| e
= QcPQfws {ekﬁeqﬁ/Q [T + %0 4 9Te 4 19Ta]

+ e~kBe-ab/ [e’iqw“ + e 4Ty 4 7T 4 e’iqmd] } ,

where x,, ), ., T4 are the positions of the 4 cell centers in the top layer, while the
bottom layer has the mirror image cells. Then we introduce the notations as done similar

with two cells situations: %(q) = e/ d%e + dTs 4 19T 4 idTe Thus we can get:

3(q) = cos qx, + cos Xy + COS gx, + COS gyt

i[sin gz, + sin gz, + sin gz, + sin g4 .
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Notice that Re[%?(q)] = Re[2*(—q)] = CF — S7 and Re[X(q)%(—q)] = C7 + S2, where
C, and S, are

C, = cosqxz,+ cosqxy,+ cosqx, + cosqx, ,

S, = singx, +singxy, +sinqx. +sinqx, .
By using this substitution, the Re[J(k, ¢)J(k, —q)] product takes the form:

Re[J(k,q)J(k, —q)] = (QcPsws)*x
Re [(ekﬁeqﬁ/QZ(q) + e*"’ﬁe*qﬁﬂz(—q)) x
(#PeaBrs(_q) + KB aPrs(q))] -
(QcPow)*x
Re [ek,@eqﬁ/z kB-aBr2 (g5 (—q)+
kBeaB/2 ~kBaB/2 v2(q) 4
e kBc-aBr2 kBe-aBr2 32 gy, (E.10)
¢ kBB ~kB.a0/2 Z(_q)z(q)} =
(QcPaw,)*x
Re [eRP 5(q)5(~q) + 9P $2(q)+
9P 52— q) + B 5(—q)5(q)| =
2 (QcPsw,)*x

[cosh(2kB3)(C; + S7) 4 cosh(gB)(Cs — S7)] .
Thus the correlation function becomes:

[cosh(2kB)(CZ + S7) + cosh(gB)(C2 — S2)]

B _p22
C(k,q) = 1+ exp(—R"¢") 32 cosh(2k3)

(E.11)



78 Correlation function for fluid cells

All fluid cell pairs

This is the general situation and only the mirror symmetry around the c.m. point of the
participant are assumed. This is generally true if the random fluctuations are neglected.

Similarly to the previous calculation, we first do the integral for function S(k,q) :

/ d'e S(x,k) = (2nR?)** Y P, (E.12)

where

The denominator in the correlation function is then

‘ / d'z S(x, k) g (2rR?)* |3 PPK2+2) PPJKKy (E.14)
s s>/
The function J(k,q) becomes
Tk, q) = QCZPSQS’) |:wse(k+g),85+iqws+w:e(k+(21),83iq:lis:| .
By substituting the Eq. (E.4), the function J(k, q) become
J(k,q) = Q.Y PQWI[CY+i8W] (E.15)

where Cl9 = [wse<k+g>'gs+w:6(k+?)'gs] cos(qxs) ,

and S@ = [wse<k+g)'gs—w:e(k+g)ﬁs] sin(ga;) .
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Using this substitution the Re[J(k, ¢)J(k, —q)] product becomes:

RelJ(k,q)J(k, —q)] = Q2 x

(Z PQY [cl + z'sgq)]) <Z PQL™ [l + z'sg/q)]ﬂ =

Re

(E.16)

Q2 (Z P2 [C(q)c(fq) _ 5(4)5(74)]

+23" PPQUQLY [clict ) - 3§q>s<,">}> .

s>s'
Thus the correlation function becomes:
C(k,q) = 14 exp(—R*¢?) x
Z P2 [C(q)c(w) _ S(Q)S(w) + 22 P P,Q(Q)Q(w) [C(q)c(w) _ S(a)g(w)

sts s Ls s s s>s L sls'ds P s Ly s s

(E.17)

Zs P92 IC% + 2 Zs>5/ PsPe/ICsKs'

For one pair of fluid cells this expression returned the correlations function expression
given in Eq. (57) of Ref. [52].

In this Appendix we present a method, which can exploit the global symmetry of
a heavy ion collision across the c.m. point. The formulae for the evaluation include
summations over cell-pairs and the correlations between any of the cells with any other

cells are also included in the summation.

Weight of the cell as emission source

The weight factor w, is important when all the fluid cells are considered as emission
sources in the hydro model.

For test we first assume that the weight is the same for all directions of k which
means for the mirror image cells w? = wy, if ©%(x;) is the same for both. Nevertheless,
the factors exp[kw/T}] in the K, C\?, andS{”-functions will give strong dominance for

the fluid cells, which move towards k. In this case the correlation function only includes
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cos and cosh terms, see Eq. (63) in Ref. [52], thus the velocity vector does not influence
the correlation function, it depends only on the scalar value of the velocities. If the
weights are not the same, the correlation function will contain sinh terms also which
may contribute differently for the mirror cells. This is shown by Eq. (66) of Ref. [52].
Then we choose the most frequently used approach that we assume the FO hyper-
surface lay along a constant proper time hyperboloid. Thus we can choose the time-like

FO normal as 65, = (7s, us) and we have (k,6") = ysko+kus, so the weight becomes

w, = (Yoko+ku,) exp(—6%¢3/2)  for positive j cells , (E.18)

wt = (v.ko—ku,) exp(—02q3/2)  for mirror cells . (E.19)

As we can see the weights are explicitly different for the cell and its mirror image cell
This definition makes the correlation function asymmetric and sensitive to the direction
of the rotation of the flow. In Refs. [56, 57] more sophisticated parametrizations are

discussed.
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