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A CONTINUOUS DEPENDENCE RESULT FOR
NONLINEAR DEGENERATE PARABOLIC EQUATIONS
WITH SPATIALLY DEPENDENT FLUX FUNCTION

STEINAR EVJE, KENNETH HVISTENDAHL KARLSEN, AND NILS HENRIK RISEBRO

ABSTRACT. We study entropy solutions of nonlinear degenerate parabolic equations of
form u; + div(k(z) f(u)) = AA(u), where k(z) is a vector-valued function and f(u), A(u)
are scalar functions. We prove a result concerning the continuous dependence on the initial
data, the flux function k(z) f(u), and the diffusion function A(u). This paper complements
previous work [7] by two of the authors, which contained a continuous dependence result
concerning the initial data and the flux function k(z)f(u).

1. INTRODUCTION

In this paper we are concerned with entropy solutions of the initial value problem
(1.1) up + div(k(z) f(v)) = AA(uw), u(z,0) = uo(z)

for (z,t) € I = R? x (0,T) with T > 0 fixed. In (1.1), u(z,t) is the scalar unknown
function that is sought, k(z)f(u) is the flux function, and A = A(u) is the diffusion
function. We always assume that k: R - R, f: R —» R, and A : R — R satisfy

loc

12) k € Wier (RY); k,divk € L*(R%); f € Lipioc(R); £(0) = 0;
: A € Lipjc(R) and A(-) is nondecreasing with A(0) = 0.

Since A'(-) is allowed to be zero on an interval [a, §] (the scalar conservation law is a
special case of (1.1)), solutions may become discontinuous in finite time even with a smooth
initial function. Consequently, one needs to interpret (1.1) in the weak sense. However,
weak solutions are in general not uniquely determined by their initial data and an entropy
condition must be imposed to single out the physically correct solution.

Definition 1.1. A measurable function u = u(z,t) is an entropy solution of (1.1) if

D.1 u € L'(Ily) N L®(IIr) N C(0, T; L' (RY)) and A(u) € L2(0, T; H(R%)).

Date: May 31, 2000.
Key words and phrases. nonlinear degenerate parabolic equation, spatially dependent flux function,
entropy solution, continuous dependence.
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2 EVJE, KARLSEN, AND RISEBRO

D.2 For all c € R and all non-negative test functions in Cg° (1),

//<|u — c|é; + sign (u — ¢) k(z) (f(u) - f(c)) Vo + |A(u) — A(c)|Ag
(1.3) IIr

— sign (u — ¢) divk(x)f(c)qb) didg = 0.

D.3 Essentially ast ] 0, |lu(-,t) — uo(2)||pr ey — O-
Following Kruzkov [9] and the recent work of Carrillo [3], two of the authors proved in
[7] a uniqueness result for entropy solutions of the more general equation

(1.4) ug +divf(z,t,u) = AA(u) + g(z, t,u),

where the flux function f = f(z,t,u) may have a non-smooth spatial dependence, see [7]
for the precise assumptions on f and g in (1.4). Moreover, in the L>=(0, T; BV (R?)) class of
entropy solutions, the authors of [7] proved continuous dependence on the initial function
ug and flux function in the case f(z,t,u) = k(z)f(u). However, in [7] the question of
continuous dependence with respect to the diffusion function A was left open. Recently,
Cockburn and Gripenberg [4] have obtained such a result when k(z) = 1. Their result
does not, however, imply uniqueness of the entropy solution (from reasons that will become
apparent later). Let us also mention that results regarding continuous dependence on the
flux function in scalar conservation laws (A’ = 0) have been obtained in [11, 1, 8].

The purpose of the present paper is to combine the ideas in [7] with those in [4] and
prove a version of Theorem 1.3 in [7] which also includes continuous dependence on the
diffusion function A. To state our continuous dependence result, let us introduce

(1.5 vy + div(I(z)g(v)) = AB(v), v(z,0) = vo(z).
We assume that [ : R - R, ¢ : R = R, and B : R — R satisfy the same conditions as

k, f, A, see (1.2). We now state our main result:

Theorem 1.1. Let v,u € L=(0,T; BV (RY)) be the unique entropy solutions of (1.5), (1.1)
with initial data vo,ue € L*(R?) N L®(RY) N BV (R?), respectively. Suppose that v, u take
values in in the closed interval I C R and define Vi, = sup,e(o7) [v(+t)|py(re). Suppose
k € Lip(R?) and divk € BV (R?). Then for almost all t € (0,T),

lv(-,8) = u(-, t) || ey < [Jvo — uoll 1 gey
(1.6) e CCOnvt<”l i kHL“’(Rd) + |1 - leV(Rd) +[lg = fHL°°(1) e = fHLip(I)>
+ Cpifr \/EH\/B’ = VA”
for some constants Cconv, Cpii- Here Ccony depends on Vi, ]|k||Lm(Rd), |k By (Re) 9!l zo (1)

l9llLipry and Coig depends on Vi, ||kl Lipre), [divE| gy (mey, [|gllLeo(r)s [|9]lLipr).  The explicit
form of the constants Ccony, Cpit can be traced from the proof of Theorem 1.1.

We remark that existence of BV (Il7) entropy solutions of (1.1) (or (1.4)) can be proved
by the vanishing viscosity method provided f, A, ¢, uo are sufficiently smooth, see Vo’lpert

Leo(n)’
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DEGENERATE PARABOLIC EQUATIONS 3

and Hudjaev [13]. Existence of L*®(0,T; BV (R?)) entropy solutions of (1.1) is guaranteed
if divk € BV (R?). This follows from the results obtained by Karlsen and Risebro [6], who
proved convergence of finite difference schemes for degenerate parabolic equations with
rough coefficients. For an overview of the literature dealing with numerical methods for
approximating entropy solutions of degenerate parabolic equations, we refer to [5]. In this
connection, we should mention that the arguments used to prove Theorem 1.1 can be used
to prove error estimates for numerical methods. This will be discussed elsewhere.

For later use, we mention that the results in [6] can be used to prove the existence of
L>®(0,T; BV (R?)) entropy solutions of (1.1) by the vanishing viscosity method. To this
end, consider the uniformly parabolic problem

(1.2 uff + div(k(z) f(u*)) = AA(u") + pAut, e () =t )

for © > 0. Provided k, f, A, uo are sufficiently smooth, it is well known that there exists
a unique classical (and hence entropy) solution of (1.7) which possesses all the continuous
derivatives occurring in the partial differential equation in (1.7). Using the space and
time translation estimates derived in [6], it is not difficult to show that u* converges in
LL (Tl7) as p | 0 to an entropy solution u of (1.1) (see also Vo’lpert and Hudjaev [13]).
Convergence of the viscosity method and smoothness of the solution u* of (1.7) will be used
in the proof of Theorem 1.1. Finally, to relax the smoothness assumptions on k, f, A, ug
needed by the vanishing viscosity method to those actually required by Theorem 1.1, one
can approximate k, f, 4, ug by smoother functions and then use Theorem 1.1 to pass to
the limit as the smoothing parameter tends to zero. We will not go into further details
about this limiting operation but instead leave this as an exercise for the interested reader.
Also, in this paper we have exclusively treated the initial value problem but it is possible
to treat various initial-boundary value problems. For some work in this direction, we refer
to Biirger, Evje, and Karlsen [2] and Rouvre and Gagneux [12].

Before ending this section, we present an immediate corollary of Theorem 1.1 concerning
the convergence rate of the viscosity method.

Corollary 1.1. Let u € L*(0,T; BV(R?)) be the unique entropy solution of (1.1) with
initial data uy € L'(R?) N L®(R?) N BV (R?Y) and let u* be the corresponding viscous
approzimation of u, i.e., ut is the unique classical solution of (1.7). Suppose k € Lip(R?)
and divk € BV (RY). Then for almost all t € (0,T),

(1.8) lu(,t) — v, )l wey < Cv/n,

for some non-negative constant C.

The remaining part of this paper is devoted to proving Theorem 1.1.

2. SOME PRELIMINARIES

Let u be an entropy solution of (1.1). It easy to see from Definition 1.1 that the equality

f2:1) // <u<i>t o [k(a:)f(u) - VA(u)] . VQS) dide =10
1t



P ) Soasgiabang) | 2
BT 1o Toosg edd i -

B X 3 s B e
iddoovag oids ae dagil sds
sy woitioall sids Jvodis.,
M o e wid ad Odh

v ‘gﬁqﬁu ‘Am M mj‘r' wﬂai m Y
w*d:z’ﬁy il Gk g8 b1 e
2ufld m ?ﬂww aonoe Wi ikt ‘,mﬁv' iiataidtal Apoliey 1809 B3

R Rt th‘? Bl ru,zu.[ﬂ“ﬂmfmﬁ b iy owid o8
gqsﬁwt&*mw*rul I.hYLJ'lcYJi*iF T J{;’JMLHM 9H,muum A4ty Hia. iszAm,imxhw gy gl ﬂo]ﬂﬂ

: mnlumg y,lmqwﬁﬁ ‘x!h 1) Wi Son9sTev ans mi:t

At (L \:ﬂ' mﬁuﬁw qﬂﬁm mmwr ‘vﬁ 98! ;1 ,&.l” Ju X, Wl isd 1.0 ymilooD

At S M‘ﬂd&hﬁ@w?wn SLW f\é "y, obeliing ".51% R i Mﬂ ﬂﬂ f“’fd”’ 3 st pind lorfim

“‘ﬂ}ﬂis‘l A S‘M&Hw (Lf) gv- NOsoR ;.wwﬂj tukm'm TR ko mnn'ﬂmﬂqu

R ¥k hm%’fvfnl'z‘hﬁ T ;‘!) 5 % dvih bl

‘Ih clwwlu\
e Bm y

h 4 :ﬁ,'\v"»-"»:"" ”:-'lﬂ';.IM ) "?'“"‘-‘: i m”m% e [)
! : ‘ ! "i “&lﬂ"r 00 HoFLBEER-IoN Simng R
1 1 mmcmf‘l“ b 151 4l43p 30 [ERE) w-am*r*)b )i ‘;m&dﬂ 10 sy mtinimeors ol

i

ey ;@Ammﬁﬂ“ awdp r

iﬁm@mﬂtﬂmt o8 Wm‘ seend ~rah 3 (!,ngmnmmulm it it ad a dod

nmmfw mw«wmﬂﬂm)\\ REDENTY

. uuhﬂ)aﬁ' _i.:-‘

B




4 EVJE, KARLSEN, AND RISEBRO

holds for all ¢ € L2(0,T; H}(RY)) N WLL(0,T; L®(R?)). Let (-, -) denote the usual pairing
between H~!(R?) and H}(R?). From (2.1), we conclude that d,u € L%(0,T; H *(R%)), so
that the equality (2.1) can restated as

(2.2) - /OT (Oyu, @) dt + //([k(x)f(u) - VA(U)] . Vqﬁ) dtdz = 0

for all ¢ € L2(0,T; H} (R)) NnWL1(0,T; L°(R%)). The fact that an entropy solution u sat-
isfies (2.2) is important for the uniqueness proof [3, 7). We recall that after the recent work
of Carrillo [3], the uniquness proof for entropy solutions of degenerate parabolic equations
has become very similar to the “doubling of variables” proof introduced by Kruzkov [9]
many years ago for first order hyperbolic equations. However, to apply the “doubling of
variables” device to second order equations, one needs a version of an important lemma
stated and proved first in [3]. This lemma indentifies a certain entropy dissipation term
that must be taken into account if the “doubling device” is going to work.
Before stating this lemma, we need to introduce some notation. For € > 0, set

=18 el
sign T =oA f ER a 2
1 7E s

Moreover, we let A= : R — R denote the unique left-continuous function satisfying
A7Y(A(u)) = uforallu € R. By E we denote theset E = {r : A7!() discontinuous at r}.
Note that E is associated with the set of points {u : A'(u) = 0} at which the operator
u+— AA(u) is degenerate elliptic. We can now state following lemma:

Lemma 2.1 ([7]). Let u be an entropy solution of (1.1). Then, for any non-negative
¢ € CP(Ilr) and any c € R such that A(c) ¢ E, we have

(2.3)
[ (1 = clo + sign (w - o) [k(@)(£(w) - 7(6)) - VA@)] - 96

— sign (u — ¢) divk(x)f(c)d)) ditdo— 15%1 //|VA(u)\2sign; (A(u) — A(c)) ¢ dt da.

Note that if (1.1) is uniformly parabolic (A’ > 0), then the set E is empty and a weak
solution is automatically an entropy solution. The idea of the proof of Lemma 2.1 is to use
[sign, (A(u) — A(c)) ¢] € L*(0,T; Hj(R)) as a test function in (2.2) together with a “weak
chain rule” to deal with the time derivative and subsequently sending £ | 0. We refer to
[7] for details on the proof of Lemma 2.1 (see Carrillo [3] when k(z) = 1).

Although the identification of the entropy dissipation term (i.e., the right-hand side of
(2.3)) is the cornerstone of the uniqueness proof as well as the proof of continuous depen-
dence on the flux function k(z)f(u), it seems difficult to obtain continuous dependence on
the diffusion function A(u) with this form of the dissipation term. However, it is possible
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DEGENERATE PARABOLIC EQUATIONS 5

to derive a version of (2.3) in which a different (form of the) entropy dissipation term ap-
pears. But this seems possible only if u is smooth or at least belongs to L*(0,T; H(R?)).
Consequently, Theorem 1.1 does not yield uniqueness of the entropy solution.

Provided (1.1) is unformly parabolic and hence admits a unique classical solution, the
following version of Lemma 2.1 holds:

Lemma 2.2. Suppose (1.1) is uniformly parabolic (i.e., A" > 0). Let u be a classical
solution of (1.1). Then, for any non-negative ¢ € C§°(Ily) and any ¢ € R, we have

// u—clqﬁt &gn(u—c)[k( )(f() f(c))—VA(u)]-qu
PINE

(2.4)
— sign (u — ¢) divk(z) f(c)p dtdxwhm//A' ]Vu‘ sign, (u — ¢) ¢ dt dz.

€l0

This lemma can proved by using [sign, (u — ¢) ¢ as a test function (this is indeed a test
function since u is smooth!) in (2.2) and then sending € | 0. The proof of Lemma 2.2
is similar to the proof of Lemma 2.1 and it is therefore omitted. Notice the difference
between the entropy dissipation terms in (2.3) and (2.4).

3. PROOF OF THEOREM 1.1

We are now interested in estimating the L' difference between the entropy solution v of
(1.5) and the entropy solution u of (1.1). In view of the discussion in Section 1, we will
prove Theorem 1.1 under the assumption that B, A" > 0 so that (1.5) and (1.1) become
uniformly parabolic problems and therefore admit unique classical solutions. To treat the
degenerate parabolic case (B’, A’ > 0), we proceed via the vanishing viscosity method,
i.e., we replace AA(u) and AB(v) in (1.1) and (1.5) by AA(u) + nAu and AB(v) + nAv,
respectively, and then send 7 | 0.

The argument given below is based on Lemma 2.2 and Kruzkov’s idea of doubling the
number of dependent variables together with a penalization procedure. Moreover, it is
inspired by Carrillo [3] and Cockburn and Gripenberg [4]. Strictly speaking, we could have
carried out the argument below under the assumptions that the (entropy) solutions v, u
belong to L?(0,T; H'(R?)), i.e., v,u need not be (entirely!) classical solutions.

Following [9, 10], we now specify a non-negative test function ¢ € C§°(Ilr x IIr). To this
end, introduce a nonnegative function § € C§°(R) which satisfies §(0) = §(—0), 6(c) =0
for |o| > 1, and [, é6(¢0)do = 1. For py > 0, let 5,,0( = ;166(56). Pick two (arbitrary but
fixed) Lebesgue points v,7 € (0,T) of [[v(-,?) — u(:, 1) 11 ge)-

For any ap € (0, min(v,T — 7)), let Wy, (t) = Hoo(t — v) — Hao(t — 7), where Hy, (t) =
fioo a0 (5) ds. We then define ¢ = ¢(z,t,y, s) by

(31) d)(zv tv Y, 8) i W/ao(t)50<$ 5 y)6ﬂ0 (t e 5)7 Py Po > 0.
Observe that ¢; + ¢5 = [5ao(t — V) = oo (t = 7)]6,(z — y)8,,(t — s) and V¢ + V6 = 0.
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6 EVJE, KARLSEN, AND RISEBRO

Applying Lemma 2.2 with v = v(z,t) and ¢ = u(y, s) and then integrating the resulting
equation with respect to (y, s) € Iy, we get

— /// (}v — u|¢; + sign (v — u) [I(z)(g(v) — g(u)) — VoB(v)] - Vi¢
HTXHT
(4.2 — sign (v — u) divd(m)g(u)qﬁ) dt dz ds dy
=— hg)l //// B’(U)IVIUIQSign'E (v —u) ¢pdtdrdsdy.
HT XHT
Similarly, applying Lemma 2.2 with u = u(y, s) and ¢ = v(z,t) and then integrating the
resulting equation with respect to (z,t) € Ilr, we get
= [[]] (1u = vl +sien (w=0) @) (@) = 10) = VyAw)] - V0
HTXHT
(3.3) — sign (u — v) div,k(y) f(v)gb) dt dz ds dy
=— lig)l //// A'(u)]Vyu‘Qsign'E (u—v)¢dtdzdsdy.
HTXHT

Following [7] when adding (3.2) and (3.3), we get

//// v — u|(8: + ¢5) + Loony — I}DIH) dt dz ds dy

HTXHT

— —lgfgl//// (B'(v)‘Vzvl2 + A'(u)lvyuf)sign'g (v —u) ¢dtdrdsdy,

(3.4) = —lim /7//((\/5'@%@ o \/vau)2

+2+y/B'(v)\/A'(u)V 0 - Vyu> sign. (v — u) ¢ dt dz ds dy,

it —lgig)l////fl%iﬁdtdxdsdy,
I xIIp
where
Toans = sign (v = w) (div, [ (k) () ~ 1a)g(w)8] ~ div, [((2)o(v) — k()7 ())4]),
I = sign (v — @) V.Blv) - Va0 + sign (v — ¢V Alu) - V0,

i = (2\/ B'(v) A (u)Vgv - Vyu) sign. (v — u) @.
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DEGENERATE PARABOLIC EQUATIONS

By the triangle inequality, we get

_////‘U(I’t) —u(y,s)|(¢: + ¢,) dtdzdsdy < I + R' + R",

Or xIlr

where

el /// (g, £) = 1, ] [Bao (t = ) = Bao (& = 7)]60(& = 1)8p0 (¢t — 5) dt d ds dy,

Rl = — /T/X/T/ [u(y, t) — u(y, 8)|[bao (t — ) — b0 (t — 7)]6,(z — y)8,, (t — 5) dt dz ds dy,
R* = — //// [v(z,t) = v(y, )| [Bae(t = V) = Gae(t = T)]6,5(x — )6, (t — s) dt dz ds dy.

It is fairly easy to see that lim,, ;o R = 0 and

lim R = | (Io(e,7) = 0(07)| = [o(e.2) = o(w.0)] )y (a = v) o

ap0

< 2p sup |v(:,t)|Bve),
te(v,T)

lim I = fJo(-, 7) = u(,7llzsge) — [0(0) = u(, ) s
a0l0
We therefore get the following approximation inequality

et o) = U('vT)”Ll(Rd)

25, :
) < (-, v) = ul-, V)| ey + 20 sup |v(-,t)|py(rey + lim (ECOHV -+ EDiﬂ)a
te(v,T) @0,p040

where

EConv =5 //// IConv dtdz ds dya

HTXHT

Epig = — //// 1113iff dtdx dsdy — hgl//// Il%iff ThE 0HE 1S (0] = Ell)iﬁ — E%iﬁ.

HTXHT HTXHT
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8 EVJE, KARLSEN, AND RISEBRO

Observe that

o hm////QV /SIgn \/A’—d§>\/—Vv¢dtdxdsdy

My xIr
=1gig1////2(/ sign’. (v — €) /A(€) d§>\/B’ VUV, e dt dz ds dy
My x Iy
S0 = _IE%IH/T/XZT/2</ sign, ( \/A’—df)\/B’_V vVodtdz ds dy
= //// 2sign (v — u) v/B'(v)\/A'(v) Vv V¢ dt dz ds dy.

nTXHT

Writing sign (u — v) V,A(u) = Vy|A(u) - A(v)| and using integration parts twice as well
as the relation A,¢ = Ay¢, one can easily show that

//// sign (u — ) VyA(u) - Vy¢ di dz ds dy

HTXHT

— //// sign (v — u) V,A(v) - V.o dt dz ds dy.

HTXHT

2d

From (3.6), (3.7), and ||V.d,(z y)HLl(Rd) = £ we get
(3.8)
limEDiff
apl0 :
g—li%////sign(v—u B'(v) + A'(v) — 24/B'(v)\/A'(v )V vVeddtdrdsdy
; HTXHT
2
- lirg) ////(JB/(U) - \/A’(U)> }va’ ‘Vzép(m - y)[WaO(t)épo(t — s)dtdz dsdy
Y HTXHT
< (r=2) sup ol Olavien [ VEW - VAG,_ .

te(v,7)
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DEGENERATE PARABOLIC EQUATIONS 9

Arguing exactly as in [7], one can prove that

Beon = | [ [ (sign (0= ) [avyb(0) (£(0) = 9(0)) = (Avyty) — divat(a)) g(v)]

HTXHT

+ (k(y) = U(z)) - VoGl(v,u) + k(y) - Vz(F(v,u)~G(v,u))>d)dtdxdsdy

//// sign (v — u) [divyk(y) (f(v) = g(v)) = (divek(z) — divel(z))g(v)]

(3.9) + (k(z) = U(z)) - VoG(v, u) + k(y) - VI(F(U,U)—G(v,u)))qbdtdmdsdy
//// sign (v — u) (divgk(z) — divyk(y))g(v)¢ dt dz ds dy
== //// sign (v — u) (k(y) — k(z)) - VoG (v, u)¢ dt dv ds dy

el 2 3
e EConv o EConv i EConv'

Following [7], we derive the estimate

Tt B

alorf(l) Conv
3.10) e V)(HQHLip sup v, )| pvre) |k = Ul peoma) + |9llzeo(n) |k — U v mey
( 4 te(v,)

+ |klgvwe) | f = gllzeoy + |kllzooey sup [v(, )|BV(Rd)Hf—9“Lip(1))-

te(v,r)

Taking into account divk € BV (R?¢) and k € Lip(R%), it is easy to show that

(3.11) BOTE) Eony < |divk|py@allgllen(t = v)p,
(3.12) 1ior¢r(l) Wi 1%l Lip@ey |9l Lin(r) tS(UP) lv(-, )| By ey (T = V).
o E(v,T

Inserting (3.8), (3.10), (3.11), and (3.12) into (3.5), minimizing the result with respect to
p > 0, and subsequently sending v | 0, we get (1.6). This concludes the proof of Theorem
1.1 when B’; A" > 0. Note that (1.6) does not depend on the smoothness of v,u. Hence
the proof in the general case B', A’ > 0 can proceed via the L! convergence of the viscosity
method (see Section 1).
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