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Abstract. We regard the Cauchy problem for a particular Whitham—Boussinesq system mod-
eling surface waves of an inviscid incompressible fluid layer. We are interested in well-posedness at a
very low level of regularity. We derive dispersive and Strichartz estimates and implement them to-
gether with a fixed point argument to solve the problem locally. Hamiltonian conservation guarantees
global well-posedness for small initial data in the one dimensional settings.
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1. Introduction. We consider the following Whitham-type system posed on

R+,
(L1) on + Ozv = —Kf@w(m}),

' o+ K20,m = —K?9,(v*/2),
where

(1.2) K, := K1(D) = v/tanh(D)/D with D = —id,.

The operator K is a Fourier multiplier operator with the symbol £ — /tanh /€. Tt
is bounded and invertible in L?(R); more precisely, it is a linear isomorphism from
L%(R) to H'/?(R). Tts inverse K; ' is equivalent to the Bessel potential J'/2? defined
by the symbol £ — (1 + 52)1/4. Functions 7, v are assumed to be real valued. Note
that K70, = itanh D and so system (1.1) has a semilinear nature.

We complement (1.1) with the initial data

(1.3) n(0) =m0 € H*(R),  v(0) = vy € H*T/3(R),

where H® = (1—092)~%/2L?(R) is the standard notation for the Sobolev space of order
5. Such an initial value problem describes the evolution with time of surface waves of
a liquid layer. The model approximates the two dimensional water wave problem for
an inviscid incompressible potential flow. The variables 17 and v denote the surface
elevation and fluid velocity, respectively. For some discussion on its precise physical
meaning we refer the reader to the work by Dinvay, Dutykh, and Kalisch [10], where
the system (1.1) appeared for the first time. Formally, v equals i tanh D-derivative of
the velocity potential trace on surface associated with the irrotational velocity field.
In the long wave Boussinesq regime v coincides with the horizontal fluid velocity at
the surface.
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The system (1.1) possesses a Hamiltonian structure [10]. To our knowledge, there
are at least two conserved quantities associated with this system. The first one,

1
(1.4) H(n,v) = 5/ (n* +vK; 0 + no?) d,
R

has the meaning of total energy. The second one,
Z(n,v) = / nK| *vdz,
R

has the meaning of momentum. The system (1.1) has a Hamiltonian structure of the
form

at(777v)T = jv%(nu ’U)

with the skew-adjoint matrix

0 —itanh D
J = (—i tanh D 0 ) ’

which in particular guarantees conservation of the energy functional H. It is worth
noticing that system (1.1) can be derived at least formally in the long wave asymptotic
regime from the Zakharov—Craig—Sulem formulation of the water wave problem [19],
also known to be Hamiltonian. The Hamiltonian structure of the Zakharov—Craig—
Sulem formulation is canonical, in the sense that the corresponding skew-adjoint ma-
trix J = (_01 (1)) . It is interesting to notice that model (1.1) also enjoys a canonical
Hamiltonian structure, which is directly comparable with the one of the full water
wave system when using variables (n,), where ¢ is such that v = itanh Dy. Nu-
merical simulations done in [10] show how insignificantly values of functional H differ
from the corresponding energy levels of the full water problem.

We also consider a system posed on R?*! of the following Whitham-Boussinesq
type:
(15) { On+V-v=—K3V-(v),

v+ K3Vn=—K3V (Iv|*/2),
where v = (v1,v2) € R? is a curl free vector field, i.e., V x v = 0, and
Ky := Ky(D) = \/tanh |D|/[D] (D = —iV)

with the corresponding symbol K5(§) = +/tanh(|¢])/|€]. We complement (1.5) with
the initial data

2
(1.6) n(0) =m € H* (B2, v(0) =vo e [H*/2 (R?)] .

This is a two dimensional analogue of system (1.1) describing evolution with time of
surface waves of a liquid layer in the three dimensional physical space. As above the

variables n and v denote the surface elevation and the fluid velocity, respectively. The
system enjoys the Hamiltonian structure

5't(77,V)T = jVH(nav)
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with the skew-adjoint matrix

0 ~K20,, —K20,,
J = | -K20,, 0 0 ,
~K20,, 0 0

which in particular guarantees conservation of the energy functional
1 12
(1.7) H(n,v) = 5/ (n2 + |K2 1vf + 77|V|2) dx.
R2

Equations (1.1) were first proposed and studied numerically in [10]. Later in [9]
the first proof of local well-posedness based on an energy method and a compact-
ness argument was given. System (1.1) is an alternative to other weakly nonlinear
dispersive models describing two-wave propagation [10]. Those models are in good
agreement with experiments [7]. They also have many peculiarities of the full water
wave problem. The existing results on well-posedness theory, however, are not com-
pletely satisfactory. To our knowledge, apart from the model under consideration,
there is only one local well-posedness result so far for the regarded system in [10]
which has been proved by Pei and Wang [22]. To achieve this the authors imposed an
additional nonphysical condition n > C' > 0. The initial value problem regarded in
[22] is probably ill-posed for large data if one removes the positivity assumption n > 0,
as a heuristic argument given in [18] shows. Recently, Kalisch and Pilod [17] proved
local well posedness for a surface tension regularization of the system from [22]. They
were able to exclude the positivity assumption 7 > 0. However, the maximal time of
existence for their regularization is bounded by the capillary parameter. One does not
need any regularization or special nonphysical conditions to claim the well posedness
for (1.1), (1.3).

In fact (1.1) can be regarded itself as a regularization of the system introduced by
Hur and Pandey [15]. The latter was also investigated numerically in [10] and com-
pared with other models of Whitham—Boussinesq type. Admitting formally tanh D ~
D for small frequencies and substituting D instead of tanh D to the nonlinear part
of equations (1.1), one comes to the system regarded in [15]. Hur and Pandey have
proved the Benjamin—Feir instability [15] of periodic travelling waves for their sys-
tem, which makes it valuable. If one in addition formally discards the term nd,u in
the system given in [15], then a new alternative system turns out to be locally well-
posed and features wave breaking [16]. However, the latter does not belong to the
class of Boussinesq—Whitham models since nonlinear nondispersive terms have been
neglected.

We would like to pay special attention to a system that was not considered in [10]
but was introduced by Duchéne, Israwi, and Talhouk [11]. They modified the bilayer
Green—Naghdi model improving the frequency dispersion. In fact, their system is
also linearly fully dispersive, which makes it a close relative to system (1.1). Note
that their system is Hamiltonian as well. Moreover, they have justified the Green—
Naghdi modification proving the well-posedness, consistency, and convergence to the
full water wave problem in the Boussinesq regime [11]. In addition, the consistency of
Hamiltonian structure is shown, so that energy levels of the approximate model can
be compared with the full water energy. Existence of solitary waves for their system is
also proved in [12]. Returning to the system regarded by Pei and Wang [22], we should
notice that a question of existence of solitary waves for it is closed as well [21]. Finally,
we point out that well-posedness of the modified Green—Naghdi model is satisfactory,
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in the sense that it needs neither surface tension nor any nonphysical initial condition.
All this together makes it a promising system. And indeed, as noticed in [11], their
modification gives more reliable results when it comes to large-frequency Kelvin—
Helmholtz instabilities than other models of the Green—Naghdi type.

On the contrary, system (1.1) has a couple of advantages compared with the
modified Green-Naghdi model [11]. First, it is derived, though not rigorously, from
the Zakharov—Craig—Sulem formulation, and as a result one knows the relation be-
tween variables (n,v) and those describing the full potential fluid flow [10]. As to the
modification discussed, it is presented in variables where the first one has the mean-
ing of the surface elevation and so coincides with 7. Its dual variable is called the
layer-averaged horizontal velocity [11]. In the Boussinesq regime it definitely coincides
with the same object associated with the full Euler equations. However, one cannot
guarantee that it will be the case in shorter wave regimes, whereas for Whitham type
models one might anticipate a good agreement which is confirmed by experiments [7].
Here we must admit that neither the Whitham—Boussinesq system (1.1) nor the mod-
ified Green—Naghdi system are tested by Carter [7]. So it might be only a matter of
time before the modified Green—-Naghdi velocity is given an exact physical meaning.
In other words, we expect that this velocity will be associated with the full water
problem notions. The second issue is that it does not seem obvious how the modified
Green—Naghdi system can be generalized to a three dimensional model, whereas for
system (1.1) it is straightforward.

Let us formulate the main results. The first one is an improvement of the local
existence claimed in [9)].

THEOREM 1 (local existence in one dimension). Let s > —1/10. Given any
R > 0 there ezists a time T = T(R) > 0 such that for any initial data (no,vo) € X° :=
H*(R) x H5+/2(R) with norm ||no|| grs + ||vo || gre+1/2 < R, there exists a solution (n,v)
in the space X3 := C([0,T]; H*(R) x H*+*1/2(R)) of the Cauchy problem (1.1), (1.3).
Moreover, the solution is unique in a subspace of X7 and it depends continuously on
the initial data.

THEOREM 2 (local existence in two dimensions). Let s > 1/4. Given any R > 0
there exists a time T = T(R) > 0 such that for any initial data (ng,vp) € X* :=
H*(R?) x (H*t'/2(R?))? with V x v = 0 and with norm ||no|| s + [Ivoll(gra+1/2)2 < R,
there exists a solution (1,v) in the space X5 = C([0,T]; H*(R?) x (H*t1/2(R?))?)
of the Cauchy problem (1.5), (1.6). Moreover, the solution is unique in a subspace of
X7 and it depends continuously on the initial data.

Remark 1. For s > 0 in one dimension and s > 1/2 in two dimensions the solution
is unique in the whole space X7. Moreover, the flow map is real analytic for such
values of s.

Theorem 1 does not rely on the noncavitation hypothesis 147 > 0, since smallness
of waves is implied in the model. It can be seen as a drawback compared with the
model from [11]. However, as mentioned above, it is difficult to say for now which
one of these two competing models is a better approximation to the Euler equations.
Instead of the noncavitation, there is another condition that we have to impose to
prove the following global result. The meaning of this new condition is that the total
energy should be positive and not too big. We point out that this condition is imposed
at the energy level of regularity and is independent on the regularity s of the initial
data.
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THEOREM 3 (global existence in one dimension). Assume that s > 0 and con-
sider the local solution from Theorem 1. There exists 6 > 0 such that if

Mol 22wy + llvoll /2wy <6,

then the solution extends to a global-in-time solution
(n,v) € C (R; H*(R) x HS+1/2(R)) .

In the sections below, we first diagonalize systems (1.1) and (1.5) and reformulate
the local theorems in the new variables. Then we demonstrate how the local result can
be obtained in less general settings applying an elegant classical PDE technique based
on the standard Sobolev embedding. This also demonstrates the necessity of disper-
sive estimates for going down to the energy level of regularity s = 0 in one dimension.
Note that the domain of the Hamiltonian functional (1.4) is L2(R) x H'/2(R). After
that we obtain estimates of Strichartz type studying asymptotic behavior of a partic-
ular oscillatory integral (see Lemma 9 and its proof below). This is an improvement
compared with dispersive estimates obtained in [3]. In fact we have L®-norm decay
dominated by L'-norm locally in frequency, which gives us localized Strichartz esti-
mates. Whereas the decay in [3] is dominated by weighted Sobolev spaces, though
frequency independent. With the new estimates in hand we can apply the fixed point
argument in a ball of the Bourgain space associated with the water wave dispersion.
This gives us the local existence theorems, Theorems 1 and 2.

The last step is to prove the global well-posedness theorem, 3. For s = 0 it comes
straightforwardly from the energy (1.4) conservation via the continuity argument and
the local result. For s > 0 we prove the persistence of regularity. Surprisingly, it is
not enough just to have the dispersive Strichartz estimates to claim the persistence.
Thankfully, our velocity variable v is bounded in H'/2-norm and so we are able to
use the following limiting case of the Sobolev embedding theorem.

LEMMA 1 (Brezis—Gallouet inequality). Suppose f € H*(R?) with s > d/2.
Then

(18) 1l < Coa (1+11f a2 /1082 + 17TTa) ) -

Inequality (1.8) was first put forward and proved for a domain in R¢ with d = 2
in the work by Brezis and Gallouet [5]. It was extended to the other Sobolev spaces
in [6]. An implementation of this inequality for deriving a global a priori estimate can
be found, for example, in the work by Ponce [23] on the global well-posedness of the
Benjamin—Ono equation. We apply a similar trick here, and so that we repeat the
formulation of Lemma 1 as it is given in [23]. This provides us with the persistence
of regularity that in turn concludes the proof of Theorem 3.

Let us finally give some explanations for the choice of strategy, focusing on the
one dimensional case. The local well-posedness for s > 0 follows from the standard
technique related to semilinear equations. It requires only Duhamel’s formula and
suitable product estimates for the right-hand side (RHS) of (1.1) in the Sobolev-
based space X® = H®x H5t1/2. The global bound in X° follows from the Hamiltonian
conservation, since H(n,v) =~ ||(n, v)||§(0 provided [|(n, v)|| yo is small. Hence the global
well-posedness in X® with s > 0 follows from the local result and an a priori bound
obtained from the persistence of regularity and the Brezis—Gallouet inequality.

The main focus of the work is on lowering the regularity threshold for the local
well-posedness through the use of dispersive estimates. One anticipates that even
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the weak dispersive properties of system (1.1) can lower the threshold at least to
the limit case s = 0. This together with the global bound automatically gives us
the global well-posedness in X°. However, the weakness of dispersion means that
the time-decaying L' — L*°-boundedness of the semigroup, associated with the lin-
earized system, does not hold. As a result the standard strategy based on Strichartz
estimates is unavailable. So instead, we obtain the decay estimate on each compo-
nent of the dyadic Littlewood—Paley decomposition with a sharp dependence on the
dyadic number. From this local decay we deduce bilinear estimates in the Bourgain
space associated with the water wave dispersion relation. The local well-posedness is
deduced from Duhamel’s formula with the help of these bilinear estimates.

The main peculiarity of the two dimensional case is that with this technique we
are able to prove the local well-posedness in X® = H® x H*TY/2 x H5t1/2 only for
s > 1/4. Tt still leaves a gap from the energy space X°, too big to claim global
existence. Moreover, even in one dimension it is not clear so far if the problem is
globally well-posed for some s € (—1/10,0).

Another interesting thing one can notice is that in the two dimensional case
we were able to get the maximal gain of d/8 derivatives with respect to the naive
estimate based only on the unitary property of the semigroup. This is optimal in
view of the known smoothing of exp(it|D|'/?) that is essentially the semigroup under
consideration. We refer to [1, 2] for more details. It is interesting to notice that in the
one dimensional case we obtained the gain of 1/10 derivatives that turns out to be
the same for the full water wave problem [1]. The question remains open if one can
improve the result and lower the threshold from s > —1/10 to the optimal s > —1/8
in one dimension.

2. Diagonalization of (1.1) and (1.5) and reformulations of the local
existence theorems. We diagonalize (1.1) as follows. Defining the new variables

+7K177+v _7K177—v
U] = —QF7 > U] = ————
2K, 2K,
we have
(2.1) n=uf +up, v=Ki(ul —up).

Then we can write the equation for ui as follows:

2K18tu1i = Klnt + V¢
= —K,0,v — K}0,(nv) ¥ Ki0,n F K70, (v?/2)
= FiDK,(Kin £ v) — iDK[K;(nv) + v /2].

Thus,
) DK
(2.2) iduf = +DKut + Tl[Kl(nv) +0?/2].
The nonlinear terms can also be written in terms of ui as
(2:3) = (uf +up)Ka(uf —up), 0= [Ka(uf —up))”

Now let
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From (2.2)—(2.3) we see that the system (1.1) transforms to

(2 4) (iat - ml(D))uIL = Bf(“f#‘;%
(i0; +m1(D))uy = By (ui,uy),
where
(2.5) 4B (uf,uy) = DK, 2K {(uf +up) Ky (uf —up)} = [Ky(uf —up)]?].
The initial data (1.3) transforms to

K + v
(2.6) uf(0) = ff = T € HU(R),

where we used the fact that K1(£) ~ (€)~1/2, and hence
KT voll 112y ~ KDY 2voll a1+ () = [voll o172 my-

Here and below we use the notation (£) = /1 + £2, so (D) = J is the Bessel potential
of order —1.
To diagonalize (1.5) we define

. Ka|DlnFiV-v

Y2 2Ks|D)|
Hence
(2.7 n=ui +u; v=—ilD|7' KV (ui —uy),
where we used the fact that v is curl free, which in turn implies VV-v = Av = —|D|?v.

Then the equations for u3 are written as follows:
2K5|D|dyuf = Ko|D|npy TiV - vy

= Fil|D|(K2|Dln %V - v) + | DI*K3[Ko| D| 7 (iV) - (yv) & ([v[*)/2].
Thus,

|D|K>

(2.8) iy = +|D|Kouy — [iKaR - (nv) F [v]?/2)],

where R = (R, R2) with R; = 0;/|D| being the Riesz transforms. Now setting
my(D) = | D|K5(D)

and combining (2.7)—(2.8) we see that the system (2.9) transforms to

10; — Mo ul = B (ud, uy
(2'9) {(Z.at (D)) % 327( ia i)a
(10 + m2(D))uy = By (ug , uy ),
where
(2.10)

2
4B2i(u3',u2_) = —|D|K> [QKQR{(U; +uy )KoR(ug — uz_)} T ‘KQR('U,;— — u;)‘ } .
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The initial data (1.6) transforms to

K2|D|’I70$’L'V'VQ
2.11 £0) = ff =
( ) u2( ) f2 QKQ‘D‘

€ H*(R),

where we used the fact that Ky (&) ~ (€)~1/2.
Now let us reformulate Theorems 1 and 2 in terms of the new variables as follows.

THEOREM 4. Let s > —1/10. Given any R > 0 there exists a time T = T(R) > 0
such that for any initial data (fi, fi') € H*(R) x H*(R) with norm || f{ || g=®) +
Il /1 llmer) < R, the Cauchy problem (2.4)-(2.6) has a solution

(uf,uy) € C([0,T]; H*(R) x H*(R)).
Moreover, the solution is unique in a subset of this space and depends continuously

on the data.

THEOREM 5. Let s > 1/4. Given any R > 0 there exists a time T = T(R) > 0
such that for any initial data (f5, f;) € H*(R?) x H*(R?) with norm Hf;_||HS(R2) +
Ilf2 | s r2y < R, the Cauchy problem (2.9)-(2.11) has a solution

(uz,uy) € C([0,T]; H*(R?) x H*(R?)).

Moreover, the solution is unique in a subset of this space and depends continuously
on the data.

The system (2.4)—(2.6) can be written in the form of integral equations as

t
(2.12) ui(t) = eFitmaD) g Z/O eFilt=8)mi(D) By F 07)(s) ds.

Similarly, the system (2.9)—(2.11) can be written in the form of integral equations as

t
(2.13) ui(t) = eFitma(D) f i/o eFilt=s)mz(D) BE(yF 45) (s) ds.

Applying the contraction argument to (2.12) together with the Sobolev embedding
one can prove Theorem 4 for s > 0 and Theorem 5 for s > 1/2, as shown in the next
section. However, to prove Theorem 4 for s > —1/10 and Theorem 5 for s > 1/4 we
need to derive dispersive estimates on the semigroups S,,,(£t) := eT?"a(P) wwhere

m(€) = EK, (€)= € ta‘;hf (€ eR),
ma(€) = €]Ka(€) = |¢] tajl?'g (€ € R?),

3. Nondispersive estimates.

3.1. Local well-posedness for s > 0 in one dimension. In this section we
prove the local well-posedness in H* x H5t/2 with s > 0 for system (1.1) applying a
fixed-point argument. It is only a particular case of Theorem 1 (or of the equivalent
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theorem, 4). In this sense, the section has mainly an illustrative character. However,
the proof is elegant and does not need any use of dispersive techniques. The idea is
close to the one used in [4], for instance. This allows us to think about system (1.1)
as a fully dispersive bidirectional relative to the Benjamin—Bona—Mahony equation.

Regard the Whitham operator K = y/tanh D/D and introduce the space X*® =
H?® x H¥t1/2 equipped with the norm

(3.1) G, )5 = Nl + 1K gl

which is obviously equivalent to the standard one. Denote by X7 the space of continu-
ous functions defined on [0, 7] with values in X?®, equipped with the supremum-norm.

Define matrices
1 /1 1 41 /1 K
- ) 50 )

Clearly, that K is isometric from H® x H® to X* for any s € R, i. e. ||[K(f,9)T||x: =
[(f, @)l s xrrs- Regard the unitary group

—itm
S(t) =K (e 0 z?m) K:717

e

where m = m(D) = vV Dtanh Dsgn D. Note that for any s,t € R, v € X* holds
[S(t)ullxs = |lul|xs and consequently ||S(t)ul|xs = ||ullx; for any T > 0. These
follow from the isometricity of operators IC, ~! and that symbols of eigenvalues of
S(t) have absolute value equal to one. For any fixed ug = (10,v9)7 € X* function

S(t)ug solves the linear initial-value problem associated with (1.1). Regard a mapping
A X5 — X5 defined by

(3.2)  A(n,v) = A, viuo)(t) = S(t)uo + /0 S(t — t')(—i tanh D) <U§?2> (t')dt'.

Then the Cauchy problem for system (1.1) with the initial data up may be rewritten
equivalently as an equation in X4 of the form

(3.3) u = A(u;up),

where u = (n,v)T € X3. Below the latter integral equation is solved locally in time
by making use of Picard iterations.

LEMMA 2 (particularly the case of Theorem 1). Let s > 0, ug = (10, v0)? € X?,
and T = (7Cs||uo | x=)~1 with some constant Cs > 0 depending only on s. Then there
ezists a unique solution u = (n,v)T € X3 of Problem (3.3).

Moreover, for any R > 0 there exists T = T(R) > 0 such that the flow map
associated with (3.3) is a real analytic mapping of the open ball Br(0) C X*® to X5.

Proof. The idea is to show that the restriction of A on some closed ball By; cen-
tered at S(t)ug is a contraction mapping. The key ingredient is the product estimate
lnvll s S il gs 0]l o412 that can be found, for example, in [14]. Obviously, there
exists a positive constant C such that

(v, v*/2)lx+ < Csll(n, ) %
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and

(01 =22, 07 /203 /2) | x < Csll (=112, 01 = v2) x| (01, 01) |30 + ([ (72, v2) [ x2).-

Thus for any T, M > 0 and u,u;,us € By C X4 it holds that

T
[A(u) — S(t)uol| x:. </O 1070, /2)l|xs < CsT ||ull%s.,
[A(ur) — A(uz) || xs < CsTllur — uz|xs (

lu | xz + [luzllxz),

and so taking M = 2||ug||x- and T as in the lemma formulation we conclude that A
is a contraction in the closed ball Bj,;. The first statement of the lemma follows from
the contraction mapping principle.

We turn our attention to smoothness of the flow map. Let R > 0, T = (7TCsR) ™!
and B = Bg(0) be an open ball in X°. Define A : B x X7 — X% as

Alug,u) = u — A(u; ug)
that is obviously a smooth map. Its Fréchet derivative with respect to the second

variable is defined by

t
duM(ug,u)h = h +¢/ S(t — t') tanh D (g Z) h(t')dt |
0

where u = (n,v)7 and h € X5. If uy € X3 is the solution of Problem (3.3) cor-
responding the initial data ug € B, then A(up,u;) = 0. Moreover, it satisfies the
estimate

t
Jua(®llx- < Juolxe +C. [ ua(¢) et
0

~ tluollks
U LAt <
/ H 1 HX 1-C tHUOHXS

and so

for any t. The latter is used to estimate operator I — d,A(ug,u1) as

1P = du(uo, u1)h]| < Cs up /||U1 Mxe[1h(E) | x-dt’
/2

<C, sup ( / s (¢ ||det) il
te[0,T]

__ CTuolx L
\/1 7CsT||uO||Xb \/

which is true for any h € X5. As a result operator d,A(ug,u1) is invertible and so
the second assertion of the lemma follows from the implicit function theorem. ]

172/l x5 IRl xs,

The next and most difficult step is to extend the statement of the lemma to the
case s < 0 as well. Even extension to the limiting case s = 0 is not trivial. On the
one hand, it seems possible to do it without the dispersive estimates, applying the
energy method, for example. Indeed, we have the Hamiltonian conservation that can
provide us with a necessary a priori bound (see Lemma 4 below). However, at such
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a level of regularity with s = 0 the regularization of system (1.1) can be a serious
issue. In other words, one cannot guarantee that the a priori estimate will still be
valid for the regularized problem. Moreover, we can hardly hope for more than a weak
solution after implementing the compactness argument. So we turn our attention to
the harmonic analysis methods, since we can eventually achieve a more general result
with the dispersive estimates obtained below in the next sections.

3.2. Local well-posedness for s > 1/2 in two dimensions. The proof is
essentially the same. Now the change of variables has the form

) 1 1
K=—|-iKR, iKR;]|,
V2 \_ikR, iKR,

where K = y/tanh|D|/|D|. Then K is an isometric operator from H?® x H*® to the
subspace X* of H* x (H*+t1/2)? with the curl free second coordinate and endowed with
the norm ||K~1(n, v)T || grs s = This K defines a continuous group S(t) as above. For
any fixed ug = (10, vo)? € X* function S(t)ug solves the linear initial-value problem
associated with (1.5) in X% = C([0,77; X*). Considering the map A : X5 — X3,
defined by

B0 A = SOw - [ se-) (SN ) @

we reduce the Cauchy problem for system (1.5) with the initial data ug to (3.3) in
X% again, with the only difference that now u = (,v)? € X4 is a three component
vector.

LEMMA 3 (particularly the case of Theorem 2). Let s > 1/2, ug € X*, and
T = (7Cs|luo||xs)~1 with some constant Cs > 0 depending only on s. Then there
exists a unique solution u € X% of problem (3.3).

Moreover, for any R > 0 there exists T = T(R) > 0 such that the flow map
associated with (3.3) is a real analytic mapping of the open ball Br(0) C X*® to X3.

As above the key ingredient is the same product estimate that in the case d = 2
is valid only provided s > 1/2, and so we omit the proof.

3.3. A priori estimates for s > 0 in one dimension. First, we prove the
following global bound in the energy space X©.

LEMMA 4. There exists a constant €9 > 0 such that for any € € (0, €], if a pair
u(t) = (n(t),v(t)) € L*(R) x HY2(R) having initial condition ||uol| 2y 12 < €/2
solves system (1.1), then its norm remains bounded ||u(t)||2xg1/2 < € for any time
t.

Proof. We use a continuity argument. Without loss of generality we prove the
statement with the X°-norm defined in (3.1), which is equivalent to the L? x H/2-
norm. For u = (n,v), define

1 1 1 _
ol i= 53 = gllnlEs + 1ol
Then there exists C > 0 such that

lull*(1 = Cllul)) < H(w) < [lul*(1 + Cllull),
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where u = u(t) is a solution of (1.1) defined on some interval. Take ¢y = (2C)~!, any
0 < € < €, and a solution with ug = u(0) having ||ug|| < €/2. By continuity [jul| < €
on some [0,T¢] and so

Jul < V(W) = /2 (0) < | o2 <

which means that the continuous function ||u(t)|| cannot touch the level e with time. O

Proving the next lemma, we will employ a sharper variant of the bilinear estimates
used at the beginning of the proof of Lemma 2. Recall the notation ||(n,v)||x= defined
by (3.1).

LEMMA 5 (persistence of regularity). Suppose s > 0 and a pair n(t) € H?,
v(t) € H5t1/2 solves problem (1.1), (1.3). Then if s < 1/2, the following holds true,

t
[(n, v) ()| x> < [l (m0, vo) [l - +Cs/0 (lwllerare + llvllzee) [1(n, v)l x-,

and if s > 1/2, then

t
1, 0) ()| 5+ < (1m0, v0) [l +Cs/ [l rasaall(n, 0) | x5,
0

where constant Cs depends only on s.

Proof. Estimating A(t) given by (3.2) in X®-norm defined by (3.1), one deduces
from (3.3) the following inequality:

dt’.
XS

17, 0)(®) 1= < 1170 00) 1= + /

tanh D(nv) )
tanh D(v?/2)
It is left to calculate the integrand. Provided s € (0,1/2) by the Leibniz rule [20] we
have

(3.5) [1.7° tanh D(nv)|[ L2 S [|7°nllzes [0l Lo + ([0l o2 |77 0]| Lz,

where setting p; = 2, ¢1 = 00, po = 2/(1 — 2s), ¢o = 1/s and using the Sobolev
embedding we obtain

[1.7% tanh D(nv)l[ L2 S lnllzs (lvllzee + 0]l er2) -

Similarly, but now for any s € (0,00) we have
(3.6)

|°K " tanh De? | . 5 |

JS+1/2U2H 5 ||’U||Loo ‘
L2

Jerl/2vHL2 < ol |}K71U||HS '

This implies the first inequality in the statement valid for s € (0,1/2).
Regarding the case s = 1/2 and setting p; = g2 = 4 with the same p; = 2, ¢; = ¢
in the Leibniz inequality (3.5), after implementation the Sobolev embedding, obtain

|7% tanh D(nv) | 2 < ||0llars

U||Hs+1/4.

This inequality is obvious for s > 1/2 since H® is an algebra under the pointwise
product, and so is true for any s > 1/2. Taking into account (3.6) we deduce the
second inequality of the lemma. 0
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In order to use the persistence of regularity lemma, 5, one needs two Gronwall
inequalities. One of them is considered to be standard. For completeness, we give
here a proof of the other Gronwall type inequality, which is less standard and will be
used below.

LEMMA 6 (Gronwall inequality). Let y(t) > 1 be a continuous function defined
on some interval [0,T] with y(0) = yo. Suppose that for any t € [0,T] it holds that

t
y(t) <wyo+ C/ ylogy.
0
Then

y(t) < exp (€“*logyo) -
Proof. One can easily calculate

d t Cylo
%loglog (yo+0/ ylogy) = ¢ o ¢
0 (yo +CJ, ylogy) log (yo +C [, ylogy)

where we have used the dominance of y(t) by the integral expression. The fundamental
theorem of calculus provides us with the claim. 0

<G,

The persistence of regularity based on the energy estimate lemma, 5, transforms
to the following a priori estimates.

LEMMA 7. Suppose s > 0 and a pair u(t) = (n(t),v(t)) € X° solves system (1.1)
on some time interval with w(0) = ug small enough with respect to X°-norm in the
sense of Lemma 4. Then if s < 1/2, the following holds true,

Ju(t)]| x+ < exp (Ce”’),
and if s > 1/2, then

t
[[u(®)]lxs < [luollx- exp <C/ ||U|H5+1/4> ;
0

where constant C depends only on s, ||u(0)| xo, and ||u(0)||x-.

Proof. Suppose s € (0,1/2) and u(t) = (n(t),v(t)) € X* solves system (1.1) on
some time interval. Let its initial data ug be small with respect to X%norm in the
sense of Lemma 4. Then u(t) stays bounded in X°, and so |[v(t)| g1/2 is bounded by
the same constant independent on the time interval. Hence from the Brezis—Gallouet
limiting embedding (1.8) one deduces

[o@)llzee S 1 +10g (2+ [[v()[| g+1/2)

and applying Lemma 5 obtains

t
lullxs < fluollx- + C/ (1 +1og (2 + [lullx=)) [[u]l x-
0
Introducing y(t) = 2+||u(t)||x+ we arrive at the assumption of the Gronwall inequality,
Lemma 6. As a result we have the estimate
2+ ||lul|xs < exp (eQCt log (2 + [luol|x+)) ,

which is the first claim.
In the case s > 1/2 we make use of the second inequality in Lemma 5 and a more
standard Gronwall inequality [25]. d
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4. Dispersive estimate for S,, (Ft)f. First we establish a lower bound for
the first and second derivatives of the function m(r) = ry/tanh(r)/r. These estimates
will be used later to derive dispersive estimates for the free waves S, ,(£t)f using a
stationary phase method.

Throughout the next three sections we use the following notation: The Greek
letter \ denotes a dyadic number, i.e., this variable ranges over numbers of the form
2% for k € Z. In estimates we use A < B as shorthand for A < OB and A < B
for A < C7'B, where C > 1 is a positive constant which is independent of dyadic
numbers such as A and time T', whereas A ~ B means B < A < B.

LEMMA 8. Set m(r) = rK(r), where K(r) = y/tanh(r)/r. Then for r >0,

(4.1) 0<m'(r) ~ (r)"/2,
0 < —m"(r) ~r{r)y=>/2
Proof. First note that
K (r) = rsechzgz)lg(:?nh(r)’
K - tanh(r)sech®(r)  (rsech®(r) - tanh(r))  (rsech?(r) —tanh(r))Q,
K (r) 3K (r) 4 K3 (r)

which imply

K(r) sech?(r)
> Tk oY

m/(r) = K(r)+rK'(r) =
m” (r) =2K'(r) + rK"(r)
_tanh(r)sech’(r) (rsech®(r) — tz;uah(r))2

K(r) B 4r3K3(r)
_ 7i 2 2 -3 2 . 2 2
=0 [47’ Ksech®(r) + K—3(r) (K*(r) — sech?(r)) ] .
Now let us estimate m/(r). One can assume without loss of generality that r > 0.
Since
K(r) = v/tanh(r)/r ~ (r)"2 and sech(r) ~e™"

we have
(4.3) m'(r) ~ () 72 ()2 () TR

Next we estimate m” (r). We can write
K2%(r) — sech?(r) = E(r)sech?(r),
where

627” _ 6727“ — A4y

E(r) = 4r

Now if 0 < r < 1/2 we have
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where C :=C(r) =577 L™ o T > 1/2, we have

n=0 (2n+3)!
2r 2r
E(r)= 17[1 —e I —4re™] ~ 67.
Therefore,
r? ifo<r<1/2
4.4 E(r) ~ ’
(4.4) (r) {r‘leQT if r >1/2.

Then using (4.3) and (4.4) we obtain

[m” (r)] = ﬁ [47’21((7')8ech2 (r) + K*3(T)E2(r)sech4(r)]

~ |7 [ R e 4 () R (e ]
~ Il 0

Next we use the estimates on the derivatives of m(r) in Lemma 8 and stationary
phase method to derive a frequency localized dispersive estimate for the free waves
Sm(E£t)f. To this end, we consider an even function xy € C§°((—2,2)) such that
x(s) =1if |s] < 1. Let

Bls)=x(s) =x(2s),  Bx(s):=B(s/N),
where A € 2% is dyadic. Thus, supp By C {s € R: A\/2 < [s| < 2A}. Now define the
frequency projection Py by

— . xtehfe)  ita=1,
Hte)r = {Ma)ﬂg) A1

We write fy := Pyf. Then f =3 -; fa.
The following is the key dispersive estimate that will be crucial in the proof of
Theorems 4 and 5.

LEMMA 9 (localized dispersive estimate). Let A > 1 and d € {1,2}. Then we
have the estimate

1S () fall oo ray S X347V 2)| £l 11 (-

Interpolating this with the trivial bound (by Plancherel)

| Sma () FxllL2 ey < (1 fllL2 may,

we obtain the following.

COROLLARY 1. Assuming A > 1, d € {1,2}, and 2 <r < oo, we have

_ 1-2/r
1Sma (O frl sy S (R =42) )

Ly (R4):

The remainder of this section is devoted to the proof of Lemma 9. It suffices to
prove the estimate for positive times:

(4.5) 1Sma (Dl Lo ey S A2 fllpigay (¢ > 0).
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One can write
[Sma (2] (@) = F* [ @By (¢ f] (@) = (D + (@),
where
(@) = F; ' [ 498,(¢))] (@)

= [ emeriomat©gy (el ag = xt [ om0 ) de.
R4

Rd

(4.6)

Then by Young’s inequality

(4.7) 1Sma () fallLoe ey < Inell Lo ey 1 f 1| 1 ey
so (4.5) reduces to proving

(4.8) 5t Loe rey S A3d/Ap=d/2

But clearly,
el oo ey S A

so in view of (4.8) it is enough to consider the case where
(4.9) N/ 4=d/2 N\ ot > \TY2,

The proof of (4.8) in this case is given in the following two subsections, first for space
dimension d = 1 and then for d = 2.

4.1. Proof of (4.8) when d = 1. In one dimension we have

Lys(r) = A / 1O BJe]) d,
R
where
D7 (€) = A&/t + mi(AE) = Aba/ft + AEKI (AE).

Note that m1(§) = m(&), where m is as in Lemma 8. Now since the function ¢, is
odd we can write

[e'e) 2
I i(z) = 2 ; cos(tpa(§))B(E) d€ = 2A s cos(tpx(§))B(E) d€.
Since
(4.10) AA(E) = Alz/t +m/(A)],
(4.11) Y€)= A2m” (M),

we see from Lemma 8 that
(4.12) 0 < —@N(&) = =N°m" (AE) ~ AP (N)2/2 ~ A2

for £ € [1/2,2]. Here we used also the assumption A > 1.
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4.1.1. Nonstationary contribution. This is the case when either (i) z > 0 or
(ii) 2 < 0 and —z/t < A™'/2 or —x/t > A~1/2. Then since m/(\¢)) is positive and
comparable to (A¢)71/2? (Lemma 8), we see from (4.10) that

(4.13) BA(E)] 2 A2
for £ € [1/2,2]. Integration by parts yields
1 2 d . / —1
Insla) =227 [ n(eon )] 650 A(€) de

(4.14) 1/2

=2\t /1/2 sin (¢ (€)) [$X(€)] 72 [B'(E) A (€) — BE)SX(&)] dE,

and hence (4.12) and (4.13) allow us to estimate

[Ine(2)] < 227 /1/2 A2 1B (ENIAE)] + BE)IISX ()] de

(4.15) SATH AR aT N2

o A\L/241

< N¥A1/2,
where the last step follows by the assumption (4.9). This concludes the proof of the
desired estimate (4.8) with d = 1 in the nonstationary case.

4.1.2. Stationary contribution: =z < 0 and —z/t ~ A~/2, In this case,
we see from (4.10) that ¢/, (£) may vanish, but this can happen for at most one point
£ € [1/2,2], since £ — ¢\ (€) is strictly decreasing for £ > 0. (Indeed, ¢4 (&) is negative,
by Lemma 8.) We consider first the case where there exists such a point in [1/2,2].

So suppose first that ¢ (&) = 0 for some & € [1/2,2]. Define

§= t—1/2)\—1/4.

Note that § < 1 by (4.9). Assuming for the moment that 1/2 < £y —§ and {;+6 < 2,
we decompose the integral as

€o—0 &ot+o 2
(416)  Tyy(x) =2\ ( [+ /E " /5 +5> cos(tx(€))B(€) de.

/2 0—0

To estimate the first integral, we use integration by parts to get

O o 1| [y B 1
/1/2 (12 (€))B(¢) de| < t [mam(s)) ¢&<€>L_1/z
A B BEOSKE
T /1/2 Sl“(t“(g))(qs;(é) EAGE >d§ |

Since ¢/, is positive and decreasing in the interval [1/2, {, — 6], and since ¢/ is negative,
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we can continue the estimate by

N
St <¢',\(§0 —9) +/1/2 AP d§>

=1 (gb&(&j_é) + /12555 (@5&1(5)) d§>

S —

?\ (&0 — 6)

But by the mean value theorem and (4.12),
[SAE)] = [94(€) — S (o) ~ A€ — &0 for € € [1/2,2],

so we we conclude that

€o—0
/ cos(tpA(€))B(E) dE| St IATY25TE = 712N
1

/2

by the definition of ¢ above. The third integral in (4.16) can be estimated in a
similar way and satisfies the same estimate, while the second integral (4.16) is trivially
estimated as

§ot+o
[ costionenpiras < 5=
&

0—35
Summing up the three contributions, we conclude that the desired estimate holds,

Lo ()] S A3 4712,

in the stationary case under the assumptions that ¢ (§y) = 0 for some &, € [1/2,2]
and that 1/2 < §y—d and g+ < 2. If 1/2 > §y—d or {40 > 2, the above argument
is easily modified. For example, if & + § > 2, we split the integral as ff/“;& + f€2075
instead; the first integral is then treated as above and the second is trivially O(9).

It remains to prove the estimate when the function ¢) has no zero in [1/2,2], so
it is either positive or negative everywhere in that interval. Since the arguments for
these two cases are similar, we just treat the case where ¢, < 0 in [1/2,2]. Then we
split the integral as

1/2+6 2-5

Iy () =2X ( + +/2_6> cos(tpx(€))B(€) de.

1/2 1/246

The first and third integrals are trivially dominated in absolute value by 4, while for
the second integral we use integration by parts, estimating

S (Y L
= <¢;<1/2 R dg)

- ! a1
= <—¢>;<1/2+6> #f st (%@) d£>
1

—o\(1/2+4)

2—9§
/1 cos(tdx (£))B(€) de

/246

<2t !
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Here we used the fact that ¢} is negative and decreasing in the interval [1/2,2] and
that ¢ is negative. Using the mean value theorem and the estimate (4.12) on the
second derivative, we find moreover that

— A\ (1/2+6) = ¢5(1/2) — 9A(1/2 +8) ~ AV/26,

so we conclude that

2—90
[ costton(€Dse) de| < e x 6 = A

1/246

as desired.

4.2. Proof of (4.8) when d = 2. In two dimensions we have
IA,t(CC) _ )\2/ ei/\z.ngitmz(/\.f)ﬁ(g) de,
R2

which is the inverse Fourier transform of the radial function \2e*™2(A¢) 3(¢), and hence
I +(x) is also radial. So we may set © = (]z|,0). Then in polar coordinates we have

27
I)\’t(m) = )\2 /‘X’/ ei,\rmcoseeitmz()\r)rﬁ<r) dodr.
0 0

We can write

2r L ) )
/ ez)\r\z|cosﬂ de :/ (61)\7‘|x\c050 _i_efz)\r\z\cos‘.@) de
0 0
1
— 2/ ei)m|w|s (1 _ 52)*1/2 ds

-1

= 2w Jo(Ar|z|),
where Ji(r) is the Bessel function:
']"/2 ZTS _ k 1/ _
Ji(r) = Tt 127 ) ds for k> —1/2.

Thus,

2 . ~
(4.17) Inala) = 2m3% [ 00 3yl ) i,

1/2

where (r) = r(r) and m(r) = ma(r).
We shall use the following properties of Ji(r) for &k > —1/2 and r > 0 (see [13,
Appendix B] and [24]):

(4.18) Ji(r) <
(4.19) Ji(r) < *1/ 2
(4.20) O [r~Fa(r)] = =1~ J;H_l(r).

Moreover, we can write

(4.21) Jo(s) = €*h(s) + e **h(s)

for some function h satisfying the estimate

(4.22) 1020 ()| < C;(r)~Y279 for all j > 0.
We treat the cases |z| < A7! and |z| > A~ separately.
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4.2.1. Case 1: |z| < A71. By (4.18) and (4.20) we have for all r € (1/2,2) the
estimate

(4.23) |02 Jo(Arlz)| S 1 for j=0,1.
We integrate by parts (4.17) to obtain

2 d (. .
Ii(z) = —2mixe™! / L etmOD ! ()] o (Al B(r) dr

1/2 dr

2
—2minet [ O ()] 1, [Tl )| dr
1/2

2
— 2mit ™! / O ! (Ar)] 72 xm” (Ar) Jo(Ar|2]) B(r) dr.
1/2

Then applying Lemma 8 and (4.23) we obtain
(4.24) Iy o(2)] < M ()\1/2 12 x?’/z) < AL

4.2.2. Case 2: |z| > A~'. Using (4.21) in (4.17) we write

2 2
I i(x) = 27 \? {/ e“d’;r(r)h()\T|x|)B(r) dr +/ e_it¢;(r)ﬁ(kr\x|)5(r) dr} ,
1/2 1/2
where
Ox(r) = Mrlz|/t £ m(\r).
Set Fy(|z|,7) = h(A\r|z])B(r). In view of (4.22) we have
(4.25) [Ex(lz],m)| + 10p Fx (||, m)| S (A]) 12

for all r € (1/2,2), where we also used the fact A|z| > 1.
Now we write

Ii(x) = I)tt(x) + I;’t(x),

where

2
I;tt(x) = 271')\2/ e”qﬁ(r)F,\ﬂx\,r) dr,
1/2
2 . _ —
Iy, (z) = 27X° / e~ N By (||, r) dr.
1/2
Observe that
oy (r) = Allzl/t£m'(Ar)], 92y (r) = £Xm" (Ar),
and hence by Lemma 8,

(4.26) 0,01 (1) 2 A2, |820E (1) ~ A2

for all r € (1/2,2), where we also used the fact that m’ is positive.
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Estimate for I;tt(cc). It is easy to estimate I}, () since 0,¢7 (r) is never zero.
Indeed, using integration by parts we have

2
If () = —2mit ' \? /1 B

o 2 O Fx(|z|,r)  92¢F (1) Fx(|z|,r)
— omit—1)\2 ity (1) A ) Yr P d
m /1/2 ‘ { O, 95 (1) [8@1(7‘)]2 '

or [ (0,65 ()] ™ Exlal ) dr

Then using (4.25) and (4.26) we have

(4.27) I ()] SN AT (M) S NI

Estimate for I, ;(x). We treat the nonstationary and stationary cases sepa-
rately. In the nonstationary case, where |z|/t < A~'/2 or |z|/t > \~/2 we have

0005 (1)) 2 AY2,

and hence Iy ,(z) can be estimated in exactly the same way as I;t(x) above. It
satisfies

(4.28) Ty ()| S X2

It remains to consider the stationary case, where ||/t ~ A~1/2. Note that 0,.¢} (r)
is strictly increasing for r > 0, since 92¢, (r) = —A\?m”/(Ar) is strictly positive, by
Lemma 8. Thus there is at most one point 79 € [1/2,2] at which 0,¢, vanishes.

Setting as before
§=t~1/2\1/4,

we limit our attention to the case where there is such a point r¢ in [1/2 + §,2 —
d]; the remaining cases are treated by straightforward modifications of the following
argument, much as in the one dimensional case in subsection 4.1.2.

We decompose

ro—0 ro+0 2 o _
(4.29) Iy (z) = 27\ / —|—/ —|—/ e N By (2|, ) dr.
’ 1/2 ro—9 ro+9

Integrating by parts we write the first integral as

7‘075 . _ _
/ e (T)FA(M, r)dr
1/2

— ro—0 ro— —
=it! {e—“%(”w} —z't_l/ 5e—it¢;<r>ar (IW”)) dr.
Or o3 (1) Joca o 1/2 Or oy (1)

=:A =:B

Using (4.25) and noting that for r € [1/2,79 — 6], 0,¢, (r) is negative and increasing,
while 82¢3 (r) is positive, we find

1

A<t ) Ve
A= e e o))
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and

7'0—6

ro—0 21—
—1 _1/2 1 ° ar¢A (T)
1Bl 517 (Al [// ae ™ L, e

r0—0 ro—0
=t (\|z])~Y/? 1 ar<1 )d
CAkD Um DT P o) K
1

|0r 5 (ro — 8)|°

But using (4.26) and the mean value theorem, we see that

St A7

10,05 (10 — 8)| = [0rpy (ro — 8) — Dpipy (10)] ~ AL/25 = AV/4¢=1/2,

—1/2

Using also the assumption |z|/t ~ A , we conclude that

r075 X _ _
/ ¢ (O Ry (||, r) dr| < |A] + |B]
1/2

S/ t_l()\|l'|)_1/2)\_1/4t1/2
N tfl()\1/2t)f1/2/\71/4t1/2
= IA2,

The third integral in (4.29) can also be estimated in a similar way and satisfies the
same estimate, while the second integral can be simply estimated as

ro+é B
/ GO Ey (o], r) dr| S (Ma]) 7128 S £ T2,

7‘05

Therefore, combining the above computations with (4.29) we have

(4.30) ’I/\_t(x)’ < A2t

)

concluding the stationary case.
In summary, from (4.27), (4.28), and (4.30) we obtain

‘I)\’t<.'1,')‘ < Z |I)j\it(g;>| S )\3/214;—17
+

which is the desired estimate (4.8) with d = 2.
5. Function spaces, linear and bilinear estimates.

5.1. Function spaces. The mixed space-time Lebesgue space L{L" on R *! is
defined with the norm

1
lullparr = [llu(t, ey lle = (/ (/ |u(t,x)7"dx) dt)
R \JRd

for 1 < ¢q,r < oo with an obvious modification when ¢ = co or r = co. We write
LLLY when the time variable is restricted to the interval [0, 7.
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Define the Bourgain space X3 on R4! by the norm
fulle = 1€)° (£ ma(€)) i, D

where u denotes the space-time Fourier transform given by
u(r, &) z/ e 1T (¢, 2) dtde.
Rd+1

The restriction to the time slab (0, 7') x R? of the Bourgain space, denoted by X i’b(T),
is a Banach space when equipped with the norm

lull oy = inf {||v\|Xi,b cv=wuon (0,T) x Rd} .

5.2. Linear estimates. Let us recall some of the properties of these spaces. We
have

(5.1) sup |lu(t)|y. <C ||u||Xs,b(T) for b > 1/2.
0<t<T +

For —1/2 < b <b<1/2and 0 <T < 1 we have

(5:2) ”uHX';b/(T) <crt ||U||Xi’b(T) )

where C' is independent on T. The proof for (5.1) and (5.2) can, for instance, be
found in [25]. We recall also that for 2 < ¢ < 0o and b > 1/2,

(5-3) [ull gz < Cllullyoe,

as can be seen by writing the LHS as Heiitmd(D)uHLqTL%, applying Plancherel in z,
then using Minkowski’s integral inequality to switch the order of the norms to LgLf,
and finally applying Sobolev embedding in t.

It is well known (see, e.g., [8]) that for any s € R and b > 1/2 one has

(5.4) 1Sma (0 Ly < Clf e

(5.5) ‘ /0 Son (£(E — ) F(t') d

S C|\F|| yio—=1 75
Xi’b(T) Xi (T)
where the constant C' > 0 depends only on b.

We need the following Bernstein inequality, which is valid for 1 < p < r < c©

(see, for instance, [25, Appendix A]):

d_d
(5.6) HP/\fHLT(Rd) <Cxrr ||P/\f||Lp(Rd) .

Another useful tool is the Hardy-Littlewood—Sobolev inequality (see [25, Appen-
dix A]), which asserts that

(5.7) 1172 % ey < Ol llsgey
whenever 1 < b < a < oo and 0 < a < 1 obey the scaling condition
L. +1
b= o.
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LEMMA 10 (localized Strichartz estimates). Let A > 1 and d € {1,2}. Assume
that 2 < g < o0 and 2 < r < 0o satisfy

2
2_d (1 _ 2) .
q 2 r
Then we have the estimate
(5.8) 1Sma () fAll L avey S ACYDE2D Y £ 2 (gay -
Moreover, if b > 1/2, we have
(5.9) ||UA||L3L;(Rd+1) S A2/ HUA”Xi’b :
Proof. By the standard TT*-argument, (5.8) is equivalent to the estimate
(5.10) 1% Fll g ooy S ACYDO2D

Rd+1)
where 1/¢+1/¢' =1 and 1/r +1/r' = 1, and where
(5.11) Kx(z,t) = / g EEitma©) i, (¢) de
Rd
with 8 = ﬁi. Here x denotes the space-time convolution. Then by Corollary 1 (with

B replaced by (2, which does not affect the validity of the corollary) we have the
estimate

_ 1-2/r
IEAC ) % Fllugaay S (P7410772) 7 11l g,

Combining this with the Hardy—Littlewood—Sobolev inequality in the ¢ variable, with
(a,b) =(q,¢') and a = (d/2)(1 — 2/r), we estimate

||K>\*F||L§L;: /R RdKA(m—y,t—s)F(%s)dyds

/

. 1-2/r
S| (oo 2) Bl ds
R x

S )\(3d/4)(1—2/r)

LiLg

IA

Ky(x —y,t —s)F(y,s)dy ds

d
R L

L

111,

’
q
LY

proving (5.10) and hence (5.8). By a standard argument, the latter implies (5.9) (see,
for example, the proof of [25, Lemma 2.9]). ad

5.3. Bilinear estimates. Set K = K (D) = K4(D) for d = 1,2 and note that
the Fourier symbol equals in both dimensions
and hence

K() = | BBl g2,
Ve
(5.12)

_1 1
1K fallzz S A=Az, IIDIE? fallzz S IAxllzz,  HIDIK fAllze S A2 fallze-

We first note the following consequence of the localized Strichartz estimates in
Lemma 10.
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LEMMA 11. Let b > 1/2 and dyadic A1, 2 > 1. Ford=1,2 and 1 <p <2<
r < 00 satisfying

1 1 1
2 7T
we have the estimate
(3d/8)

lux, vx, |22 S minAs, Az) (A=2/7) |y g llorall g

provided p < 2 in the case d = 2.
Ford=2 and 2 < r < oo, we have for all T > 0,

lux,vrallzz za S T min(Az, A2)* YD s, |00 foag oo
In both estimates, the signs in the X4 norms can be chosen independently of each
other.
Proof. By symmetry we may assume 1 < A1 < A\o. Consider first the case d = 1.
By Holder’s inequality and (5.3),

||u)\1v>\2HL2L£ < ||u)\1HLqLT HU)\zHquL2 S ||U)\1HLqu ||U)\2HX0*”7
t t g t Lz t Lz +

where ¢ is taken as in Lemma 10 and 1/¢+ 1/¢; = 1/2. So it only remains to check
that Is(1—2/r)
3/8(1—2
lux oy S A el

but this holds by Lemma 10 if A\; > 1, while if Ay = 1 we can use the Bernstein
inequality (5.6) followed by (5.3) to obtain

luxllary S lunillporz S llullxoe -

Similarly, one obtains the first estimate for p < d = 2.
Now consider the case p = d = 2. We apply Holder’s inequality and (5.3) to write

lunvsallza oa < s llps o lonallpse s Sl Loz pe ol oo

To estimate [Juy, ||L;%L?o we want to use Lemma 10, so we let 2 < r < co and define
qgby 2/g=1—2/r. Thus 1/2 = 1/q + 1/r, so applying Holder in ¢, the Bernstein
inequality in x, and finally Lemma 10, we get

2 2/r (3/4)(1—2
lunllz e < TN unllpg e S TN AU s g
proving the claimed estimate in the case A; > 1. If A\; = 1, we can apply the Bernstein

inequality and (5.3), instead of Lemma 10, and again we get the desired estimate. O

We now present the key bilinear space-time estimates needed for the proof of local
well-posedness.

LEMMA 12. Let 1/2 < b <1 and 0 < T < 1. Assume that sq > —1/10 if d =1
and sq > 1/4 if d = 2. Then we have the estimates

(5.13) |[DIK? (u- Kv

)HX;dwb_l(T) /S Tlib ||UHX;d*I’ UHX;d”’ )

(5.14) I DK (Ku - Kv) ST [ull a0 0]l 500 s

HXj:d’b*l(T) ~

where the signs in all the X+ norms can be chosen independently on each other.
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Proof of (5.13). In view of (5.2) the estimate (5.13) reduces to proving

x

[1DIEZ (u - Kv)|| 2 o S Null zao 0]l oo

which by duality can be reduced to
(5.15)

T
| [ 10130y (D)5 (D)Ko w dedt] S ol ol o ol

Decomposing u =)\ -juy, and v =3, -, v, we have

(5.16)
T

LHS (5.15) S / / |D|K*(D)** Py (D)~ **uy, - (D) **Kuvy,) wy dadt|.

A e>1 |70 VR
Setting

ax, = flunllxors ba = flonlixors  exi=llwallzz,
we have

lull xgr ~ Iax)lliz > lollxor ~ 1)l s llwllpz |~ lI(ex)lliz

and hence the estimate (5.15) reduces to proving
(5.17) RHS (5.16) < [[(ax,)llz [1(0xz)lliz_[[(ex)]liz-

To this end, we note that by Lemma 11 we have, for ¢ > 0 arbitrarily small and
l<p<2withl/r=1/p—1/2,

(5.18) 1Px (uxyva)ll g S min(An, A2)*SE=20F fuy ] oo oyl oo -

We remark that in dimension d = 1, the lemma would actually allow us to take e = 0,
but the proof below works for sufficiently small, positive € > 0 in both dimensions.
Note apart from estimate (5.18) that all the nontrivial terms of RHS (5.16) can
be separated into the three groups I, s, I3 with A < A1 ~ Ao, A1 < Ao ~ X and
Ao K A1 ~ A, respectively. It is a straightforward consequence of taking A-projection
of the product of A1, As-projections. For each of these groups we can make a particular
choice of p applying estimate (5.18).

Thus using Cauchy—Schwarz, the Bernstein inequality (5.6), (5.12), and (5.18) we
obtain

(5.19)
RHS (5.16) S > |[[DIK*(D)* Py ((D)~*uy, - (D)~ Kuy,) 2 Nwallpz
MAA2>1 ~ '
5 Z /\sd+d/p—d/2 min(}\l’/\2)3d/8(1—2/r)+s)\1—8d/\Q*I/Q*de/\lb/\zc/\
MALA2>1
Px(...)#0

S Ii(d) + I2(d) + I3(d),
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where

Il (d) — Z )\Sd+d/p—d/2)\§)d/8(172/7”)+571/2725(1

AA1,A22>1
A< A1~ Ao

M2 sasse-1/
Ld)= Y () AT by,

AAdg>1 V2
A1 <KAo~ A

I3(d) = Z Agd/8+8_1/2_8da)\1b)\zc)\~

A A1L,A>1
Ao KA1~A

ax,bx,cx,

We first estimate I1(1). Notice

)\sl+1/p—1/2)\3/8(1*2/7")1%*1/2*251 < Al/p—1+3/8(1—2/r)+e—sl

provided 3/8(1—2/r) +¢—1/2—2s; < 0 or equivalently if s; > —(1+6/r)/16+¢/2.
Consequently, we can apply the Cauchy—Schwarz inequality first in A; ~ A9 and then
in A to estimate I (1) as

L) S | oA i an)lig 1)l S laxo) i 1Bl e g
A>1

provided s; > (2/r —1)/8 + ¢ and s; > —(1 4 6/7)/16 + /2. The lowest possible
bound s; > —1/10 is obtained by taking r = 10, since € > 0 is arbitrary small (and
can be actually set to zero according to Lemma 11). This corresponds to p = 5/3. To
estimate the other sums it is enough to stick to p = 2 everywhere below.

Next we estimate I;(2) with p = 2. Since so > 1/4 by assumption, we have

52 )\§+1/4—2(92 < (M A2)%2. Then we apply the Cauchy—Schwarz inequality first in A
and then in A\; ~ Ay to obtain the desired estimate:

L2 S Y | D (WA)2en | anba, S Iax)llz 1) lliz_lI(ex)lliz-

A1~z \AS A,

Next we estimate I5(d). Since sq > 3d/8 — 1/2, we have e +3d/8 — 1/2 —s4 <0
for ¢ > 0 small enough. Applying the Cauchy—Schwarz inequality first in A; ~ A\ and
then in Az, we get

3d/8+e—1/2—s
1) 5 | 30 X2, )l el < Na)li, 16wle 1) lis-
A2>1

Finally, we note that in I5(d), we can discard the small factor (A;/\2)'/? and
reduce to the same estimate as for I3(d). This completes the proof of (5.13). 0

Proof of (5.14). We follow the same argument as in the proof of (5.13). By
duality and dyadic decomposition, (5.14) reduces to proving

S S l@x)lig 1l ez
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where

n

= 2

T
/0 - |D|K<D>Sdp>\ (<D>7SdK’U,)\1 . <D>75dK’UA2) wy dxdt| .
A de>1

By Cauchy—Schwarz, (5.12), and (5.18) we obtain

S< YT AT min(Ag, A5 (A ) T2 ay, by,
A A1, A0>1
Pr(-)#0

A 1/2
_ Z <1> 2\Sd min(>\1,)\2)3(1/84_6)\;5{1)\;1/278”’@)\1b)\2C)\,
A A1,A2>1
Py ()20

and comparing with the corresponding sum (5.19) from the proof of (5.13), we see
that the only difference is that we now have an extra factor (A\/\;)*/2. This factor is
bounded except for the case A\; < Ag ~ A, 0 it is enough to consider I5(d) with this
factor inserted:

1/2 1/2
Ih(d) = Z (A> (i;) )\id/8+e—1/2—5da/\1bkzck

A1
A2 >1
A1 Ao~
3d/8+ec—1/2—sq4
S E )\1 ay, b)\QC)\.
A A 2>1
A1 A2~

But the RHS was already estimated in the proof of (5.13) (the estimate for I5(d)).
This completes the proof of (5.14). |

6. Proof of Theorems 4, 5, and 3.

6.1. Proof of Theorems 4 and 5. We solve the integral equations (2.12) and
(2.13) by contraction mapping techniques as follows. Define the mapping

(g ug) = (P4(ug,ug ), D—(ug, ug))

by
D (uf,uy)(t) == S, (£t) fF — i/o Sy (£ — s))Bdi(uj,u;)(s) ds.

Let
Ra = If{ lme=a + 17 lea-

We look for a solution in the set

D(Ry) = {(uj,u;) € Xjrdfb(T) X de’b(T)I ||Uj||Xid,b(T) + ||U(;||Xid,b(T) < 4CRd} ,

where b € (1/2,1) and C is as in (5.4), (5.5). Now for (u/},u;) € D(R,) we have by
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(5.4), (5.5), and Lemma 12,

||<I>+(ud+7u;)||xid,b(T) + 1@ (g ug )l eoan gy < 2CRa + C'T' "R < 4CRy,

where the last inequality certainly holds provided that

1 1-b
= <16CC’(1 + Rd)> '

Moreover, for (u},u;) and (v],v;) in D(Rq) with the same data, one can show
similarly the difference estimate

Z Hq)i(u:i~_7u¢;) - (I)i(vja U;)HXid’b(T)
+

S ClTl_b (Z ||fu’iit - Uj:|X:Std’b(T)> <Z (Hu(zi‘:”X;d'b(T) + ||'U(:it|X;d’b(T))>
+

+
/ 1-b + +
< 8CC'R4T (g lug —vg Hxid'b(T)> )

With T chosen as above, the constant 8CC’RyT'~? is strictly less than one, and
hence (&4, ®_) is a contraction on D(R,) and therefore it has a unique fixed point
(uf,uy) € D(Ry) solving the integral equation on R? x [0, 7). Uniqueness in the
whole space X$*(T) x X***(T) and continuous dependence on the initial data can
be shown in a similar way, by the difference estimates. This concludes the proof of
Theorems 4 and 5.

Then we use the transformation (2.1) to obtain the solution

(nv) € C ([0, ] H™ (R) x H**1/2(R))

of the original system (1.1)—(1.3). Similarly, we use the transformation (2.7) to obtain
the solution

0 (0118 () « (02 39)°)

of the original system (1.5)—(1.6). Thus we obtain also Theorems 1 and 2.

6.2. Proof of Theorem 3. Here we assume d = 1. For s = 0 one can easily
extend the local result globally making use of Lemma 4. With the global bound of the
lemma we can reapply the local result, Theorem 1, as many times as we want, thus
proving Theorem 3 with § = ¢3/2 for s = 0. The proof for positive s is done iteratively.
In other words, assuming the result for some s’ > 0 we prove for s € (s',s" + 1/4].
The argument is essentially the persistence of regularity based on the a priori estimate
lemma, 7, where we use the notation ||(n,v)|/xs defined by (3.1). Indeed, the first
estimate in Lemma 7 allows us to reapply the local result and extend the solution
to any time interval if 0 < s < 1/2. In the case s > 1/2 extension is carried out
iteratively making use of the second inequality in Lemma 7.
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