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MBS TEIPEIEIE

A bound O(N1+1/k) for the running time of Shellsort, with

O(log N) passes, is proved very simply by application of a Frobenius
basis with k elements.

1. " "Shellsort theory.

For a description of Shellsort and the number-theoretical
problem of Frobenius, we refer to two recent papers by Sedgewick [6]
and by Incerpi and Sedgewick [4]. In the former paper, Sedgewick
improves the Shellsort bound O(NS/Z)) to O(NA'/3

of Selmer" [7] on a Frobenius basis with three elements. It is of

)yluEing a “peeult

course nice for a number-theoretician to see that his "useless"
mothematics c¢dn really De applied. In all “faditness, hgwewe s i
should be made clear (as stated in [7]) that "my" result is really
due to Hofmeister [3], as a special case of a general and rather
coppliteated thedrem. {oWhat (B dideinsl7] was i to give ja. direct, simple
propt fdmethis sspaaial heasie.

Gatew r(hut publiished ibefare ([ 60, .Incerpd rand Sedgewick i [4]
4/3) to O(N1+€), and turther 'ta
}. . In both cases, they circumwent the standard

have improved the bound O(N
O(N1+e//log N

approach of Frobenius bages. [Their "proof "of’ the *latter bound I's

very nice, and. I camnot in any way improwe on it. Their 'proof of
the bound O(N'*®

complicated increment sequence. The purpose of the present paper

). does, however, result in an unnecessarily

ig to describe a sgimpler methed, wusing "d classical xesult in
Frobenius theory.

In [4] p. 217, an increasing "base sequence" {ai} = 3y, a5,
of natural numbers is used to produce the increments hj il va
Shellsort. A number c¢ of different product sequences are inter-
lsaved, i cagh usuch sequence ygonsisting wf certain products of ¢
elements a; - WNe shall see that one preduct sequence will suffice.

In"fact, 'we can define the increments by h1 = 1 and
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: aj_1aj il aj+c—2 LB S

Ecan ythese , we form a Frobewius hasis with ' © + 1 clemenes:

(1) gl

c+1l = {b b ot b }

] 41 ’hj+2 B gk hj+c+1} 1 R0 Netinic 41

(say). Under the condition (5) below for the base sequence {ai},

we can then determine explicitly the Frobenius number

() el c+1
2 = i S gl -
(2 g(Bc+1) iZZ aJ+1—2 h3+1 121 hj+1
¥his expression is clearly O(h}+1/c)(if edgch texm a; 1§ wishin

a,.constant factor of the previous one)." Just as in Theorem 2 of L4

we then get the running time of Shellsort bounded by O(N1+1/(C+1)).

4+ ' Exobenins theomy.

We coperate, with ;a (Frobenius basis

Bk = {b1 ,b2 ks bk} g gcd(b1 ,b2 Vi il bk) = 1

Already Frobemius realized "that"a determination of g(Bk) 1l Ehe
generaly case was extremdly "diffieult, 'He therefore imkited His

audiences to look for good upper bounds for g(Bk).

The first such bound was given already in the 1942 paper by
A. Brauner [11'(indeed the first "Senious'! paper to be written on the

problem of Frobenius). Let
dO il v 2 d1 = b1 : di = gc:d(b1 ,bZ £ bi) T <l e I <
Then Brauer showed that
. 454
i=1 i
with equality if the following condition is satisfied:
o adil & vl 5wl e Bis it Wl 8 bi+1/di+1 il g @ 1 ineay
(4) combination of b1/di g bZ/di SRR Ay bi/di with non-

negatdive «nteger coetficients

Busdthien, Brauwer sng gisclbinder [21 showed that this ceondition is alse

Geeeseany for equality in (3).
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The proofs in the two papers quoted are rather complicated.

Later, a very simple proof of the above results has been given by
Rédseth: 5]

We now apply this to the basis (1), and illustrate in the case

cposSiplhenices for 4, & Tf wes wnitassipcdin ) = (me, ey ™ then
Bl et BnG Gag o ek = S R
B o ot teln TG e RGN
d2 = aj+1aj+2 iLiE (aj ,aj+3) =
d3 = aj+2 i also (aj+1 ,aj+3) &= (aj+1 ,aj+4) =1
gm0 iF dlise g

g ’aj+3) e (aj+2 ’aj+4) F (aj+2 ’aj+5)

We will thereforecassume that the base sequence {ai} Satisslcs
E ’ai+r) SIS i O o el e il e B B i In the general
case, the correspending condition is

(a

(5) gcd(ai ’ai+r) s O S8 Wi | el e RO W T
The Cohditdpnsit(4ane wrivially sapisfied | since
bs = an. W48, = a. bZ Eﬁ = a a a = b3
e j+3%j+4 it Tl s e B
kni tthet genexvall casey werisimilayly have
e bg WY
a—'——— = aj+c+i_1 a—' ) = 2, 3, o v ey (&
iar] i
We can. thus wee (3] withy eghdalievie . Sivce d0 = [0  and
1l - 3 =
di-1’ e aj+i—2 : o= %y 5y &, we get
(3 % b % b
g(B ) = iy e BT sy
4 Mol AT e
where bi = hj+i « . “The generalization te. (2) 15 immcdiate.
I't remains ta find base sequences {ai} satistyvang 5. Cne

gb¥ious pessibility is suggested in [4]¢ Chogse Joisidr. i anil a;
as the smallest prime 2 at

An interesting alternative stems from Sedgewick's first paper

Lol where his Theorem 6 in fact corresponds te ¢ = 2  dbove {(but
he does not give g(BéJ)) gxplicitly) . with
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i)
(6) 2 2 —5
The: conditias (G0 Emans il =il L Rend we clearly satisfied, since
o i
aliq TN 2 AT g 3'2l+1 sty haet the_c?oice (&) =
: . ! i
possiblg~alen foy ¢ =/'3 ., sinee new Ay m , and 7fa. .

This stegs from thesfapt thats.2..is not 4 Brimitive root.of .7

sar g o = Sealmmde7)  for all e

For ¢ = 4, we similarly form S e (24—1)2i+1 =3-5-21+1.

Since - 2 1§ @ priMiniyve“pent~bothias s i dupies, , We must now try
to make a; = it » where *nfedd) @ W= divisible by 5.  ‘The

sthallestichoice o6l R». plsgrpossible 'medulenGerisiounds 48 Jus0iwe

o)

CANMPIE

(7) TR aTdn Lis

Quite surprisingly, this choice is possible for all c < g

since
ot A AP R o 0 AR O PY BR R

Here 2 1is not a primitive root modulo any of the Primes. e =
e, 127 Tand aind R idut that always i 45 tmed ple o
these four primes,

For ¢ = 10, however, we have 210 Gl I T R
g 'primitive root of 11, so we must have Vll® .  Tryidg te combine
with the earlier primes considered, we end up with quite a large mn .

For all sortimg purposes, it ds hardly practical teichosse
o e - e cansithemimees (70 Cen (60 for || g e 20 G Lileame it to
the sorting specialists (like Sedgewick) to test whether my above
procedure for Shellsort can compete with procedures described

earlier.
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