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ON THE POSTAGE STAMP PROBLEM

WITH THREE STAMP DENOMINATIONS, III
ERNST S, SELMER
The present paper is an immediate continuation of Selmer [7]

elmer - ROdne [8]. All references to theorems and formulas

gectiens =13 are automaticalily to 7 ar [8].

The sets of ho— and (h0 = l)-representable gitimbers.,

Let A} = A U {0} . The set (1.2) of h-representable numbers

(at most h addends) may then in standard terminology be denoted by

hAi

and

notat
w0

repla

We co

(14.1

amial @
e I

It re

Our aim in. the present section is:to determine the. sets hOAé

5 1)Aé

0
We shall rely heavily on the results in R&dseth [6], and use his
ion, with one exception: He operates with an integer

SO ag . To avoid confusion with our use of r , we shall
cEEnlisl. ¥4 By 2

Rodseth's Lemma 4 states that

* = ol =
tr, xv(a3 1) + yv(a3 az), (xv, yv) € Xv U YV
nsider the numbers (all = 2 (mod 33)):
- = * = = = -
) (h0 t)a3 Elg= (h0 t X, yv)33 * Yyly * B2 0 S
laim that these belong to hOAé for.,. €ez 0 «  This ds Seivaal
g “iEas AR Sl e, simec e \cocfficient sum - Jr2 hO ik g hO

mains to show that the set
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- = I
B {2, 2+ g, &+ Zas, ey Yy F X 83} c hOA3 .

And this 4is proved by R&dseth, since Sz is just the sequence

(a1 ) of [6].

On the other hahd, the numbers (14.1) do pot belong Lo hoAé

e Sl e T F [ 1 NS Sume og the pcomt ane.

IIA
=

(hy + thag - tX, = Xza; + x,a, + x1,2'xi = h'

As in section 3, we conclude that

tr, - tlaz = (hy - hYa; + x,(a; - 1) +x,(a; - a,)

2

has a representation by A, = {a I st teadid BT

b 3 $ &

(R6dseth uses Ag = AS U £0F .Y But this is g Comtradiction, Since

th is defined as the smallest integer in its residue class (mod a3)

with a representation by A

- 3,, az - 1, a

b
Letting (XV, yV) run through all lattice points of XV uy

v 3
we get all residue classes. X (mod 33)’ and have the following
THEOREM 14.1.
' = — - — —
hyAz U {(ho b e v, Ja; ¢+ Yy *X,20,t=0,1, }
(xv,yV)EXVUYV
For use in the next section, we shall also determine (ho ® 1)Aé

Cleatrly

A 1 1B g t
(hy = DA chyA; - a; = {n - a, | n € hoAg} .

163 .A3 i1s pleasant, it suffices to use regular representations,

and clearly
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- (R Ty
(hO 1)A3 (hOA3 33) n NO
(where NO b S e e S 6 el e 0l i A3 , however, we
get problems with the number n, gif . Ol 818
(14.2) ny =a; - T - 1=1( - 1)a2 ta, - 1 =‘nh0_1(A3) +1¢ (h0 R TJAL S
where n, + a;= Zfa2 Ll A hOAé U5 6 oTo 1 TR - . a, - = s Soilagy
(4.3). (For pleasant A3 , 1t follows from (2.8) that

R a )= nho(AB) B Just, T B

We shall show that n

0 is usually the only exception:

THEQREM 14 p2.¢ 1Ben g4 mon=pledsan byl th L ol tand C et g,

—= 3
we have
o 1= 1 = =
(14.3) (ho 1)A3 (hOA3 33) NNy~ {a3 T i
To prove this, we replace hO by hO = P SIn TEie Targ dnent s
leading to Theorem 14.1. The only critical point is whether now

S2 = (h0 E 1)Aé

To show that SQ = hOAé , R6dseth used his Lemma 5, which states

that for 1 £ 1 £ v, we have

IA
=
=
H
S
IIA
wn

IR, R T i e res LT

A
=n
.
Hh
el
\4

wn

(145, 8 S T Ri -1 0 i i

If these relations hold with strict inequalities, it follows that

Sy < (hy - DAY

3/a2 1s the

same as the one leading to our Theorem 6.1. In particular, we have

We note that ROdseth's division algorithm for a
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.

ag = qqa8,; - Sq hence qQ; =4, S; = S, and v > 0 ‘for g non-

pleasant A3 s women. 5 = @ by {2100,

Studying Rédseth's proof of his Lemma "5, we' observe the
following facts:

1) For i = 1 , when P1 = 4 < Sy » Wwe have equality in (14.4)

ko afid emly if (x J . is the upper® right Coffior of

0’ Yo 0

(14.6) (XO, YO) - (SO 2 Tny P1 - P0 -1 = (a2 O T

Then Yo2y * X is just the number n, et (14,2 .
2y Her- 12 3 gy hence Qi > ol ¥240 JiECeSEATY scOndl tion. for

equality in (14.4) or (14.5) 1is S; = 5;.1° i @i S P s

respectively. But then such g relation’ must hold from the start:
S, sk =xeS el 15 a, - 1 5 heoece w = 1

(CE. the vectirremce relation sj+1 = qj+1sj = Sj-1’ qj+1 A O

r+1 , we thus have strict inequalities in (14.4-5) fox all i .> 1

i ROdsetlh's preot of Sz<: hOA% s e divides Sg ihte, “sub~

Bl el and

sequences'' between b 5 e

=i

= [ 1-1
i R el B e

We have noted that the case 1 = 1 needs a special treatment.
Since 1 =S, Q1 = 1 , we must consider the numbers Zaz + Ypdy + Xq,
0 £z <[x0/s]. Using the ”as—transfer” az = qa, - s gif sectiomn 11,

this may be written as
(14.7) zaz + ypa, + X, = (yo = zq)a2 *Xg 7 zs,
with positive constant term, and a coefficient sum

) = Xg* Yy~ 2(s-q s Xy * Yy -
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If x5+ Yy < hy, then also e Byt Torfall B2 SatgIE . wg Hiyais o,
corresponding to the corner (14.6), then [ < hO i o el et BN e )
g . spoe T 2 h, for all z when s =g

If s =q , then v =1 by Theorem 7.1, and the '"subsequence"
just completed covers the whole of SQ . If v > 1 , we have seen
that the remaining subsequences yield no problems if r # 1

This completes the proot of (14.3), amd also slicws That ok

aeetyg  sethicn

a, - 1
p X o e ; 2 1}
(14.8) (ho 1)Aé = (hOA3 a3) nﬁNO ~ {ta3 1 el sl e [ o T
Hlere ta3 = 9= Al = n, + (t - 1)33 =N, + zag , with
0 & 7 [xo/s] = [(az =) /sl "Note “that“we'may use also 2z = [XO/S]

in (14.7), but the resulting number is then contained in hOAé but

1 Ay
not in hOA3 az
Werfinally treat ithe jcasew Bu=iluan Amedificationyof iRodsethls
method then seems to become rather complicated. However, we can
settle the case directly by a more elementary application of az-

transfers. With r = 1 , the only such transfers which may reduce

the coefficient sum are of the form

(14.9) ea; = (eh 1)32 - (a2 Erae) g el 18 (25

As in section 11, we start with the regular representations

CTal s 1) n=-e,a, +e

B Spda N

e

Bor(18.8) 1andit|is jupneeessanytoiconsider wes = £ ', since already

faz + 1 gives a new as
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For the n of (14.10), we shall decide if n € hoAé o it

ze = Zei ESEATS VS a s fimished .and £ ze >h, , we must try a transfer

958 )ewithe sl g7 Thet transfek? isT pbssibil® ofily 4f, iTAYViclicEa

3
nen-negativel constants term JEhat et if 612 a, - e

Sabnutlleaelly . e Slagllll decacle i ot (@ (ho - 1)Aé , Where
(T - . e
AL n' =n - a; (e3 1)33 +eja, + e, (e3 P A

with J! =] - 1, hence no problem if le $hy . If an a.-transfer

(14.9) is necessary and possible in (14.10), and yields a new ) g}b .

then the same transfer gives ' g hO =& L8 50° (MRHEY Shrevitled Wt is

pesEibil e\ EhatPish® iF9T et 3 es - I*5€8TE0as sy’ st iat this

combination of conditions fails only in the case

(sl dnd ) n=ega;+ (f-Ta,+a,-eg ] = hg + 1 -

v _ - 1 : g " _
Thus ' =n - a, ¢ (hy.- DAy if n egd; - €, - 1.

For the n of (14412), we must use e = e in (14.9), and get

3
n = (e3 + 1)fa2 , hence

a- =7
+f-2ece S[z ]

n € hOA_3 = (e3 + D £ hO = a, 3 S

We have thus shown that if r = 1 , then

aZ—Z]
(14 .3 3) (hO = 1)A3 = (hOA3 = a3) ﬂ:NO {t(a3 -1 -1 ’ s [ [ J}.

i
For t =1, we get t(a3 =T SR = dal S 2E n,
No problems arise if we have s = q and r = 1 simultaneously.
Blicn s = g = gy % leedf = @ 2.4 = a, - 2, and the 'subtrahends" { }

in (14.8) and (14.13) both consist of n only.

0
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Thervesults ("418) 880014 .8) and JCd S sipbinSitiat et Eor® the

specified"exceptions with. t > 1 for r =1 or s = q , the integers

With @ représentation, in at most* e b addends from A have

z2 a 0 =

3

such a representation contdaining a

3
Inparticular, [0, ny (AB)] < hyjAz . It then follows from (14.3)
0

that
(14.14) ' r+1,s#+q= [O’nhO(AS) -azl~{a; -r -1} e (h - DAS .

This was first observed numerically for a large number of bases A3 s

and gave the impetus for the investigations in this section.

As in Rédseth [6], let A(n) denote the number of addends in a

minimal representation of n by a given basis Ak . We clearly have
A(nh(Ak) - (x+ Da +1) 2h - x, A(nh(Ak) - xak) 2 h <ix

since otherwise addition of (x + 1)ak or Xa, would yield a
contradiction. This raises the question whether there are integers

X > 0 such that for the interval of length ay

(14.18)  [m ) - &+ Day +1, 0,4 -xa] ¢ - A s

We have just seen that this holds with x = 1 if k = 3, h = hO,A3
non-pleasant, r #+ 1, s # q . Already for x = 2 , however, it is easy

to find counterexamples:
A = N hO =0, n6(A3) =48 ; A(1T) = 5.,

We have made the interesting observation that for Frobenius-

dependent A3 with * > 1 , €14.15) holds alse with larger =x
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PROPOSBTTION 14.1.  Let Ag be Frobedius~dependent, with ¢ >

In the notation (5.8), let

(p - 1)a2 <n

IA

nhO(AS) =l
bkl e

Then

o 1
n € (h0 x)A3

A proof will be published elsewhere.

15. The cases with nh(A4) - nh(AB)

In (3.3), we raised the question of basis extensions which do

not increase the h-range . We shall solve this question completely

in the case
LRS- 1) nh(A4) = nh(A3 U {a4}) =’nh(A3), a, > ag

Even 1if A4 enters the formulation, the results depend entirely on

the properties of A3

We see from (3.4) that the regular h-range gh always increases
by a basis extension (assuming admissible bases). The same argument

shows that if A3 is pleasant, then

ny (A,) 2 g, (A) > g (A = my(A)

so that we may assume non-pleasant A3 e o SR P OO

1 >3 nhO(AS) F o, el A4 Bs not dmissible for h =h

iaE T el

0

(where h0 2485 & = 2 TPEIERRES 1o AS)' IF clhem o= hé > hO g

the smallest h for which A4 1s admissible, we trivially have
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- 1 3
nh(A4) = nh(AS) folr 0P < h0 . On the other hand, it follows from
(2.1%4)" that

Bl Wﬂ(A) :

> o i
nh'(AA) 2a, + nh6_1(A3) =d, % nh'(AS) z ; 3

0 0

STy, it follews tTroul Trom (2% 135449 * G
1
nh,(A4) 2 nh,(As), Jiu ] Z]H5=>rﬂﬁﬁﬁ) > nh(AB)’ T T N
wermay" thevefore  restrict the problem* CHs. 198 to the “Case

(15.2) n (&) =n (A, a;<a

TP (05 R |
0 0 5 3 h 5

iy
Note that a similar simplification does not apply to larger

bases, since the analogue of (2.14) does not necessarily hold for

lee >

We already know one case of (15.2), resulting from the basis

Ah+2 oif seE tilon 3

A
Q
IA
=0
1
s

LilBiaS) a, = h0 sl i pr e h0 3 2, a, = aa, + a 1
To solve the general problem, we note that

ny (A = mny

’ (A) o nhO(AS) 1§ hodl

0

- - 1 -
(15.4) e nhO(AS) SRR N ¢ D L AR P R T T

In most cases, it suffices to consider &6 = 1 .  Since

N = ny (AB) + 1 - a, € (0, nhO(AS) - 33] =l i s D U 33) NN

0 (555 0=

(15.4) fails already for 6§ = 1 if N does not belong to the

exceptions in (14.3), (14.8) or (14.13). These cases have the
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ST =

common exception n, gh (14.2), and N = n, does in fact lead to a

general solution of (15.2):

(A

(15.5) @, 2§ ‘3)

= I

h -a,+T1+2=n (AS) -y

3 h, (A9 = nhO(AA) =n (A)

0 0 0

This is clear since we cannot use 6 2 2 in (15.4):

234 > nhO(AS) +1e nho(A3) > Za3 - 2r = 3 ,

which always holds by (2.8). - Note that §4 = a; if A3 is

pleasant,

S5 a, = a4

equals. one of the exceptions in (14.8) or (14.135), with &t > 1

» \d Necessdpy fcondition for (15.2% is that N

(since t = 1 corresponds to no).
We "stdrt with (14%13), hence” v ="1""" "Tiien n, (A
0

3) 1s given

by (2.28), and we find that we must choose

(15.6) S i i cadgRilsel s o [a2-21;1
3 8.4-3 z > ",;""I_f J

(while 1 = [(a2 - 2)/f] corresponds to 4,). We shall see that

4
Bhiis. is also " sutficient "far " (15.2) to ' hold.

We consider a representation

(15.7) n (AS) R (=R O I ] B ) U

4 5 Hg i,

h 4 3 2 2 1 ¥

0

and must show that }x; > hy . This is trivial if x, =0, so we

can assume x, > 0 , and observe that

4

nhO(AS) e i a, = az = 1 (mod az 0 =fa2)

, (15.7) then gives

=
e
34
=7
=
]
A
Hh
-+
~
DN -
= |
lIA
”~
A
}—h
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— 1 1
Xy * Xz X, = (f -xz)az , hence X, + Xz + Xy = (i -xz)az
1 1 1]
Xy * Xz + X, + X, ZX4 *Xg X, * Xy >0 (CF —xz)a2 +X, 2a

as required. - In particular, we get the known case (15.3) from

(15.5-6) with £ =1

We next consider (14.8), hence s = q , az = q(a2 -~ 1)

By (2.29), we now have two possibilities for n, (AS)
0

32-1] AP & P X(az -1)
n, (AS) = ([ +2>a3 -r - {
0 K APIRE RN ](az -1)

These two cases must be considered separately.

I W (a, -1) , we find that we must choose

a2-1
(11566 a4=(T+1)33 ’ T=1’2""9[ S ]_1

(while = =[(a2 -1)/s]l corresponds to 54) . Again, this is also
gufticient for (15.2) te hold:
We consider a representation (15.7). Since az |a4 , we get
X,a, * X, EnhO(As) +1=-1r-1-= -a, +f (mod ag =q(a2—1)) .

from which we draw two conclusions:

28 X,a, * Xy = X, Xy = £ -1 (mod a, -1)

Assuming in gho in (15.7), hence Xy S USRS "= N -5 D T S T

(f-1) gl = 1) 80, Xy g = ad oL and
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Xoa, + Xy < (f-—1)az = a,-T-a

3 250

contradicting the first conclusion.
1£. ;8 |(a2— 1), hence m=(a,-1)/s an integer, we find that

we must choose

a, = (1 +1)a3 i R B B e
Now (15.4) holds for &=1 , and we examine § =2
nhO(A3) + 1 —Za4 = (m--ZT)a3 -r = (m- 21 —1)33 +fa2
If 7 2 [3(m+1)] , this expression is negative, and an examination
of (15:4) for o6 22 is unnecegsary, so (15.2) hWolds,  Lf
T < [$(m+1)] , however, the right hand side belongs to (ho"Z)Aé "
and (15.4)*fails for ¢ =2 . Thus (195.2) is satisiied only di

32—1

S

(15.9) ay = (t +1)a3 =ilds t1= dddnm aRd, » b =1 4 M=

Summing up, we have the following

THEOREM J5.1. For nonspleasant A3 s Lhe equality ({15.2)

holds if and 6n1y il fwe have 'gne of "the cdses:

(1l 545 for arbitrary A

3 b
(1156 tene it =

’

(15.8-9)  for s=4q

Based on computations by Mossige, this result was conjectured
long before a proof was found. The cases r=1 or s=q are
also proved in Kridtzig-Berle [4, Kap.4], the "if'" part along the

lines above, the '"only if'" part by explicit representations for

n, (AS) +1 from hOAi in the remaining cases.

0
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16. The cases with nh(ASlJ{a}) =nh(A3) , a<ag .

In analogy with (3.3), it is quite natural to ask for cases when
(16.1) nh(Ak)==nh(Ak_1lJ{a}) =n, (A _{) , 1<a<a 4, agA 1

assuming admissible bases.

We need a particular result for the similar problem regarding

regular h-ranges:
fdD 2] l<a<a, = gh(Ak) > gh(Ak_1)

The proof is simple: It follows from Hofmeister [1, Batz 1] that
the constant term of the regular representation for gh(AK)

equals a, -2 for all admissible Al< . We conclude that the
constant term a, -1 of gh(Ak_1) +1 has a regular representation

Z

in at most a, - 2 addends 1 and a §32 -1

In partieular, gh(Ag) >gh(A2) , and hence also nh(Ag) >nh(A2)

The first possibility for (16.1) thus occurs when k=4
(16.3) nh(AZ)I = n, (A; U {al) = n (Ay) , T<a<ag, ata,

As in the preceding section, a study of this equality depends

entirely on the properties of A3

*

4
(where again h0 =a, #f =7 reters Lo ASL

it & =h6 is the smallest h for which A, 1is admissible,

we clearly have ha §h0

omble ! faihl st O e A we Testrict the examination of (16.3) to

3 o
h zho
Before doing this, we just mention the analogous problem for

regular h-ranges. By (16.2), we must then assume a,<ac<ag , and

it is not difficult to prove that for & zho



2o T shee |
( A}dg 10? nmz&ﬁ#nﬁaJTQSJ wsfua&x sd: 10 MTsi 3nsianoo ads:
, ads Ferks ﬁﬁUJJHOJ ol . ﬁA. aidieaxm&s Ils %01 § - “ o8 algqu_-ﬂr
ndiis;aaaévqai-Tgfggﬁx,a—éaﬁ i ;'rFﬂA)dg %u_ { »55 misy ién:anni
A ' e k2R bas 1 aﬁﬂﬂbs#"Sf o Jaourrgwﬂi7l
A){nc (tA:ﬁn wels J)ﬂﬁd b g ¢ (SA)ﬂgﬁ (;A)ﬂg YEINOEITAq al

#z‘ﬁ ol 210050 ﬁdeﬂ(f;GTf &o%‘wjiiidfeaqq Jaqfi odT
0 BB e Cehd ot = ({s}@jﬁh)ﬁﬂ'm F&A)ﬂn (z.gr)

@bﬂﬁ@ab i bRy aiﬁf to yhuts = Wit 398 gniban&xq odd mi 2A

¥ 5& 30 aaz31aqarq ods 1o Ylaxiina

‘efdmaazmﬁm g hA dob tw 103 f iasfisma éﬂﬁ 2 da A 3

‘T‘4£AJ oa ai&&ev S— i+ gh= &ﬂ n!ans aradv) &dg ad ovad yivseld mw'
TR mw (ﬁwatw }0 ﬂmiinnxmsxa adr Soitrasy’ aw gﬁ ol "1133" ed oT'

i iR
) }




(16.4) g (Ay) = gp (Ag) (es)a =1fds wpoysldps T

(My original proof is reproduced in Krdtzig-Berle [4, p.27].)
Similar arguments show that (16.3) is impossible with pleasant

A With nh(AZ) zgh(AZ) and ny (A;) =g, (A;) , equality in

3
(16 .3) Heould jenky voceur under )the isonditidnshofi16ed neabiat iy

(2.8-9), we then have
nh(A3)+1 = (h-h0+2)33-r—1 = (h—ho)a3+1°a+fa2+rmp-1 .

with a coefficient sum £ h except in the one case r =a, i

p=0 , hence f£22 . But then
nh(A3)+1=(h—h0)a3+2a+az-2, Z§h

In what follows, we may thus assume non-pleasant A i Clne3) .

3

Since A3 and AZ have a common largest element az il

is possible to use Meures' result (2.16), which in combination

with (2.13) shows that for h zho -1

with equality if h zh1 ("stabd Lifzatden' sy fs sdetion 3)..  For

non-pleasant A, , we know that h

X
3 1 =h0 v ooy A4 , we put

= * 3
h1--h1 . With
A3 = {a3 -a,, ag -1, a3} , AZ = Asu{a3 -a}l ,

we thus get, for h 2h0

N

nh(AS) = ha3 —g(AS) =il s nh(A4) < ha3 —g(A4) .
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Since trivially nh(AZ) znh(As) .. 1this showssthat
S i A % d5
(19 5] g(A4) = g(AS) = nh(A4) = nh(AS) tone o) Zho

(16.6)  hz2hl : n (A}) = n (A;) = g(A}) = g(Ay)

.

We obviously have g(KZ) ég(Ks) . With strict inequality,

*

g(KS) has a representation by K4

g(KS) x1(33 -a) +x2(a3 -az) +X3(33 -1) * X, 84

i atellilons icleelis

n, (AS) + 1

0 TR SRR R

has a representation by AZ with coefficient sum hO - X, ého s

provided that Exi <h We thus have the following partial con-

0
verse of (16.5):

*

(16.7) g(A;) €hyAy

= nh(AZ) > 0y (A) for hz=h

We only proved this for h =hO abowve , ot the pemeral result

with h zho ‘then follows immediately from (2.13-14).

Trere—is ope-trIvral Case® of equality in (lo.5):

(16.8) £t=1 , asf=h t+1 , @ =he. +r+1°, a=g

3 0 -tr 22

2

(16.9) = nh(A4) = nh(AS) for hzh

This follows from (16.5), since A

as Frobenius bases:

>|
W
|
e
=]
(s8]
(O3
|
—
-
QO
W
N
>|
~
Il
—
=
-
;!
—
d
—
—
=
Q
W
I
—
Q
N
)
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The second element of KZ is-a mudtipleiof thes fitTst  ones
We assume that A3 is non-pleasant. If it 1is also non-

dependent, it follows from Theorem 10.1 that

n, (A4) e n, (AS) > (hO +1)a2 - ag

0 0
Leguig <a<a, Nethicnme et h? gho by Theorem B. 1% and can com=-
bine (16.5-6) to an equivalence for non-dependent A3 .« And for
Frobenius-dependent A, , Krdtzig-Berle [4, p.23] shows very

3
simply that we always have nh(AZ) >nh(A3) except! dns the alreddy

sittlletdneasesr16e 8] hehce
(16.10) 1 <a<a2 : g(A4) =g(A3) = nh(A4) =nh(A3)

Based on extensive computations by Mossige, I conjectured

the following results:

THEOREM 16.7. 'Let &, <£ax4a

2 3 Then

nh(A4) > nh(AS) TiF o zho

THEOREM 16.2. Let 1 <a.<a2 « . In-addition to . (16.8), thére

is one more case of equality in (16.9):

ft=1,a, =h.0 +1 > az =h0 +T7+1 ,a=tr + 1

&

h0 = gpee . e paE= s =g

[}
1

=-1 (mod p +1) ,t=1,2,...,[%—H

Both theorems were proved in the Master's thesis [2] of my

student Kirfel. He used the methods of R&dseth [5] for determining
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the Frobenius number g(KS) . A shortened version [3] is sub-
mitted for publication.

Another student of mine, Krdtzig-Berle, gave an independent
and very elegant proof of Theorem 16.1 in her Diplomarbeit
f4, 8atZ7 83 ry] O Weing “the *inequalities of Theorens 10.2~5, she
Could determincd ho-representation by AZ of nhO(AS) + 1

We note that the bases A of Theorem 16.2 satisfy the con-

3
ditions (8.1-2), and so nh(AS) can be determined explicitly by
8, 5 RAEE s vl T8 Tsitra gt Eorwara A0CE ., T SO a 28l S0 s o
that this h-range is not increased when extending the basis with

g =tr 14 “"The“hard préblemtis of “ceuyse *toltshion that"all oty

cases (except (16.8)) "lead to an increase of the h-range.
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