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SPACE DECOMPOSITION METHODS
FOR NONSYMMETRIC PARABOLIC PROBLEMS

@YSTEIN ROGNES AND XUE-CHENG TAI

ABSTRACT. A convergence proof for general space decomposition techniques
applied to an abstract non-symmetric parabolic equation is given. One of the
main concerns is to give a unified convergence analysis for domain decomposi-
tion and multigrid methods for parabolic problems. The analysis is also valid
for non-symmetric problems. For second order parabolic problems, the con-
vection can dominate the diffusion. The algorithms can be applied to domain
decomposition methods with or without the coarse mesh. For applications
to multigrid methods, the coarsest mesh does not need to be very coarse. A
relation between the coarse mesh size and the time step is needed to get a
convergence rate independent of the mesh. The number of iterations at each
time step for the algorithms is also estimated. Some numerical experiments
are presented for domain decomposition methods with minimum overlap which
support the theoretical predictions. The algorithms are able to capture the
sharp traveling shocks for convection dominated problems.

1. INTRODUCTION

In this paper we will use a space decomposition method for an abstract parabolic
problem:

<%1Z‘,'U> + ea(u,v) + b(u,v) = (f,v), Vo € M,
(1)

’LL(O) =ug € H.

Above, H is a Hilbert space, a(u,v) is a bounded, bilinear, symmetrical form on a
Hilbert space V, b(u,v) is generally a non-symmetric and bounded, bilinear form
on the same Hilbert space V, and € is a positive constant, possibly small. A space
decomposition method refers to techniques that decompose the Hilbert space V into
a sum of subspaces, i.e

Y=yl ), (2)

The above decomposition means that Vv € V, Jv; € V; (may not be unique) such
that v = 27;1 v;. Domain decomposition and multilevel methods have been inten-
sively studied as iterative methods for elliptic problems. Both methods are powerful
for symmetric and certain non-symmetric stationary problems. Developments by
Xu [32] establish a unified theory for iterative preconditioners in an elegant frame-
work of space decomposition, see also [21, 22, 25, 24, 27, 26]. This framework
includes domain decomposition and multigrid/multilevel methods. In this work,
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2 ROGNES AND TAI

we shall use this general frame to analyze iterative solvers for time dependent prob-
lems.

In Tai and Espedal [25, 24] a space decomposition iterative procedure was pro-
posed for a class of nonlinear elliptic problems with focus on the analysis of subdo-
main solvers, rather than viewing it as a preconditioning method. To use these de-
composition techniques for parabolic problems, there are basically two approaches.
First, one could use a time-stepping scheme to discretize the time variable. Then
at each time level an elliptic perturbed problem needs to be solved by using the
space decomposition techniques. This approach was used for domain decompo-
sition in the pioneering work of Lions [16] and recent advances have been made
by Cai [3, 4], Dryja [12], Cai and Sarkis [6], Ewing, Lazarov, Pasciak and Vas-
silevski [14], Mathew, Polyakov, Russo, and Wang [17] and Tai [23], etc. Second,
one could integrate the space decomposition with the time-stepping. This would
give a "blockwise implicit” time-stepping scheme. For overlapping domain decom-
position this approach have been used by Blum, Lisky and Rannacher [2] and
Rannacher [18]. For non-overlapping domain decomposition, it has been used by
Dawson, Du and Dupont [10] and Dawson and Dupont [11]. In this paper we will
use the first approach.

The main concern of this work is to give a unified convergence analysis for both
domain decomposition and multigrid methods for parabolic problems. One of the
difficulties with the analysis is that the problems may be non-symmetric. This
difficulty has been studied for elliptic problems in [3, 5, 7, 8, 29, 28, 31]. For time
dependent problems, very few works have been done in this direction. The tool used
in our analysis is the space decomposition and subspace correction approach which
is different from the earlier approaches for the elliptic problems. It is known that a
coarse mesh may not be necessary for domain decomposition method for parabolic
problems when the time step or the diffusion coefficient is small. Our analysis gives
an indication about when the coarse mesh may be needed and how the coarse mesh
can help to improve the convergence rate. For applications to multigrid methods
for parabolic problems, the analysis shows that the coarsest mesh in the multigrid
methods does not need to be of the size O(1), which is often required for elliptic
problems. In fact, the coarsest mesh size only needs to be of order O(y/7) in order
to get a convergence rate that is independent of the mesh sizes and the time step
for second order parabolic problems. Another concern of the analysis is the number
of iterations that is necessary at each time step. It is shown that only O(|log(7)])
steps of iterations are needed for domain decomposition and multigrid methods.

The error analysis is valid even for the case when the parameter € is very small. In
case that € = 0, we will produce the same algorithm as in [30] for purely hyperbolic
problems in applications to domain decomposition methods.

The analysis and the algorithms are given for a general abstract parabolic equa-
tion, hoping that they can be applied to different kind of problems. The analysis
and the algorithms are applicable to some fourth order problems. However, the
decomposition of the finite element spaces and the estimations for the constants
CL,Cv,Cx,C1,C3 and Cs ( c.f. (3) and (4)) will become more involved.

The paper is organized as follows. The conditions that are needed for the abstract
equation (1) and the decomposed subspaces are stated in section 2. In section 3,
the algorithms are formulated for a general space decomposition for the abstract
parabolic equation (1). The convergence rate estimates for the iterative solvers
at each time level are given for the algorithms in section 4. In addition, we also
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estimate the number of iterations that is needed at each time step. In section
5, we apply the algorithms and the error analysis to domain decomposition and
multigrid methods for second order parabolic problems where the convection can
be dominating. The constants needed for the error analysis are analyzed for domain
decomposition and multigrid methods. In section 6, some numerical experiments
are presented for domain decomposition methods which support the theoretical
predictions. Minimum overlap is used. The algorithms are able to capture the
sharp traveling shocks for convection dominated problems.

2. PRELIMINARIES

We consider the abstract parabolic problem (1). Above, and also later, (,-)
denotes the inner product (-, -)# of the Hilbert space H, into which the Hilbert space
V can be embedded. The bilinear form a(-,-) is symmetric, bounded and positive
definite in the Hilbert space V. Correspondingly, we define the inner product and
norm for V as:

(u’ U)V i a(u7 U)v VU, S Va

and

llully, = Va(u,u), YueV.

The bilinear form b(-, -) is in general non-symmetric, and has the following prop-
erty: 3o > 0 such that

|b(u,v)| < alully, vl Yu,v € V.

For the space decomposition (2), we assume that there exist constants Cr,Cy, Cy >
0 with the following properties:

m
Yo € V: Ju; € V; such that v = Z v;, and
i=1
m
2 2
> vz < Cr vl (3)
i=1
- 2
wl? < Cu ol + Cv l|vll3) -
flvs ]
o=

For general space decomposition, one can always find such constants, see Lions [16,
p.7). In practical applications, the space should be decomposed such that the
constants Cr,, Cy and Cy are suitable for the proposed iterative schemes, see section
6.
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In addition we assume that there exist constants Cp,Ca,Cs such that for all
u; € V; and v; € V; we have

m m m 12 [ m e
> lwiv)l < (Z ||ui||3{> Dol | s
=l = i=1 =il
1) 1/2
ZZ Ja(ui; v5)] < Cs (Z nulnv> Dol | (4
17/2

m m 1/2 m
3wt < (Std) (St

i=1 j=1

Later in §5, it will be shown that the well-known domain decomposition and multi-
grid methods can be regarded as space decomposition techniques and the assump-
tions (3) and (4) are satisfied.

3. THE ALGORITHMS

After doing the decomposition of the space, we can search for a solution in each
subspace V; iteratively, and in the limit the sum of the solutions in the subspaces
will converge to the solution of the original problem. The following algorithm is a
combination of this space decomposition with the Euler time-discretization.
Algorithm 1. (Additive Fuler space decomposition)

Step 1. Set u® = ug, and choose a; such that 0 < a < a; <1 and Z:n:l Crat—ile
k
Step 2. At time level n, for k =1,2,--- ,s, do: for each k, compute u?+s in parallel
£ iz
oINS i selthiat u?+’ e V; and

n+-’“—
us =t s S fn
<4,vi> + €ea <ui+5,vi) +b(ui+“,vi) = (f"‘*’l,vi), Yv; € V;. (5)

T

and set

Ui k

k n+=

yPhe = E Tl B
i=1

Step 3. Go to the next time level.

In the above algorithm, 7 is the time step, f™*! = f((n + 1)7) € H, subscript 4
refers to the number for the subspace V;, n indicates the time level, s is the number
of space decomposition iteration that is performed at each time step and k is the
counter for the space decomposition iteration. If s = 1, then it is a one-step space
decomposition algorithm.

In algorithm 1, we are using the damped Jacobi method for the space decompo-
sition. If we use the Gauss-Seidel method, the following algorithm is obtained:

Algorithm 2. (Multiplicative- Euler-Space-decomposition)
Step 1. Set u2, = up.



k=1

k
Step 2. At time level n, for k = 1,2,--- s, do: for each k, set ug+? =um * and
k
compute u?—h’ sequentially for i = 1,2,--- ,m such that u?+§ - u?jlf eV
and
un+§ = " k k
(%,m) + €a (u?+?,vi) +b (u?+?,vi) ST ) i Vose Yk (6)

nt+k

Step 3. Set Rl = e and go to the next time level.

k=s
For this algorithm, the subproblems need to be computed sequentially. However,

by decomposing the space properly, see section 6, each of the subproblems can be
computed by parallel processors.

4. ERROR ANALYSIS

4.1. Global stability. Now, we start to estimate the error between the space de-
composition solution and the true solution. In particular, we shall analyze how
large s should be in order to retain the same accuracy as the global Euler scheme.
In order to simplify the error analysis, we shall compare the space decomposition
solution with the standard Euler scheme solution V"*! of:

(Vn+1 — VAR
({0
VO = UgQ.

,v> Fea (VL Vb ) SRR 0 e, 7)

For the sake of analysis we define a T7-dependent norm:
2 2 2
lully, = lullz + Tellully, = (v,v) + Tea(u, w).

In order to guarantee that the Euler scheme is stable, we need the bilinear form
ea(u,u) +b(u, u) to be positive. This can be guaranteed if e is relatively larger than
0. But we want to consider cases where € is small, independent of the size of 0. To
ensure the positiveness it is therefore necessary, as in works by Johnson, Navert and
Pitkiiranta [15], Rannacher and Zhou [19], Barrett and Morton [1], etc., to assume
that

b(u,u) >0, Yuel. (8)

Throughout the rest of this section, we shall assume that (8) is valid. With this
condition, the global Euler Scheme has the following convergence estimate:

Theorem 3. . Let the solution u(t) of (1) be in W2>=([0,T],V), and
F € Who([0,T), ). Then

”u,(tn+1) - V"“Haf < O, 9)
where C does not depend on €, T and n.

In the literature, the convergence of the Euler scheme is often proved in the H-
norm, i.e. Hu(tn_H) = et HH < C1. However, according to Lemma 4 and Lemma
7, we need the error estimate in the ||-||, -norm. Due to the use of this norm, and
also due to the reason that € can be small, the damping property enjoyed by the
Euler scheme will not be heavily used for the error estimates.
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Proof of theorem 8. By (1) and a Taylor expansion we get

(u(th) —u(tn)

. ) ¥ aai(tnsa) 0) LD (it s1)i0)

o) =) ;) (10

T

= (fn+1,1)) P <Ut 5
= (f"*,v) + C7(8(),v).
Above, (1) satisfies u; = ﬂﬁ‘-@t—"l + C76(7) and ||6(7)||,;, < C. Subtracting
(10) from (7), we get
i o n+1 n+1
Y R + ea(eTh,v) + b(e" T, v) = CT(8(7),v),

where e” = V™ —u(t,), Vn > 1. Putting v = e™! gives us
(en+1 5, en,en+1) AL 7,ea(en-+-1’en+1) oL Tb(en+1,€n+1) o CT2(9,€n+1),
and so, using the fact b(u,u) > 0, Vv € V, it follows that
Hanﬂui = (e"*,e™*1) + Tea(e” ), "))
0 (i R e W e B TRl i
= C7%(0,e" ) + (", ™)
3 n+1]2 1 n| 2 1 n+1]12
=Gz +Tl|€ HH+§||6 ”H+§He “H

= 074 (G4 e+ 5 e

Rearranging, observing that [|e"||,, < |le™|l,. Vn, assuming 27 < 1, and putting
p= #, lead by induction to

le"+]2. < cBr® +Bllenll,
< CA™ + B(CH + Bl H2)

IA

<CP31+B+F+...+ ")+ 6"
oL e ) W Sy
-1 o
= l_ﬁCTg’ﬁnM = 27'25””'
2T 2

Now, assuming 27 < 3 and (n + 2) < 2n, using that In(1 + z) < z for z > 0 and
noting that nT =T, we get

Hen+1||i < %r%("”) In == _ g_TZe(n+2) In(1+3%=
-

< %726(11+2)-1%"F < %T268T.

In case that the embedding V C H is compact and the diffusion parameter e is big,
the exponential dependence on T can be removed. O
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4.2. The additive scheme. Before proving the first of the two main theorems, we
first give a lemma which estimates the rate of convergence, i.e. the error reduction,
when the space decomposition iteration method is applied to the singular perturbed
elliptic equation at each time level.

Lemma 4. Given G* € V, let the function Gf“satisfy: Gf'” =GR W Sand
T HGCHY v) + ea(GF v) +0(GETL, v) =0, Yy eV, i=1,...,m. (11)
If we set

G*+l — ZainH’ (12)
i=1
and assume T < Tg, then
k112 6@ 2
||G s = 1GCa+1 HG “a., 5

Above

s max(3Cp,3CyTe? + Cy + 3CL027'/€), (13)

(0%
i € e CL+Cv/3 (CL+Cv/3)e
dhi { 902 a2 ICi G Cre . ) RUan ’ L

a 1is the lower bound for the relazation parameter a; in step 1 of algorithm 1, o
is the upper bound for the bilinear form b(u,v), € is the diffusion parameter, and
CL,Cv and Cy are defined in (3).

Proof. By assumption (3), there exists d)f *1 ¢ V; such that

Gt fjﬁ“, (15)
<
il\ @’““Hi et (16)
S et < calle=ri + ov o a7
Thus &
(GkH»TGkH) + ea(GHHL, GHY)

(Gk+1 Gk+1)
e Lo ekl ot n(GE L GR L)  (By thelposiiiveneds of blau))

p
k
[(_Gk-ﬂ;qﬁi +1) +€a(Gk+1,¢ik+l) +b(Gk+1,¢ik+l) (By (15))

I
g

1

s
Il

) o G(I(G)H_l = G§+1’¢ik+l)

[(Gk""l o, Gf+1, ¢ik+1
7

|
.Ms

il

+B(G*HL — G 9" )| (By using (11))

K3
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m

1l
& Z [; ”Gk+1 ik

N

e

(By using Cauchy Schwarz inequality)

<H(Ehe ot (Vale i) 09

v

+o||gMt -Gt |, e

e Sl - el ) (Vamliot il + VBTGl )

=il
m }

ro( D16 =671 ) (VERIGH ). (By using (19)(17).
i=1

By applying the inequality ab < %aQ = ng, with p > 0 being chosen properly, on
each term and using the fact that 0 < @ < @; < 1, one gets that

) [canal ST Telal ¥

e e e
i=1

B e 2 1 2
+ SOHTE N el = GEHH S+ |05,

200 4
=il

G ol e 2
+ = oGl G e lloRE 10
i=1

0 ORI 2
+ DY e ||GRH - GEF[ + i

2ae o
3O s it 2
At (Hlo-atn)

3C'HT€ + Cy +3CLo%7/e Z o (l lG*+ - G’?+1Hi>
T 1

2a =

1 2 € 2
e A T
< %z (Lo - G ellom - 6t )
oRlgie 2
+ L (el 4 £ arit)2.
From the above inequality, it follows that
it 2 2
Ljem + elle+)

O (% |GF* — Gi+? Hi +e| G - GFt? uf,) e )



By.using GEhl @il = GER @k £ GF —iGELY, pelation {12), dnd (a+b)? <
2(a? 4 b?), we get that

S i 2 2
> e (716441 - G4 o+ eG4 - 611
S=it

A

il 7 2
2oz |G w6 e Gl

m

1 2 2
+Y o (31687 - G et ) )
il

=

1
.

+22&i <; HGf-H B Gk“H SiaC ||Gf+1 ™ Gk“v)

e 2

Zai(Gf+l 5 Gk)

17—=1

+ €
H

Z ai(Gf+1 ik Gk)
i=1

2
1%
=1

<43 a6t - I3+ el - 4]} ). @
Combining (19) and (20) to get
Z Il 3 +elle
S O e A L
Taking v; = GF*! — G* in (11), and using the equality

1 2
(w0 =) = 3l = ol + e — o],

we get that
£
2
il €
2

This shows that

2
k+1” linHH_'_”Gk+1 Gk“H>

G. k+1H ||Gk“v+ HGk+1 Gk” >+b Gk+1 Gk+1 Gk):o_ (22)

Ll ~ GH 5, + ellGh ~ 6

< 2 (he - o) +e (et - e+ []) + 2t et - o)
<7 (10 o)+ (105 o
+9rel G H HGk-H HH :
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which leads to

Z|lGH*t — GH{ly, + elGE - GH|f

<[t (1o -fe) +< (1o - (- 2]

Using 7 < 557, and combining (21) with (23), we obtain
1 2 2
~ 16" e +ell Gy

< gcagai [% (HG’“Hi o Gi’““Hi) +€ (HG"H?; 5 (1 g 2cr:T> HGikHHiﬂ

1 2 2 1 2 25°7 )
< 8C, [; 1G* 2+ HG‘“ilv} ~8Ca [; 1G** 5, +e (1 -2 ) ucwuv] ;

Hi)} . (23)

which clearly implies
1l 2 2 1 2 16C,0%T 2
80 [ L1613+ el + 21613+ e (1 - 2T e
1 2 2
<8C. |2 645+l

Now we require

6@ ol
i > —.
€ 2
This means that
2 € i Qe
32C,02 ~ 3202max(3Cr,3CyTe + Cy + 3CLo2T/€)

%3
< ¢
3202(3CL + 3CyTe? + Cy + 3CLo%T/€)
From this we get the inequality
96027

<CL 4 (e % + CLUZT/t?) <
which certainly holds if 7 < 79. Thus 1 — 16C,702 /e < 1/2, and we finally get
1 2 2N d 1 3 4
(6l + ell™1 ) (5 +86a) <80 (F G55 +ellGHl} ) - 20
This proves the lemma. O

Theorem 5. At each time level, for any 0 < p < 1, assume that the number s of
the space decomposition iteration satisfies

a>2|lnp'r|/

Then the following error estimate holds for algorithm 1:

16C, =
I — 16C, + \ (25)

™= VEIE - O



{0

Proof. At each time level n, let U™*! € ¥ be an auxiliary function that satisfies

<Un+1 —um

e ,v) +ea (U™1,0) + b (U™, 0) = S R 1 = (26)

Comparing (5) with (26), and using the fact that V; C V, we see that:

ntk paL)
u, ° —U nt+k
<_1—,m> iy (Ui -l U”“,vi)
77

Ly (u?+§ i Un+1,v1,) =0, Yo eV, (27

k k=1
7TF — w5 € V. Now, let us set

ntk k=1
(Gl /e s T Y

We note that G¥? satisfies (11) and GF*! — G* € V;. Clearly, GF*! and G* also
depends on n, for notational simplicity the index n in G¥*! and G* is omitted.
According to lemma 4 there holds:

e

i 16C -|-1 66, +11¢ ”“* gre

160(1 i 112 i 160a G n_ prn+l %)
S(mz:ﬁucmx(w@+glw o,

ar

(28)
which means
w0, < () et =0 (29)
As
e e N e NRY S sl PR
and

[t i e B A TR A ol )

so, if s satisfies (25), it follows from (29)—(31) that
HVn+1 i un+1|l

16C, H i n+l _ yn+l
< (o) (1w = vl +ums =vey,

Hym =y, )+ o v, 2)

< pr(Ju” V7l + Ut = v

+ Ve = v, ) + ot v
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Next we estimate ||[V"*! — U”HHGT and ||V" - VHHHa,' Subtracting (7) from
(26), it follows:

( Vn+l e Un+1

,v) Lo (V7 —UEm)
>

+b (VP UL 0) = <Ll,v> 3 Yo € V.

Letting v = V™1 — U™+, it gives

HVn+1 i UHHHL + Te HVn+1 o Un+1Hf)
- an+1 i Un““i T 7e an+1 i Un+1”i +rb (V- gty _ gl

”Vn sl un”H ”Vn-H o Un+1H’H

IA

INA

1 e Bt

S IV =l + 5 Ve = 0,

and thus

an+1 | Un-+—1||i7 < ”Vn o, un”i‘. (33)

Now, by using (9), we obtain

e A
i i " (34)
< V™M = ultard)]],, + lultnts) = ultn)lla, + lu(ta) = V7., = CT.
From (30), (32), (33) and (34) we clearly see that
[t “nHHa,
<pr (20V" —wrlZ, +07) + V" -l (35)

= (1+2p7)||V" - u"||ZT + Cprl.
By induction, one obtains:
v =,
< (1+2pm)" ||V - uOHGT +Cpr? (1+ (1 +2p7) + (L +2p7)% + -+ (1 +2p7)")

Cpt? C o
2?;_ (1 —+ 2/)7-)n+1 = 576(n+1)ln(1+2p‘r) % %_Te2p(n+1)r - _2_Te4pT.

=

[

Remark 6. When the parameter € is very small, the damping property of the Euler
scheme is very weak. According to the above error estimate, in order to do long time
integration, we must choose p small, p < CT~!. So, correspondingly, at each time
step we must do more space decomposition iterations. In case that the embedding
YV C H is compact and the diffusion parameter € is big, then we can use inequality
(88) in a more efficient way to remove the exponential dependence on T and get an
estimate that is independent of T', see Remark 3.1 of [23, p.34].
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4.3. The multiplicative scheme. For Algorithm 2, the following lemma esti-

mates the error reduction for the space decomposition iterations.

Lemma 7. Given Go € V, let the function G; satisfy: G; — G;_1 € V;, and
7Y (Gi, v:) + €a(Gi, v;) + b(Grrw:) = 0, Vs ile VIsaE—8hDl Fie i

If we assume T < Tg, then

4Cr,

IGmll?. < G0, il IGoll?
Above
€., = ma(30.C, %, 3CHColre + Oy Gy + 300"t /),
i S € CL+Cv/3 (CL+Cv/3)€}
To = — min 3 i :
m 14402(3CL + Cv) Che? Cro?

Proof. By assumption (3), there exists ¢; € V;, such that for 1 <r <m
G =N
i=1

Y llillz, < Cr G113,

1=1
Y leill} < Cu lIGHI3, + Cv lIG- 115, -
i=1
Similar as getting (18), one can deduce
(Gr,Gr)

T

< (Gr,Gr)
ar

+ ea(G,,Gy)

+ €a(Gy, Gr) + b(Gr, Gr)
[(Gra ¢1)
i

I
Ms

+ ea(Gr, @) + b(Gr, @)]

i1

=
Il

I
NE

[(_G_L_—._fl—’(m aF €a(Gr S Givd)i) a7 b(GT A Gi,¢i):l

o
1
=

. [(Gj - Gj-1,%i)

T

- GG,(G]‘ — Gj_1,¢i) + b(Gj = Gj—11¢i):|

+1

sl 1/2 -
<2n@—a4mJ (2Nm&>
=m 1/2~L'=1m o
cae(Sia-aaih) (Lest) @ wine )
7 1/2 :TL:l 1/2
@(Z}mr4zqm> <Z}mﬁ)

1/2

Il
~1|Q WMB

(36)

(37)

(38)
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- 1
G (z i Gi_lnz{) (VEz 1Gelh)
l=1m 1/2
+ e (Z IG: - Gix ||%> (VCr IGellng + Vv IG- Iy

the 1/2
Cs (Z IG: — Gi_11ﬁ,> (\/ CtL ”Gr”’}{> :
=l

By applying the inequality ab < %az - %bQ on each term with p > 0 properly

chosen, we get that
1 2 2
—IGr I3 +€llG- Iy
BC’LCl

Z—nc SGpille & ||Gru%

3CHCy e 1
- > el act (e
i=1

CvCo® :
+ S elGi = Gy + 5 1G5

i=1

3CL032T 2t 2 1 2
+ 52N ellGi = Ginally + & G-Il

25 v
3CLC'1 Z_ e 1”H

SO e L e A O e
=y HU2 V23 L3 / ZGHG‘_G‘L' 1“3}

—1
1 2k HEE 2
+ o= G+ £ 1GH 1}
Cm = (1
<S> (316 - Gl +€lG: = G}
i—=1
1 Zae 2
+ o= G2 + S 161
Then there follows
IG-12, < Cm Y 1IGi = Ginal2, - (39)
i=1
Putting v; = G; — Gi_1 in (36), we get, by the same procedure as the one leading
o (22),
1 2 2
% NGy Giillz, +€llGi— Gi-lly

<2[2 (16e-sl ~ 1Gu1E) + € (1Gunall = 1Gu1E) + 2r0? 16l
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Thus, by (39) we get
<2(IGi-all}, - IGiI2, ) +
A o2E R
<2(IGial2, - ||Gin3,) + NG - Gl

J=1

4
liehee iy redy e, 12

Summing over ¢ from 1 to m, we obtain

i 1700~
D16 = Giallz, <2 (IGollz, = Gl ) + === 3 " |IGi - Gi a2,

=1 =1
This leads to
4Cmma ) e
(1= 22282) Y16 - o, <2 (162, ~ Gl
=1
which is equivalent to 7 < 8—0-5—5-::7;, we get by the

Using that 1 — 4722Cum Cum > 1,

argument preceding (24)
> 1G: = G, <4 (IGol2, = IGnl2,)- (40)

(N}

i=1
Finally, using (40) in (39) and setting 7 = m, it follows
IGmlZ, < 4Cm (IGoll2, = IGml, ),

and i
”Gm“ar —_ 4C + 1 ” 0[|a., 5
O

Now we are ready to formulate the second of the two main theorems
Theorem 8. At each time level, for any 0 < p < 1, assume that the number s of
the space decomposition iteration satisfies

S it g
s > 2|In(p7) n4Cm+1’

Then the following error estimate holds for algorithm 2
[l =yl e
Proof. The proof is very similar to the proof of Theorem 5. At each time level n
let U"t! € V be an auxiliary function that satisfies
Yo eV. (41)

=
Comparing (6) with (41) and using the fact that V; C V, we see that

n+&
e Un+1 & I
<—’ , Vi | +ea (uiﬂ+‘5 - U"‘H,vi> +b (u?+“ = U""'l,vi) = (0L \ur (2 105
-

1 Ty
(_U_____y__ )) ea (DU U0 (0 ) = (f7,3),
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£ k
and u?+" = u?jl" € V;. Now, let us set

+& i
GH Sl e Un ShERE L SEl e

We note that G¥*1 satisfies (36) and G5+ —G¥+! € V. Clearly, G¥ ™ and G} also
depend on n, for notational simplicity, the index n in Gf'H and ij'll is omitted.
According to lemma 7 it is true that

furtt g2, = et - o2 = |

S 2
AR s I =5
T

@ ) iGN e
= m “Gm”a.,- = = <4Cm+1) I|GmHar

MO : n 2 e g a8 2
- () W=l = (g ) o=l

which means

n n 40"" £ n n
-0, < (o) e =0,

The rest of the proof is identical to the proof of Theorem 5. O

5. DECOMPOSITION OF FINITE ELEMENT SPACES
In this section, we try to use a finite element method to solve the equation
us — V- (a(z,t)Vu) + b(z,t) - Vu+ c(z, t)u = f(z,t), in Q, t>0, (42)
u(20) = uslo), v a—={on oLl

The variational formulation for the solution of (42) is

(ut,v)p2q) + (aVu, Vo) 2y + (b- Vau, ) 2(qy
+ (cu,v) 12y = (f,v)12(), Vv € Hy ().
We shall require that a(z,t) > 0 and that 3¢ > 0 such that
(aVw, V’U)Lz(g) + (5 V’U,'U)Lz(g) S (C’U,’U)Lz(Q) > e(aVuv, V’U)Lz(g).

Correspondingly, by choosing

H=L%Q), V=HQ), au,v)=c(aVyVv)ryq and
b(u,v) = ((a — €)Vu, Vv)2() + (5 Vu,v)2(q) + (cu,v)2(q),

and assuming the functions have some smoothness properties, it can be seen that
equation (42) is a special case of (1). We shall show how the finite element spaces
can be decomposed. Estimations for the constants Cp,,Cv,Cp,C1,C2 and C3 will
be given.

For equation (42), the embedding H C V is compact. When ¢ is big (i.e. € =
O(1)), the exponential dependence of the errors on the time 7' can be removed by

using the damping property resulted from the compact embedding, see Remark 3.1
of [23, p.34].
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5.1. Domain Decomposition. The domain decomposition method is used here
to decompose a finite element space. To construct a finite element approximation
space, we first divide 2 into coarse mesh elements {€2;};~, which are shape-regular,
see Ciarlet [9], and have diameters of order H. For each €2;, we further divide it into
smaller simplices with diameter of order h. We call this the fine mesh or the h-level
subdivision of {2 with mesh parameter h. We denote Q = |J{T € 7.} as the fine
mesh subdivision. Let S§ C H}(f2) be the continuous, piecewise linear function
space, with zero trace on 0§y, over the h-level subdivision of 2. For each Q;, we
consider an enlarged subdomain Q¢ = (J{T € 7y, distance(T,€);) < 6}. The union
of Qf covers (), with overlaps of size §. Let us denote the piecewise linear finite
element space with zero traces on the boundaries 9Q¢, as S§(€Q¢). Then it is true
that

55 =) S6(). (43)
For the overlapping subdomains, assume that there are m colors such that each
subdomain Q¢ can be marked with one color, and the subdomains with the same
color will not intersect each other. For suitable overlaps, one can always choose m

to be a fixed number. Let 2 be the union of the subdomains with the i*! color,
and

V=8t Vi={veSh os)=0, = ¢k (44)
The decomposition (43) means
m
V=S (45)
i=1
Let {#;}™, be a partition of unity with respect to {Q}}",, 8; € C§°(Q' N Q),
0<6; <land ) [*,6; = 1. It can be chosen such that |[V6;| < C/6. Let I be

the interpolation operator which uses the function values at the h-level nodes. For
any v € V, let v; = I(6;v) € Vi. They will satisfy v = Mot D mad

i=1
m
2
Z ”“i”m(n,-)
=1l

m C 5
_5_ flvi ||§11(Q,.) = Y] ”“”iz(ni) TG ”VU“Lz(Qi) - (47)
i=1

C llwliZziay (46)

The proof of (46) and (47) can be found in different papers, see Cai [3, 4]. In the
literature, the overlapping size é is often taken to be very large, i.e. 6 = coH,
see [4, 33, 13]. In order to reduce communication and computational work, we shall
keep the overlapping size § small, let us take § ~ h. Estimates (46) and (47) show
that for overlapping domain decomposition, the constants in (3) are:

C

Cn=0C, Cv=0C, Ck= = (48)
The constant C, defined in (13) will then be:
i max(C,Cre? /8% + C + 0027/5). (49)

o

So, when €27 < C62, 7 < Ce, the constant C, does not depend on 7 and the mesh
parameters, which means that the rate of convergence of the space decomposition
does not depend on 7 and the finite element meshes.
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For the multiplicative space decomposition, we have
Cm = max(3CLC12%,3CHCa%Te + Cy Ca® + 3CLC3%7/€)

Using the Holder inequality, it is easy to show that Cy = m,Cy; = m and C3 = m
(See Tai and Xu [27]), where m is the number of colors for the subdomains. Thus,

Cp, = max(C,CTe2 /6% + C 4 CT/e). (50)

Under the same conditions as for the additive scheme, we have a convergence rate
independent of 7, the mesh size and the number of subdomains.

When the diffusion parameter is large, i.e. € = O(1), we may need to add a
coarse mesh to accelerate the convergence. In such a case,

il
CL=C, CVZC, CH=7 (51)
Then we just need to choose 7, H and § to satisfy
THY < 0§40 T <O

to get a convergence rate not depending 7, the mesh size and the number of sub-
domains.

5.2. Multigrid Method. For the multigrid method, we assume the finite element
partition €, is constructed by a successive refinement process. More precisely,
Qn = Ty for some J > 1, and T; for j < J is a nested sequence of quasi-uniform
finite element partitions, i.e. 7; consist of finite elements 7; = {7}} of size h; such
that Qp = UiT; for which the quasi-uniformity constants are independent of j (cf.
[9]) and 7}_, is a union of elements of {r;}. We further assume that there is a
constant v < 1, independent of j, such that h; is proportional to ¥4,

In applications for elliptic equations, it is always required that the coarsest mesh
size is proportional to ¥2. However, the coarsest mesh does not need to be very
coarse for applications to parabolic problems. In the following, we shall assume
that the coarsest mesh size is proportional to 2%, i.e. we only use the multilevel
meshes between level jo and level J.

Corresponding to each finite element partition 7;, a finite element space M can
be defined by

M; = {ve Wh(Q) :v]|, € Pi(7), V7eT}
Each finite element space M is associated with a nodal basis, denoted by {(j);}?;l
satisfying
o5 (z5) = bir,
where {mf}:’zl is the set of all interior nodes of the elements of 7;. Associated with

each such an interior nodal basis function, we define a one dimensional subspace as
follows:

M = span (¢}).
On each level, the nodes can be colored so that the neighboring nodes are always

of different colors. The number of colors needed for a regular mesh is always a
bounded constant; call it m,. Let Vf, k=1,2,---m. be the sum of the subspaces
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M; associated with nodes of the k™ color on level j. Letting V = M, we have
the following trivial space decomposition:

J mc
Vi Sl (52)
j=1k=1
Each subspace VJ’-“ contains some orthogonal one dimensional subspaces M}, and
so the equations (5) and (6) for each V]’-“ can be done in parallel over the one
dimensional subspaces M.
Similarly as in [32, Prop. 8.6, pp.611], [20, pp.181], [35] and [27, §4.2.1], it is not
difficult to show that assumption (3) is valid with
C

CrL=C,Chy=+ h2 )

Cv=C

We shall concentrate on estimating C7,Cy and Cs. The analysis for the estimates
depends heavily on the following inequalities (see [32, pp.600-601], [27, section 5.2
and [34, Lemma 2.7], [35, Lemma 3.2]):

(w,v) < CY'ullnllvlln, VeV, Vo eV,
a(w,v) < CY'MNullvlvlly, Yue Vi Vv eV,
b(u, v) CY'MNullylvlln, Yue Vi, Vv e VE.

In proving the above inequalities, we need to use the fact that a function from V;
is a sum of one dimensional orthogonal functions, and the fact that the support
set of a nodal basis function from V; is a refined element of the support of a nodal

IA

basis function from V¥ for j > | > jo. Using Lemma 5.1 of [27], we get that

di e e

> 355 et ul

=i0ll=gon=1 k=1

iy eme

J
Y SN eyt vt lly

=
i=o l=jo i=1 k=1
< nz 2 - "(ZHujllvf(gllfo%)%
< (max;o‘r“ ”)(éi”%”v)l (;m@ ”v>
J me s
< (J}j“}:llluw|v) -(;;nvl )",

which shows that the constant Cs is independent of the parameters h, J and jo.
By the same technique, we see that C; and Cjs are also independent of h, J and jp.

In order to get a convergence rate independent of the mesh size, the time step
size and number of levels, we just need to choose jo and 7 in such a way that

s Ch,?0 andii=8Ce;

which indicate that the coarser meshes may not be needed when the diffusion
parameter € is very small. For relative large diffusion, we may need coarser meshes,
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but the coarsest mesh does not need a mesh size such that hj, = O(1). The coarsest
mesh size only needs to be in the order of

hjo =0 (\/7_-) ¢
6. NUMERICAL EXPERIMENTS

In this section, we try to solve the equation
u —eAu+uy, +u, =0, in Q, t>0, (53)

which has an analytical solution
2

z2
wlaw, ) = me_mﬁh,
with consistent Dirichlet boundary conditions. Let us take Q = [0,1] x [0, 1]. Equa-
tion (53) describes a diffusion process plus convection in the diagonal direction.
When € is small, the convection is dominating.

In the numerical tests, 2 is first divided into N coarse mesh elements, both in
the z and y directions and each coarse element is then divided into M finite mesh
elements, again both in the z and y directions. So the coarse mesh size is H = %
and the fine mesh size is h = ﬁ The Laplace operator is approximated by the 5-
points finite-difference approximation and the convection term is approximated by
the up-wind approximation. In the tables, s is the number of iterations performed
at each time level. u(t,) is the true solution at ¢ = ¢, and uj is the global finite
element solution without domain decomposition.

Both algorithms 1 and 2 are tested for (53) when € is large, i.e. € = 1. Minimum
overlap is used, i.e. § = h. Table 1 shows the errors for the different values of
s for algorithm 1. In the computations, a; = %, 1 = 1,2,3,4. Table 2 shows
the computational errors for algorithm 2. For algorithm 1, about 25 iterations
are needed to reach the same accuracy as the global finite element solution. For
algorithm 2, only 5 iterations are needed to reach the same accuracy. The error
between the domain decomposition solution and the global finite element is getting
smaller when the iteration number s is getting bigger.

Our numerical experiences show that the term containing 7/ in the expressions
of C, and C,, (c.f. (49) and (50)) is negligible compared with the other terms as
long as the algorithms are stable. The dominating quantity for C, and Cy, is from
the term containing 7¢2/62 (c.f. (49) and (50)). Thus a smaller 7 or a bigger 6 will
give a better convergence. Adding a coarse mesh is also making the dominating
term smaller and will also lead to a better convergence. In tables 3 and 4, we try to
compute the same problem as in Tables 1 and 2, but with a smaller time step. The
discretization error seems to be dominated by the spacial variables when time step
size is small. However, the convergence for the domain decomposition iteration is
getting better. In Table 1, the error ||u™ — u}||e is reduced from 5.9708 x 1072 to
1.6178 x 10™3 when s is increased from 2 to 20. In Table 3, the error |[u”™ — u||oo
is reduced from 3.6813 x 10~2 to 3.6155 x 10~% when s is increased from 2 to 20.
It is clear that the convergence for the smaller 7 is better. For algorithm 2, the
improvement of the convergence is even better, see Tables 2 and 4.

In Tables 5 and 6, we show some numerical results for the convection dominated
case. The value of € is taken as e = 0.01 and so the convection is dominating. Figure
1 shows the computed solution. The errors for Algorithms 1 and 2 are shown in
Tables 5 and 6 respectively. Minimum overlap is used. We can see that s = 1

(54)
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Table 1. Numerical results by algorithm 1 with H =1/5,h = 1/50,7 = 1/400.

s [l = ulta)llon | 122 — ultn)llos | 10" = 02 les
2 0.0595 0.0002 5.9708e-002
4 0.0275 0.0002 2.7719e-002
6 0.0158 0.0002 1.5993e-002
8 0.0101 0.0002 1.0303e-002
10 0.0069 0.0002 7.0735e-003
18 0.0049 0.0002 5.0552e-003
14 0.0035 0.0002 3.7122e-003
16 0.0026 0.0002 2.7787e-003
18 0.0020 0.0002 2.1092e-003
20 0.0015 0.0002 1.6178e-003

Table 2. Numerical results by algorithm 2 with H =1/5,h = 1/50, 7 = 1/400.

s | e — u(ta)lles | 1ug = ultn)llen | 0" — wZllen
2 0.0023 0.0002 2.4434e-003
4 0.0001 0.0002 2.4032e-004
6 0.0002 0.0002 2.5924e-005
8 0.0002 0.0002 2.8194e-006
10 0.0002 0.0002 3.0612e-007
1 0.0002 0.0002 3.3169e-008
14 0.0002 0.0002 3.5877e-009
16 0.0002 0.0002 3.8746e-010
18 0.0002 0.0002 4.1799e-011
20 0.0002 0.0002 4.5126e-012

is already enough for Algorithm 2 to get an accuracy as good as the global finite
element solution. For time dependent problems, Algorithm 2 is always much faster

than Algorithm 1.
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