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�&RUUHVSRQGLQJ�DXWKRU�H�PDLO��UXEH#QRUFHUHVHDUFK�QR

$EVWUDFW�
)DXOWV�DUH�PDMRU�JHRORJLFDO�VWUXFWXUHV�WKDW�FDQ�GRPLQDWH�WKH�IORZ�SDWKV�LQ�VXEVXUIDFH�UHVHUYRLUV�E\��H�J���FRQQHFWLQJ�
RWKHUZLVH� XQFRQQHFWHG� OD\HUV�� ,Q� &2�� VWRUDJH� VLWHV� ZKHUH� WKH� IDXOWV� DFW� DV� WKH� PDLQ� VWUXFWXUDO� WUDS�� WKH� VHDOLQJ�
SURSHUWLHV�RI�WKH�IDXOWV�PXVW�EH�IXOO\�XQGHUVWRRG��WKXV��UHTXLULQJ�DQ�DFFXUDWH�UHSUHVHQWDWLRQ�RI�WKH�IOXLG�IORZ�FORVH�WR�
WKH�IDXOWV�RQ�DOO�VFDOHV��7KLV�SDSHU�VWXG\�WKH�HIIHFWV�ORZ�SHUPHDEOH�GHIRUPDWLRQ�EDQGV�KDYH�RQ�WKH�IOXLG�IORZ�LQ�WKH�
QHDU� IDXOW� UHJLRQ�� 'HIRUPDWLRQ� EDQGV� DUH� JHQHUDWHG� VWRFKDVWLFDOO\�� DQG� QXPHULFDO� VLPXODWLRQV� WKDW� LQFOXGH� WKH�
GHIRUPDWLRQ�EDQGV�H[SOLFLWO\�LQ�WKH�VLPXODWLRQ�GRPDLQ�DUH�SHUIRUPHG�WR�REWDLQ�DQ�XSVFDOHG�HIIHFWLYH�SHUPHDELOLW\��
7KH� QXPHULFDO� H[DPSOHV� VKRZ� WKDW� XVLQJ� D� VLPSOH� KDUPRQLF� DYHUDJH� WR� FDOFXODWH� WKH� HIIHFWLYH� SHUPHDELOLW\�PD\�
RYHUHVWLPDWH� WKH� HIIHFWLYH� SHUPHDELOLW\� E\� XS� WR� DQ� RUGHU� RI� PDJQLWXGH�� $� QHZ� DQDO\WLFDO� DSSUR[LPDWLRQ� RI� WKH�
HIIHFWLYH�SHUPHDELOLW\�EDVHG�RQ�WKH�GHIRUPDWLRQ�EDQG�OHQJWK��GHQVLW\��DQG�URWDWLRQ�LV�JLYHQ��DQG�WKLV�DSSUR[LPDWLRQ�
ILWV� WKH� QXPHULFDO� VLPXODWLRQV� EHWWHU� WKDQ� WKH� KDUPRQLF� DYHUDJH�� 7KH� UHVXOWV� FRQILUP� WKDW� GHIRUPDWLRQ� EDQGV�
VLJQLILFDQWO\�DOWHU�WKH�IOXLG�IORZ�FORVH�WR�IDXOWV�DQG�PD\�GHFUHDVH�WKH�SRWHQWLDO�OHDNDJH�RI�&2��WKURXJK�IDXOWV��

.H\ZRUGV��'HIRUPDWLRQ�EDQGV�±�(IIHFWLYH�SHUPHDELOLW\�±�&2��VWRUDJH�LQWHJULW\�±�)DXOW�]RQHV�±�/HDNDJH�5LVN�

�� ,QWURGXFWLRQ
)OXLG�IORZ�DQG�PLJUDWLRQ�LQ�VHGLPHQWDU\�EDVLQV�KDYH�IRU�
FHQWXULHV�EHHQ�D�FKDOOHQJH� WR�PRGHOOLQJ� LQ�D�YDULHW\�RI�
DSSOLFDWLRQV�� VXFK� DV� JURXQGZDWHU� PDQDJHPHQW��
K\GURFDUERQ� SURGXFWLRQ� >�@�� DQG� UHFHQWO\� &2�� VWRUDJH�
>�@��7R�LPSOHPHQW�ODUJH�VFDOH�&2��VWRUDJH��D�ZLGH�UDQJH�
RI�UHVHUYRLU�W\SHV�PXVW�EH�H[SORLWHG��LQFOXGLQJ�UHVHUYRLUV�
ZKHUH� IDXOWV� IRUP� WKH� PDLQ� VWUXFWXUDO� WUDSSLQJ�
PHFKDQLVP��$�FKDOOHQJH�ZLWK�IDXOWV�DV�VWUXFWXUDO�WUDSV�LV�
WR�YDOLGDWH�WKHLU�VHDOLQJ�SRWHQWLDO�GXH�WR�WKH�GLIILFXOW\�WR�
SUHGLFW� WKH� SURSHUWLHV� RI� WKH� IDXOWV�� )RU� K\GURFDUERQ�
UHVHUYRLUV� WKH� IDXOW� VHDOLQJ�FDQ�EH�YDOLGDWHG�E\� GULOOLQJ�
H[SORUDWRU\� ZHOOV� WR� FRQILUP� WKH� H[LVWHQFH� RI�
K\GURFDUERQV��ZKHUHDV�WKLV�LV�QRW�DSSOLFDEOH�WR�DTXLIHUV��
0LWLJDWLQJ�ULVNV�UHODWHG�WR�IDXOW�VHDOLQJ�E\�LPSURYLQJ�RXU�
XQGHUVWDQGLQJ�RI�WKH�EURDG�UDQJH�RI�IOXLG�IORZ�G\QDPLFV�
DURXQG� IDXOWV� LV� WKHUHIRUH� QHHGHG� WR� XQORFN� VWRUDJH�
UHVHUYRLUV�ZKHUH�IDXOWV�IRUP�WKH�PDLQ�VWUXFWXUDO�WUDSSLQJ�
PHFKDQLVP�IRU�&2���

)OXLG� IORZ� DURXQG� IDXOWV� LV� JRYHUQHG� E\� JHRPHWULFDOO\�
FRPSOH[� VWUXFWXUHV� DW� D� UDQJH� RI� VFDOHV�� 7KHUH� DUH� WZR�
GLIIHUHQW� IOXLG� SDWKV� WKDW� DUH� LPSRUWDQW� WR� FKDUDFWHUL]H�
ZLWK�UHVSHFW�WR�IDXOW�OHDNDJH�DQG�ORVV�RI�FRQWDLQPHQW�RI�
&2���:H� GLYLGH� WKHVH� WZR� SDWKV� LQWR� WKH� YHUWLFDO� IOXLG�
IORZ� DORQJ� WKH� VOLS� VXUIDFH� LQ� WKH� IDXOW� FRUH�� DQG�
KRUL]RQWDO�IOXLG�IORZ�DFURVV�WKH�IDXOW��VHH�)LJXUH���IRU�D�
FRQFHSWXDO�PRGHO��7KH�6KDOH�*RXJH�5DWLR�RI�D�IDXOW�KDV�
EHHQ�LGHQWLILHG�DV�D�FRQWUROOLQJ�SDUDPHWHU�IRU�WKH�VHDOLQJ�

SURSHUWLHV� RI� IDXOWV� >�@�� DQG� WKH� FXUUHQW� VWDWH�RI�WKH� DUW�
IDXOW�VHDO� DQDO\VLV� >�@� DUH� GHYHORSHG� DURXQG� WKH� VKDOH�
FRQWHQW� DV� D� FRQWUROOLQJ� SDUDPHWHU�� +RZHYHU�� WKHVH�
PHWKRGV�RQO\�FDSWXUH�DFURVV�IDXOW�IORZ�>����@�DQG�QRW�WKH�
FRPSOH[LW\�RI� WKH�GDPDJH�]RQH�RU� IOXLG�IORZ�YHUWLFDOO\�
DORQJ�IDXOWV��

)LJXUH����&RQFHSWXDO�PRGHO�RI�WZR�SRVVLEOH�OHDNDJH�SDWKV�RI�
&2��ZKHQ�IDXOWV�IRUP�WKH�PDLQ�VWUXFWXUDO�WUDSSLQJ�PHFKDQLVP��
DFURVV�IDXOW�IORZ�DQG�DORQJ�IDXOW�IORZ��'HIRUPDWLRQ�EDQGV�WKDW�
IRUP�SDUDOOHO�WR�WKH�IDXOW�PD\�UHGXFH�ERWK�DFURVV�IDXOW�IORZ�
DQG�DORQJ�IDXOW�IORZ�E\�UHGXFLQJ�WKH�HIIHFWLYH�SHUPHDELOLW\��

2QH�RI�WKH�VWUXFWXUHV�WKDW�LV�IRXQG�LQ�WKH�GDPDJH�]RQH�LV�
GHIRUPDWLRQ� EDQGV�� ZKLFK� DUH� PLOOLPHWHU�WKLFN� ORZ�
GLVSODFHPHQW�GHIRUPDWLRQ�]RQHV�>�@��'HIRUPDWLRQ�EDQGV�
FDQ� KDYH� D� RQH� WR� VL[� RUGHUV� RI� PDJQLWXGH� ORZHU�
SHUPHDELOLW\�WKDQ�WKH�KRVW�URFN�>�������@��ZKLFK�KDV�OHG�WR�
LQYHVWLJDWLRQV�UHJDUGLQJ�WKH�LPSDFW�RI�GHIRUPDWLRQ�EDQGV�
RQ�IOXLG�IORZ�>����������@��7KHVH�VWXGLHV�KDYH�VKRZQ�WKDW�
GHIRUPDWLRQ� EDQGV� FDQ� DOWHU� WKH� IOXLG� IORZ� SDWKV� LQ� D�
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UHVHUYRLU��HVSHFLDOO\�LI�WKH�SHUPHDELOLW\�FRQWUDVW�LV�ORZHU�
WKDQ�IRXU�RUGHUV�RI�PDJQLWXGH��EXW�DOVR�LI�WKH�SHUPHDELOLW\�
FRQWUDVW� LV�DV� ORZ�DV�RQH�RUGHU�RI�PDJQLWXGH� >��@��7KH�
QXPEHU� RI� GHIRUPDWLRQ� EDQGV� DURXQG� D� IDXOW� FDQ� EH�
UHODWHG�WR�IDXOW�WKURZ�>��@�DQG�FDQ�UHDFK�WHQV�RI�EDQGV�SHU�
PHWHU�FORVH�WR�WKH�IDXOW�FRUH��,Q�D�SRWHQWLDO�VWRUDJH�VLWH�IRU�
&2��WKH�LQGLYLGXDO�GHIRUPDWLRQ�EDQGV�ZLOO�EH�XQNQRZQ�
DQG� WKHLU� GLVWULEXWLRQ� PXVW� EH� GHULYHG� IURP� DQDORJXH�
RXWFURSV� DQG� PRGHOV�� $� TXDQWLW\� WKDW� LV� SRVVLEOH� WR�
PHDVXUH�RQ�VHLVPLF�LPDJLQJ�LV�WKH�WKURZ�RI�D�IDXOW��7KLV�
WULJJHUV�WKH�TXHVWLRQ�LI�LW�LV�SRVVLEOH�WR�TXDQWLI\�WKH�HIIHFWV�
RI� GHIRUPDWLRQ� EDQGV� EDVHG�RQ� WKH� IDXOW� WKURZ�� ,Q� WKLV�
SDSHU�ZH�JLYH�LQVLJKW�LQWR�KRZ�JHRPHWULF�SDUDPHWHUV�RI�
WKH� GHIRUPDWLRQ� EDQGV� LPSDFW� IOXLG� IORZ� ZLWKLQ� WKH�
GDPDJH�]RQH�DURXQG�IDXOWV�DQG�UHODWH�WKHVH�WR�IDXOW�WKURZ��
:H� GR� WKLV� E\� JHQHUDWLQJ� GHIRUPDWLRQ� EDQGV�
VWRFKDVWLFDOO\�XVLQJ�UHFHQW�TXDQWLILFDWLRQV�RI�GHIRUPDWLRQ�
EDQGV�LQ�WKH�GDPDJH�]RQH�>��@���DQG�XSVFDOH�WKH�HIIHFWLYH�
SHUPHDELOLW\� RI� WKH� JHQHUDWHG� QHWZRUNV� E\� QXPHULFDO�
VLPXODWLRQV�DQG�DQDO\WLFDO�DSSUR[LPDWLRQV��

7KH� 6PHDKHLD� VWRUDJH� SURVSHFW� LQ� WKH� 1RUWK� 6HD� LV�
FRQVLGHUHG� DV� D� SRVVLEOH� VWRUDJH� VLWH� IRU�&2��>��@��7KH�
VLWH�LV�FRQILQHG�E\�WKH�9HWWH�IDXOW�ZKLFK�LV�SUHGLFWHG�WR�EH�
D� VWUXFWXUDO� WUDS�� ,QFOXGLQJ� GHIRUPDWLRQ� EDQGV� LQ� D�
UHVHUYRLU�VFDOH�PRGHO�ZLOO�LPSURYH�RXU�XQGHUVWDQGLQJ�RI�
WKH�IOXLG�IORZ�DURXQG�WKH�9HWWH�IDXOW�DQG�KHOS�PLWLJDWH�WKH�
OHDNDJH� ULVNV�RI� WKH�6PHDKHLD� VWRUDJH� VLWH�� ,Q� UHVHUYRLU�
VFDOH�VLPXODWLRQV��WKH�VL]H�RI�JULG�FHOOV�LV�W\SLFDOO\�RQ�WKH�
RUGHU� RI� ��� P� WR� ���� P�� ZKLOH� WKH� OHQJWK� RI� WKH�
GHIRUPDWLRQ�EDQGV� LV� RQ� WKH�RUGHU� RI� ��� FP� WR�����P��
)XUWKHU��WKH�DSHUWXUH�RI�WKH�GHIRUPDWLRQ�EDQGV�LV�RQ�WKH�
PLOOLPHWHU�VFDOH��7KLV�PDNHV�LW�FOHDU�WKDW�LW�LV�LPSRVVLEOH�
WR� LQFOXGH� GHIRUPDWLRQ� EDQGV� H[SOLFLWO\� LQ� D� UHVHUYRLU�
VFDOH� VLPXODWLRQ�� ,QVWHDG�� WKH� GHIRUPDWLRQ� EDQGV� DUH�
W\SLFDOO\� LQFOXGHG� E\� FRQVLGHULQJ� DQ� HIIHFWLYH�
SHUPHDELOLW\� WKDW� UHSUHVHQWV� WKH� FRPELQHG�SHUPHDELOLW\�
RI�WKH�GHIRUPDWLRQ�EDQGV�DQG�WKH�KRVW�URFN��7KLV�ZLOO�LQ�
JHQHUDO� OHDG� WR� DQ� DQLVRWURSLF� SHUPHDELOLW\� WHQVRU�
EHFDXVH� RI� WKH� JHRPHWULF� VWUXFWXUH� RI� WKH� GHIRUPDWLRQ�
EDQGV� >��@�� 7KH� HIIHFWLYHQHVV� RI� WKLV� DSSURDFK� LV�
GHSHQGHQW� RQ� KRZ� ZHOO� WKH� HIIHFWLYH� SHUPHDELOLW\� LV�
HVWLPDWHG��$Q�DSSURDFK� WKDW�KDV�EHHQ�XVHG� WR�FDOFXODWH�
WKH�HIIHFWLYH�SHUPHDELOLW\�RI�WKH�FRPELQHG�SRURXV�PHGLD�
RI� GHIRUPDWLRQ� EDQGV� DQG� KRVW� URFN� LV� E\� D� KDUPRQLF�
DYHUDJLQJ�SURFHGXUH�>��@��:KLOH�WKLV�JLYHV�D�ORZHU�ERXQG�
RQ�WKH�HIIHFWLYH�SHUPHDELOLW\��LW�ZLOO�PLVV�WKH�FRQWULEXWLRQ�
RI�WKH�JHRPHWU\�RI�WKH�GHIRUPDWLRQ�EDQGV��ZKLFK�KDV�WKH�
SRWHQWLDO�WR�DIIHFW�WKH�IOXLG�IORZ�LQ�FRPSOLFDWHG�PDQQHUV��

7KH�PDLQ�FRQWULEXWLRQV�RI� WKLV�ZRUN� DUH� WZRIROG��)LUVW��
ZH� SURSRVH� D� QHZ� DQDO\WLFDO� PRGHO� IRU� WKH� HIIHFWLYH�
SHUPHDELOLW\� WKDW� LQFOXGHV� JHRPHWU\� HIIHFWV� RI� WKH�
GHIRUPDWLRQ�EDQGV��7KH�GHULYHG�H[SUHVVLRQ�FDQ�EH�XVHG�
WR�FDOFXODWH�WKH�HIIHFWLYH�SHUPHDELOLW\�LQ�RWKHU�JHRORJLFDO�
VHWWLQJV� WKDQ� DURXQG� IDXOWV�� KRZHYHU�� WKLV� SDSHU� RQO\�
YDOLGDWHV�WKH�PRGHO�ZLWK�GDWD�JHQHUDWHG�IURP�IDXOW�]RQHV��
6HFRQGO\��ZH� SHUIRUP� ILQH�VFDOH� QXPHULFDO� VLPXODWLRQV�
RI� IOXLG�IORZ�WKDW� UHVROYH� LQGLYLGXDO�GHIRUPDWLRQ�EDQGV�
H[SOLFLWO\�LQ�WKH�VLPXODWLRQ�GRPDLQ��,Q�WKLV�VWXG\�ZH�YDU\�
WKH�EDQG�SHUPHDELOLW\��EDQG�JHRPHWU\��DQG�EDQG�GHQVLW\�

WR� LQYHVWLJDWH� KRZ� WKH� GLIIHUHQW� SDUDPHWHUV� DIIHFW� WKH�
HIIHFWLYH�SHUPHDELOLW\�LQ�WKH�GDPDJH�]RQH�DURXQG�IDXOWV��

7KH� UHPDLQGHU�RI� WKH�SDSHU� LV�RXWOLQHG�DV� IROORZV��7KH�
QH[W�VHFWLRQ�GLVFXVVHV�WKH�JHRPHWULF�VHWXS�DQG�KRZ�WKLV�
UHODWHV� WR� IDXOWV�� 6HFWLRQ� �� GHILQHV� WKH� JRYHUQLQJ�
HTXDWLRQV�IRU�VLQJOH�SKDVH�IORZ��DQG�6HFWLRQ���SUHVHQWV�
WKH� QXPHULFDO� PHWKRG� XVHG� WR� VROYH� WKH� JRYHUQLQJ�
HTXDWLRQV�ZLWK�H[SOLFLWO\�UHSUHVHQWHG�GHIRUPDWLRQ�EDQGV�
LQ�WKH�GRPDLQ��6HFWLRQ���SUHVHQWV�RXU�QHZ�DSSUR[LPDWLRQ�
RI�WKH�HIIHFWLYH�SHUPHDELOLW\�DQG�YDOLGDWHV�LW�DJDLQVW�FDVHV�
ZKHUH�WKH�EDQG�GHQVLW\�LV�FRQVWDQW�LQ�WKH�GRPDLQ��6HFWLRQ�
�� FRQWDLQV� WKH� PDLQ� UHVXOWV� RI� WKLV� SDSHU�� D� SDUDPHWHU�
VWXG\�RI�WKH�HIIHFWLYH�SHUPHDELOLW\�LQ�WKH�GDPDJH�]RQH�RI�
IDXOWV��+HUH�ZH�FRPSDUH�ERWK�WKH�QXPHULFDO�VLPXODWLRQV�
DQG�WKH�SURSRVHG�DQDO\WLFDO�DSSUR[LPDWLRQ�IURP�6HFWLRQ�
�� 7KH�ILQDO�VHFWLRQ�FRQWDLQV�GLVFXVVLRQ�DQG�FRQFOXVLRQV�

�� *HRPHWULF�VHWXS
'HIRUPDWLRQ�EDQGV�DUH�WKLQ�VXUIDFHV�WKDW�FORVH�WR�D�IDXOW�
WHQG� WR� IRUP�SDUDOOHO� WR� WKH� IDXOW��:KLOH� WKH� KRUL]RQWDO�
H[WHQW� RI� WKH� GHIRUPDWLRQ� EDQGV� FDQ� YDU\� IURP�
FHQWLPHWHUV�WR�KXQGUHGV�RI�PHWHUV��WKH�GHIRUPDWLRQ�EDQGV�
DUH� RIWHQ� EHGGLQJ� FRQVWUDLQHG� LQ� YHUWLFDO� GLUHFWLRQ� >����
��@�� 7R� UHGXFH� WKH� FRPSXWDWLRQDO� FRVW�� ZH� WKHUHIRUH�
FROODSVH� WKH� YHUWLFDO� GLPHQVLRQ� RI� WKH� SHUPHDEOH� OD\HU�
DQG�UXQ�VLPXODWLRQV�RQ�WZR�GLPHQVLRQDO�GRPDLQV��

,Q� WKLV� ZRUN�� WKH� GHIRUPDWLRQ� EDQGV� DUH� JHQHUDWHG�
VWRFKDVWLFDOO\�E\�D�VLPLODU�SURFHGXUH�DV�GHVFULEHG�LQ�>��@��
'HIRUPDWLRQ� EDQGV� DUH� UHSUHVHQWHG� E\� VWUDLJKW�OLQH�
VHJPHQWV��DQG�WKH�OLQH�VHJPHQWV�FDQ�EH�GHVFULEHG�E\�WKH�
EDQG� FHQWHUV� DQG� WKH� URWDWLRQV� IURP� WKH�\�D[LV��𝜃�� ERWK�
VWRFKDVWLF�YDULDEOHV��7KH�GLVWULEXWLRQV�ZLOO�EH�VSHFLILHG�LQ�
HDFK�VHFWLRQ��7KH�OHQJWK�RI�WKH�EDQGV�LV�GHQRWHG�E\�𝑙,�DQG�
WKH�EDQG�GHQVLW\��𝜌��LV�GHILQHG�DV�WKH�H[SHFWHG�QXPEHU�RI�
EDQG� FHQWHUV� SHU� XQLW� DUHD�� 6LPLODUO\�� WKH� GLUHFWLRQDO�
GHQVLW\��𝜌ఈ��LV�GHILQHG�DV�WKH�H[SHFWHG�QXPEHU�RI�EDQGV
LQWHUVHFWLQJ�D�VFDQ�OLQH�SHU�XQLW�OHQJWK�LQ�WKH�GLUHFWLRQ��𝛼.�

�� *RYHUQLQJ�HTXDWLRQV
:H� FRQVLGHU� DQ� LQFRPSUHVVLEOH� VLQJOH�SKDVH� IOXLG� LQ� D�
SRURXV� PHGLD�� 7KH� SRURXV� PHGLD� FRQVLVWV� RI� WZR�
PDWHULDOV�� WKH� KRVW� URFN� DQG� WKH� GHIRUPDWLRQ� EDQGV��
4XDQWLWLHV� UHODWHG� WR� WKH� KRVW� URFN� DUH� GHQRWHG� E\� D�
VXEVFULSW� 𝑚� DQG� TXDQWLWLHV� UHODWHG� WR� WKH� GHIRUPDWLRQ�
EDQGV� DUH� GHQRWHG� E\� D� VXEVFULSW� 𝑏�� 7KH� SHUPHDELOLW\�
ZLWKLQ�WKH�KRVW�URFN�DQG�GHIRUPDWLRQ�EDQGV�DUH�DVVXPHG�
WR�EH�HDFK�KRPRJHQRXV�DQG�LVRWURSLF�DQG�GHILQHG�E\�WKH�
VFDODUV�� 𝑘௠� DQG� 𝑘௕�� UHVSHFWLYHO\�� 7KH� IOXLG� IOX[�� 𝒒�� LV
UHODWHG�WR�WKH�SUHVVXUH��𝑝,�WKURXJK�'DUF\¶V�ODZ��7RJHWKHU�
ZLWK� FRQVHUYDWLRQ� RI� PDVV� WKLV� GHILQHV� RXU� JRYHUQLQJ�
HTXDWLRQV��

𝒒 = −𝑘∇𝑝,     ∇ ⋅ 𝒒 = 0��
ZKHUH� 𝑘 = 𝑘௠� LQ� WKH� KRVW� URFN� DQG� 𝑘 = 𝑘௕� LQ� WKH
GHIRUPDWLRQ�EDQGV�� ,Q� DGGLWLRQ��ZH� DVVXPH�DSSURSULDWH�
ERXQGDU\�FRQGLWLRQV�WR�EH�GHILQHG��
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/RZHU�ERXQG�RQ�HIIHFWLYH�SHUPHDELOLW\�

$�ORZHU�ERXQG�RI�WKH�HIIHFWLYH�SHUPHDELOLW\��𝐾ఈ,௘��FDQ�EH
REWDLQHG� E\� WDNLQJ� WKH� KDUPRQLF� DYHUDJH� RI� WKH�
GHIRUPDWLRQ� EDQG� SHUPHDELOLW\� DQG� WKH� KRVW� URFN�
SHUPHDELOLW\�DORQJ�WKH�VFDQOLQH�𝛼��

𝐾ఈ,௘

𝐾௠
≥

1

(1 − 𝜌ఈ𝑎) + 𝜌ఈ𝑎𝐾௠
𝐾௕

≈
1

1 + 𝜌ఈ𝑎𝐾௠
𝐾௕

.  (1)�

+HUH��𝑎�� LV� WKH�DSHUWXUH�RI� WKH�GHIRUPDWLRQ�EDQGV��7KLV�
ORZHU�ERXQG� LV�REWDLQHG� LI� WKH�IOXLG� LV�QRW�DEOH� WR�IORZ�
DURXQG� WKH�GHIRUPDWLRQ�EDQGV�EXW�PXVW�FURVV�DOO�EDQGV�
WKDW� LQWHUVHFW� WKH� VFDQOLQH� LQ� WKH� GLUHFWLRQ� 𝛼.� ,Q� WKH�
QXPHULFDO� UHVXOWV� ZH� REVHUYH� WKDW� WKH� ORZHU� ERXQG� LV�
DSSURDFKHG� DV� WKH� EDQG� OHQJWK� DQG�RU� EDQG� GHQVLW\�
LQFUHDVHV��

7KH�HUURU�RI�WKH�DSSUR[LPDWLRQ�LQ�(TXDWLRQ�����LV�VPDOO�LI�
𝜌ఈ𝑎 ≪ 1.�2XW�RI�WKH�����RXWFURS�VFDQOLQHV�VWXGLHG�LQ�>��@
QRQH�RI� WKH� VFDQOLQHV� KDG� D�PD[LPXP�EDQG� GHQVLW\� RI�
PRUH�WKDQ�����EDQGV�SHU�PHWHU��ZLWK�WKH�PHDQ�EHLQJ����
EDQGV� SHU� PHWHU�� ,I� WKH� GHIRUPDWLRQ� EDQGV� KDYH� DQ�
DSHUWXUH� 𝑎 ≈ 1� PP�� WKH� HUURU� RI� WKH� DSSUR[LPDWLRQ� LV�
VPDOO��:KHQ�𝜌ఈ𝑎 ≪ 1��ZH�REVHUYH�WKDW�WKH�UHGXFWLRQ�LQ
SHUPHDELOLW\�JLYHQ�E\�WKH�KDUPRQLF�DYHUDJH�LQ�(TXDWLRQ�
��� LV� RQO\� GHSHQGHQW� RQ� WKH� GLPHQVLRQOHVV� TXDQWLW\
𝜌ఈ𝑎𝐾௠/𝐾௕.�7KXV��D� VLQJOH�GLPHQVLRQOHVV�TXDQWLW\�PD\
GHVFULEH� WKH� HIIHFW� RI� WKH� GHIRUPDWLRQ� EDQGV�� )LQDOO\�
ZKHQ�WKH�GHQVLW\�LV�YDU\LQJ�LQ�WKH�GRPDLQ�WKH�DYHUDJHG
YDOXH� VKRXOG� EH� XVHG�� 6SHFLILFDOO\�� IRU� WKH� ORJDULWKPLF
GHQVLW\� LQ� 6HFWLRQ� �� �(TXDWLRQ� ������ WKH� GHQVLW\� LQ
(TXDWLRQ�����FDQ�EH�UHSODFHG�E\�−𝐵�

�� 1XPHULFDO�PHWKRG
%HIRUH�ZH�GHVFULEH�WKH�QXPHULFDO�PHWKRG��ZH�ZRXOG�OLNH�
WR�PDNH�WZR�FRPPHQWV��7KH�DSHUWXUH�RI�WKH�GHIRUPDWLRQ�
EDQGV��𝑎��LV�W\SLFDOO\�RQ�WKH�RUGHU�RI�PDJQLWXGH�RI�PLOOL�
PHWHUV��ZKLOH�WKHLU�OHQJWKV�FDQ�VSDQ�XS�WR�VHYHUDO�KXQGUHG�
PHWHUV� >�@�� ,Q� DGGLWLRQ�� WKH� SHUPHDELOLW\� LQ� WKH�
GHIRUPDWLRQ�EDQGV��𝑘௕��LV�ORZHU�WKDQ�WKH�SHUPHDELOLW\�LQ
WKH�KRVW�URFN��:H�ZLOO�WKHUHIRUH�GLVUHJDUG�WKH�IOXLG�IOX[�
LQ�WKH�WDQJHQWLDO�GLUHFWLRQ�RI�WKH�GHIRUPDWLRQ�EDQGV��7R�
UHSUHVHQW� WKH� SHUPHDELOLW\� UHGXFWLRQ� FDXVHG� E\� WKH�
GHIRUPDWLRQ� EDQGV�� WKH� FRPSXWDWLRQDO� JULGV� DUH�
FRQVWUXFWHG� WR� FRQIRUP� WR� WKH� EDQGV�� 7KDW� LV�� WKH�
GHIRUPDWLRQ�EDQGV�ZLOO�EH�GLVFUHWL]HG�E\�WKH�IDFHV�LQ�WKH�
FRPSXWDWLRQDO� JULG�� 7R� GLVFUHWL]H� WKH� JRYHUQLQJ�
HTXDWLRQV��ZH�XVH�WKH�WZR�SRLQW�IOX[�DSSUR[LPDWLRQ��7KH�
WZR�SRLQW� IOX[� DSSUR[LPDWLRQ� LV� VXIILFLHQW� IRU� RXU�
SXUSRVHV�EHFDXVH�ZH�DUH�RQO\�LQWHUHVWHG�LQ�WKH�UHGXFWLRQ�
LQ� HIIHFWLYH� SHUPHDELOLW\� UHODWLYH� WR� WKH� KRPRJHQHRXV�
FDVH��,Q�DGGLWLRQ��ZH�DUH�XVLQJ�D�FRPSOHWHO\�XQVWUXFWXUHG�
JULG�WKDW�UHGXFHV�WKH�FRQVLVWHQF\�HUURU��%\�QHJOHFWLQJ�WKH�
WDQJHQWLDO� IORZ�� DVVXPLQJ� VPDOO� DSHUWXUHV�� DQG� XVLQJ� D�
FRQIRUPLQJ�JULG��WKH�GHIRUPDWLRQ�EDQGV�FDQ�EH�LQFOXGHG�
LQ� WKH� GLVFUHWL]DWLRQ� DV� D� IDFH� WUDQVPLVVLELOLW\�
PXOWLSOLFDWRU��DV�GHVFULEHG�LQ�WKH�IROORZLQJ�SDUDJUDSKV��

/HW�𝜎�EH�D�IDFH�EHWZHHQ�FHOO�𝐿�DQG�FHOO�𝑅.�7KH�IOXLG�IOX[�
IURP�FHOO�/�WR�FHOO�5�LV�DSSUR[LPDWHG�E\�

𝐹ఙ =  −𝑇ఙ(𝑝ோ − 𝑝௅)�
ZKHUH�𝑇ఙ �LV�WKH�WUDQVPLVVLELOLW\�DQG�𝑝ோ�DQG�𝑝௅ �DUH�WKH�FHOO
FHQWHU�SUHVVXUH��,I�WKH�IDFH�EHWZHHQ�WKH�FHOOV�GR�QRW�OLH�RQ�
D�GHIRUPDWLRQ�EDQG�WKH�WUDQVPLVVLELOLW\�LV�FDOFXODWHG�E\�
WKH�KDUPRQLF�DYHUDJH�RI�WKH�WZR�KDOI�WUDQVPLVVLELOLWLHV��

𝑇ఙ =
𝑇ఙ௅𝑇ఙோ

𝑇ఙ௅ + 𝑇ఙோ
,     𝑇ఙ௞ =

𝑘௠𝐴ఙ𝒏ఙ௞ ⋅ 𝒅ఙ௞

𝒅ఙ௞ ⋅ 𝒅ఙ௞
,     𝑘 ∈ {𝐿, 𝑅}.�

+HUH��𝐴ఙ� LV� WKH�DUHD�RI�WKH�IDFH��𝒏ఙ௞� LV� WKH�XQLW�QRUPDO
YHFWRU� RI� 𝜎� WKDW� SRLQWV� RXW� RI� FHOO� 𝑘�� DQG� 𝒅ఙ௞� LV� WKH
GLVWDQFH�YHFWRU�IURP�WKH�FHOO�FHQWHU�WR�WKH�IDFH�FHQWHU��,I�
WKH�IDFH�LV�RQ�D�GHIRUPDWLRQ�EDQG��WKH�WUDQVPLVVLELOLW\�LV�
PRGLILHG�WR�LQFOXGH�WKH�HIIHFW�RI�WKH�EDQGV�E\�WDNLQJ�WKH�
KDUPRQLF� DYHUDJH� RI� WKH� EDQG� WUDQVPLVVLELOLW\� DQG� WKH�
KDOI�WUDQVPLVVLELOLW\�RI�HDFK�FHOO��

𝑇ఙ =
𝑇௕ఙ௅𝑇௕ఙோ

𝑇௕ఙ௅ + 𝑇௕ఙோ
,    𝑇௕ఙ௞ =

𝑘௕𝑇ఙ௞

𝑘௕ + 𝑇ఙ௞𝑎
2𝐴ఙ

,   𝑘 ∈ {𝐿, 𝑅}.�

�� /D\HUHG� DSSUR[LPDWLRQ� RI� WKH� HIIHFWLYH
SHUPHDELOLW\
,Q�WKLV�VHFWLRQ�ZH�SURSRVH�D�QHZ�DSSURDFK�WR�HVWLPDWH�WKH�
HIIHFWLYH�SHUPHDELOLW\��7KLV� DSSURDFK� DSSUR[LPDWHV� WKH�
HIIHFWLYH�SHUPHDELOLW\�LQ�WKH�GRPDLQ�E\�XVLQJ�VRPH�ZHOO�
HGXFDWHG�VLPSOLILFDWLRQV��,Q�WKLV�VHFWLRQ�ZH�DVVXPH�WKDW�
WKH�EDQG�GHQVLW\��𝜌��LV�FRQVWDQW�LQ�WKH�GRPDLQ��

:KHQ�WKH�IOXLG�DSSURDFKHV�D�GHIRUPDWLRQ�EDQG��SDUWV�RI�
WKH� IOXLG�ZLOO� FURVV� WKH�EDQG�DQG�SDUWV�RI� WKH� IOXLG�ZLOO�
IORZ� DURXQG� WKH� EDQG�� 7KH� HIIHFWLYH� SHUPHDELOLW\� LV�
DSSUR[LPDWHG� E\� FRQVLGHULQJ� WKH� SDWK� DFURVV� WKH� EDQG�
DQG�WKH�SDWK�DURXQG�WKH�EDQG�DV�D�OD\HUHG�SRURXV�PHGLD�
ZLWK� WZR� OD\HUV�� 7KLV� FRQFHSWXDO� PRGHO� LV� GHSLFWHG� LQ�
)LJXUH���IRU�IOXLG�IORZ�LQ�WKH�𝑥�GLUHFWLRQ��

)LJXUH����&RQFHSWXDO�PRGHO�RI�IOXLG�IORZ�LQ�WKH�𝑥�GLUHFWLRQ��
7KH�FRPSOH[�JHRPHWU\�RI�WKH�GHIRUPDWLRQ�EDQGV�LV�VLPSOLILHG�
WR�DQ�DUHD�ZKHUH�WKH�IOXLG�RQO\�IORZ�WKURXJK�WKH�URFN�PDWUL[�
�EOXH���DQG�DQ�DUHD�ZKHUH�WKH�IOXLG�FURVVHV�WKH�GHIRUPDWLRQ�
EDQGV��ZKLWH���

*LYHQ� WKH� FRQFHSWXDO� PRGHO� RI� WKH� SRURXV� PHGLD�
FRQVLVWLQJ�RI�WZR�OD\HUV��WKH�HIIHFWLYH�SHUPHDELOLW\�LQ�WKH�
GLUHFWLRQ�𝛼�FDQ�EH�FDOFXODWHG�DV�

𝐾ఈ,௘ =
𝐾ఈ,௟௕𝐴ఈ,௕ + 𝐾௠𝐴ఈ,௠

𝐴ఈ,௕ + 𝐴ఈ,௠
,  (2)�

ZKHUH�𝐴ఈ,௕�DQG�𝐴ఈ,௠�DUH�WKH�DUHDV�DYDLODEOH�IRU�IORZ�LQ
WKH� EDQG� OD\HU� DQG� KRVW� URFN� OD\HU�� UHVSHFWLYHO\� �VHH�
)LJXUH�����7KH�SHUPHDELOLW\� LQ� WKH�EDQG� OD\HU��𝐾ఈ,௟௕ �� LV
REWDLQHG�E\�FDOFXODWLQJ�WKH�KDUPRQLF�PHDQ�RI�WKH�EDQG�
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SHUPHDELOLW\� DQG� URFN� PDWUL[� SHUPHDELOLW\�� XVLQJ� WKH�
DSSUR[LPDWLRQ�RI�VPDOO�EDQG�DSHUWXUH��

𝐾ఈ,௟௕

𝐾௠
=

1

1 + 𝐾௠𝑎𝜌ఈ
𝐾௕

𝑐ఈ

 .�

+HUH��WKH�FRQVWDQW�𝑐ఈ�GHILQHV�WKH�IUDFWLRQ�RI�WKH�QXPEHU
RI�EDQGV�ZLWKLQ�WKH�EDQG�OD\HU�WKH�IOXLG�PXVW�FURVV��:KHQ�
WKH� URWDWLRQ� RI� WKH� EDQGV� LV� QRUPDOO\� GLVWULEXWHG�� 𝜃 =
𝒩(0, 𝜎),�ZH�XVH�

𝑐௫ = 1,   𝑐௬ = sin (𝐸(|𝜃|))�

ZKHUH�𝐸(|𝜃|)�LV�WKH�H[SHFWHG�YDOXH�RI�WKH�DEVROXWH�YDOXH�
RI�WKH�URWDWLRQ��7KH�FKDOOHQJLQJ�SDUW�RI�WKLV�DSSURDFK�LV�
WR�REWDLQ�JRRG�HVWLPDWHV�RQ�WKH�DUHD�DYDLODEOH�IRU�IORZ�
DURXQG��𝐴ఈ,௠��DQG�DFURVV��𝐴ఈ,௕��WKH�GHIRUPDWLRQ�EDQGV�
DQG�WKH�UHPDLQLQJ�RI�WKLV�VHFWLRQ�ZLOO�IRFXV�RQ�WKLV��

/HW�XV�FRQVLGHU�DQ�DUELWUDU\�GHIRUPDWLRQ�EDQG��FDOOHG�𝑟��
(DFK�RWKHU�GHIRUPDWLRQ�EDQG�LQ�WKH�GRPDLQ�KDV�D�FHUWDLQ�
IL[HG� SUREDELOLW\� RI� FURVVLQJ� WKLV� EDQG�� :KHQ� 𝜌� LV�
LQGHSHQGHQW�RI�SRVLWLRQ�DQG�WKH�EDQGV�DUH�LQGHSHQGHQWO\�
GLVWULEXWHG�� WKH�QXPEHU�RI� LQWHUVHFWLRQV��𝑁,� EDQG�𝑟� KDV�
ZLWK�RWKHU�EDQGV�LV�3RLVVRQ�GLVWULEXWHG��7KH�SUREDELOLW\�
RI�WKH�EDQG�KDYLQJ�]HUR�LQWHUVHFWLRQV�FDQ�EH�FDOFXODWHG�DV�

𝑃(𝑁 = 0) = exp ൭−𝑙ଶ𝜌 න න |sin(𝜃)| 𝑓(𝜃 + 𝜂)𝑓(𝜂)d𝜃d𝜂
ஶ

ିஶ

ஶ

ିஶ

൱ ,�

ZKHUH� 𝑓(𝜃)� LV� WKH� SUREDELOLW\� GHQVLW\� IXQFWLRQ� RI� WKH�
URWDWLRQ� RI� WKH� EDQGV�� ,I� WKH� URWDWLRQ� RI� WKH� EDQGV� LV�
XQLIRUP��WKH�LQWHJUDO�VLPSOLILHV�WR�2/𝜋��,I�WKH�URWDWLRQ�RI�
EDQGV� LV� QRUPDOO\� GLVWULEXWHG� WKH� LQWHJUDO� FDQ� EH�
FDOFXODWHG� QXPHULFDOO\�� 6LQFH�𝑁� LV� 3RLVVRQ� GLVWULEXWHG��
WKH�H[SHFWHG�YDOXH�FDQ�EH�FDOFXODWHG�DV�

𝐸(𝑁) =  −log (𝑃(𝑁 = 0).��������� �������
)LJXUH���VKRZV�D�FRPSDULVRQ�RI�WKH�3RLVVRQ�GLVWULEXWLRQ�
ZLWK� H[SHFWDWLRQ� 𝐸(𝑁)� DQG� WKH� SUREDELOLW\� GHQVLW\�
IXQFWLRQ�FDOFXODWHG�QXPHULFDOO\�E\�SRSXODWLQJ�D�GRPDLQ�
ZLWK��������GHIRUPDWLRQ�EDQGV�VWRFKDVWLFDOO\��7KH�ILW�LV�
JRRG�DQG�JLYHV�QR�UHDVRQV� WR�GRXEW� WKDW� WKH�QXPEHU�RI�
LQWHUVHFWLRQV� LV�3RLVVRQ�GLVWULEXWHG�ZLWK�H[SHFWHG�YDOXH�
JLYHQ�E\�(TXDWLRQ������

/HW� 𝑀� GHQRWH� WKH� QXPEHU� RI� EDQGV� \RX� PXVW� SLFN� DW�
UDQGRP�EHIRUH�SLFNLQJ�D�EDQG�ZLWK���LQWHUVHFWLRQV��7KH�
H[SHFWHG�YDOXH�RI�0�FDQ�EH�FDOFXODWHG�DV��

𝐸(𝑀) =
1 −  𝑃(𝑁 = 0)

𝑃(𝑁 = 0)ଶ  .�

:KHQ� WKH� GHIRUPDWLRQ� EDQGV� LQWHUVHFW�� WKH\�PD\� IRUP�
ORQJ�FKDLQV�RI�EDQGV��:KHQ�D�EDQG�LV�DGGHG�WR�WKH�FKDLQ�
WKH�FKDLQ�JURZV�LQ�D�UDQGRP�GLUHFWLRQ��DQG�ZH�SRVWXODWH�
WKDW�WKH�JURZWK�RI�WKH�FKDLQ�IROORZV�WKH�VDPH�VFDOLQJ�DV�
%URZQLDQ� PRWLRQ�� WKDW� LV�� WKH� OHQJWK� JURZV� ZLWK� WKH�
VTXDUH�URRW�RI�WKH�QXPEHU�RI�EDQGV��:H�KDYH�FRQILUPHG�
WKLV� VFDOLQJ� QXPHULFDOO\��:H� WKHUHIRUH� VXJJHVW� WKDW� WKH�
DUHD�DYDLODEOH�IRU�IORZ�DFURVV�GHIRUPDWLRQ�EDQGV�LV��

𝐴ఈ,௕ = 𝑙ఈ
ୃ + ඥ0.5 𝑙ఈ

ୃ 𝐸(𝑀).

)LJXUH����7KH�SUREDELOLW\�RI�D�EDQG�KDYLQJ�𝑁�LQWHUVHFWLRQV��
7KH�VROLG�OLQHV�VKRZ�WKH�SUREDELOLW\�FDOFXODWHG�QXPHULFDOO\�E\�
GLVWULEXWLQJ��������EDQGV�UDQGRPO\�LQ�D�GRPDLQ��ZKLOH�WKH�
GDVKHG�OLQHV�VKRZ�WKH�3RLVVRQ�GLVWULEXWLRQ��,Q�WKH�OHIW�ILJXUH�
WKH�EDQG�URWDWLRQ�LV�XQLIRUPO\�GLVWULEXWHG��ZKLOH�LQ�WKH�ULJKW�
ILJXUH�WKH�EDQG�URWDWLRQ�LV�QRUPDOO\�GLVWULEXWHG��

  (𝑎) ௄್

௔௄೘
= 10ିଶ�P�� ��(𝑏)  ௄್

௔௄೘
= 10ିଵ�P��

  (𝑐) 
𝐾𝑏

𝑎𝐾𝑚
= 100�P�� ��(𝑑) ௄್

௔௄೘
= 10ଵ�P���

)LJXUH����7KH�HIIHFWLYH�SHUPHDELOLW\��\�D[LV��DV�D�IXQFWLRQ�RI�
WKH�EDQG�OHQJWK��[�D[LV��IRU�D�EDQG�GHQVLW\�LQGHSHQGHQW�RI�
SRVLWLRQ�LQ�WKH�GRPDLQ��7KH�ER[�SORWV�VKRZ�WKH�HIIHFWLYH�
SHUPHDELOLW\�REWDLQHG�IURP�QXPHULFDO�VLPXODWLRQV��WKH�VROLG�
OLQHV�FRUUHVSRQG�WR�WKH�HIIHFWLYH�SHUPHDELOLW\�REWDLQHG�E\�WKH�
OD\HUHG�DQDO\WLFDO�DSSUR[LPDWLRQ��DQG�WKH�GDVKHG�OLQHV�WR�WKH�
KDUPRQLF�DYHUDJH��7KH�RUDQJH�FRORU�FRUUHVSRQGV�WR�WKH�
HIIHFWLYH�SHUPHDELOLW\�LQ�𝑦�GLUHFWLRQ��ZKLOH�WKH�EOXH�FRORU�
FRUUHVSRQGV�WR�WKH�HIIHFWLYH�SHUPHDELOLW\�LQ�𝑥�GLUHFWLRQ��(DFK�
ILJXUH�VKRZV�WKH�UHVXOW�RI�D�GLIIHUHQW�SHUPHDELOLW\�UDWLR�RI�WKH�
URFN�PDWUL[�DQG�WKH�GHIRUPDWLRQ�EDQGV��

+HUH�� 𝑙ఈ
ୃ�� LV� WKH� H[SHFWHG� EDQG� OHQJWK� LQ� WKH� GLUHFWLRQ

SHUSHQGLFXODU�WR�𝛼.�,I�WKH�URWDWLRQ�LV�QRUPDOO\�GLVWULEXWHG�
ZLWK� VWDQGDUG�GHYLDWLRQ�𝜎,� �ℛ = 𝒩(0, 𝜎ଶ),� DQG�𝜎 ≪ 1�
ZH�REWDLQ�

𝑙௫
ୃ = 𝑙 cos ቀఙ√ଶ

గ
ቁ���𝑙௬

ୃ = 𝑙 sin ቀఙ√ଶ
గ

ቁ , 𝜌ఈ = 𝜌𝑙ఈ
ୃ�

)RU� WKH� FRQFHSWXDO� OD\HU� RI� WKH� KRVW� URFN�� WKH� DUHD�
DYDLODEOH� IRU� IORZ� LV� WKH� DUHD� EHWZHHQ� EDQGV�� :H�
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WKHUHIRUH� VXJJHVW� WKDW� WKH� DUHD� IRU� WKH�KRVW� URFN� LQ�RXU�
FRQFHSWXDO�PRGHO�VFDOHV�DV�

𝐴ఈ,௠ = 1/𝜌ఈ.

&RPSDULVRQ�WR�QXPHULFDO�VLPXODWLRQV�

7R�WHVW�WKH�VXJJHVWHG�DQDO\WLFDO�VROXWLRQ�IRU�WKH�HIIHFWLYH�
SHUPHDELOLW\�DV�D�OD\HUHG�SRURXV�PHGLD�ZH�FRPSDUH�WKH�
DQDO\WLFDO� DSSUR[LPDWLRQ� JLYHQ� E\� (TXDWLRQ� ���� WR� WKH�
HIIHFWLYH� SHUPHDELOLW\� FDOFXODWHG� IURP� WKH� QXPHULFDO�
VLPXODWLRQV�� :H� OHW� ℛ = 𝒩(0, (𝜋/12)ଶ)� DQG� IL[� WKH
GHQVLW\� WR� 𝜌 = 1� P���� 7KH� EDQG� OHQJWK�� 𝑙�� LV� YDULHG�
EHWZHHQ������P�DQG���P��7KH�FRPSDULVRQV�EHWZHHQ�WKH�
DQDO\WLFDO� DSSUR[LPDWLRQV� DQG� QXPHULFDO� VROXWLRQV� DUH�
VKRZQ� LQ� )LJXUH� ��� 8VLQJ� WKH� KDUPRQLF� DYHUDJH�
DSSUR[LPDWLRQ� JLYHQ� E\� (TXDWLRQ� ���� FRQVLVWHQWO\�
XQGHUHVWLPDWHV� WKH� SHUPHDELOLW\�� XS� WR� WZR� RUGHUV� RI�
PDJQLWXGH� LQ� WKH� ZRUVW� FDVH�� 7KH� DQDO\WLFDO�
DSSUR[LPDWLRQ�JLYHQ�E\�(TXDWLRQ�����JLYHV�D�PXFK�EHWWHU�
DSSUR[LPDWLRQ� DQG� LV� DEOH� WR� FDSWXUH� WKH� LQFUHDVH� LQ�
HIIHFWLYH�SHUPHDELOLW\�DV�WKH�GHIRUPDWLRQ�EDQG�QHWZRUN�
EHFRPHV� GLVFRQQHFWHG�� )LQDOO\�� ZH� QRWH� WKDW� DV� WKH�
GHIRUPDWLRQ� EDQG� OHQJWK� LQFUHDVHV� RU� WKH� SHUPHDELOLW\�
UDWLR� GHFUHDVHV�� WKH� HUURU� RI� WKH� KDUPRQLF� DYHUDJH�
EHFRPHV�VPDOOHU��

)LJXUH� �� VKRZV� WKH� FRPSDULVRQ� RI� WKH� QXPHULFDO�
VLPXODWLRQV� DQG� WKH� DQDO\WLFDO� DSSUR[LPDWLRQ� DV� D�
IXQFWLRQ�RI�EDQG�GHQVLW\��𝜌��7KH�EDQG�OHQJWK�LV�IL[HG�WR�
𝑙 = 1 P�� 7KH� DQDO\WLFDO� DSSUR[LPDWLRQ� RI� WKH� HIIHFWLYH�
SHUPHDELOLW\�JLYHQ�E\�(TXDWLRQ������LV�DEOH�WR�FDSWXUH�WKH�
HIIHFWLYH� SHUPHDELOLW\� ERWK� ZKHQ� WKH� EDQG� QHWZRUN� LV�
GLVFRQQHFWHG� �WKH� EDQG� GHQVLW\� VPDOO��� DQG� ZKHQ� LW� LV�
KLJKO\� FRQQHFWHG� �EDQG� GHQVLW\� LV� ODUJH��� ZKLOH� WKH�
KDUPRQLF� DYHUDJH� JLYHQ� E\� (TXDWLRQ� ���� LV� RQO\�
DSSOLFDEOH� ZKHQ� WKH� EDQG� GHQVLW\� RU� WKH� EDQG�
WUDQVPLVVLELOLW\��

௄೑
௔௄೘

�� LV� ODUJH�� 7KLV� LV� WKH� VDPH�
TXDOLWDWLYH�EHKDYLRU�DV�REVHUYHG�LQ�)LJXUH����

�� $SSOLFDWLRQ�WR�IDXOW�GDPDJH�]RQHV
$URXQG� IDXOWV� WKH� QXPEHU� RI� GHIRUPDWLRQ� EDQGV� LV� QRW�
FRQVWDQW�EXW�YDULHV�DV�D�IXQFWLRQ�RI�WKH�GLVWDQFH�IURP�WKH�
IDXOW��,Q�WKLV�VHFWLRQ�ZH�DVVXPH�WKH�GHQVLW\�IXQFWLRQ�DORQJ�
D� VFDQOLQH�QRUPDO� WR� WKH� IDXOW� �𝑥�GLUHFWLRQ�� IROORZV� WKH�
ORJDULWKPLF�ODZ�JLYHQ�LQ�>��@��

𝜌௫(𝑥) = 𝐴 + 𝐵 ln ቀ ௫
ଵ୫

ቁ ,��������� �����

ZKHUH�𝐴�DQG�𝐵�DUH�WZR�FRQVWDQWV�WKDW�FDQ�EH�XVHG�WR�ILW�
WKH�GHQVLW\�IXQFWLRQ�WR�D�VSHFLILF�IDXOW��:H�ZLOO�XVH�WKH�
DYHUDJH�YDOXHV�IURP�WKH�GDWD�JLYHQ�LQ�>��@��

𝐵 = −8.33 mିଵ, 

𝐴 = 13.33 ln ൬
𝑊ହ

1 m
 ൰ mିଵ − 5 ൬ln ൬

𝑊ହ

1 m
൰ − 1൰ mିଵ,

ZKHUH�𝑊ହ�LV�WKH�GLVWDQFH�IURP�WKH�IDXOW�WR�ZKHUH�WKH�EDQG
IUHTXHQF\�LV���P����WKDW�LV�𝜌(𝑊ହ) = 5�P����:H�UHIHU�WR�WKLV
YDOXH�DV�WKH�GDPDJH�]RQH�ZLGWK��7KH�GDPDJH�]RQH�ZLGWK�
FDQ�EH�UHODWHG�WR�IDXOW�WKURZ��𝑇,�DV��VHH�>��@��

  (𝑎) ௄್

௔௄೘
= 10ିଶ�P�� ��(𝑏)  ௄್

௔௄೘
= 10ିଵ�P��

  (𝑐)  
𝐾𝑏

𝑎𝐾𝑚
= 100�P�� ��(𝑑) ௄್

௔௄೘
= 10ଵ�P���

)LJXUH����7KH�HIIHFWLYH�SHUPHDELOLW\��\�D[LV��DV�D�IXQFWLRQ�RI�
WKH�EDQG�GHQVLW\��[�D[LV��IRU�D�GHQVLW\�WKDW�LV�LQGHSHQGHQW�RI�
SRVLWLRQ�LQ�WKH�GRPDLQ��7KH�ER[�SORWV�VKRZ�WKH�HIIHFWLYH�
SHUPHDELOLW\�REWDLQHG�IURP�QXPHULFDO�VLPXODWLRQV��WKH�VROLG�
OLQHV�FRUUHVSRQG�WR�WKH�HIIHFWLYH�SHUPHDELOLW\�REWDLQHG�E\�WKH�
OD\HUHG�DQDO\WLFDO�DSSUR[LPDWLRQ��DQG�WKH�GDVKHG�OLQHV�WR�WKH�
KDUPRQLF�DYHUDJH��7KH�RUDQJH�FRORU�FRUUHVSRQGV�WR�WKH�
HIIHFWLYH�SHUPHDELOLW\�LQ�𝑦�GLUHFWLRQ��ZKLOH�WKH�EOXH�FRORU�
FRUUHVSRQGV�WR�WKH�HIIHFWLYH�SHUPHDELOLW\�LQ�𝑥�GLUHFWLRQ��(DFK�
ILJXUH�VKRZV�WKH�UHVXOW�RI�D�GLIIHUHQW�SHUPHDELOLW\�UDWLR�RI�WKH�
URFN�PDWUL[�DQG�WKH�GHIRUPDWLRQ�EDQGV��

𝑊ହ = 1.74 ൬
𝑇

1 m
൰

଴.ସଷ

m,�

ZKLFK�DOORZV�XV�WR�JHQHUDWH�GHIRUPDWLRQ�EDQG�QHWZRUNV�
EDVHG�RQ�RQO\�WKH�IDXOW�WKURZ��

)LJXUH���VKRZV�WKUHH�H[DPSOHV�RI�JHQHUDWHG�GHIRUPDWLRQ�
EDQG� QHWZRUNV� XVLQJ� WKH� ORJDULWKPLF� GHQVLW\� IXQFWLRQ��
7KH�ILJXUH�LOOXVWUDWHV�WKDW� LQFUHDVLQJ�YDOXHV�RI�𝑊5�ERWK
ZLGHQV�WKH�GDPDJH�]RQH�DQG�LQFUHDVHV�WKH�IUHTXHQF\�RI�
WKH�EDQGV�ZLWKLQ�WKH�]RQH��7KH�GHIRUPDWLRQ�]RQH�ZLGWKV�
DUH���P����P��DQG����P��ZKLFK�FRUUHVSRQG�WR�IDXOW�WKURZV�
RI������P�����P��DQG����P��UHVSHFWLYHO\��

7KH�DQDO\WLFDO�H[SUHVVLRQ�XVLQJ�WKH�DSSUR[LPDWLRQ�RI�WKH�
HIIHFWLYH�SHUPHDELOLW\�JLYHQ�LQ�(TXDWLRQ�����ZDV�GHULYHG�
IRU�GRPDLQV�ZKHUH�WKH�GHQVLW\�ZDV�FRQVWDQW��KRZHYHU��LI�
WKH� GHQVLW\� LV� YDU\LQJ� VORZO\� HQRXJK�� ZH� H[SHFW� WKDW�
(TXDWLRQ�����JLYHV�D�JRRG�SRLQW�HVWLPDWH�RI�WKH�HIIHFWLYH�
SHUPHDELOLW\�� %\� LQWHJUDWLQJ� WKH� SRLQW� HVWLPDWH� RI� WKH�
HIIHFWLYH�SHUPHDELOLW\�� WKH�HIIHFWLYH�SHUPHDELOLW\�RI� WKH�
ZKROH�GRPDLQ�FDQ�EH�REWDLQHG��
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)LJXUH����([DPSOH�RI�WKUHH�JHQHUDWHG�GHIRUPDWLRQ�EDQGV�
QHWZRUNV�WKDW�IROORZ�WKH�ORJDULWKPLF�GHQVLW\�IXQFWLRQ��ERWWRP�
URZ���7KH�GDPDJH�]RQH�ZLGWK�LV�𝑊ହ = 1, 5, and 10�PHWHUV
IURP�WKH�OHIW�ILJXUH�WR�WKH�ULJKW�ILJXUH��7KH�WRS�URZ�VKRZV�WKH�
KLVWRJUDPV�RI�WKH�GHIRUPDWLRQ�EDQGV�FURVVLQJ�WKH�KRUL]RQWDO�
VFDQ�OLQH�WKURXJK�WKH�FHQWHU�RI�WKH�GRPDLQ��ZKLOH�WKH�RUDQJH�
OLQH�VKRZV�WKH�GHQVLW\�IXQFWLRQ�JLYHQ�E\�(TXDWLRQ������7KH�
IDXOW�LV�SDUDOOHO�WR�WKH�𝑦�D[LV�DQG�ORFDWHG�DW�𝑥 = 0��1RWH�WKH�
GLIIHUHQW�D[LV�LV�HDFK�SORW���

:H�ZLOO�WHVW�WKH�DQDO\WLFDO�DSSUR[LPDWLRQ�E\�FRPSDULQJ�
LW� WR� QXPHULFDO� VLPXODWLRQV��7KUHH� WHVWV� DUH� SHUIRUPHG��
YDU\LQJ� WKH� SDUDPHWHUV� JRLQJ� LQWR� WKH� PRGHO�
LQGHSHQGHQWO\��

&RPPRQ�VHWXS�

7KH� IROORZLQJ�SDUDPHWHUV� DUH�XVHG� LQ�DOO� WKH� IROORZLQJ�
H[DPSOHV��7KH�FRRUGLQDWH�V\VWHP�LV�FKRVHQ�VXFK�WKDW�WKH�
IDXOW�LV�SDUDOOHO�WR�WKH�𝑦�D[LV��DQG�WKH�𝑥�D[LV�GHILQHV�WKH�
GLVWDQFH�IURP�WKH�IDXOW��,Q�WKH�QXPHULFDO�VLPXODWLRQV�WKH�
HIIHFWLYH� SHUPHDELOLW\� LQ� 𝑥�� �UHVS�� 𝑦��� GLUHFWLRQ� LV�
FDOFXODWHG�E\�LPSRVLQJ�D�XQLW�GURS�LQ�SUHVVXUH�LQ�𝑥���UHVS��
𝑦���GLUHFWLRQ�DQG�LPSRVLQJ�D�QR�IORZ�FRQGLWLRQ�RQ�WKH�WRS�
DQG�ERWWRP��UHVS��OHIW�DQG�ULJKW��ERXQGDULHV��

7KH�FRPSXWDWLRQDO�GRPDLQ�LV�D�VTXDUH��[𝑋, 𝑌]. 7KH�KHLJKW��
𝑌,� LV�VHW� LV� VHW� WR��� WLPHV� WKH�EDQG� OHQJWK��7KLV�GRPDLQ�
KHLJKW�KDV�EHHQ�IRXQG� WR�EH�VXIILFLHQWO\� ODUJH�VR� WKDW�D�
GRXEOLQJ�RI�WKH�GRPDLQ�KHLJKW�GRHV�QRW�DOWHU�WKH�UHVXOWV��
7KH�GRPDLQ�ZLGWK��𝑋,�LV�VHW�HTXDO�WKH�ZLGWK�DW�ZKLFK�QR�
GHIRUPDWLRQ�DSSHDUV��WKDW�LV��𝜌௫(𝑋) = 0.

,Q�DOO�WHVW�FDVHV�WKH�EDQG�WUDQVPLVVLELOLW\�LV�GHILQHG�DV�WKH�
SHUPHDELOLW\� UDWLR�GLYLGHG�E\� WKH� DSHUWXUH�� ,Q� HDFK� WHVW�
FDVH� WKH� EDQG� WUDQVPLVVLELOLW\� LV� YDULHG� IRXU� RUGHUV� RI�
PDJQLWXGHV�� ௄್

௔௄೘
= {10ିଶ , 10ିଵ , 10଴, 10ଵ} mିଵ�� � 7KH

ORZHVW� EDQG� WUDQVPLVVLELOLW\� FRUUHVSRQGV� WR�� H�J��� DQ�
DSHUWXUH�RI���PP�DQG�SHUPHDELOLW\� UDWLR�RI���RUGHUV�RI�
PDJQLWXGH��

,Q�DOO�WHVW�FDVHV�WKH�URWDWLRQ�RI�WKH�EDQGV��𝜃,�LV�DVVXPHG�
QRUPDOO\� GLVWULEXWHG� ZLWK� VWDQGDUG� GHYLDWLRQ� 𝜎,� � ℛ =
𝒩(0, 𝜎ଶ)�

  (𝑎) ௄್

௔௄೘
= 10ିଶ�P�� ��(𝑏)  ௄್

௔௄೘
= 10ିଵ�P��

  (𝑐)  
𝐾𝑏

𝑎𝐾𝑚
= 100�P�� ��(𝑑) ௄್

௔௄೘
= 10ଵ�P���

)LJXUH����7KH�HIIHFWLYH�SHUPHDELOLW\�RI�WKH�IDXOW�GDPDJH�]RQH�
DV�D�IXQFWLRQ�RI�WKH�EDQG�OHQJWK��7KH�ER[�SORWV�VKRZ�WKH�
HIIHFWLYH�SHUPHDELOLW\�REWDLQHG�IURP�QXPHULFDO�VLPXODWLRQV��
WKH�VROLG�OLQHV�FRUUHVSRQG�WR�WKH�HIIHFWLYH�SHUPHDELOLW\�
REWDLQHG�E\�WKH�OD\HUHG�DQDO\WLFDO�DSSUR[LPDWLRQ��DQG�WKH�
GDVKHG�OLQHV�WR�WKH�KDUPRQLF�DYHUDJH��%OXH�FRORU�LV�WKH�
SHUPHDELOLW\�QRUPDO�WR�WKH�IDXOW��ZKLOH�WKH�RUDQJH�FRORU�LV�WKH�
SHUPHDELOLW\�SDUDOOHO�WR�WKH�IDXOW��

����(IIHFWLYH�SHUPHDELOLW\�YV��EDQG�OHQJWK�

,Q�WKLV�WHVW��WKH�GDPDJH�]RQH�ZLGWK�LV�IL[HG�WR�𝑊ହ = 5�P�
ZKLFK� FRUUHVSRQGV� WR� D� WKURZ� RI� ��� P�� 7KH� VWDQGDUG�
GHYLDWLRQ�RI� WKH�URWDWLRQ� LV�VHW� WR�𝜎 = 𝜋/ 12��7KH�EDQG�
OHQJWK�LV�YDULHG�EHWZHHQ�VLPXODWLRQV�DQG�WDNHV�YDOXHV������
���������DQG���PHWHUV��)RU�HDFK�EDQG�OHQJWK�D�WRWDO�RI����
VLPXODWLRQV�ZHUH�UXQ��
)LJXUH��� VKRZV� WKH�HIIHFWLYH�SHUPHDELOLW\� LQ�𝑥�� DQG�𝑦��
GLUHFWLRQ�DV�D�IXQFWLRQ�RI�EDQG�OHQJWK��$V�WKH�OHQJWK�RI�
WKH�EDQGV�LQFUHDVH��WKH�HIIHFWLYH�SHUPHDELOLW\�DSSURDFKHV�
WKH� ORZHU�ERXQG� JLYHQ� E\� WKH� KDUPRQLF� DYHUDJH� LQ�
(TXDWLRQ������7KH�OD\HUHG�DSSUR[LPDWLRQ�LQ�(TXDWLRQ�����
JLYHV�TXLWH�JRRG�PDWFK�ZLWK� WKH�QXPHULFDO� UHVXOWV��:H�
REVHUYH�WKDW�WKH�HIIHFWLYH�SHUPHDELOLW\�YDULHV�DQ�RUGHU�RI�
PDJQLWXGH� EHWZHHQ� EDQG� OHQJWKV� RI� ���� P� DQG� EDQG�
OHQJWKV�RI�����P�DQG�KDV�DQ�DQLVRWURS\�XS�WR�WZR�RUGHUV�
RI�PDJQLWXGH�LQ�WKH�QRUPDO�DQG�SDUDOOHO�GLUHFWLRQV��

����(IIHFWLYH�SHUPHDELOLW\�YV�URWDWLRQ�

,Q�WKLV�WHVW�FDVH�WKH�H[SHFWHG�EDQG�OHQJWK�LV�IL[HG�WR�𝑙 =
1�P��DQG�WKH�GDPDJH�]RQH�ZLGWK�WR�𝑊ହ = 5�P��9DU\LQJ
WKH� VWDQGDUG� GHYLDWLRQ� LQ� WKH� QRUPDO� GLVWULEXWLRQ��
𝜎, FKDQJHV� KRZ�PXFK� WKH� GHIRUPDWLRQ� EDQGV� LQWHUVHFW��
:KHQ�WKH�VWDQGDUG�GHYLDWLRQ�LV���DOO�EDQGV�DUH�SDUDOOHO��
DQG�QR�EDQGV� LQWHUVHFW��:KHQ� WKH� VWDQGDUG�GHYLDWLRQ� LV�
PRUH� WKDQ� 𝜋/ 5� WKHUH� LV� QRW� PXFK� VWUXFWXUH� LQ� WKH�
GHIRUPDWLRQ�EDQGV�DQG�WKH�JHQHUDWHG�QHWZRUN�UHVHPEOHV�
WKDW�RI�D�XQLIRUP�GLVWULEXWLRQ��,Q�WKH�QXPHULFDO�WHVWV��ZH�
FRQVLGHU�WKLV�IXOO�UDQJH�RI�URWDWLRQV��)RU�HDFK�YDOXH�RI�𝜎
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  (𝑎) ௄್

௔௄೘
= 10ିଶ�P��� ��(𝑏)  ௄್

௔௄೘
= 10ିଵ�P���

  (𝑐) ௄್

௔௄೘
= 10଴�P�� ��(𝑑) ௄್

௔௄೘
= 10ଵ�P���

)LJXUH����7KH�HIIHFWLYH�SHUPHDELOLW\�RI�WKH�IDXOW�GDPDJH�]RQH�
DV�D�IXQFWLRQ�RI�WKH�EDQG�URWDWLRQ��(DFK�VXESORW�VKRZV�WKH�
UHVXOW�IRU�D�GLIIHUHQW�SHUPHDELOLW\�UDWLR��7KH�ER[�SORWV�VKRZ�
WKH�HIIHFWLYH�SHUPHDELOLW\�REWDLQHG�IURP�QXPHULFDO�
VLPXODWLRQV��WKH�VROLG�OLQHV�FRUUHVSRQG�WR�WKH�HIIHFWLYH�
SHUPHDELOLW\�REWDLQHG�E\�WKH�OD\HUHG�DQDO\WLFDO�DSSUR[LPDWLRQ��
DQG�WKH�GDVKHG�OLQHV�WR�WKH�KDUPRQLF�DYHUDJH��%OXH�FRORU�LV�WKH�
SHUPHDELOLW\�QRUPDO�WR�WKH�IDXOW��ZKLOH�WKH�RUDQJH�FRORU�LV�WKH�
SHUPHDELOLW\�SDUDOOHO�WR�WKH�IDXOW��

D�WRWDO�RI����UHDOL]DWLRQV�RI�WKH�GHIRUPDWLRQ�EDQG�QHWZRUN�
ZDV�FUHDWHG��

)LJXUH���VKRZV�WKH�HIIHFWLYH�SHUPHDELOLW\�IRU�HDFK�FDVH��
7KH� HIIHFWLYH� SHUPHDELOLW\� GHFUHDVHV� DV� WKH� URWDWLRQ�
LQFUHDVHV�EHFDXVH�WKH�EDQGV�WHQG�WR�LQWHUVHFW�HDFK�RWKHU�
PRUH� ZKLFK� FUHDWHV� ORQJ� FRQQHFWHG� FKDLQV� RI�
GHIRUPDWLRQ� EDQGV� WKDW� WKH� IOXLG� PXVW� FURVV�� 7KH�
SHUPHDELOLW\� SDUDOOHO� WR� WKH� IDXOW� LV� DSSUR[LPDWHO\� ��
RUGHUV�RI�PDJQLWXGH�ODUJHU�WKDQ�WKH�SHUPHDELOLW\�QRUPDO�
WR� WKH� IDXOW� IRU� WKH� IDXOW� WUDQVPLVVLELOLW\� ����� P���� EXW�
GHFUHDVHV�DV�WKH�IDXOW�WUDQVPLVVLELOLW\�LQFUHDVHV��

����(IIHFWLYH�SHUPHDELOLW\�YV�GDPDJH�]RQH�ZLGWK��𝑾𝟓

:H� XSVFDOH� WKH� HIIHFWLYH� SHUPHDELOLW\� IRU� WKH� GDPDJH�
]RQH�ZLGWKV�𝑊ହ� �����������������������PHWHUV�QXPHULFDOO\
E\�JHQHUDWLQJ� ��� UHDOL]DWLRQV�RI� WKH�GHIRUPDWLRQ�EDQGV�
IRU�HDFK�OHQJWK��7KHVH�GDPDJH�]RQH�ZLGWKV�FRUUHVSRQG�WR�
D� WKURZ� RI� ������ ����� ����� ���� ���� ��� DQG� ���� PHWHUV��
UHVSHFWLYHO\��
7KH� HIIHFWLYH� SHUPHDELOLW\� LV� SORWWHG� LQ� )LJXUH� ��� 7KH�
YDULDQFH� RI� WKH� HIIHFWLYH� SHUPHDELOLW\� GHFUHDVHV� ZLWK�
LQFUHDVLQJ�GDPDJH�]RQH�ZLGWK��KRZHYHU��WKH�YDOXH�RI�WKH�
HIIHFWLYH� SHUPHDELOLW\� DSSHDUV� WR� EH� FRQVWDQW�� 7KDW� WKH�
HIIHFWLYH� SHUPHDELOLW\� LV� LQGHSHQGHQW� RI� IDXOW� WKURZ� LV�
DOVR� SUHGLFWHG� E\� ERWK� WKH� KDUPRQLF� DYHUDJH�
DSSUR[LPDWLRQ� LQ� (TXDWLRQ� ����� DQG� WKH� OD\HUHG

  (𝑎) ௄್

௔௄೘
= 10ିଶ�P�� ��(𝑏)  ௄್

௔௄೘
= 10ିଵ�P���

  (𝑐) ௄್

௔௄೘
= 10଴�P�� ��(𝑑) ௄್

௔௄೘
= 10ଵ�P��

)LJXUH����7KH�HIIHFWLYH�SHUPHDELOLW\�LQ�WKH�GDPDJH�]RQH�DV�D�
IXQFWLRQ�RI�GDPDJH�]RQH�ZLGWK��(DFK�VXESORW�VKRZV�WKH�UHVXOW�
IRU�D�GLIIHUHQW�SHUPHDELOLW\�UDWLR��7KH�ER[�SORWV�VKRZ�WKH�
HIIHFWLYH�SHUPHDELOLW\�REWDLQHG�IURP�QXPHULFDO�VLPXODWLRQV��
WKH�VROLG�OLQHV�FRUUHVSRQG�WR�WKH�HIIHFWLYH�SHUPHDELOLW\�
REWDLQHG�E\�WKH�DQDO\WLFDO�DSSUR[LPDWLRQ��DQG�WKH�GDVKHG�OLQHV�
WR�WKH�KDUPRQLF�DYHUDJH��%OXH�FRORU�LV�WKH�SHUPHDELOLW\�QRUPDO�
WR�WKH�IDXOW��ZKLOH�WKH�RUDQJH�FRORU�LV�WKH�SHUPHDELOLW\�SDUDOOHO�
WR�WKH�IDXOW��

DSSUR[LPDWLRQ�LQ�(TXDWLRQ������7KH�UHDVRQ�IRU�WKLV�LV�WKDW�
WKH� FKRLFH� RI� 𝐴� DQG� %� FDXVHV� WKH� WRWDO� QXPEHU� RI�
GHIRUPDWLRQ�EDQGV�LQ�WKH�GRPDLQ�GLYLGHG�E\�WKH�GDPDJH�
]RQH�ZLGWK� WR�EH� FRQVWDQW�� 7KDW� EDQG�GHQVLW\� DYHUDJHG�
RYHU� WKH� GDPDJH� ]RQH� LV� LQGHSHQGHQW� RI� GDPDJH� ]RQH�
ZLGWK� LV� FRQVLVWHQW� ZLWK� ILHOG� REVHUYDWLRQV� >��@�� 7KLV�
FDXVHV� WKH�ZLGWK�RI� WKH�GDPDJH�]RQH� WR� LQFUHDVH� DW� WKH�
VDPH� UDWH� DV� WKH�QXPEHU�RI�EDQGV� LQ� WKH�GDPDJH�]RQH��
7KXV�� WKH�FKDQJHV� LQ� WKHVH� WZR�SDUDPHWHUV�FDQFHO�HDFK�
RWKHU� LQ� WKH� FDOFXODWLRQ� RI� WKH� HIIHFWLYH� SHUPHDELOLW\��
1RWH�WKDW�WKLV�LV�RQO\�WUXH�IRU�WKH�HIIHFWLYH�SHUPHDELOLW\�
DYHUDJHG�RYHU�WKH�ZKROH�GDPDJH�]RQH��WKH�SRLQW�YDOXH�RI�
WKH� HIIHFWLYH� SHUPHDELOLW\�� H�J��� �� P� IURP� WKH� IDXOW� LV�
PXFK�ORZHU�IRU�D�IDXOW�WKURZ�RI�����P�WKDQ�D�IDXOW�WKURZ�
RI���P��

�� 'LVFXVVLRQ�DQG�FRQFOXVLRQ
,Q� WKLV� SDSHU� D� QRYHO� DQDO\WLFDO� H[SUHVVLRQ� IRU� WKH�
HIIHFWLYH� SHUPHDELOLW\� RI� D� SRURXV� PHGLD� ZLWK�
GHIRUPDWLRQ� EDQGV� LV� SUHVHQWHG�� 7KH� DQDO\WLFDO�
H[SUHVVLRQ�DVVXPHV�WKH�SRURXV�PHGLD�FDQ�EH�UHSUHVHQWHG�
DV� WZR� OD\HUV�� RQH� ZLWK� GHIRUPDWLRQ� EDQGV� DQG� RQH�
ZLWKRXW��7KH�DQDO\WLFDO�VROXWLRQ�LV�YDOLGDWHG�E\�QXPHULFDO�
VLPXODWLRQV�RYHU�D�ZLGH�UDQJH�RI�SDUDPHWHUV���

7KH� UHVXOWV� IURP� WKH� QXPHULFDO� VLPXODWLRQV� VKRZ� WKDW�
GHIRUPDWLRQ� EDQGV� FDQ� VLJQLILFDQWO\� DOWHU� WKH� HIIHFWLYH�
SHUPHDELOLW\� LQ� WKH� GDPDJH� ]RQH� RI� IDXOWV�� ,W� LV� DOVR�
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VKRZQ� WKDW� WKH� JHRPHWU\� RI� WKH� GHIRUPDWLRQ� EDQGV� LV�
LPSRUWDQW� ZKHQ� HVWLPDWLQJ� WKH� HIIHFWLYH� SHUPHDELOLW\��
&RXQWLQJ�WKH�QXPEHU�RI�GHIRUPDWLRQ�EDQGV�DORQJ�D�VFDQ�
OLQH� IURP� D� IDXOW� DQG� WDNLQJ� WKH� KDUPRQLF� DYHUDJH�
EHWZHHQ� WKH� GHIRUPDWLRQ� EDQGV� DQG� KRVW� PDWUL[� FDQ�
RYHUHVWLPDWH�WKH�UHGXFWLRQ�LQ�SHUPHDELOLW\�E\�DQ�RUGHU�RI�
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