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a  b  s  t  r  a  c  t

In the  present  study,  a new  parameterization  is proposed  to describe  the  convecting  layer
thickness  in  diffusive  convection.  By  using  in  situ  observational  data  of  diffusive  convection
in the  lakes  and  oceans,  a wide  range  of stratification  and  buoyancy  flux  is  obtained,  where
the buoyancy  frequency  N varies  between  10−4 and  0.1 s−1 and  the  heat-related  buoyancy
flux  qT varies  between  10−12 and  10−7 m2 s−3.  We  construct  an intrinsic  thickness  scale,
H0 =  [q3

T /(�T N8)]
1/4

, here  �T is the  thermal  diffusivity.  H0 is suggested  to be the scale  of
an energy-containing  eddy  and  it can  be  alternatively  represented  as H0 =  �RebPr1/4, here  �
is the dissipation  length  scale,  Reb is the buoyant  Reynolds  number,  and  Pr is the Prandtl
number.  It  is found  that the  convective  layer  thickness  H is directly  linked  to  the  stability
ratio  R� and  H0 with  the  form  of H  ∼ (R� − 1)2H0.  The  layer  thickness  can  be  explained  by
the  convective  instability  mechanism.  To  each  convective  layer,  its  thickness  H  reaches  a
stable value  when  its  thermal  boundary  layer  develops  to be  a new  convecting  layer.

©  2016  Elsevier  B.V.  All  rights  reserved.

. Introduction

Double-diffusion is one of the most important non-mechanically driven mixing processes. Its importance has been par-
icular recognized in oceanography (Schmitt, 1994), material science (Langlois, 1985), geology (Robb, 2004), and planetary
hysics (Chabrier and Baraffe, 2007). In oceans, about 44% regions display double-diffusive process (You, 2002). In certain
egions, e.g., the North Atlantic, the double-diffusive mixing is several times stronger than the turbulence mixing (Schmitt
t al., 2005). Globally, the double-diffusive mixing alters the meridional overturning rate by 20% (Zhang et al., 1999).

Double-diffusion occurs in a fluid in which there are gradients of two (or more) properties with different molecular
iffusivities and of opposing effects on the vertical density distribution. It has two  primary modes: salt finger (SF) and
iffusive convection (DC). Diffusive convection forms when cold and fresh water lies on top of warm and salty water. It is

haracterized by a series of thermohaline staircases where a stack of homogenous layers of nearly-constant temperature
nd salinity are separated by thin, strongly stratified interfaces (Kelley et al., 2003). An example of diffusive convection is
hown in Fig. 1a.
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Fig. 1. (a) Typical diffusive convection staircases in the potential temperature profile measured by the Microstructure Profiler at (88.27◦ N, 0.53◦ E) in the

Amundsen Basin in April 2008. (b) An example of DC interface, which is the zoom-in potential temperature profile in the depth range of 251.06–251.19 m.
The  gray line is a fitting line of the maximum slope inside the interface.

Recently, the importance of diffusive convection has aroused more interest due to its impact to the diapycnal mixing
in interior ocean and the ice-melting in the Arctic and Antarctic Oceans (Turner, 2010; Wong and Riser, 2011; Sirevaag
and Fer, 2012; Guthrie et al., 2015). However, the basic characteristics of diffusive convection cannot be well quantified by
the available theoretical frames. One of them is the thickness of diffusive-convective layers, H. Since each convecting layer
is bounded by two free neighboring interfaces, which quantities govern the thickness H is a key issue of concern. As the
thickness is the basic element in the descriptions of flow dynamics and heat/salinity transport in the convecting layer, its
accurate expression is needed to well evaluate the impact of diffusive convection in the oceans.

Some effort has been made to formulate it in previous investigations (Huppert and Linden, 1979; Kelley, 1984; Kerpel
et al., 1991; Fedorov, 1988; Fernando, 1989). Among them, the parameterization proposed by Kelley (1984) seems popular to
oceanographers. There are two main reasons why this particular parameterization has been extensively applied to describe
the in situ diffusive convection staircases, e.g., in the Arctic Ocean (Timmermans et al., 2003; Turner, 2010; Sirevaag and
Fer, 2012), and lakes (Rohden et al., 2010). One is that it shows reasonable agreement with the observations in various
oceans and lakes (Kelley, 1984). The other one is that only the measurable properties are involved in the parameterization.
However, as reported in Kelley et al. (2003) and Timmermans et al. (2003), the parameterization disagrees significantly with
the observations, e.g., the predicted value is five times smaller than the observation in the deep Arctic Ocean (Timmermans
et al., 2003). Additional effort is needed to elucidate the discrepancy.

It is worthy reviewing these existing parameterizations. In terms of the involved quantities, there are two  main classes
as follows.

1.1. Scaled by (�T/N)1/2

In a laboratory experiment and the corresponding theoretical simulation, Huppert and Linden (1979) studied diffusive
convection in a salt-stratified fluid heated from below. They proposed that the layer thickness (except the lowest layer) has
the form of

H = 51
(

�T

N′S

)1/2
, (1)

here �T is the thermal diffusivity and N′
S = (gˇ(dS/dz))1/2 is the buoyancy frequency based on the initial salinity gradient,

(dS/dz), with g and  ̌ being the gravitational acceleration and the haline contraction coefficient. This equation means that
the average layer thickness depends only on the initial salinity gradient and fluid properties, and is therefore independent
of the heat flux. In a subsequent laboratory experiment, a similar result was  obtained except that the salinity diffusivity, �S,
not the thermal diffusivity, �T, is more relevant to the layer thickness, H (Kerpel et al., 1991).

The thickness of diffusive convecting layers in the ocean was first taken up by Kelley (1984). He assumed that the

length of diffusive convection is not determined by external factors, e.g., internal wave or large-scale shearing. With dimen-
sional analysis, he proposed that the combination of molecular properties of fluid and its fluid state can lead to an intrinsic
length scale H0 = (�T/N)1/2, N = (g˛(dT/dz) − gˇ(dS/dz))1/2 is the smoothed buoyancy frequency over the diffusive convection
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taircases, where  ̨ is thermal expansion coefficient and (dT/dz)  is the temperature gradient. Then, the layer thickness H was
iven by

H = G1(Pr, R�)
(

�T

N

)1/2
, (2)

here G1(Pr,  R�) is expressed as G1(Pr, R�) = [2.5 × 108PrR1.1
� (R� − 1)]

1/4
. Pr (Pr = �/�T) is the Prandtl number, where � is

he kinematic viscosity of the fluid. R� (R� = ˇ�S/˛�T) is the stability ratio defined in terms of the buoyancy jumps across
he convecting layer due to salinity (�S) and temperature (�T) variances. In the parameterization, it was proposed that
he scaling of Eq. (2) holds because the thickness H is controlled by a balance between mixed-layer merging and interface
plitting, whereby new layers are formed from the existing interfaces.

Fedorov (1988) extended the work of Kelley (1984) and proposed a similar expression of

H = G2(Pr, R�)
(

�T

N

)1/2
, (3)

here G2(Pr,  R�) = 0.91Pr exp{4.6 exp[− 0.54(R� − 1)]} is deduced from an empirical expression of Marmorino and Caldwell
1976). In Fedorov’s work, (�T/N)1/2 is a definite physical quantity, related to the thickness of the large gradient diffusive
nterface.

.2. Scaled by (q/N3)
1/2

An alternative class was developed by Fernando (1987, 1989). He suggested that the thickness H is determined by a
alance between the kinetic and potential energies of turbulent eddies within the convecting layers (Fernando, 1987). Based
n his laboratory work, where the salt-stratified fluid was heated from below, he proposed that the thickness of the bottom
onvecting layer is given by

Hb = 41.5

(
qT

N′3S

)1/2

, (4)

ere qT is the buoyancy flux defined on the basis of the bottom heat flux FT, a reference stable �0, and the specific heat cp as
T = g˛FT/�0cp. This laboratory result was extrapolated for oceanic situation by Fernando (1989), which was  in the form of

H = G3(R�)

(
qT

N3
S

)1/2

, R� � 10,  (5)

ere G3(R�) = 14(1 − R−1
� )

−3/4
. In this parameterization, qT is the instantaneous heat-related buoyancy flux of the convecting

ayer, and NS is the buoyancy frequency based only on salinity stratification. Eq. (5) was further suggested to be valid only
hen diffusive convection is in the “quasi-stationary”state. This parameterization is less applicable because the buoyancy
ux qT cannot be measured directly by the current techniques, and some parameterizations for calculating qT also depend
n the thickness H (Fernando, 1989; Kelley, 1990). However, this model clearly indicates that the layer thickness H also
epends on the heat-related buoyancy flux qT.

In general, these models are all partially successful in predicting the thickness of convecting layer H. Up to now, little
ffort has been made to examine the inferences of them or to develop a new one to better represent the layer thickness. In
he present work, a new parameterization is proposed to describe the thickness of convecting layer by constructing a new
ntrinsic thickness scale. Using available in situ observational data that cover wider ranges of heat-related buoyancy flux
nd stratification, we examine the applicability of the new parameterization by comparing it with the previous schemes.
oreover, the physics represented in the new parameterization is discussed in the classical frame of double-diffusive

onvection.

. The new model

In the laboratory experiment of salt-stratified fluid, a series of convecting layers was progressively formed from below
s the bottom being heated (Turner, 1968; Huppert and Linden, 1979; Fernando, 1987). Turner (1968) proposed the bottom
onvecting layer has a stable thickness as,

Hb =
(

1
4

RacPr
)1/4

(
q0

3

�T N′8S

)1/4

, (6)
here Rac is the critical Rayleigh number in diffusive convection. In his argument, it was suggested the bottom convecting
ayer gets thicker until its top boundary develops a new convecting layer triggered by the thermal instability. In Eq. (6), Rac

nd Pr are dimensionless and the expression of (q3
0/�T N′8S )

1/4
offers a dimension scale. In the new model, we propose that the

ffects of buoyancy flux, thermal diffusion, and stratification should be included. As (q3
0/�T N′8S )

1/4
includes all components,
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we would make use of it as an intrinsic length scale H0. In Eq. (6), q0 is the buoyancy flux based on the bottom heat flux
and N′

S is the buoyancy frequency of the initial condition. In the oceans or lakes, the background conditions of diffusive
convection are not well-controlled as those in the laboratory. Thus, to each convecting layer, its heat buoyancy flux qT and
the oceanic background stratification N are alternatively used. Accordingly, the layer thickness H is proposed in the form of

H = G4H0 = G4(R�)

(
q3

T

�T N8

)1/4

, (7)

where G4(R�) is a function of R� to be determined from the available in situ observations. Here Prandtl number Pr is not
included in the function G4 because it varies less (4–14) compared to other quantities, as listed in Table 1.

The heat buoyancy flux qT of individual convecting layer can be obtained from the heat flux, FT. However, same as the
problems encountered in the parameterization of Fernando (1989), the in situ measurement of FT in diffusive convection is
nearly an impossible task. Several parameterizations were developed to evaluate the FT of diffusive convection by using the
experimental data in the laboratory (Marmorino and Caldwell, 1976; Taylor, 1988; Fernando, 1989; Kelley, 1990). All these
parameterizations followed the spirit of Turner’s (1973) work. It was  suggested that the heat flux of diffusive convection be
analogous to that in the Rayleigh–Bérnard convection (Turner, 1973). In Rayleigh–Bérnard convection, when it is assumed
that the heat flux through a convecting layer is independent of the layer thickness H, the dimensional analysis yields a flux
law of the form (Chandrasekhar, 1961; Siggia, 1994),

Nu∼Ra1/3, (8)

where the Nusselt number, Nu,  is the ratio of the convective flux to the conductive flux, while Rayleigh number, Ra,  is the
ratio of buoyancy force to diffusion. Both are defined as Nu = FT/(�T�cp�T/H) and Ra = ˛g�TH3/(��T). Based on the recent
precise laboratory measurements, it was suggested that the scaling of 1/3 in Eq. (8) holds well till Ra < 5 ×1014 (Brown et al.,
2005; Nikolaenko et al., 2005; He et al., 2012). Equivalently, Eq. (8) can be written as

FT = C�cp

(
˛g�2

T

�

)1/3

(�T)4/3, (9)

where C is a constant of proportionality in thermal convection. Eq. (9) is called “4/3 flux law” (Turner, 1973). In the diffusive
convection, C becomes a function of density ratio R� . Some heat flux parameterizations are commonly used, which are in
the forms of

CM = 0.00859 exp{4.6 exp[−0.54(R� − 1)]}, (10a)

CT = 0.272R−0.21
� , (10b)

and

CK = 0.0032 exp((4.8/R0.72
� )), (10c)

where the subscripts M,  T, and K represent the heat flux formulas proposed by Marmorino and Caldwell (1976), Taylor
(1988), and Kelley (1990), respectively. The corresponding heat buoyancy fluxes are denoted as qTM, qTT, and qTK, respectively.

Table 1
Statistics of diffusive convection staircases. The averaging values are listed when more than one step is observed in data source. Data Sources: A – Zhou
and  Lu (2013); B – BGOS (2012); C – Neshyba et al. (1971); D – Perkin and Lewis (1984); E – Middleton and Foster (1980); F – Muench et al. (1990); G –
Shirtcliffe and Calhaem (1968); H – Anschutz and Blanc (1996); I – Swift et al. (2012); J – Larson and Gregg (1983); K – Newman (1976); and L – Schmid
et  al. (2010).

Location �T  (◦C) H (m)  Pr N(s−1) NS (s−1) R� qTM (m2 s−3) qTT (m2 s−3) qTK (m2 s−3) Source

Arctic
Deep 1.2 × 10−3 46.4 13.3 2.3 × 10−4 3.1 × 10−4 3.1 1.6 × 10−12 1.0 × 10−12 1.0 × 10−12 A
Upper  1 4.4 × 10−2 3.1 13.3 5.0 × 10−3 5.6 × 10−3 4.7 2.9 × 10−11 1.9 × 10−11 3.0 × 10−11 B
Upper  2* 2.3 × 10−2 3.3 13.0 4.7 × 10−3 4.9 × 10−3 6.5 6.5 × 10−12 3.2 × 10−12 6.6 × 10−12 C
Alpha  ridge* 2.46 × 10−2 2.1 13.6 5.9 × 10−3 6.3 × 10−3 6.9 7.8 × 10−12 4.2 × 10−12 7.6 × 10−12 D

Antarctica
Weddell Sea 1* 5.6 × 10−2 3.2 13.4 1.4 × 10−3 4.7 × 10−3 1.6 4.4 × 10−10 1.8 × 10−10 1.8 × 10−10 E
Weddell Sea 2† 7.8 × 10−2 42.5 13.1 1.3 × 10−3 2.6 × 10−3 1.4 1.5 × 10−9 5.7 × 10−10 5.9 × 10−10 F
Lake  Vanda*,† 0.52 1.3 10.1 3.3 × 10−2 3.6 × 10−2 7.9 7.2 × 10−10 3.9 × 10−10 6.1 × 10−10 G

Red  Sea
Atlantic II 1 4.08 19.7 3.8 0.13 0.14 12.0 1.8 × 10−7 4.1 × 10−8 1.6 × 10−7 H
Atlantic II 2 4.43 10.1 4.3 0.17 0.17 12.5 1.9 × 10−7 3.7 × 10−8 1.6 × 10−7 I
Bahamas* 4.7 × 10−2 0.53 6.4 1.1 × 10−2 1.8 × 10−2 1.5 5.7 × 10−9 2.3 × 10−9 2.3 × 10−9 J
Lake  Kivu 1*,† 1.5 × 10−2 1.1 6.0 6.0 × 10−3 − 1.8 1.1 × 10−9 4.9 × 10−10 4.8 × 10−10 K
Lake  Kivu 2 4.5 × 10−3 0.64 6.2 6.4 × 10−3 8.6 × 10−3 3.5 2.4 × 10−11 1.6 × 10−11 1.8 × 10−11 L

* In Kelley (1984).
† In Fernando (1989).
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arameterization developed by Fernando (1989) has not been used here because it strongly depends on the thickness of the
onvective layer, which is inconsistent with the experimental observation in thermal convection (Puits et al., 2007). Among
hese heat flux parameterizations, Kelley (1990) formula has been most commonly used in the oceanographical community,
ut none of them is verified in a rigorous theoretical frame of diffusive convection. Therefore, the heat buoyancy fluxes qTM,
TT, and qTK are all used here.

. Data, results and discussion

.1. Data

The observations of regular, well-formed diffusive convection staircases were collected in a wide range of conditions.
hese data were observed in the Arctic (Neshyba et al., 1971; Perkin and Lewis, 1984; BGOS, 2012; Zhou and Lu, 2013),
ntarctica (Shirtcliffe and Calhaem, 1968; Middleton and Foster, 1980; Muench et al., 1990), Red Sea (Anschutz and Blanc,
996; Swift et al., 2012), saline lakes (Newman, 1976; Schmid et al., 2010), and other regions (Larson and Gregg, 1983). Most
ublically accessible data used in previous studies (Kelley, 1984; Fernando, 1989) are included here for comparison. In most
ases, the relevant quantities of diffusive convection staircases were obtained from the published profiles and tables. Some
ata errors are unavoidable, but we found the error of temperature difference �T  is less than 5% and that of thickness H is less
han 2%. Another possible deviation is that most published profiles are instantaneous data, which might not be representative
f the average conditions. These data are summarized in Table 1, which indicates that the range of N is between 2.3 × 10−4

nd 0.17 s−1, that of qT is between 1.0 × 10−12 and 1.6 × 10−7 m2 s−3 with the estimations from Eqs. (9) and (10), and that of
� is between 1.4 and 12.5.

.2. Comparison with earlier models

Two layer thickness parameterizations are chosen to compare with the observed layer thickness H. First, Kelley’s
1984) parameterization (Eq. (2)) is examined. Fig. 2a, the layer thickness H compensated by the term G1 in Eq. (2)
s plotted as a function of length scale (�T/N)1/2. Some data collapse on the predicted curve rather well. Table 1 indi-
ates that the buoyancy flux qT of these data varies in a small range of 10−11 to 10−9 m2 s−3. Data in the deep Arctic
nd in the Red Sea largely deviate from the predictions. As listed in Table 1, qT is about 10−12 m2 s−3 in the deep Arc-
ic and 10−6 m2 s−3 in the Red Sea. Therefore, it is concluded that the buoyancy flux qT is responsible for the deviation
etween the observations and Kelley’s (1984) predictions. In other words, qT must be included in the expression of layer
hickness.

Next, the parameterization of Fernando (1989) is examined. In this parameterization (Eq. (5)), the buoyancy flux qT

f individual convecting layer must be estimated. Here, the heat flux formula of Fernando (1989) is not used because
t links to the thickness H. Instead, the heat flux formula proposed by Kelley (1990) (Eqs. (9) and (10a)) is employed
ecause it is independent of the thickness H and it has been extensively applied in the oceans and lakes. As shown in

ig. 2b, the layer thickness H compensated by the term G3 in Eq. (5) is plotted as a function of length scale (qT /N3
S )

1/2
.

t indicates that the observed thickness H scatters, but the general trend seems reasonable. The scatter implies that the

ependent scaling between H and (qT /N3
S )

1/2
is inappropriate, which motivated us to find another length scale in the new

odel.

.3. Results of the new model

In the new model, G4 in Eq. (7) is a function of stability ratio R� and is determined by the in situ observations. As
he heat related buoyancy flux qT is estimated from three different heat flux parameterizations (Marmorino and Caldwell,
976; Taylor, 1988; Kelley, 1990), the corresponding analysis may  result in G4 of different forms. The results based on
he parameterization of Marmorino and Caldwell (1976) are plotted in Figs. 3a and b. Fig. 3a shows the normalized thick-

ess, H/[q3
TM/(�T N8)]

1/4
, as a function of R� . It is indicated that the data can be well fitted by a simple function, which

eads to G4 = 8.09(R� − 1)2.08. The results based on qTT (Taylor, 1988) are plotted in Fig. 3c, the fitted G4 is slightly differ-
nt, which has the form G4 = 13.70(R� − 1)2.11. The results based on qTT (Kelley, 1990) are plotted in Fig. 3e, the fitted G4 is
4 = 12.78(R� − 1)1.81. Successively, the dependencies of H/G4 on H0 obtained from qTM, qTT, and qTK are respectively plotted

n Figs. 3b, d, and f to examine whether or not [q3
TM/(�T N8)]

1/4
is the appropriate length scale. It is seen that the observational

ata converge toward the predicted curves respectively. Moreover, it is necessary to check the dependency of thickness H on

ach individual quantity. As shown in Fig. 4a, when the dependence of H/[G4(q3
T /�T )

1/4
] on N is fitted with the least squares
ethod, the fitted scaling is −1.94 ± 0.10 with a correlation coefficient of 0.97, which is very close to the proposed scaling
2 in the new model. As shown in Fig. 4b, the scaling between HN2�1/4

T /G4 and qT is fitted as 0.75 ± 0.03 with a correlation
oefficient of 0.98, which is close to the proposed scaling 3/4 too. Compared to the previous mixed layer parameteriza-
ions shown in Fig. 2, the new one provides more accurate predictions even though there exists some uncertainties in the
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Fig. 2. (a) Dependence of the compensation of observed thickness H/G1 on the length scale �T/N. G1 is a function of Pr and R� in Eq. (2) (Kelley, 1984). The
prediction by Kelley (1984) is plotted as a dashed line. (b) Dependence of the compensation of observed thickness H/G3 on the length scale qT /N3

s . G3 is a
function of R� in Eq. (5) (Fernando, 1989). The prediction by Fernando (1989) is plotted as a dashed line. Data Sources: Deep Arctic (Zhou and Lu, 2013) –
crosses; Upper Arctic 1 (BGOS, 2012) – solid circles; Upper Arctic 2 (Neshyba et al., 1971) – gray circles; Alpha ridge (Perkin and Lewis, 1984)– open circles;
Weddell Sea 1 (Middleton and Foster, 1980) – solid squares; Weddell Sea 2 (Muench et al., 1990) – gray squares; Lake Vanda (Shirtcliffe and Calhaem,

1968) – open squares; Atlantic II 1 (Anschutz and Blanc, 1996) – solid down-triangles; Atlantic II 2 (Swift et al., 2012) – open down-triangles; Bahamas II
(Larson and Gregg, 1983) – solid up-triangles; Lake Kivu 1 (Newman, 1976)– solid diamonds; and Lake Kivu 2 (Schmid et al., 2010) – open diamonds.

evaluation of heat related buoyancy flux qT. To summarize, based on these results from three different heat flux parameter-
izations, Eqs. (9) and (10a), the corresponding layer thicknesses H in Eq. (7) are respectively predicted to be

H = 8.09(R� − 1)2.08

(
q3

TM

�T N8

)1/4

, (11a)

H = 13.70(R� − 1)2.11

(
q3

TT

�T N8

)1/4

, (11b)

and

H = 12.78(R� − 1)1.81

(
q3

TK

�T N8

)1/4

. (11c)

Eq. (11) shows that H has slightly different scalings of R� due to the different heat flux parameterizations. As listed in Table 1,
it is found that the heat-related buoyancy fluxes qT estimated from different parameterizations are more or less consistent
with each other to most of the data. Therefore, the scaling uncertainty between H and R� is induced by the prediction
uncertainties by different heat flux parameterizations. Eq. (11) can be alternatively generalized as

H∼(R� − 1)2.0±0.20

(
q3

T

�T N8

)1/4

. (14)
Here it is indicted that H gets 0 when R� approaches 1. This is consistent with the theoretical prediction that the diffusive
convection becomes unstable and will disappear as the density ratio is less than or equals to 1 (Kelley et al., 2003).
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Fig. 3. (a) Dependence of the compensation of observed thickness H/[q3
TM

/(�T N8)]
1/4

on the stability ratio R� . qTM is based on the heat flux parameterization
of  Marmorino and Caldwell (1976) (Eq. (7)). G4 = 8.09(R� − 1)2.08 is plotted as a solid line. (b) Dependence of the compensation of observed thickness

H/[8.09(R� − 1)2.08] on the thickness scale [q3
TM

/(�T N8)]
1/4

. Equation (12a) is plotted as a solid line. (c) Dependence of H/[q3
TT

/(�T N8)]
1/4

on R� . qTT is based
on  the heat flux parameterization of Taylor (1988) (Eq. (8)). G4 = 13.70(R� − 1)2.11 is plotted as a solid line. (d) Dependence of H/[13.70(R� − 1)2.11] on

[

(
i

3

o

t
R
A

t
r
(
e
fl

q3
TT

/(�T N8)]
1/4

. Equation (12b) is plotted as a solid line. (e) Dependence of H/[q3
TK

/(�T N8)]
1/4

on R� . qTK is based on the heat flux parameterization of Kelley

1990) (Eq. (9)). G4 = 12.78(R� − 1)1.81 is plotted as a solid line. (f) Dependence of H/[12.78(R� − 1)1.81] on the thickness scale [q3
TK

/(�T N8)]
1/4

. Equation (12c)
s  plotted as a solid line. The representations of data sources are the same as those in Fig. 2a.

.4. Physics in the new model

We  attempt to understand the physics represented in the new model. In the sheared stratified environments, the vertical
verturn represents the large energy-containing eddies (Ozmidov, 1965). Based on the energy cascading of Kolmogorov’s

heory, the overturning length scale has a form of L = �Re� , here � = (�3/�)
1/4

is the Kolmogorov length scale and Re is the
eynolds number (Kolmogorov, 1941). With the dimensional argument, � is derived to be 3/4 in fully developed turbulence.

 number of the overturning length scales has been defined to characterize the dynamics of turbulence. The balance between

he buoyancy forces and the inertial forces is represented by the Ozmidov length scale, Lo = (�/N3)
1/2

, here � is the dissipation

ate, was proposed and it is often assumed to be a universal descriptor of the overturning scale (Ozmidov, 1965). Ivey et al.
2000) defined another length scale as Lv = (��)1/4/N to be relevant to weakly energetic stratified flows. While in highly
nergetic flows, the overturning scale was suggested to be Lp = (�/N)1/2 (Gargett, 1988; Barry et al., 2001). In the stratified
uid, the buoyancy Reynolds number Reb = �/(�N2) is commonly used to represent the intensity of turbulent flow. When Reb
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Fig. 4. (a) Dependence of the compensation of observed thickness H/[G4(q3
T
/�T )

1/4
] on buoyancy frequency N. The best fitting is plotted as a solid line with
the  scaling of −1.94. (b) Dependence of the compensation of observed thickness HN2�1/4
T

/G4 on heat-related buoyancy flux qT . The best fitting is plotted
as  a solid line with the scaling of 0.75. Results obtained from the heat related buoyancy flux qTM (Eq. (7)), qTT (Eq. (8)), and qTK (Eq. (9)) are plotted as open
circles,  open squares, and open triangles, respectively. The sources of data are the same as those in Fig. 2a.

is used in L = �Re�
b

, it is found that the overturning length scale Lp, Lv, and Lo can be obtained corresponding to � = 1/4, 1/2,
and 3/4 respectively. That is, the overturning length scale L has different forms at different flow conditions.

In the double diffusive convection, the turbulent flow is not directly driven by the shear instability, and one cannot expect
the scaling arguments in shear turbulence can be appropriately applied in the convective turbulence. Ruddick et al. (1997)
found that the dissipation rate � is almost equivalent to the buoyant flux q in the salt finger regime (St Laurent and Schmitt,
1999). When it is assumed that the heat buoyant flux qT is comparable with the dissipation rate � in the diffusive convection,
the intrinsic scale H0 of the layer thickness seems to be related to these overturning length scales. In the earlier models,

H0 = (�T/N)1/2 in the formula of Kelley (1984) can be written as H0 = Lp/Pr1/2 = �Re1/4
b

/Pr1/2, while H0 = (qT /N3)
1/2

in that

of Fernando (1989) is H0 = Lo = �Re3/4
b

. According to this argument, it seems that Ho can be regarded as the length scale of
an energy-containing eddy too. However, as shown in Fig. 2, the H0 representations in the earlier models cannot be applied

to the diffusive condition in the wide condition range. In the new model, the intrinsic length H0 = [q3
T /(�T N8)]

1/4
also has

a simple form that can be written as H0 = �RebPr1/4. Although it cannot connected with the available overturning length
scale in the sheared stratified turbulence, as shown in Figs. 3 and 4, this scale is the best descriptor of the thickness scale of
turbulence for diffusive convection. In other words, H0 = �RebPr1/4 provides another overturning length scale, which should
be considered in the turbulent flow of double diffusive convection.

The new model can be further understood by examining each quantity in Eq. (14). As qT is the heat-related buoyancy
flux across the convecting layer, larger qT can lead to the stronger coherent structures (plumes or thermals), as observed
in the Rayleigh–Bérnard convection (Zhou and Xia, 2002). These stronger structures would have more potential to thicken
the convecting layer. This is consistent with the relation of H∼q3/4

T in Eq. (14). N reflects the background stratification. As
proposed in linear stability analysis (Turner, 1973), stable stratification inhibits the onset of convective instability. Therefore,

it is apprehensible that H ∼ 1/N2 in the new model. R� reflects the competition between the stabilizing and destabilizing
effects. It is difficult to offer a reasonable explanation for the dependence of H on R� (H ∼ (R� − 1)2) in the new model. When
comparing Eqs. (6) with (14), it seems that R� in Eq. (14) plays the same role as Rac in Eq. (6). As discussed in Turner (1973),
Rac in the diffusive convection is different from the typical value (∼1000) in the thermal convection. This is confirmed in the
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ig. 5. The PDFs of the measured DC layer thickness (Hmeas) in the Amundsen Basin (black solid curve). The predicted DC layer thickness from the present
odel (Hnew), Kelley (1984)’s (HKelley) and Fernando (1989)’s (HFernando) formula is respectively plotted as black dash, gray dash and gray dotted curves.

ecent work, where Rac can reach 1011 depending on the local environment conditions (Zhou et al., 2014). In some sense, the
ew model (Eq. (14)) is a generalized representation of the convecting layer thickness and Eq. (6) from Turner (1968) can be
aken as its special case for the bottom one. Upon the discussion of the bottom convecting layer, Turner (1968) suggested
hat this layer reaches its maximum thickness when the advancing boundary layer becomes unstable, and then be broken
own to form a secondary convecting layer. Accordingly, it is expected that the dominating mechanism proposed by Turner
1968) can be applied to other convecting layers too. In each convecting layer, the layer thickness H is strongly related to the
hermodynamic process of its thermal boundary layer. H reaches a stable value when the thermal boundary layer forms a
ew convecting layer triggered by thermal instability. The process dominated by the convective instability mechanism, not
he other mechanisms (Kelley, 1984; Fernando, 1987), is mainly responsible for the stable thickness of a convecting layer.

.5. Application of the new model

The expression of new model (Eq. (14)) is obtained based on the empirical formulas of heat flux (Eqs. (9) and (10a)).
e would examine its applicability by using the other heat flux estimation totally different from Eqs. (9) and (10a). In

he diffusive convection, it is generally assumed that the molecular diffusivity plays a dominating role in the heat transfer
hrough the laminar interface (Newell, 1984; Kelley, 1990), which can be approximated as

Fmol = �cp�T

(
∂T

∂z

)
max

, (15)

here z is depth (positive downward), and (∂T/∂z)max is the maximum temperature gradient inside the interface, as shown
n Fig. 1b. In principle, Fmol through each interface can be used to represent the heat flux through the staircase because the
eat is transferred successively.

Here we use the high resolution hydrographical data measured by a microstructure profiler in the Amundsen Basin. A
etailed description of these data can be found in (Sirevaag and Fer, 2012). Briefly, the data were collected between 18
nd 25 April 2008 as an ice floe drifted from (88.4 N, 7.7 E) to (88.0 N, 5.3 W).  The conductivity, temperature, depth were
ampled at 1024 Hz and were averaged to 256 Hz to reduce noise. The falling speed of the instrument was  0.6 ms−1, which
orresponds to the vertical resolution of 2.5 mm;  however, the time response and smoothing by the thermistor leads to an
ffective vertical resolution of approximately 2 cm.  Of the total 213 profiles we use 169 profiles which covered the entire
ertical extent of the staircase. The persistent DC staircases were observed in the depth range 200–260 m,  as shown in
ig. 1a. The layer thickness is of the order of 1 m.  In total, 717 staircases were collected for statistical analysis. Probability
istribution function (PDF) of the measured layer thickness, Hmeas, is shown in Fig. 5. Hmeas varies from 0.5 to 14 m with the
edian value of 1.26 m,  which is consistent with the value in (Sirevaag and Fer, 2012). The layer thicknesses predicted from

he new model (Eq. (14)), Hnew, and the earlier models are also shown in Fig. 5 for comparison. Note that qT is obtained from
q. (15) with the temperature gradient (∂T/∂z)max determined over a depth range of 2.5 cm (Fig. 1b). Fig. 5 indicates that
new largely overlaps with Hmeas with the median of 1.45 m.  There are discrepancies between the predictions from Kelley

1984) and Fernando (1989)’s formula with the measured layer thickness, the median values of which are respectively 2.22
nd 0.36 m.
. Conclusions

In summary, a new parameterization is proposed to predict the convecting layer thickness H in diffusive convection. In this
arameterization, the layer thickness is expected to be affected by the background stratification (N), the heat buoyant flux



96 S.-Q. Zhou et al. / Dynamics of Atmospheres and Oceans 73 (2016) 87–97

through individual layer (qT), the competition between the salinity restoring force and the thermal buoyancy (R�), and fluid

properties, which promote us to construct an intrinsic thickness scale H0 (H0 = [q3
T /(�T N8)]

1/4
). Based on the dimensional

argument, H0 can be regarded as the scale of an energy-containing eddy and it is alternatively represented as H0 = �RebPr1/4.
By using in situ observations under a wide range of conditions in oceans and lakes, where the buoyancy frequency N varies
between 10−4 and 0.1 s−1 and the heat buoyancy flux qT varies between 10−12 and 10−7 m2 s−3, it is found that the layer
thickness H depends on the stability ratio R� and the intrinsic thickness scale H0 with the form of H ∼ (R� − 1)2H0. In the
laboratory work of Turner (1968), he proposed that the bottom convecting layer reach its stable thickness when its top
boundary develops to be a new convecting layer. This convective instability mechanism can be used to explain the thickness
of other convecting layers. To each convecting layer, its thermal boundary layer is trigged to be a new secondary convecting
layer, this thermodynamic process stops the growth of the original convecting layer and makes it keep a stable thickness. It is
expected that the new model should be a generalized representation of the convecting layer thickness and it can be applied
in an even wider range of conditions, such as the evolution of diffusive convection in massive stars (Merryfield, 1995) and
giant planets (Chabrier and Baraffe, 2007).
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